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(a) I

(b) II

Figure 3. Instantaneous velocity magnitude field in the symmetry plane for Grids I and II

(a)

(b)

(c)

Figure 4. Distribution of current velocity vector components in the symmetry plane: a) u − V∞; b) v; c) w
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for the v component. However, the time spectral characteristics of the u component were also examined
using the POD analysis.

5. POD analysis of the velocity field

Dynamic structures in turbulent flows can interact and eventually vanish. Modal decompositions
can be employed to extract these structures. The Proper Orthogonal Decomposition (POD)
algorithm [Holmes et al., 2012] delivers a basis of modes that is optimal for analyzing the energy
characteristics of the flow. The POD method is focused on maximizing the energy represented
by a spatial mode distribution. For each mode, the spectral characteristics of the unsteady mode
coefficients are also estimated. In this paper, POD is applied to analyze the longitudinal (u) and
transverse (w) components of the velocity vector (u, v, w) obtained in the y = 0 plane of the cylinder
wake. The choice of (u, w) vector for the POD analysis is determined by the features of the spectral
characteristics. The direction of the w component aligns with the cylinder z-axis, along which the
flow is gradientless. The total number of cells in the z-axis direction was ascertained (see Section 3)
according to the experimental data outlined in [Williamson, 1996]. The number of cells along the
cylinder z-axis that influence the spectral characteristics of the energy of the vector modes (u, w) is
evaluated. The MATLAB program was developed to conduct the POD analysis utilizing the algorithm
outlined in [Sieber et al., 2016].

The inner product for two arbitrary square integrable functions u(x) and v(x) is defined by the
integral

〈u(x), v(x)〉 =
∫

V

u(x)v(x) dV,

where V defines the spatial region. Unsteady POD analysis is performed for N spatial fields
(snapshots) of velocity vector components derived from either experiment (PIV data) or numerical
(CFD) simulations. The decomposition of the velocity vector u for POD analysis is determined by the
expansion into the average (u) and fluctuating (u′) components:

u(x, t) = u(x) + u′(x, t) = u(x) +
N∑

i=1

aiΦi(x),

where x is the coordinate vector and t is the time variable. Here Φi(x) are a dimensionless normalized
basis of functions (modes), and the unsteady coefficients ai(t) (random functions) determine the energy
properties of the modes. For N spatial images it is possible to determine the correlation matrix R:

Ri j =
1
N
〈u′(x, ti), u′(x, t j)〉.

The unsteady coefficients ai = [ai(t1), . . . , ai(tN)]T and mode energies λi are defined as
eigenvectors and eigenvalues of the correlation matrix:

Rai = λiai.

The relative energy contribution of modes is determined by the dimensionless coefficients

λ̃i =
λi

N∑
i=1
λi

.
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The projection of the snapshots onto the temporal coefficients yields the spatial modes:

Φi(x) =
1

Nλi

N∑

i=1

ai(t j)u
′(x, t j).

The Fourier Transform allows conversion of the time domain signal u′(x, t) into the frequency
domain

u′(x, f ) =
N∑

i=1

Ai( f )Φi(x),

where

Ai( f ) =

T/2∫

−T/2

ai(t)e
−iωt dt.

In this paper, the POD is applied to simulation data obtained in the wake of a cylinder: N = 101
snapshots of the longitudinal u and transversal w velocity vector components are collected. Figure 5
shows the instantaneous distributions of the u and w components in the y = 0 plane. The scanning
region for SPOD analysis is indicated by a black frame downstream from the cylinder.

(a)

(b)

Figure 5. Instantaneous distribution of the u (a) and w (b) components of the flow velocity vector in the plane y =
= 0 (Grid II)

A data array of 300×100 elements of the u and w components was formed using interpolation in
the Tecplot package for each time step. Since the number of points along the z-axis is restricted to 40
(interpolation is used to produce intermediate points), increasing the number of interpolation points
along the z-axis will not increase the resolution of the spatial structure of the mode. Therefore, the size
of the entire data array for the spatio-temporal analysis is 300×100×101. In contrast to the pictures in
Figs. 3 and 4, Fig. 5 does not display the regular structures that define the Karman vortex street. One
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of the tasks of POD analysis in this work is the analysis of frequency characteristics of the modes Ai( f )
of the (u, w) vector to identify spectral regions corresponding to the Karman vortex street frequency.

According to [Sieber et al., 2016], the spatio-temporal (spatio-frequency) characteristics of
the modes are determined by the filtering parameter N f of the SPOD analysis. In this paper, the
characteristics of the modes are presented by N f = 0, which corresponds to the POD analysis.

(a) (b) (c)

Figure 6. Spatial relief of the components u (a), w (b) of the velocity vector (u, w) and spectra (c) of the temporal
coefficients of the first four modes for the Grid II

Figure 7. Discrete frequency-energy characteristics of the four most energetic modes of POD analysis for the
Grid II
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POD analysis was done for both the entire vector (u, w) and each component u and w individually. In
the first case, the spatial mode vector Φi = (Φui, Φwi) is estimated and the unsteady coefficients ai(t)
determine the mode energies λi for the velocity vector (u, w). In the second case, Φui, λui and Φwi, λwi
are estimated for the “separated” vectors (u, 0) and (0, w), respectively.

Figure 6 shows the “spatial reliefs” of the first four most energy-intensive modes for the
components (u, w) and the frequency characteristics of the coefficients Ai (depending on the Strouhal
number St). For each of the presented modes, a discrete set of Strouhal numbers Sti can be determined
from the condition Ai(Sti) = max(Ai).

Analysis of the spatial relief of modes allows identifying regions of inhomogenities: “energy
peaks” (yellow spots) and “energy dips” (dark blue spots). The highest concentration of relief
inhomogenities for all modes is observed at x

d > 2 (in the distance, more than 3d from the cylinder
center). The “smoothing of the relief” that is observed at distances larger than 6d is linked to the
dissipation of turbulent energy. The smallest (about 0.1d in size) relief inhomogenities are noted for the
third and fourth modes. Thus, there are no regular structures in the mode relief images, as well as in
the images of instantaneous velocity fields in Figure 5. Figure 7 shows the discrete frequency-energy
characteristics of the modes λ̃i(Sti).

From Fig. 7, it follows that the first mode is the most energy-intensive, despite the higher
amplitude of the second mode A2(St2) > A1(St1). In this case, the spectral range of the first mode
significantly exceeds the spectral range of the second mode, which ultimately ensures a more significant
energy contribution of the first mode.

Analysis of the spectrum of mode coefficients in Fig. 6, c reveals that the first and second
modes have the greatest amplitudes and an approximately similar frequency range. The frequencies
of these modes (the Strouhal numbers) are comparable to the frequency of the Karman vortex street.
Thus, despite the lack of regular structures in the mode images, the spectral range corresponding to the
Karman vortex street frequency is “inherited” by the modes frequency characteristics.

6. Spectral characteristics of the flow

Figures 8–10 illustrate the spectral properties of the transverse velocity v along the axial line at
the coordinate

(
3d, 0, πd2

)
, derived for a 16 · 106 grid through the Fourier transform of the temporal

sample of the signal. Figure 8 represents the traditional (generally accepted) normalized evaluation of
the distribution of the power spectral density PD( f ) displayed on a logarithmic scale.

The normalized PSD function is given by

PD( f ) =
PD( f )

V2∞T
.

Here f = f
fK

is the oscillation frequency normalized to the frequency fK of the Karman vortex street.

The results of numerical simulation for Grid II are compared with references [D’Alessandro et
al., 2016; Jiang, Cheng, 2021] and Kolmogorov’s law − 5

3 . One should note that Fig. 8 presents the

distributions that characterize the approximate range of variation of the PD( f ) spectrum, according
to the data provided by [D’Alessandro et al., 2016; Jiang, Cheng, 2021], which utilized the LES
and DES eddy-resolving models, respectively. In both cases, the computational meshes consisted of
approximately 5 · 106 elements. The presented results were acquired at a similar location behind the
surface of the cylinder.

The spectral distribution depicted in Figs. 8–10 contains regions representing the energy and
inertial subranges. The solid oscillating line (gray) illustrates the full spectrum derived from the Fourier
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Figure 8. Distribution of PD( f ) for the transverse velocity v at the point
(
3d, 0, πd2

)

Figure 9. Distribution of ES ( f ) for the transverse velocity v at the point
(
3d, 0, πd2

)

Figure 10. Distribution of PS ( f ) for the transverse velocity v at the point
(
3d, 0, πd2

)
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transform of the time-sampled signal. The second-degree polynomial, illustrated by the dashed line,
was generated via regression analysis performed in Microsoft Excel, targeting the region that includes
segments of the energy (low frequencies/large vortex structures) and inertial subranges.

The results obtained from the simulation in the energy subrange (low-frequency region) are
consistent with the data provided in [Jiang, Cheng, 2021], which are based on the implementation of
the LES model. In the energy subrange, notable peak values of the signal amplitude are identified at
the frequency of the Karman track ( f = 1) and for the second harmonic ( f = 3), as conventionally
documented in the literature. In the inertial subrange, the distribution PD( f ) agrees with the results
of [D’Alessandro et al., 2016] obtained using the DES model.

Figures 9 and 10 provide alternative estimates for the energy spectral distribution (ESS) and the
power spectral distribution (PSS) introduced in this study. The normalized ES ( f ) function, employed
for evaluating the energy spectrum (Fig. 9) is characterized by the expression below:

ES ( f ) =
ES ( f )

V2∞T
.

The results of the numerical simulation of the energy spectrum for the transverse velocity (i =
= j = 2) are compared in Fig. 9 with Kolmogorov’s law − 5

3 and with the E22(ω) distribution.
From the presented CFD simulation data, it can be seen that in the elevated frequency

range ES ( f ) is in better agreement with the distribution E22(ω) compared to the − 5
3 law.

Figure 10 shows the distribution of the normalized function PS ( f ) in comparison with the law − 5
3

by A.N.Kolmogorov and the dependence defined by expression (9). The normalized function PS ( f ) is
defined as

PS ( f ) =
PS ( f )

V3∞T
.

From Fig. 10, it follows that the curve PS ( f ) has a peak value corresponding to the frequency of the
Karman vortex street.

In the inertial subrange, there are regions where the slope of the PS ( f ) curve corresponds to both
the − 5

3 and − 5
2 laws. In general, the gradient of the PS ( f ) regression in the inertial subrange better

agrees with the − 5
2 law than with the − 5

3 law.

7. Conclusion

The power and energy spectra are evaluated for a signal represented by the longitudinal or
transverse components of the turbulent flow velocity vector. In addition to the power spectral density
(as commonly defined), the instant energy spectrum, which is calculated by squaring the temporal
sample of the signal, and the power spectrum, which is derived from a cubic relationship (alternative
formulation), are estimated. Using Fourier transforms and taking into account Kolmogorov’s hypothesis
for homogeneous isotropic turbulence, it is shown that the reference spectral estimates of the instant
energy and power of signal (in alternative formulation) are determined by the laws of −2 and − 5

2 ,
respectively.

As an application, ILES modeling of three-dimensional flow around a section of circular cylinder
at Re = 3900 is studied numerically based on the unsteady incompressible Navier – Stokes equations.
The simulation area in the x and y directions consists of several subareas that have differing cell
sizes. Along the z-axis of the cylinder, the size of the cells remains constant. Estimates regarding the
resolution of the computational grid along the x, y, and z axes are provided in comparison to reference
data. It is shown that in the immediate vicinity downstream the cylinder surface, the size of the
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computational grid cells corresponds to the requirements for performing Direct Numerical Simulation
(DNS). In order to assess the spatio-temporal spectral properties of the flow, an analysis of the velocity
fields is performed utilizing proper orthogonal decomposition (POD). It has been demonstrated that,
even in the absence of consistent structures within the instantaneous representation of vector fields in
the (x, z) plane and the mode images, the frequency characteristics of the modes exhibit spectral ranges
that align with the Karman street frequency.

The analysis of the simulation results focuses primarily on the spectrum of transverse flow
velocity in the vicinity of the wake behind the cylinder. It has been shown that the numerical results
obtained from the traditional formulation of the power spectral density are largely consistent with the
modeling data available in the literature, which relies on the use of eddy-resolving DES and LES
models. The instantaneous energy spectrum of the signal obtained by simulation was compared with
the − 5

3 law of A.N.Kolmogorov and the −2 law. The distribution of the power spectrum (in an
alternative formulation) was also compared with the − 5

2 law.
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