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B pabore mpoBeaeHO HCCieIOBaHUE CTPYKTYPbl YAApHON BOJNHBI B OMHAPHOHN ra3oBO cMecH
Ha OCHOBE IPSIMOTO PELICHMS] KMHETHUYECKOrO ypaBHEHUs boisibliMaHa. [ BBIUMCICHHUS MHTErpalia
CTOJIKHOBEHUI B KMHETUYECKOM YpPaBHEHMM HUCIIOJIb3YETCS KOHCEPBATUBHBIM IMPOECKLUOHHBIA METOL.
JeranbHO OnMMcaHbl MPUMEHsIEMbIe pacdeTHbIe (JOPMYIBI U METOIUKA BBIYMCICHUH. B kadectBe mo-
TEHIIMaIa B3aUMOJEHCTBHSI MOJIEKYJI UCIIOJIb3YeTCsl MOJENb TBEpAbIX cdep. UncienHoe MonenupoBa-
HHUE MPOBOAUTCS C HCIOJB30BAHUEM DPa3pabOTaHHOW MPOrpaMMHO-MOJCITUPYIOLIECH Cpelbl, KOTopas
IIO3BOJISIET UCCIIE0BaTh CTAMOHAPHBIE U HECTALIMOHAPHBIE TEUEHUS ra30BbIX CMECEU B pa3IMYHBIX
pexuMax U I IPOU3BOJIBHOM IeOMeTpUU 3aAaud. MojenupoBaHue BBIIOJIHIETCS HA CUCTEME KIla-
CTEpHOM apXUTEKTyphl. 3a CUET MCIIOJb30BaHMs TEXHOJIOTMH pacrhapasieIMBaHus KOja JOCTHUTaeTcs
3HAUUTEIbHOE yCKOpeHHe BbruucieHuid. C GUKCHPOBaHHOIN TOYHOCTHIO, KOHTPOJIUPYEMOW TTapameTpa-
MU MOJEJIMPOBAHUS, IIOJYYEHBI PACIPEACIICHUS] MAKPOCKOIIMYECKUX BEIUYUH KOMIIOHEHTOB CMECH I10
(bpoHTYy ymapHOH BOJHBI. PacyeThl BBIONHEHBI Uil Pa3IMYHBIX COOTHOIICHUH MOJEKYSIPHBIX Macc
u yncen Maxa. Jlocturayra o0Imasi TO4HOCTh MOACTHPOBAaHHS He MeHee | % 1o JOKaJbHBIM 3HAUCHH-
SM KOHIICHTPALUU B TeMIeparypsl 1 3 % 1o mupuHe (GpoHTa yAapHOH BOIHBI. [IpoBeseHo cpaBHEHHE
MOJIyYEHHBIX PE3YIBTATOB C CYIIECTBYIOIMMH PaCUETHBIMU TaHHBIMU. [IpencTaBieHHbIe B JaHHOH pa-
00Te pe3yabTaTbl UMEIOT TEOPETHYECKOE 3HAUEHHE, a TaKKe MOTYT CIYXKUTh B KayeCTBE TECTOBOTO
pacueTa, MOCKOIbKY OHU MOIYYEHBI ¢ HCIOJIb30BAaHHEM TOYHOIO ypaBHEHHs bonbimaHa.
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Introduction

The study of shock waves in rarefied gases is of importance for aerodynamics [Wu et
al., 2013], satellites and spacecraft development [Cao, White, Kontis, 2021], microflow device
design [Gospodinov, Roussinov, Dankov, 2014] and other fields of science and technology [Sharipov,
Dias, 2017; Kloss et al., 2011]. Besides, obtaining the structure of a shock wave is one of the key
classical problems in kinetic theory [Dodulad, Tcheremissine, 2013; Raines, 2002]. In this paper, an
approach to numerical simulation of shock waves in rarefied gas mixtures is proposed.

With respect to gas rarefaction, hydrodynamic, transitional and free molecular flow regimes are
usually distinguished. In hydrodynamic regime, the Navier— Stokes (N-S) equations can be used to
simulate gas flows. However, as the mean free path increases, the N-S equations become invalid in
the transitional and free molecular flow regimes. In the indicated regimes, the gas flows are often
studied using model kinetic equations [Xu, 2021] or the Direct Simulation Monte Carlo (DSMC)
method [Bird, 2013]. However, both of these approaches have known limitations in applicability and
accuracy of simulation [Sharipov, Seleznev, 1998].

In our work, the simulation is performed on the basis of direct solution of the Boltzmann
kinetic equation, which describes the gas flow in all regimes and is suitable for studying processes
occurring in a shock wave in a gas on a scale of the order of the mean free path of molecules.
However, numerical solution of the Boltzmann equation is a complex computational problem due to the
presence of a multidimensional nonlinear collision integral on its right side. To calculate the collision
integrals, we use the conservative projection method (CPM) proposed in [Uepemucun, 1997; Yepemu-
cuH, 2000]. The CPM conserves energy, momentum, and mass and ensures that the collision integral
from the Maxwell distribution function is exactly equal to zero [Uepemucun, 2000]. The computational
complexity of the method is quite acceptable for numerical simulation.

In this paper, the structure of a plane shock wave in a binary gas mixture is studied. Modeling is
performed for various ratios of molecular masses of the mixture components and Mach numbers using
the developed simulation environment software. Computations are performed on a cluster architecture
system. Significant acceleration of computations is achieved due to the use of code parallelization
technologies. Special attention is paid to simulation accuracy control, as well as verification of the
obtained results.

Theoretical basis

Consider the N-component gas mixture. We introduce the distribution functions of the mixture
components: f(z, r, p), i = 1, N. Macroscopic quantities describing the state of each component are
expressed through its distribution function:
molecular density

n(t, r) = ff‘ d3p, (D
R3
hydrodynamic velocity
1
u(f, r) = — fpifi &’ p, 2
n.m
R3
temperature
1 2,0 53
Tt r) = Sem f(pi —mu,)"f.d’p. 3)
R3

Here p, and m; are momentum and mass of molecules of the i-th component of the mixture
respectively, and k; is the Boltzmann constant. Molecular density, hydrodynamic velocity and
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temperature of the entire mixture are expressed through the corresponding macroscopic quantities
of the components as follows:

N
n=Zni, u=%2niui, T:%ZniTi’ “4)

N
i=1 i=1 i=1

The evolution of the distribution functions of the mixture components over time is determined
by the Boltzmann kinetic equation [Koran, 1967], which for the case of the N-component gas mixture

can be written as the following system

af, p; 9,
Ly L =N i j=1,N. 5
ot " m, or 2ty i ©)
Here Il.j = Il./.(t, r, p;) are the collision integrals for the interaction of the i-th and j-th
components, '
2r bmax
I,'j(t, r,p) = fd‘Pfbdbfd3pj(fi/f;_fifj)gl‘j- (6)
0 0 R3

In the expression for the collision integrals (6), f. = f(t, r, p,), f = fj(t, r, p j), fl = f(t r, p),
p;

—
m. m,
i j

is their relative

fjf = f/.(t, r, p;.), p, up;are initial momenta of two colliding molecules, g =
velocity, b is an impact parameter, b, is the cut-off radius of the interaction potential, ¢ is an azimuth
angle, p; and p’/. are the molecular momenta after collision, determined from the initial momenta p,
and p; and collision parameters b, ¢ using a given molecular interaction potential U(r).

In this work, the model of hard spheres is used as the interaction potential of molecules

U 00, r<dij’ .
r)=
0. r>d )

rzd;.

d.+d.
Here dl.j = ’; ‘, d; and d/. are the diameters of molecules of the i-th and j-th components,
respectively [Hirschfelder, Curtiss, Bird, 1954]. The scattering angle of molecules for a given

interaction potential depends only on the impact parameter

6(b) = 2 arccos (dﬂ] (8)

tj

Hereinafter, the dimensionless variables are used. We number the components of the gas mixture
in descending order of molecular masses. Let the characteristic parameters m,,, d,, be equal to those of

the first component of the gas mixture, ny = } n,, i =1, N, and T, be initial temperature of the mixture

(ahead of the shock wave). We define the characteristic velocity, time and mean free path of molecules

T A 1

0
vo= A2 =L A= —— )
0 0 0 \/Ennodg

We make the transition to dimensionless variables according to the following scheme:

fﬁ%, t—)i, P P s m—)ﬂ, r—>£, b—>£, d— —, g—>§,
ny(mgv)~ T myV,, m, A d, d, Vo
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In dimensionless variables, the system (5) takes the form

af, p,of, 1
Lyt - NI i j=1,N, 10
ot m, or \/571'; ij L] ( )

where the collision integral has the form

i

2 d/'
Ii,-=fdsofbdbfd3pj(ﬁ’f}—fifj)gij. (11)
0 0 R3

We will further use the system of Boltzmann equations, written in the form (10), to simulate the
flow of a binary gas mixture.

Transition from mathematical model to numerical simulation

For the numerical solution of system (10) the method of splitting by physical processes [Aristov,
Cheremisin, 1980] is applied. At each iterative time step, the advection equations are first solved
of; LOf.

f; pl j _ 0

— 4 — =0,
ot miar

i=1,N, (12)

and then the obtained intermediate values are used as initial conditions for the relaxation equations

of; 1 -
—=—> 1., i j=1,N. 13
ot \2n Z]: o b ()
Equations (13) are solved by splitting into a sequence of equations
of. 1 -
—t=—I., i=1,N, (14)
o \2n
of; 1 -
U Ly i1 (15)
o \2n ; Y

Here, equations (14) describe intracomponent collisions of molecules, and equations (15) describe
intercomponent collisions. Equations (15) are split into the sequence of equations

O L eTN, #i (16)
— = L 1, =1, , L.
ot \op ¥ J /

Thus, solving of system (10) is reduced to the sequential solving of systems (12), (14) and (16)
at each time step.

Solving the relaxation equations using the conservative projection method

The key problem is the solution of relaxation equations (14) and (16). In our work, a conservative
projection method [Uepemucun, 1997; Uepemmcun, 2000] is used for this purpose. This method
conserves energy, momentum and mass and ensures that the collision integral from the Maxwell
distribution function is exactly equal to zero.
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Since the conservative projection method is the basis of this work, we will briefly explain its
essence. The value of the collision integral at some point p, can be written using the Dirac delta
Y

function

ii

2r d/
(o) = [ 100000, )&p, = [do [va [ @, [ @pis; - 1)80(0-p,) (7
0 0 R3 R3

R3

We perform the change of variables p, < p, p;, © p} and then take into account the
equalities glfj =8 d? P d? ; =d’ P; d? p;

d;.
J

i

27
o) =5 [ [0 [0, (@065 60-r,)-06i-m, ) 09
0 0 R3 R3

For the i-th component of the gas mixture, we construct a uniform grid in the momentum space,
enclosed in a sphere Q. of radius large enough so that the values of the distribution functions outside
this sphere can be considered negligibly small. Let V|, N, be volume of the sphere and number of
momentum nodes §; = {p,} in it, respectively. Here V. = N, AV, where AV = (Ap)? is a volume per
node of the momentum grid, Ap is the momentum grid step that is the same for all components of the
mixture.

As initial momenta p;, p »we take any pair of the grid nodes p,, , g, respectively. Since post-
collision momenta do not coincide with the grid nodes, they are decomposed with the same weight
coefficient r, over two pairs of grid nodes, selected from the eight nodes closest to them

pzl = (1 - rv)p/lv + rvp/lv+sv’ p; = (1 - rv)p,uv + rvp,uv—sv' (19)

Here s, is the three-dimensional vector of displacement to the neighboring grid node, which
components can take values equal to 0, +1. The coefficient r, is found from the energy conservation

condition
) ’2 2 2 2 2
. P; 1Y P p P _
LN I (1- rv)[ Loy ) + rv[ Lty A Sv). (20)

2m.  2m 2m.  2m.
i J L J

i

For the product of the distribution functions at post-collision momenta, we use exponential

interpolation
1-r,

((Paes) £ (Pums)) @1)

(d[.+dj)
2

apply a uniform 8-dimensional cubature Korobov grid [Kopo6os, 1989] of N, nodes p, , Ps. @ O in
domain €; X Qj x [0, 2m) X [0, 1). At each iterative time step, a new Korobov grid is used, obtained

by periodically shifting by a random vector. The random shift vector does not change the integration
domain.

1= £@Df®) = (£ (pa) £ (P)

For calculation of (18) we move from integration over b to integration over o =

Finally, we obtain the following formulas for the collision integral, in which only the grid nodes
are used:

v

N,
1i(0,) = By D [0, a0 + (L= 1)0 4+ 16, 0 | A, (22)

v=
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where ¢, 5 1s the Kronecker delta,
d+d;\?
2 a (T) No:Vo;
T

and

Po, %| 23

m. m.
l J

= (1 00) £ (00) = (22 £, (2) 7 (1 010 ) 010 ) )

Similarly, we obtain an expression for the value of the collision integral / ;; at some point p;.
p Y

For the case of intracomponent collisions of molecules, when i = j, I; ;= 1 i the formula for the
collision integral is slightly modified, taking into account the symmetry of the collision integral,

NV
Lipy) = By ¥ =0y +8,5)+ (1 =1)E, 0 +8,, )+ 1,8, oo + 06y, NAL (24)

v=1

where
2
B. = md; Ny, Vyy;
u 4N,

and

Po, Pp

m. m. |
1 l

Al ={ (25)

(00) £ (Rs) = (5 (2) () (1) 5 ()}

If the molecular collision (defined by the node of the Korobov grid) gives a negative value of
the distribution function at any of the 6 nodes of the momentum grid in (22) or (24), then it must be
discarded. However, a significant number of discarded collisions can lead to a decrease in the simulation
accuracy. In this work, we re-compute such collisions with the symmetric projection method (SPM),
which was proposed in [Uepemucun, 2006]. This method makes it possible to completely eliminate
negative values of the distribution functions, but does not have the asymptotic property of the collision
integral of the Maxwellian function being equal to zero.

The two-point conservative projection method described above is designed for single component
gases and for gas mixtures with small or moderate ratios of molecular masses of mixture
components [Anikin et al., 2012]. For mixtures with high ratios of molecular masses, a “multi-point”
conservative projection method presented in [Anikin et al., 2014] is more efficient. In our work, we
apply a five-point projection scheme to calculate the collision integral when the molecular mass ratio
is greater than 2. In the five-point projection scheme, each momentum after collision is decomposed
between 5 specially selected nodes, and the laws of conservation of energy, momentum and mass are
fulfilled exactly.

Thus, in this paper, when the ratio of molecular masses of the components is no more than 2,
the collision integrals on the right side of the relaxation equations (14) are evaluated using the
formulas (19), (20), (24), (25), and the collision integrals in (16) are evaluated using the formulas (19),
(20), (22), (23). In both cases, recalculation of collisions that give negative values of the distribution
functions using the SPM is applied. When the ratio of molecular masses of the components is more
than 2, to evaluate the collision integrals in (16), a five-point modification of the projection method is
used. A detailed description of the CPM for a gas mixture is given in [Dodulad et al., 2016; UepemucuH,
2015].
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Statement of the problem

Consider a plane shock wave propagating in a gas mixture. We move to the frame of reference
tied to the wave front. The X axis is aligned with the flow and is perpendicular to the shock front.
Here and below, the physical quantities with subscripts 1 and 2 refer to the gas mixture ahead of and
behind the shock wave, respectively. Macroscopic quantities of the gas mixture components ahead of
and behind the shock wave are related by the Rankine — Hugoniot relations

”2_”3 _up (y+DHM?

W u,  (y— M2 +2

T, T, (M- -D)(0-DM+2)

(26)

T, o+ DM

Here n’1 . u’i , and Ti , are molecular densities, hydrodynamic velocities and temperatures of the i-th

mixture component, respectively, u, , and T, are velocities and temperatures of the entire mixture,

v is the adiabatic index, which for a monoatomic gas is equal to %, M is the Mach number, u, = Mc,,
where

is the speed of sound in the unperturbed (ahead of the shock wave) gas.

The problem is one-dimensional. The computational domain is x € (=L, L,), where L, > 0
and L, > 0 are taken to be large enough so that the distribution functions f'(x = —-L,), f'(x =
= L,) can be considered equilibrium. At the boundaries of the computational domain, the boundary
conditions f'(x = —L,) = f], f'(x = L,) = f, are set. Here f{ and f; are the distribution functions of
the i-th mixture component ahead of and behind the shock front, respectively. The initial conditions are

. i, L, <x<0,
fl(_x) = fll 1
e 0<x<L,

The shock wave structure is obtained in the course of the temporal evolution of the initial discontinuity
at the point x = 0.

Numerical simulation parameters

Numerical simulation was performed using the previously developed and presented in [Sitnikov,
Tcheremissine, 2021] simulation environment software, which allows one to study both steady
and unsteady flows of gas mixtures in various flow regimes for arbitrary problem geometry. The
computations were performed on a cluster architecture using MPI and OpenMP parallelization
technologies [Quinn, 2004]. Due to symmetry, the solution of the advection equations was carried
out only in % of the momentum space. When solving the relaxation equations, the symmetry of the
problem was also taken into account. Each collision, defined by a node of the Korobov integral grid,
was symmetrically reflected along the Y and Z axes, due to which the effective size of the Korobov
grid was 4 times higher. In this work, to improve the simulation accuracy, at the time step 7, we used
the symmetric method of splitting by physical processes [Strang, 1968], in which the splitting operator
has the form A_ R, /ZAT /2> where A ,, is the operator of solving the system of advection equations (12),
and R, is the operator of solving the complete system of relaxation equations (14) and (16) with
a step Atr. The solution of the system of advection equations (12) is performed on a uniform spatial grid
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using a difference TVD scheme, which has the second order of accuracy, both in time and in space,
and has the property of monotonicity, on discrete values of the momentum.

To achieve high accuracy, computations were carried out at high sampling parameters. The
computations were performed at two 12-core Intel Xeon ES 2680 v3, 2.50 GHz units. Through the
Hyper-Threading, each task required 48 virtual cores. The acceleration of computations was at least 30.

The simulations were carried out for various values of the Mach number and ratios of molecular
masses and densities of the mixture components:

_ o _ 1 _
1)M-3,%—§,?%—9,

_ o _ 1M _ .
2)M_2,%_5,7%_1,

— @ _ 1 on .
HM=25=55=5

o
mn

s

1

4y M=3,% =% L =1

Here and below, the superscripts @ and B denote the components of the binary mixture. In the
computations, m? = 1, n{ + nf =1,d*=df =1, Iy = Tf =1, m®* < mP. The size of the computational
domain was equal to L, = L, = 10, the space grid step i, = 0.1, the cubature Korobov grid size was
about N, = 10°, the momentum grid step hf, = 0.4, the radius of the momentum sphere R® = 15.8.

Thus, the number of grid points in momentum space was about N'g =3-10°. The time step was equal

toh =3-1072- mllzg", while on the time interval (0; 0.1) the time step increased linearly from near
zero to h,, which somewhat increased the accuracy of computations. The simulations were performed
on the time interval (0; 20), during which the temporal evolution of the initial discontinuity led to the
formation of a stable shock wave structure. Accordingly, each task took about 10° steps by time. The
radius of the sphere in momentum space R® varied depending on the parameters of the mixture and the

shock wave. The grid step in momentum space hj; was chosen in such a way as to preserve the number

of grid points in momentum space, N ~ Ng =3.10°:

) R“:15.8,hg:0.4atM=3,Z—;z%,%z%
2) Ra:15.8,hg:0.4atM:2,’;—;:%,%:1;
3) R“:7.9,hg:0.2atM:2,Zz—;:i,%:l;

4) R =5925,h =0.15at M =3, % = 45, = = 1.

Results

Here and below, for convenience, the presented macroscopic quantities are normalized to the
corresponding values at the boundaries of the computational domain

— 1 . u—u,
n = s u= )

ng 4ty = n =) T 27)
FoloT e 2T

T2_T1 T2_T1
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Figures 1-4 present the obtained distributions of n, u, T and T%# through the shock fronts for
different values of the Mach number and the ratios of molecular masses and densities of the gas mixture

@

components. At M = 3, Z—; =3, % = 9, non-monotonic behavior of 77 is observed.

] R ..
0.8
0.6 -
04 L
----- u
-==T
o2F iy, T«
I -7
0.0 L ! . 1 1 ) | N |
-10 -8 6 8 10

Figure 1. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature 7

of the mixture, and partial temperatures of the components 7%# through the shock fronts at the Mach number

and the ratios of molecular masses and densities of the components M = 3, :Z_; = %, "71 = 9. All quantities are
m

dimensionless

Accuracy of the computations

The greatest influence on the accuracy of computations in the approach used is exerted by the

time and spatial steps, the momentum step and the size of the cubature Korobov grid. To determine the
1o

= E’ ?2 = 9’
in which the above-mentioned simulation parameters were varied, and the results were compared with
those obtained with the initial (unchanged) parameters. As the characteristics of the agreement between
the results, we used the pointwise deviations of the molecular density and temperature of the mixture,
as well as the inverse width of the shock wave, determined by the maximum slope of the molecular

density profile:

. . . . . @
magnitude of the numerical error, a series of computations were carried out for M = 3, %z

A,(x) =0 (x) —n(x), A,= max A,(x),
X€E —Ll, )

Ar(0) =IT"(x0) =TI, Ar= xe(fflf}ﬁﬂ Ar(x), (28)

|6 = 4| dn(x) , dn’(x)
As = , 0= max , O = max .
0 xe(-L,. L)\ dx xe(-L. L)\ dx
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Figure 2. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature 7
of the mixture, and partial temperatures of the components 7%# through the shock fronts at the Mach number

and the ratios of molecular masses and densities of the components M =2, 2 = 1 2 =]
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Figure 3. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature 7
of the mixture, and partial temperatures of the components 7%# through the shock fronts at the Mach number

. o, @ nY
and the ratios of molecular masses and densities of the components M = 2, * = }1, ? =1
1
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Figure 4. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature 7

of the mixture, and partial temperatures of the components 7%# through the shock fronts at the Mach number
Lo

and the ratios of molecular masses and densities of the components M = 3, Z’lﬁ =100 7 = 1
1

Here all the macroscopic characteristics are given in its normalized form (27). The values with the
prime symbol are obtained for the variation of some of the numerical simulation parameters, and the
unprimed values are computed for the original parameters. The inverse shock front width is defined as

0= 4 max (dn(x)) ~ ! max (dn(x)) = max (dn(x) ), (29)
n2 xe(-L Lz)

n, —ny xe(-L,L)\ dx —ny xe(-L, L)\ dx dx

where 4, is the mean free path in an unperturbed (ahead of the shock wave) gas, which in dimensionless
units is equal to 1.
The corresponding numerical errors are defined as

£, = Zk:alkn_l}o A, &p= Zk:alklglo Ar, &= Zk:c}klgloAé’ (30)

where a, is one of the k = 4 simulation parameters: the time step a, = h,, the squared space step a, =
= h?, the squared momentum step a, = h2 and the inverse size of the Korobov grid a, = N . The
numerical error of the obtained results is deﬁned as follows

Epum = Max(g,, &p). (31)

num

We carried out test computations with the following parameter variations: the time step 4/ =
= 2h,, K® = 3h,, B/ = 4h, and b} = 5h,; the space step bV = 1.5h,, . = 1.9, KD =2.2h,
and h’ @ = = 2. Sh the momentum step h'<1> = 1.325h,, I, Q) = = 1.575h,, )@ = 18h and 7, =
= 2h,,; the size of the Korobov grid N;(l) = 0.5N,, N;(2> = 0.3N,, N;G) = 0.2Nv and N;(‘” = 0.1Nv.
When varying the spatial step, the values of the macroscopic parameters at the missing spatial points
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were determined using cubic spline interpolation. Figure 5 presents the obtained results for ¢(a, ). For
all a,, the values computed in a series of runs are reasonably approximated by linear dependencies,
which is consistent with the theoretical orders of convergence of the numerical error on the simulation

parameters.
0.354 0.348
0.351 + 0.346
0.348 + 0.344
o
§’ 0345 | o’ 0342 +
%
0.342 F o ° 0.340
0.339 | 0.338
0336 1 1 1 1 J 0336 1 1 1 1 1 1
1.6-10% 32-10* 48-10* 64-10* 80-10* 96-107* 1.0-102 2.0-102 3.0-1072 4.0-102 5.0-102 6.0-1072
2
ht hx
(a) (b)
0.348 0.350
0.345 0.348
0342 F o 0.346
e}
§ 0339 F & 0344 | o °
o
o
0.336 | 0.342 °
0333 | 0.340
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K2 NI
p v
(c) (d)

Figure 5. Numerical results for the inverse shock front width ¢’(a,) obtained by varying the parameter a,, where
the variation parameter is (a) the time step a; = h;, (b) the squared space step a, = h2, (c) the squared momentum
step a, = h,z,, (d) the inverse Korobov grid size a, = N, ! All quantities are dimensionless

In accordance with the corresponding definitions, the following values of the numerical error
were obtained:

s N -3
g, = Zk: allenOAn(ak) ~9.0-107,

Y )
&r = Ek L}:TOAT(ak) ~1.1-1077,
1@y - 4l .
Es = §k allenOT ~25-107~.

Here Zn(ak), ZT(ak) and &' (a,) are the linear approximations of the corresponding values obtained
in a series of runs. According to the given estimates, the magnitude of the numerical error of the
simulation results was ¢,,,, = max(g,, &;) ~ 1%. The higher value of the error in the width of the
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shock wave front is due to the fact that the evaluation is carried out based on the derivative of the
distribution of the mixture molecular density.

Comparison of the results obtained using the two-point and five-point
projection methods

We studied the influence of the projection scheme on the simulation results. As a metric for
the agreement between the results, we used the modulus of the difference in the normalized molecular

densities of the mixture obtained for M = 2, Z—; = %, % = 1 using the two-point and five-point
1
projection methods
Ay () = Iny () = 5, (D). (32)

The maximum value of the deviation of the results obtained with different methods was & othod =

= (mLaxL )An(x) = 4.1-107 < &,,,. Thus, the projection scheme used does not have a significant
xXe(— 12y

impact on the simulation results.

Comparison of the obtained results with the available computation data

Figure 6 compares the results obtained for M = 3, ’%; = %, % =9and M =2, Z—; = }L, % =

with the data presented in [Kosuge, Aoki, Takata, 2001]. The solid lirlle shows the graphs of normzlllized
molecular densities of the mixture computed in this work. Data from [Kosuge, Aoki, Takata, 2001] are
indicated by crosses.

1.0r 1.0F
0.8 0.8 r
0.6 0.6
04r 04r
02F e 021 i
X Malidation [ X Myutidation
0.0 I 1 1 1 I I 1 1 I ) 0.0 1 1 1 1 I 1 1 I )
-10-8 6 4 -2 0 2 4 6 8 10 -10-8 -6 -4 -2 0 2 4 6 8 10
X X
(a) (b)

Figure 6. Comparison of the obtained distributions of the normalized molecular density of the mixture n through
the shock fronts with the numerical data n presented in [Kosuge, Aoki, Takata, 2001] at the Mach number

validation

and the ratios of molecular masses and densities of the components: (a) M = 3, % = %, "?‘ =9, (b)M =2,
1

i, ?1 = 1. All quantities are dimensionless

As a metric for the agreement between the results, we used the modulus of the difference in the
normalized molecular densities of the mixture obtained in this work and presented in [Kosuge, Aoki,
Takata, 2001]:

An(x) = [n(x) - Iy alidation (x)]. (33)
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The maximum value of the deviation of the molecular densities was & ,., . =
validation xe(=L,, L))

B

n

=37-107 < g, at M =3, 2 = L, 7% =9and ¢ max A (x) =34-107 <¢

validation — xe(-L,, L, num
at M =2, :11—; = %, % = 1, which demonstrates good agreement between the obtained results and the

1
given computation data.
Conclusion

The structure of a shock wave in a binary gas mixture is studied based on direct solution of the
Boltzmann kinetic equation. The applied numerical methods are described in detail. The computation
parameters are provided to reproduce the results. The distributions of macroscopic quantities of the
mixture components through the shock wave fronts are obtained for various Mach numbers and
the ratios of molecular masses with a fixed accuracy controlled by the simulation parameters. The
numerical error was no more than 1% for local values of molecular density and temperature of the
mixture and 3 % for the shock front width. The results presented in this paper are of theoretical
significance, and can serve as a test computation, since they are obtained using the exact Boltzmann
equation.

Special attention is paid to the verification of the obtained results. A thorough analysis of the
simulation accuracy was carried out. The computed results for the shock front structure were compared
with those given in [Kosuge, Aoki, Takata, 2001], as well as the results obtained using the two-point
method were compared with those obtained with the five-point one. The achieved numerical simulation
accuracy and good agreement between all the results approve the applicability of the proposed approach
for modeling shock waves in gas mixtures.
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