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В работе проведено исследование структуры ударной волны в бинарной газовой смеси
на основе прямого решения кинетического уравнения Больцмана. Для вычисления интеграла
столкновений в кинетическом уравнении используется консервативный проекционный метод.
Детально описаны применяемые расчетные формулы и методика вычислений. В качестве по-
тенциала взаимодействия молекул используется модель твердых сфер. Численное моделирова-
ние проводится с использованием разработанной программно-моделирующей среды, которая
позволяет исследовать стационарные и нестационарные течения газовых смесей в различных
режимах и для произвольной геометрии задачи. Моделирование выполняется на системе кла-
стерной архитектуры. За счет использования технологий распараллеливания кода достигается
значительное ускорение вычислений. С фиксированной точностью, контролируемой параметра-
ми моделирования, получены распределения макроскопических величин компонентов смеси по
фронту ударной волны. Расчеты выполнены для различных соотношений молекулярных масс
и чисел Маха. Достигнута общая точность моделирования не менее 1 % по локальным значени-
ям концентрации и температуры и 3 % по ширине фронта ударной волны. Проведено сравнение
полученных результатов с существующими расчетными данными. Представленные в данной ра-
боте результаты имеют теоретическое значение, а также могут служить в качестве тестового
расчета, поскольку они получены с использованием точного уравнения Больцмана.

Ключевые слова: динамика разреженных газов, бинарные газовые смеси, кинетическое
уравнение Больцмана, проекционный метод, численное моделирование, структура ударной
волны
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Introduction

The study of shock waves in rarefied gases is of importance for aerodynamics [Wu et
al., 2013], satellites and spacecraft development [Cao, White, Kontis, 2021], microflow device
design [Gospodinov, Roussinov, Dankov, 2014] and other fields of science and technology [Sharipov,
Dias, 2017; Kloss et al., 2011]. Besides, obtaining the structure of a shock wave is one of the key
classical problems in kinetic theory [Dodulad, Tcheremissine, 2013; Raines, 2002]. In this paper, an
approach to numerical simulation of shock waves in rarefied gas mixtures is proposed.

With respect to gas rarefaction, hydrodynamic, transitional and free molecular flow regimes are
usually distinguished. In hydrodynamic regime, the Navier – Stokes (N-S) equations can be used to
simulate gas flows. However, as the mean free path increases, the N-S equations become invalid in
the transitional and free molecular flow regimes. In the indicated regimes, the gas flows are often
studied using model kinetic equations [Xu, 2021] or the Direct Simulation Monte Carlo (DSMC)
method [Bird, 2013]. However, both of these approaches have known limitations in applicability and
accuracy of simulation [Sharipov, Seleznev, 1998].

In our work, the simulation is performed on the basis of direct solution of the Boltzmann
kinetic equation, which describes the gas flow in all regimes and is suitable for studying processes
occurring in a shock wave in a gas on a scale of the order of the mean free path of molecules.
However, numerical solution of the Boltzmann equation is a complex computational problem due to the
presence of a multidimensional nonlinear collision integral on its right side. To calculate the collision
integrals, we use the conservative projection method (CPM) proposed in [Черемисин, 1997; Череми-
син, 2000]. The CPM conserves energy, momentum, and mass and ensures that the collision integral
from the Maxwell distribution function is exactly equal to zero [Черемисин, 2000]. The computational
complexity of the method is quite acceptable for numerical simulation.

In this paper, the structure of a plane shock wave in a binary gas mixture is studied. Modeling is
performed for various ratios of molecular masses of the mixture components and Mach numbers using
the developed simulation environment software. Computations are performed on a cluster architecture
system. Significant acceleration of computations is achieved due to the use of code parallelization
technologies. Special attention is paid to simulation accuracy control, as well as verification of the
obtained results.

Theoretical basis

Consider the N-component gas mixture. We introduce the distribution functions of the mixture
components: fi(t, r, p), i = 1, N. Macroscopic quantities describing the state of each component are
expressed through its distribution function:
molecular density

ni(t, r) =
∫

R3

fi d3 p, (1)

hydrodynamic velocity

ui(t, r) =
1

nimi

∫

R3

pi fi d3 p, (2)

temperature

Ti(t, r) =
1

3kBnimi

∫

R3

(pi − miui)
2 fi d3 p. (3)

Here pi and mi are momentum and mass of molecules of the i-th component of the mixture
respectively, and kB is the Boltzmann constant. Molecular density, hydrodynamic velocity and
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temperature of the entire mixture are expressed through the corresponding macroscopic quantities
of the components as follows:

n =
N∑

i=1

ni, u =
1
n

N∑
i=1

niui, T =
1
n

N∑
i=1

niTi. (4)

The evolution of the distribution functions of the mixture components over time is determined
by the Boltzmann kinetic equation [Коган, 1967], which for the case of the N-component gas mixture
can be written as the following system

∂ fi
∂t
+

pi

mi

∂ fi
∂r
=
∑

j

Ii j, i, j = 1, N. (5)

Here Ii j = Ii j(t, r, pi) are the collision integrals for the interaction of the i-th and j-th
components,

Ii j(t, r, pi) =

2π∫

0

dϕ

bmax∫

0

b db
∫

R3

d3 pj( f ′i f ′j − fi f j)gi j. (6)

In the expression for the collision integrals (6), fi = fi(t, r, pi), f j = f j(t, r, p j), f ′i = fi(t, r, p′i),

f ′j = f j(t, r, p′j), pi и p j are initial momenta of two colliding molecules, g =
∣∣∣∣∣ pi
mi
− p j

m j

∣∣∣∣∣ is their relative
velocity, b is an impact parameter, bmax is the cut-off radius of the interaction potential, ϕ is an azimuth
angle, p′i and p′j are the molecular momenta after collision, determined from the initial momenta pi
and p j and collision parameters b, ϕ using a given molecular interaction potential U(r).

In this work, the model of hard spheres is used as the interaction potential of molecules

U(r) =

⎧⎪⎪⎨⎪⎪⎩
∞, r < di j,

0, r � di j.
(7)

Here di j =
di+dj

2 , di and dj are the diameters of molecules of the i-th and j-th components,
respectively [Hirschfelder, Curtiss, Bird, 1954]. The scattering angle of molecules for a given
interaction potential depends only on the impact parameter

θ(b) = 2 arccos

⎛⎜⎜⎜⎜⎜⎝ b
di j

⎞⎟⎟⎟⎟⎟⎠. (8)

Hereinafter, the dimensionless variables are used. We number the components of the gas mixture
in descending order of molecular masses. Let the characteristic parameters m0, d0 be equal to those of

the first component of the gas mixture, n0 =
∑
i

ni, i = 1, N, and T0 be initial temperature of the mixture

(ahead of the shock wave). We define the characteristic velocity, time and mean free path of molecules

v0 =

√
T0

m0

, τ =
λ

v0

, λ =
1√

2πn0d2
0

. (9)

We make the transition to dimensionless variables according to the following scheme:

f → f

n0(m0v0)−3
, t → t

τ
, p→ p

m0v0

, m→ m
m0

, r→ r
λ
, b→ b

d0

, d → d
d0

, g→ g
v0

.
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In dimensionless variables, the system (5) takes the form

∂ fi
∂t
+

pi

mi

∂ fi
∂r
=

1√
2π

∑
j

Ii j, i, j = 1, N, (10)

where the collision integral has the form

Ii j =

2π∫

0

dϕ

di j∫

0

b db
∫

R3

d3 pj( f ′i f ′j − fi f j)gi j. (11)

We will further use the system of Boltzmann equations, written in the form (10), to simulate the
flow of a binary gas mixture.

Transition from mathematical model to numerical simulation

For the numerical solution of system (10) the method of splitting by physical processes [Aristov,
Cheremisin, 1980] is applied. At each iterative time step, the advection equations are first solved

∂ fi
∂t
+

pi

mi

∂ fi
∂r
= 0, i = 1, N, (12)

and then the obtained intermediate values are used as initial conditions for the relaxation equations

∂ fi
∂t
=

1√
2π

∑
j

Ii j, i, j = 1, N. (13)

Equations (13) are solved by splitting into a sequence of equations

∂ fi
∂t
=

1√
2π

Iii, i = 1, N, (14)

∂ fi
∂t
=

1√
2π

∑
j�i

Ii j, i, j = 1, N. (15)

Here, equations (14) describe intracomponent collisions of molecules, and equations (15) describe
intercomponent collisions. Equations (15) are split into the sequence of equations

∂ fi
∂t
=

1√
2π

Ii j, i, j = 1, N, j � i. (16)

Thus, solving of system (10) is reduced to the sequential solving of systems (12), (14) and (16)
at each time step.

Solving the relaxation equations using the conservative projection method

The key problem is the solution of relaxation equations (14) and (16). In our work, a conservative
projection method [Черемисин, 1997; Черемисин, 2000] is used for this purpose. This method
conserves energy, momentum and mass and ensures that the collision integral from the Maxwell
distribution function is exactly equal to zero.
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Since the conservative projection method is the basis of this work, we will briefly explain its
essence. The value of the collision integral at some point piγ

can be written using the Dirac delta
function

Ii j

(
piγ

)
=

∫

R3

Ii j(pi)δ
(
pi − piγ

)
d3 pi =

2π∫

0

dϕ

di j∫

0

b db
∫

R3

d3 pj

∫

R3

d3 pi( f ′i f ′j − fi f j)gi jδ
(
pi − piγ

)
. (17)

We perform the change of variables pi ↔ p′i , p j ↔ p′j and then take into account the
equalities g′i j = gi j, d3 p′i d3 p′j = d3 pi d3 pj

Ii j

(
piγ

)
=

1
2

2π∫

0

dϕ

di j∫

0

b db
∫

R3

d3 pj

∫

R3

d3 pi

{
( f ′i f ′j − fi f j)gi j

(
δ
(
pi − piγ

)
− δ

(
p′i − piγ

))}
. (18)

For the i-th component of the gas mixture, we construct a uniform grid in the momentum space,
enclosed in a sphere Ωi of radius large enough so that the values of the distribution functions outside
this sphere can be considered negligibly small. Let V0i, N0i be volume of the sphere and number of
momentum nodes S i = {pγ} in it, respectively. Here V0i = N0iΔV , where ΔV = (Δp)3 is a volume per
node of the momentum grid, Δp is the momentum grid step that is the same for all components of the
mixture.

As initial momenta pi, p j, we take any pair of the grid nodes pαν , pβν , respectively. Since post-
collision momenta do not coincide with the grid nodes, they are decomposed with the same weight
coefficient rν over two pairs of grid nodes, selected from the eight nodes closest to them

p′i = (1 − rν)pλν + rνpλν+sν
, p′j = (1 − rν)pμν + rνpμν−sν . (19)

Here sν is the three-dimensional vector of displacement to the neighboring grid node, which
components can take values equal to 0, ±1. The coefficient rν is found from the energy conservation
condition

p′i
2

2mi

+
p′j

2

2m j

= (1 − rν)

⎛⎜⎜⎜⎜⎜⎜⎝
p2
λν

2mi

+
p2
μν

2m j

⎞⎟⎟⎟⎟⎟⎟⎠ + rν

⎛⎜⎜⎜⎜⎜⎜⎝
p2
λν+sν

2mi

+
p2
λν−sν

2m j

⎞⎟⎟⎟⎟⎟⎟⎠. (20)

For the product of the distribution functions at post-collision momenta, we use exponential
interpolation

f ′i f ′j ≡ fi(p
′
i) f j(p

′
j) =

(
fi
(
pλν
)

f j

(
pμν
))1−rν

(
fi
(
pλν+sν

)
f j

(
pμν−sν

))rν
. (21)

For calculation of (18) we move from integration over b to integration over σ = b2(
di+d j

2

)2 and

apply a uniform 8-dimensional cubature Korobov grid [Коробов, 1989] of Nν nodes pαν , pβν , ϕ, σ in
domain Ωi × Ω j × [0, 2π) × [0, 1). At each iterative time step, a new Korobov grid is used, obtained
by periodically shifting by a random vector. The random shift vector does not change the integration
domain.

Finally, we obtain the following formulas for the collision integral, in which only the grid nodes
are used:

Ii j

(
piγ

)
= Bi j

Nν∑
ν=1

[
−δiγ,αν + (1 − rν)δiγ,λν + rνδiγ,λν+sν

]
Δ

i j
ν , (22)
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where δα,β is the Kronecker delta,

Bi j =

π
(

di+dj

2

)2
N0iV0 j

2Nν

and

Δ
i j
ν =

{
fi
(
pαν
)

f j

(
pβν
)
−
(

fi
(
pλν
)

f j

(
pμν
))1−rν

(
fi
(
pλν+sν

)
f j

(
pμν−sν

))rν}
∣∣∣∣∣∣∣
pαν
mi

−
pβν
m j

∣∣∣∣∣∣∣. (23)

Similarly, we obtain an expression for the value of the collision integral I ji at some point p jγ
.

For the case of intracomponent collisions of molecules, when i = j, Ii j = I ji, the formula for the
collision integral is slightly modified, taking into account the symmetry of the collision integral,

Iii(pγ) = Bii

Nν∑
ν=1

{−(δγ,αν + δγ,βν) + (1 − rν)(δγ,λν + δγ,μν) + rν(δγ,λν+sν
+ δγ,μν−sν )}Δii

ν , (24)

where

Bii =
πd2

i N0iV0i

4Nν

and

Δii
ν =

{
fi
(
pαν
)

fi
(
pβν
)
−
(

fi
(
pλν
)

fi
(
pμν
))1−rν

(
fi
(
pλν+sν

)
fi
(
pμν−sν

))rν} ∣∣∣∣∣∣
pαν
mi

−
pβν
mi

∣∣∣∣∣∣. (25)

If the molecular collision (defined by the node of the Korobov grid) gives a negative value of
the distribution function at any of the 6 nodes of the momentum grid in (22) or (24), then it must be
discarded. However, a significant number of discarded collisions can lead to a decrease in the simulation
accuracy. In this work, we re-compute such collisions with the symmetric projection method (SPM),
which was proposed in [Черемисин, 2006]. This method makes it possible to completely eliminate
negative values of the distribution functions, but does not have the asymptotic property of the collision
integral of the Maxwellian function being equal to zero.

The two-point conservative projection method described above is designed for single component
gases and for gas mixtures with small or moderate ratios of molecular masses of mixture
components [Anikin et al., 2012]. For mixtures with high ratios of molecular masses, a “multi-point”
conservative projection method presented in [Anikin et al., 2014] is more efficient. In our work, we
apply a five-point projection scheme to calculate the collision integral when the molecular mass ratio
is greater than 2. In the five-point projection scheme, each momentum after collision is decomposed
between 5 specially selected nodes, and the laws of conservation of energy, momentum and mass are
fulfilled exactly.

Thus, in this paper, when the ratio of molecular masses of the components is no more than 2,
the collision integrals on the right side of the relaxation equations (14) are evaluated using the
formulas (19), (20), (24), (25), and the collision integrals in (16) are evaluated using the formulas (19),
(20), (22), (23). In both cases, recalculation of collisions that give negative values of the distribution
functions using the SPM is applied. When the ratio of molecular masses of the components is more
than 2, to evaluate the collision integrals in (16), a five-point modification of the projection method is
used. A detailed description of the CPM for a gas mixture is given in [Dodulad et al., 2016; Черемисин,
2015].
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Statement of the problem

Consider a plane shock wave propagating in a gas mixture. We move to the frame of reference
tied to the wave front. The X axis is aligned with the flow and is perpendicular to the shock front.
Here and below, the physical quantities with subscripts 1 and 2 refer to the gas mixture ahead of and
behind the shock wave, respectively. Macroscopic quantities of the gas mixture components ahead of
and behind the shock wave are related by the Rankine –Hugoniot relations

ni
2

ni
1

=
ui

1

ui
2

=
u1

u2

=
(γ + 1)M2

(γ − 1)M2 + 2
,

T i
2

T i
1

=
T2

T1

=

(
2γM2 − (γ − 1)

) (
(γ − 1)M2 + 2

)
(γ + 1)2M2

.

(26)

Here ni
1,2, ui

1,2 and T i
1,2 are molecular densities, hydrodynamic velocities and temperatures of the i-th

mixture component, respectively, u1,2 and T1,2 are velocities and temperatures of the entire mixture,

γ is the adiabatic index, which for a monoatomic gas is equal to 5
3 , M is the Mach number, u1 = Mc1,

where

c1 =

√√√√√√
γkBT1

∑
i

ni
1

∑
i

mini
1

is the speed of sound in the unperturbed (ahead of the shock wave) gas.
The problem is one-dimensional. The computational domain is x ∈ (−L1, L2), where L1 > 0

and L2 > 0 are taken to be large enough so that the distribution functions f i(x = −L1), f i(x =
= L2) can be considered equilibrium. At the boundaries of the computational domain, the boundary
conditions f i(x = −L1) = f i

1, f i(x = L2) = f i
2 are set. Here f i

1 and f i
2 are the distribution functions of

the i-th mixture component ahead of and behind the shock front, respectively. The initial conditions are

f i(x) =

⎧⎪⎪⎨⎪⎪⎩
f i
1, −L1 � x � 0,

f i
2, 0 < x � L2.

The shock wave structure is obtained in the course of the temporal evolution of the initial discontinuity
at the point x = 0.

Numerical simulation parameters

Numerical simulation was performed using the previously developed and presented in [Sitnikov,
Tcheremissine, 2021] simulation environment software, which allows one to study both steady
and unsteady flows of gas mixtures in various flow regimes for arbitrary problem geometry. The
computations were performed on a cluster architecture using MPI and OpenMP parallelization
technologies [Quinn, 2004]. Due to symmetry, the solution of the advection equations was carried
out only in 1

4 of the momentum space. When solving the relaxation equations, the symmetry of the
problem was also taken into account. Each collision, defined by a node of the Korobov integral grid,
was symmetrically reflected along the Y and Z axes, due to which the effective size of the Korobov
grid was 4 times higher. In this work, to improve the simulation accuracy, at the time step τ, we used
the symmetric method of splitting by physical processes [Strang, 1968], in which the splitting operator
has the form Aτ/2Rτ/2Aτ/2, where A

Δt is the operator of solving the system of advection equations (12),
and R

Δt is the operator of solving the complete system of relaxation equations (14) and (16) with
a step Δt. The solution of the system of advection equations (12) is performed on a uniform spatial grid
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using a difference TVD scheme, which has the second order of accuracy, both in time and in space,
and has the property of monotonicity, on discrete values of the momentum.

To achieve high accuracy, computations were carried out at high sampling parameters. The
computations were performed at two 12-core Intel Xeon E5 2680 v3, 2.50 GHz units. Through the
Hyper-Threading, each task required 48 virtual cores. The acceleration of computations was at least 30.

The simulations were carried out for various values of the Mach number and ratios of molecular
masses and densities of the mixture components:

1) M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9;

2) M = 2, mα

mβ =
1
2 ,

nα1
nβ1
= 1;

3) M = 2, mα

mβ
= 1

4 ,
nα1
nβ1
= 1;

4) M = 3, mα

mβ =
1

10 ,
nα1
nβ1
= 1.

Here and below, the superscripts α and β denote the components of the binary mixture. In the
computations, mβ = 1, nα1 + nβ1 = 1, dα = dβ = 1, Tα1 = T β1 = 1, mα < mβ. The size of the computational
domain was equal to L1 = L2 = 10, the space grid step hx = 0.1, the cubature Korobov grid size was

about Nν = 106, the momentum grid step hβp = 0.4, the radius of the momentum sphere Rβ = 15.8.

Thus, the number of grid points in momentum space was about Nβ0 = 3 · 105. The time step was equal

to ht = 3 · 10−2 · mβhx
Rβ , while on the time interval (0; 0.1) the time step increased linearly from near

zero to ht, which somewhat increased the accuracy of computations. The simulations were performed
on the time interval (0; 20), during which the temporal evolution of the initial discontinuity led to the
formation of a stable shock wave structure. Accordingly, each task took about 105 steps by time. The
radius of the sphere in momentum space Rα varied depending on the parameters of the mixture and the
shock wave. The grid step in momentum space hαp was chosen in such a way as to preserve the number

of grid points in momentum space, Nα0 ≈ Nβ0 = 3 · 105:

1) Rα = 15.8, hαp = 0.4 at M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9;

2) Rα = 15.8, hαp = 0.4 at M = 2, mα

mβ =
1
2 ,

nα1
nβ1
= 1;

3) Rα = 7.9, hαp = 0.2 at M = 2, mα

mβ
= 1

4 ,
nα1
nβ1
= 1;

4) Rα = 5.925, hαp = 0.15 at M = 3, mα

mβ =
1
10 ,

nα1
nβ1
= 1.

Results

Here and below, for convenience, the presented macroscopic quantities are normalized to the
corresponding values at the boundaries of the computational domain

ñ =
n − nα1 − nβ1

nα2 + nβ2 − nα1 − nβ1
, ũ =

u − u2

u1 − u2

,

T̃ =
T − T1

T2 − T1

, T̃α, β =
Tα, β − T1

T2 − T1

.

(27)
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Figures 1–4 present the obtained distributions of n, u, T and Tα, β through the shock fronts for
different values of the Mach number and the ratios of molecular masses and densities of the gas mixture

components. At M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9, non-monotonic behavior of T β is observed.

Figure 1. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature T
of the mixture, and partial temperatures of the components Tα,β through the shock fronts at the Mach number
and the ratios of molecular masses and densities of the components M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9. All quantities are

dimensionless

Accuracy of the computations

The greatest influence on the accuracy of computations in the approach used is exerted by the
time and spatial steps, the momentum step and the size of the cubature Korobov grid. To determine the

magnitude of the numerical error, a series of computations were carried out for M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9,

in which the above-mentioned simulation parameters were varied, and the results were compared with
those obtained with the initial (unchanged) parameters. As the characteristics of the agreement between
the results, we used the pointwise deviations of the molecular density and temperature of the mixture,
as well as the inverse width of the shock wave, determined by the maximum slope of the molecular
density profile:

Δn(x) = |n′(x) − n(x)|, Δn = max
x∈(−L1 , L2)

Δn(x),

ΔT (x) = |T ′(x) − T (x)|, ΔT = max
x∈(−L1 , L2)

ΔT (x),

Δδ =
|δ′ − δ|
δ
, δ = max

x∈(−L1 , L2)

(
dn(x)

dx

)
, δ′ = max

x∈(−L1, L2)

(
dn′(x)

dx

)
.

(28)
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Figure 2. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature T
of the mixture, and partial temperatures of the components Tα,β through the shock fronts at the Mach number
and the ratios of molecular masses and densities of the components M = 2, mα

mβ =
1
2 ,

nα1
nβ1
= 1

Figure 3. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature T
of the mixture, and partial temperatures of the components Tα,β through the shock fronts at the Mach number
and the ratios of molecular masses and densities of the components M = 2, mα

mβ =
1
4 ,

nα1
nβ1
= 1
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Figure 4. Distributions of the normalized values of molecular density n, hydrodynamic velocity u, temperature T
of the mixture, and partial temperatures of the components Tα,β through the shock fronts at the Mach number
and the ratios of molecular masses and densities of the components M = 3, mα

mβ =
1

10 ,
nα1
nβ1
= 1

Here all the macroscopic characteristics are given in its normalized form (27). The values with the
prime symbol are obtained for the variation of some of the numerical simulation parameters, and the
unprimed values are computed for the original parameters. The inverse shock front width is defined as

δ =
λ1

n2 − n1

max
x∈(−L1 , L2)

(
dn(x)

dx

)
≈ 1

n2 − n1

max
x∈(−L1 , L2)

(
dn(x)

dx

)
= max

x∈(−L1 , L2)

(
dn(x)

dx

)
, (29)

where λ1 is the mean free path in an unperturbed (ahead of the shock wave) gas, which in dimensionless
units is equal to 1.

The corresponding numerical errors are defined as

εn =
∑

k

lim
ak→0
Δn, εT =

∑
k

lim
ak→0
ΔT , εδ =

∑
k

lim
ak→0
Δδ, (30)

where ak is one of the k = 4 simulation parameters: the time step a1 = ht, the squared space step a2 =

= h2
x, the squared momentum step a3 = h2

p and the inverse size of the Korobov grid a4 = N−1
ν . The

numerical error of the obtained results is defined as follows

εnum = max(εn, εT ). (31)

We carried out test computations with the following parameter variations: the time step h′t (1) =

= 2ht, h′t (2) = 3ht, h′t (3) = 4ht and h′t (4) = 5ht; the space step h′x(1) = 1.5hx, h′x(2) = 1.9hx, h′x(3) = 2.2hx
and h′x(4) = 2.5hx; the momentum step h′p(1) = 1.325hp, h′p(2) = 1.575hp, h′p(3) = 1.8hp and h′p(4) =

= 2hp; the size of the Korobov grid N′ν(1) = 0.5Nν, N′ν(2) = 0.3Nν, N′ν(3) = 0.2Nν and N′ν(4) = 0.1Nν.
When varying the spatial step, the values of the macroscopic parameters at the missing spatial points
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were determined using cubic spline interpolation. Figure 5 presents the obtained results for δ′(ak). For
all ak, the values computed in a series of runs are reasonably approximated by linear dependencies,
which is consistent with the theoretical orders of convergence of the numerical error on the simulation
parameters.

Figure 5. Numerical results for the inverse shock front width δ′(ak) obtained by varying the parameter ak, where
the variation parameter is (a) the time step a1 = ht, (b) the squared space step a2 = h2

x, (c) the squared momentum
step a3 = h2

p, (d) the inverse Korobov grid size a4 = N−1
ν . All quantities are dimensionless

In accordance with the corresponding definitions, the following values of the numerical error
were obtained:

εn =
∑

k

lim
ak→0
Δ̃n(ak) ≈ 9.0 · 10−3,

εT =
∑

k

lim
ak→0
Δ̃T (ak) ≈ 1.1 · 10−2,

εδ =
∑

k

lim
ak→0

|δ̃′(ak) − δ|
δ

≈ 2.5 · 10−2.

Here Δ̃n(ak), Δ̃T (ak) and δ̃′(ak) are the linear approximations of the corresponding values obtained
in a series of runs. According to the given estimates, the magnitude of the numerical error of the
simulation results was εnum = max(εn, εT ) ≈ 1 %. The higher value of the error in the width of the
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shock wave front is due to the fact that the evaluation is carried out based on the derivative of the
distribution of the mixture molecular density.

Comparison of the results obtained using the two-point and five-point
projection methods

We studied the influence of the projection scheme on the simulation results. As a metric for
the agreement between the results, we used the modulus of the difference in the normalized molecular

densities of the mixture obtained for M = 2, mα

mβ =
1
2 ,

nα1
nβ1
= 1 using the two-point and five-point

projection methods

Δn(x) = |n2p(x) − n5p(x)|. (32)

The maximum value of the deviation of the results obtained with different methods was εmethod =

= max
x∈(−L1, L2)

Δn(x) = 4.1 · 10−3 < εnum. Thus, the projection scheme used does not have a significant

impact on the simulation results.

Comparison of the obtained results with the available computation data

Figure 6 compares the results obtained for M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9 and M = 2, mα

mβ =
1
4 ,

nα1
nβ1
= 1

with the data presented in [Kosuge, Aoki, Takata, 2001]. The solid line shows the graphs of normalized
molecular densities of the mixture computed in this work. Data from [Kosuge, Aoki, Takata, 2001] are
indicated by crosses.

Figure 6. Comparison of the obtained distributions of the normalized molecular density of the mixture n through
the shock fronts with the numerical data nvalidation presented in [Kosuge, Aoki, Takata, 2001] at the Mach number

and the ratios of molecular masses and densities of the components: (a) M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9, (b) M = 2,

mα

mβ =
1
4 ,

nα1
nβ1
= 1. All quantities are dimensionless

As a metric for the agreement between the results, we used the modulus of the difference in the
normalized molecular densities of the mixture obtained in this work and presented in [Kosuge, Aoki,
Takata, 2001]:

Δn(x) = |n(x) − nvalidation(x)|. (33)

КОМПЬЮТЕРНЫЕ ИССЛЕДОВАНИЯ И МОДЕЛИРОВАНИЕ



Computation of a shock wave structure in a gas mixture based . . . e1121

The maximum value of the deviation of the molecular densities was εvalidation = max
x∈(−L1 , L2)

Δn(x) =

= 3.7 · 10−3 < εnum at M = 3, mα

mβ =
1
2 ,

nα1
nβ1
= 9 and εvalidation = max

x∈(−L1 , L2)
Δn(x) = 3.4 · 10−3 < εnum

at M = 2, mα

mβ =
1
4 ,

nα1
nβ1
= 1, which demonstrates good agreement between the obtained results and the

given computation data.

Conclusion

The structure of a shock wave in a binary gas mixture is studied based on direct solution of the
Boltzmann kinetic equation. The applied numerical methods are described in detail. The computation
parameters are provided to reproduce the results. The distributions of macroscopic quantities of the
mixture components through the shock wave fronts are obtained for various Mach numbers and
the ratios of molecular masses with a fixed accuracy controlled by the simulation parameters. The
numerical error was no more than 1 % for local values of molecular density and temperature of the
mixture and 3 % for the shock front width. The results presented in this paper are of theoretical
significance, and can serve as a test computation, since they are obtained using the exact Boltzmann
equation.

Special attention is paid to the verification of the obtained results. A thorough analysis of the
simulation accuracy was carried out. The computed results for the shock front structure were compared
with those given in [Kosuge, Aoki, Takata, 2001], as well as the results obtained using the two-point
method were compared with those obtained with the five-point one. The achieved numerical simulation
accuracy and good agreement between all the results approve the applicability of the proposed approach
for modeling shock waves in gas mixtures.
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