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PaccmarpuBaeTcst kKOHEUHOMEpHAs ONTHMHU3ALMOHHASA 3a/ada, TTOCTAaHOBKA KOTOPOH, TOMHUMO HCKOMBIX MEPEMEHHBIX,
COZlep>KUT TapameTpsl. Ee pemieHue ecTh 3aBUCHMOCTH ONTHMAJIbHBIX 3HAYEHMI MEPEeMEHHBIX OT IapameTpoB. B obmem
cllydqae TaKue 3aBUCUMOCTH He SBIISIOTCS (PYHKIMSIMH, TIOCKOJIBKY MOTYT OBITH HEOJHO3HAYHBIMH, a B (D)YHKIIMOHAIEHOM CITy-
yae — ObITh HemuddepeHmpyeMeiMi. Kpome Toro, 00actTe UX CymecTBOBaHHUS MOXKET OKa3aThCs YK€ 00IaCTH ONpeIeIeHHs
(yHKIMI B YCIIOBHUH 3a/1a4d. DTH CBOMCTBA 3aTPYIHSIOT PEIICHNE KaK HCXOJHOU 3a/ladd, TaK M 3a/1a4, B IOCTAHOBKY KOTOPBIX
BXOJAT JaHHBIEC 3aBUCUMOCTH. J{JI IPEOIONeHNs STUX 3aTPyAHEHUI 0OBIYHO IPUMEHSIOTCSI METOABI THITA HeaudhepeHnupy-
€MOH ONTHMH3ALNU.

B crarbe npemaraeTcs aIbTepHATUBHBIN MTOIXO0/, MO3BOJIIIONIMH MTOTyYaTh PEIICHNs TapaMeTPHISCKUX 3a/1ad B popme,
JIMIIEHHON yKa3aHHBIX CBOHCTB. IToka3pIBaeTcs, YTO Takue MPEACTABICHUS MOTYT HCCIEIOBAaThCS CTAHJAPTHBIMHU alTOPHUT-
MaMH, OCHOBaHHBIMHU Ha (opmyne Teitnopa. [Jannas ¢popma ectb QyHKIHA, TAAKO alIPOKCHMUPYIONIAs PEIICHNE NCXOTHON
3agaun. [Ipyu 3TOM BeIMYMHA ITOTPEIIHOCTH AIIPOKCHMAIMN PETYIHPYyeTCs CleNNalbHBIM IapaMerpoM. [Ipeuiaraemble ar-
MPOKCUMAIMU CTPOSATCS C TTOMOINBIO CIEHHANbHBIX (YHKIUHA, yCTAHABIMBAIOMINX OOPATHBIE CBSI3M MEXKAY HMEPEeMEHHBIMHU
u MHOXuTenamu Jlarpamxa. IIpuBoanTCS KpaTKoe ONMHUCAHME ITOTO METOJA AN JTHHEHHBIX 3a7ad ¢ MOCIeTYIOIIM 00001e-
HHUEM Ha HeJIUHEHHbIH caydail.

[locTpoeHre anmpOKCHMAIMK CBOAUTCSA K OTHICKAaHHMIO CEUIOBOM TOYKHM MOTU(UIIMPOBAaHHOW (yHKIMHU Jlarpamxka uc-
xXomHOH 3amaun. ITokaspiBaeTCs, YTO HEOOXOAUMBIE YCIOBHUS CYIIECTBOBAaHHUS TAaKOW CEATOBONW TOUKH MOJOOHBI YCIOBHSAM
teopembl Kapyma — Kyna — Takkepa, HO He coiepaT B SIBHOM BHJE OrpaHHYEHHI THIIA HEPABEHCTB M YCIOBHUH JOIONHSIIO-
el HeXKEeCTKOCTH. DTH HEOOXOANMBIE YCIIOBHUSI AIMPOKCHMAIIUIO ONPEIEITIOT HEIBHBIM 00pa3oM. [1o3ToMy [1st BEIMHCIICHUS
ee auepeHnnaIbHBIX XapaKTePHCTHK HCTIONb3yeTCsl TEOPEMA O HESIBHBIX (DYHKIHUSX. DTa jKe TeopeMa NMpUMEHseTCs st
YMCHBIICHHUS TIOTPEITHOCTH aIlllPOKCUMAIINH.

OCOOEHHOCTH MPAaKTHYECKOW pealn3ali MeToqa (pyHKUIUH OOpaTHBIX CBA3EH, BKIIIOYAS OLEHKH CKOPOCTH CXOMMMO-
CTH K TOYHOMY PEUICHHIO, IEMOHCTPUPYIOTCS ISl HECKOIBKUX KOHKPETHBIX KIACCOB MAPaMETPUUECKUX ONTUMM3AIMOHHBIX
3amad. KOHKpeTHO: paccMaTpuBaloTCs 3a1a4K MOUCKA [I00AIBHOTO SKCTpeMyMa (DYHKIHMH MHOTHX IIEPEMEHHBIX M 3aJa4d Ha
KPAaTHBI SKCTpeMyM (MAaKCHMHH-MHUHUMAKC). Takke paccCMOTPEHBI ONTHMM3AIMOHHbIE 33a4l, BO3HUKAIONINE IIPU UCTIONb-
30BaHUU MHOTOKPHTEPHAIBHBIX MAaTEMATHIECKHX Mojenei. [ Kakaoro U3 3THUX KJIACCOB MPUBOIATCS AEMOHCTPAHOHHBIE
HpPUMEPHI.

KnrouyeBble ciioBa: 3ajaua HEIMHEHHOTO MPOrPaMMHUPOBAaHHS € TapaMeTpaMi, QyHKIOus oOpar-

HBIX CBsized, MomuduuupoBaHHas ¢yHKIus JlarpaHxka, MOMCK II00AIBHOTO AKCTpeMyMa, MUHHMAKC,
MHOTOKPHTEpHAaJIbHAS MOJICIb
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We consider a finite-dimensional optimization problem, the formulation of which in addition to the required variables
contains parameters. The solution to this problem is a dependence of optimal values of variables on parameters. In general,
these dependencies are not functions because they can have ambiguous meanings and in the functional case be non-
differentiable. In addition, their domain of definition may be narrower than the domains of definition of functions in the
condition of the original problem. All these properties make it difficult to solve both the original parametric problem and
other tasks, the statement of which includes these dependencies. To overcome these difficulties, usually methods such as
non-differentiable optimization are used.

This article proposes an alternative approach that makes it possible to obtain solutions to parametric problems in
a form devoid of the specified properties. It is shown that such representations can be explored using standard algorithms,
based on the Taylor formula. This form is a function smoothly approximating the solution of the original problem for any
parameter values, specified in its statement. In this case, the value of the approximation error is controlled by a special
parameter. Construction of proposed approximations is performed using special functions that establish feedback (within
optimality conditions for the original problem) between variables and Lagrange multipliers. This method is described for
linear problems with subsequent generalization to the nonlinear case.

From a computational point of view the construction of the approximation consists in finding the saddle point of
the modified Lagrange function of the original problem. Moreover, this modification is performed in a special way using
feedback functions. It is shown that the necessary conditions for the existence of such a saddle point are similar to the
conditions of the Karush—Kuhn-Tucker theorem, but do not contain constraints such as inequalities and conditions of
complementary slackness. Necessary conditions for the existence of a saddle point determine this approximation implicitly.
Therefore, to calculate its differential characteristics, the implicit function theorem is used. The same theorem is used to
reduce the approximation error to an acceptable level.

Features of the practical implementation feedback function method, including estimates of the rate of convergence
to the exact solution are demonstrated for several specific classes of parametric optimization problems. Specifically, tasks
searching for the global extremum of functions of many variables and the problem of multiple extremum (maximin-minimax)
are considered. Optimization problems that arise when using multicriteria mathematical models are also considered. For each
of these classes, there are demo examples.

Keywords: nonlinear programming problem with parameters, feedback function, modified
Lagrange function, search for a global extremum, minimax, multicriteria model
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1. BBenenue

PaccmoTpum 3aady mapaMeTpHyecKoro mporpaMMHUpPOBAHHMS:

makcumusuposams F(x, v) no x = (x;, x,, ..., x,,)T cE"

o1 huxcuposanno2o eexmopa napamempos v = (V| v,, ..., vK)T e,

(M

20e T ecmv nekomopas obnacme 6 EX,

npu ycaosusax x € O, {x | fi(x, v) <0 Vi=1, m}.

Pemennewm 3amauu (1) Oygem cumrarh X, — 3aBHCUMOCTB BeKTOpa argmax F(x, v) ot v.
x€0,

3anmaun Buna (1), a Takke CBOAAIIMECS K HUM WU CBS3aHHBIC C HUIMH, PACCMATPUBAIUCH B OOIb-
IIIOM YHUCJIC KaK 3apyOeKHBIX, TAK U OTCUSCTBEHHBIX HCCIICIOBAHUM, IETABHBINA 0030p KOTOPHIX MOXKHO
HaiTu, Hanpumep, B [M3maunos, 2006].

[Tomrmo mapaMeTpoB, B MOCTaHOBKe 3amadd (1) CYIIECTBEHHO HAJMUYWC OTPAHUYCHHWM THIIA
«HEPAaBEHCTBOY», B CHIIYy YETO

— o0nacTh onpenesieHus 3aBUCHUMOCTHU X, MOXET Obimb yoice (10 v) o0nacTu onpeneneHus QpyHk-
uuit F(x, v), f(x, v),

— 3aBHCHUMOCTbD X, MOXET ObITb He@YHKYUOHANbHOU (HeOOHO3HAUHOLL),

— 3aBUCHMOCTH X, MOXET OBITb Hedughpepenyupyemoi.

OTH cBOWCTBA MOTYT YCIOXKHATH MPOLENypy pelieHus kak 3afgaud (1), Tak u 3a1ad, B MOCTaHOBKaX
KOTOPBIX HCIIONB3YIOTCSA X),.

K Hacrosmemy BpeMeHH pa3paboTaHO 3HAYUTEIEHOE YHCIIO aJITOPUTMOB PEIICHUS ITapaMeTpuye-
CKHUX 3aJiau, Hampumep, Merogamu HeauddepeHupyeMoit OnTUMHU3AIMKE U TEOPUH YYBCTBUTEIILHOCTH,
Hanpumep, [Danskin, 1967; Rockafellar, 1970; JlembstHoB, Bacwmibe, 1981; [embsanoB, Mano3eMoB,
1972; Tonpmreiin, TpetssikoB, 1989; Hypmunckuii, 1991; M3mamnos, 2006]. T anropuTMsbl mMO3BO-
JSIFOT IIPEOA0JICBATh BBIYMCIUTEIIBHBIC 3aTPYAHEHHSI, IOPOKIAEMble 0COOCHHOCTSIMH 3aBUCHMOCTH X;.

OnHako TpH 9TOM MPAKTUYCCKUN HMHTEPEC TAKKE MPEACTABISAIOT TPATUIIMOHHBIE METOABI pe-
nieHus 3agad Buaa (1), ocHOBaHHBIE Ha pasjokeHUsX 1mo ¢opmyne Teiinopa. K Hacrosmemy Bpeme-
HU BapUaHThl MOJOOHBIX AITOPUTMOB OBUIM IpeasioKeHbl, HanpuMmep, B [Fiacco, McCormick, 1968;
I'epmetiep, 1969; YmuoB, 1974; ®emopos, 1979; Fiacco, 1983; Ckapun, 2010; YMmHOB, YMHOB, 2014;
YmHOB, YMHOB, 2018].

B nanHO# cTaTbe paccMaTpuBacTCs MOAXO/, OTHOCSIIUICS KO BTOPOMY HampasiieHuto. [Ipeuiara-
€TCs METOJ MIOCTPOCHUS IMIAAKOW (YHKIMHU X(T, V), allIpOKCUMHUPYIOLIEH 3aBUCUMOCTD X;,. To ecTb Ta-
KO (pyHKLUH, JUTI KOTOPOU TpeieNIbHOE PaBEHCTBO Tl_i)n+10 F(X(t, v), v) = F (x}, v) Boimonasiercst Vv € T.

B cny4ae ogHO3HAUHOCTH X, 3TO PaBEHCTBO ycuimBaercs 1o lim X(7, v) = x;,. Kpome Toro, npemnarae-
Masi annpoKCUMAIHs MO3BOJISET MPEOI0IeBaTh TAKKE U ,upyrh_é:r OTMEUEHHBIE BBIIIE, BHIYUCIUTEIbHbIC
3aTpyAHEHHUs, BO3HUKAIOIINE ITPH pelIeHu  3a1a4 Buaa (1).

KoHkpeTHO: B KauecTBe X(7, v) IpeularaeTcsl HCIOJIb30BaTh CEMJIOBYIO TOYKY MOAUDHUITUPO-
BaHHOW crenuanbHbIM oOpasom ¢yHKiuu Jlarpamka s 3agaun (1). Dta cnenuuka TakoBa, YTO
IUTST X(T, V) TapaHTUPYIOTCS CYIIECCTBOBaHHE, (PYHKIIMOHAIBHOCTD M TIAIKOCTh Yv € T,

B mpemniaraemom noaxone dyHKIMs xX(7, V) onpeenseTcs B HesBHOM Buje. OTHAKO UCTIONb30Ba-
HUE KJIACCHYECKOW TEOPEMBI 0 cucmeme HesA8HbIX (YHKYUL TTO3BOJSIET MPEOI0IeBaTh 3TO 3aTPyIHEHHE
U CTPOUTH IS X(T, V) TEHIIOPOBCKHE MHOTOWIEHBI HYXKHBIX HOPSJIKOB.

2023, T. 15, \e 5, C. 1125-1151
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[ponenypa momudukanmu GyHknuu Jlarpanxka u moucka ee CeUIOBON TOUKH, Ha3bIBaeMas Me-
mooom hyHKyull 06pamubIx cés3ell, MPeUIoKeHa U 000cHOBaHa B [YMHOB, YMHOB, 2019] st auHe#-
HOM 3amaun (1), HemUHEHHBINA ciydait paccmoTrper B [Umnov, Umnov, 2022].

B nanHO# cTaThe TpeiaraeMplil MOIX0J] pacCMaTPUBACTCS JIsl PEIICHUs CBOIsIIMXCs K BUy (1)
3amad:

— TOHCKa II00AJIBHOTO IKCTPEeMyMa,
— HaxOXJIEHHs KpaTHOIO 3KCTpEeMyMa /WM MUHHMAKCa,
— ONTHMH3AIIHH,

BO3HUKAIOIINX MPH UCTIOIH30BAHIHI MHOTOKPUTEPHAIBLHBIX MOACICH.

B 3akiroueHue oTMeTHM, YTO B IpPEUIaraéMOM METOZE MIAAKOCTh alIIPOKCUMALMU COYETACT-
Csl C BOBMO)KHOCTBIO PETYIMPOBAHUS €€ MOTPEITHOCTH IMyTeM NoA0opa 3HAYCHUS] HHCTPYMEHTATBHOTO
napamerpa 7.

OTKyna cieryeT BO3MOKHOCTh IIPUMEHEHHUST pacCMaTpUBAEMOTr0 IOX0Aa B KOMOWHAIIMH C JIpY-
TUMHU MeToAaMu. 10 €CTh MPUOMMKEHHBIC OICHKU PEIICHUN MCXOMHOU 3a/1aud, MOMyUYEHHBIC C TTOMO-
b0 (PyHKIMI OOpaTHBIX CBSI3€H, UCIIONB3YIOTCA B KQ4eCTBE HAYAIBHBIX MPHUONMKEHUN IS alTOPUT-
MOB aJbTEPHATUBHBIX TUIIOB.

2. Mertoa pyHKkuii 00paTHBIX CBA3EH

[IpuBenem BHadaje KpaTkoe ONHMCAaHWE MeTofa (QYHKIMI oOpaTHBIX CBS3ed. DTO OMUCAaHUE Iie-
JIeco00pa3HO HauaTh ¢ OOJiee HATISAIHOTO JIMHEHHOrO Cliydasl.

[lycts Gynkuun F(x), f(x) Yi = 1, n nmaneiinel, a £} 1 EY' CyTh HEOTPULIATEILHBIE OPTAHTHI
eBKJIMIOBBIX TIpocTpaHcTB E” u E™. PacemoTpum 3amady (1) Buma

n n
F(x) = Z 0 X; o max, x € E, npu ycrosusx f,(x) = —; + Z @;x; <0OVi=1,m. 2)
j=1 =1

ChopmynmupyeM Tarke 3aaady, TBOHCTBCHHYIO K (2):

m m
G = Z oA; = min - npu ycrosusx g () = -0 ; + Z @;4; >0V )= 1, n, 3)
i=1 i=1

e A= (A, 4y, ..., 4,)" € ET.
IIpumenum juts pemenns 3aia4 (2) u (3) BapuaHT METOA 21A0KUX WmpagHuix hynkyuu [ YMHOB,
1974], xoropserid ms 3amadd (2) COCTOMT B TocCiemoBaTeNbHOW (0 7 — +0) MakcHMH3aIuU 10 X
m n
BCroMorareNnbHol pynkunn A (7, x) = F(x) — X P(7, fi(x)) — X P(t, (—xj)), rne ¢yukaus P(T, s),

i=1 j=1
onpeacAromas BEININHY <<mTpa(1)a» 3a HapylI€HUE OTPaHUYCHHUSA § < 0, YAOBJIETBOPSAET CICAYHOIIUM

YCJIOBHUAM.

) +oo0, s§>0,
2-1°. lim P(t, s) =
7—+0 O, s < 0.

2-2°. ®yukuus P(t, s) ©MeeT HelpepbIBHbIE YaCTHBIE MPOU3BOAHBIE 110 BCEM CBOMM apryMeHTaM JI0
BTOPOTO MOPSAKA BKIIFOYUTEIBHO.

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE
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2
9L 50!

2-3°. Jlns Beex T > 0 u ¥s BoimonHensl Hepasencta 2L > 0
as > 0s?

OtmetuM, uto u3 2-3° cieayeT paBHOMEpHAs CXOAUMOCTSH 10 s Ve > () Ha MHO)XKECTBaX S < —€ U § > €
JUTSI TIPEIIEITBHBIX TIEPEX0IoB B 2-1°.

Jliis 3aaun (3) mojyiekaiiasl ocae0BaTeIbHOH MHUHUMHU3AIUU BCIIOMOTaTelbHast (QYHKIHUs Oy-
JIET UMETh BUJ

Ap(r, ) = G) + Y P(r, —g;() + ) P(T,(~1).

j=1 i=1

ITycts {X(7), Z(T)} u {X(1), A1)} CYTb COOTBETCTBEHHO CTAIIMOHAPHBIE TOUKU QYHKIMH A (T, x)
u A, (7, A), onpenensemple Ipu GUKCUPOBAHHOM T > () ypaBHEHUSAMHU

gradAp(t, X(1)) =0 m gr;ldAD(T, A(T) = 0.

Ecnu mpennonokuTh JOMONHNATENRHO, 4TO 3a1a4u (2) 1 (3) UIMEIOT eIMHCTBEHHBIE PEIIeHus X =

T T
= (x’i‘, xz, e, x,’i) ul*= (/l’f, /139 o, /l,’;) , TO OKa3bIBAIOTCS BEPHBIMHU PABCHCTBA
xj. = lim x.(7) Vi=1,n, A7 = lim ;li(T) Vi=1, m,
T—+0 / T—+0
. . OP — . . .. OP < .
A = lim oe(n fG@O) Vi=Tom ¥ = lim S(n g, (@) Vi=Ton,

MOCKOJBKY JUIs 3a7a4 (2), (3) KOMIOHEHTHI BEKTOpa X™ SIBISIOTCSI MHOKUTEIsIMU Jlarpamka B 3agade (3),
a KOMIIOHEHTHI BekTopa A* cyTh MHOXKUTenH Jlarpanxa B 3aaade (2).
[Ipu sToM Y7 > 0, B 001Iem ciyvae,

Z—f(r, fGE) # A, Vi=1,m n Z—f(r, —g;(A) XM Vj=1,n )

CootHomenus (4) OynyT BEepHBIMH paBEeHCTBaMH JIMIIb B mpenene, npu 7 — +0. OgHako ¢op-
MaJbHO HX, 3aIFCaB KaK pageHcmed, MOKHO OOBEIMHHUTD B ONHY CUCTeMy ypaBHeHui Y71 > 0. B [YM-
HOB, YMHOB, 2019] moka3aHo, uTo sl JIHOOBIX (TO €cTh 0€3 MPEIMOIOKEHUH O COBMECTHOCTH HJIH
OIHO3HAYHOM Pa3perIMMOCTH) JTHHEHHBIX 3amad (2), (3) cymecTByloT Bektop-pyHKIHE X(7) 1 A(T),
ABIIIOIINECS PEIIEHUSIMH Takoi 00beINHEHHON CUCTEMBI YpaBHEHUH

- oP _
(1) = m(‘l’, f;(x(1))) Yi=1, m,

oP - _ (%)
X)(1) = —=(r, —g;(A())  ¥j=1n,

JUTSI KOTOPBIX (B ciIydae coBMecTHOCTH 3anad (2), (3)) BepHO lim0 F(x(1)) = lim0 G(A(1)) = F*, a npu
T+ T+
€IMHCTBEHHOCTH X* M A* CIpaBe/JIuBBI, KPOME TOTO, paBEHCTBA

. 9P o —— 0P - e
A = lim = fEO) Vi=Tom, )= lim == (r ~g;A@) Vj =T n.

OTMeTHM TakXke, yTo cucteMa (5) He COOEp)KUT B SIBHOM BHJIE YCIOBHH HEOTPULIATEIbHOCTH KOMIIOHEHT
BEKTOPOB X(7) U A(T), MOCKOJIBKY %_1; > 0 B cuity ycnoBus 2-3°.

2

s
1 — mpu s > 0,
3ameTHM, YTO, HAlIPUMEp, CTAHIAPTHAS KBajparuuHas mrpaduas Gyukuus P(t, s) = { 27 HE YIOBJIETBOPSIET

Ompu s <0
9TUM YCIIOBHSIM.

2023, T. 15, \e 5, C. 1125-1151
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Terepb BOCIIONB3yeMCs TE€M, YTO B CICIAHHBIX MPEATIONIOKECHAAX (DYHKIIHS g—f(r, s), KaK Herpe-
peiBHO jauddepeHiupyeMas 1 CTPOro MOHOTOHHO BO3pacTrarolias Mo apryMeHTty s Vs € R, umeer
obpamuylo yHkyuro, KOTopas Takke HenpepblBHO nuddepeHIpyeMas 1 CTporo MOHOTOHHO BO3pac-
taromas Ha (0, +00). B cury gero cucrema (5) MOXKET OBIThH 3amucaHa TakK

3 B+ Zai/}/ =0, ) VYi=1,m,
fiw, X(1)) = O(r, (1) Vi=1,m, e

ey = _ Vi Wi " (6)
—8;(t, A1) = 0(1, Xi(1)) V) o - Z %ji =0(r. %) Vj=1n,
i=1

1, n,

rne gynkuusa Q(t, s) = irgv (%—?(T, s)) — obOpatHast 10 § K (DYHKITHH g—f(r, s).

U3 (6) cnenyet, uto dykius Q(7, §) peamzyeT oOpammuyio c6s13b MEKIY HPSIMbIMUA U JBOH-
CTBEHHBIMH TIEPEMEHHBIMH B YCIIOBHUSAX ONTHMAaJbHOCTH s 3amad (2) u (3). MHaue roBops, Maible
M0 MOAYIIO 3HaueHus GyHKUuMU (7, s) B MPaBBIX YaCTAX ypaBHEHHUH (6) SBIAIOTCS WHAMKATOPOM
aKTHBHOCTH COOTBETCTBYIOIIMX OrpaHudYeHui 3amad (2) u (3) B Toukax x* m A*. DTO ompaBabIBacT
ucronb30Banue st Q(7, §) TEPMUHA QYHKYUSL OOPAMHBIX CB53€ll.

Hakoner, mepexo K HEJIMHEHHOMY CIIy4ar0 BBIIIOJHMM IyTEM BBEACHUS BCIOMOTATCIIbHOU
(yHKIIUU BHIA

n m n m
Ur, x, )= ) (0%, = R@ x)) + > (B, + R, 1)) = D > e, (7
j=1 i=1 j=1 i=1
A
e R(t, s) = f O(t, u)du, a 3nauenne a(t) Haxoautcst u3 ypaBuenus Q(t7, a(r)) = 0. D10 ypaBHe-
a(T)
Hue Y1 > 0 umeer (M IpUTOM eTMHCTBEHHOE) pelleHne, MOCKOIbKY QyHKIuI Q(T, §) CTPOro MOHOTOH-

HO BO3pacTaromias 1o s ¥ He OrpaHNYeHHast KaKk CHU3Y, Tak U cBepxy Vs € (0, +co).

B cuny (7) peruerust cucteMsl (6), TO €CTh BEKTOPBI X(T) U A(T), CYyTh CmayuoHapHble moyku
¢ynkumu U(r, x, A) o coBokynHocTH {x; A}, a cama ¢yHKuust (7) MOXKET OBITh MpPEACTAaBICHA Kak
HeKoTopast mooughuxayus gyuxyuu Jlacpanxca [Tonpmreitd, Tpetbsakos, 1989; XKaman, 2015]:

Ut x, ) = L(x, ) — ) R(t, x;) + ZR(T, A,), (8)

]_1 i=1

rae L(x, A) — perymsipHas ¢ynkuus Jlarpamka 3agaun (2), nMeromas BUJI

L(x, 1) = Zn:ajxj - i/ll- —; + Zn:aijxj = F(x) — i/lifl-(x).
=1 i=1 =1 P

Takast ¢popma 3ammcu (yHKIUN Jlarpamka 1 3amadu (2) He 3aBHCHT OT TOTO, JTUHCHHBI (PYHK-
unu F(x), f,(x) Yi = 1, m nin wet. TloaTomy paBeHCTBO (8) MOKHO MCIIOJIB30BaTh KaK OCHOBY onpede-
JeHus Bcomorarensuoit dyukmuu U(T, x, A, v) U1t HenuHerHo# 3amaun (1).

3. CruiaxxkuBamouee CBoOcTBO (PyHKIMA 00PATHBIX CBsI3eH

PaccMoTrpuM ycioBHsI MPUMEHUMOCTH (DYHKITUH OOpaTHBIX CBS3CH IUIS PEIICHUS napamempu-
yeckotl 3a7auu (1) ¢ xoHeuHbIM 3HayeHueM F, U, ObITb MOXKET, C HEOJHO3HAYHOH Toukoil x;. bynem
MpenoaraTh, 4To Bce c(hopMyaupOBaHHBIC HIDKE YCIOBUS BBHITIOTHEHBI Vv € T.

KOMIIBIOTEPHBIE UCCIIEJOBAHUS U MOJAEJIUPOBAHUE




Ucnonp3oBanue QpyHKIUI 0OpaTHBIX CBSA3CH AJISI PEIICHHS . . . 1131

[Tpenmnonoxkum, 4yTo B paccMarpuBaeMoi 3amade (GyHKuus Jlarpanxa peryisipHa U Takxke Cylie-
CTBYIOT KOMIIAKTHBIE, C HEMYCTOH BHYTPEHHOCTbIO MHOXKecTBAa . C E" u Q, C E™, 11 KOTOpbIX
HaiifeTcs XoTs Obl O1HA Mapa BEKTOPOB X, € Q u A, € Q, Takas, uto L(x;, A}, v) = F;.

Ilycts pynKuus o6pamuvix ceazeti Q(t, s) onpenenena V1 > 0 u Vs € (0, +00) 1Mo MOCTPOCHUIO
o0nazaer ciaeayoIUMH CBOMCTBaMU:

3-1°. Q(t, s) cTpOoro MOHOTOHHO BO3pacTaeT MO §, U IPU ITOM JJIs Jitoboro (pukcupoBanHoro 7 > ()

lim QO(t, s) = —co, lim Q(t, §) = +00.
s—+0 §—+00

3-2°. Vs > 0 limo O(z, s) = 0, mpuyem 3TOT NpPEIENbHBIN NEPEXO pasHoMepHbli 10 s HA [£,, +00)
T+
Ve, > 0.

3-3°. B obnactu ompeznenenust Gpynkuus Q(r, s) HempepbBHO AuddepeHnnpyemMa no COBOKYIMHOCTH
BCEX CBOUX APTyMEHTOB.

B kauyectBe mpumepa (QyHKIHMH OOpaTHBIX CBs3eH MOXHO mpuBecTH OQyHKIHH Q(7, s) = 7lns

wi Q(t, §) = %(s - %)

S
Beemem Vs € (0, +00) ¢dyrkmuio R(t, s) Takyto, 910 R(T, §) = f O(t, u)du, tne a(t) ecThb
(1)
pemrenne ypaBHeHus Q(t, a(t)) = 0 (B cAeIaHHBIX IMPEIIOIOKCHHUIX Takoe a(T) CYIICCTBYET H CIAMH-
ctBeHHO V71 > (). U3 ompenencHust R(7, §) TakKe CIEIYET, 9YTO BEPHO PABEHCTBO %—Ij = Q(7, 9).
B3saB dhopmyiy (8) 3a onpedenenue, mocTpouM A HENMUHEHHOH 3anauu (1), TomoTHEHHOH ycio-
BUEeM x € E', BcmoMoraresbHy0 (QpyHKLIHIO

n m
U, x, 4 v) = Lix 4, W+ W x, ), me Ww,x ) ==Y R@x)+ Y RE A).  (9)

=1 i=1
HpI/I 9TOM €CJIU YCJIOBHA HECOTPULATCIIbHOCTU HAJIOKEHBI He Ha 6Cce KOMIIOHCHTBI BEKTOpa X UJIM HEKO-
TOpBIC OTPAaHUYCHHUS SBISIOTCS pasercmeamu, TO B Bbipaxenue (9) mit W(r, x, A) COOTBETCTBYIOIINE

m
craraemble e ekaouatomes. Hanpumep, ms samaum (1) W(r, x, ) = ¥ R(7, 4,).
i=1
OnwumieM tenepb cBoiicTBa QyHkuuu U(T, x, A, v) 11sg GUKCHpOBaHHOTO BeKkTopa v € T
B [Umnov, Umnov, 2022] moka3aHo, YTO IpH CACTAHHBIX BBIIIC MPEAOIOKESHUAX H (HPUKCHPO-

BaHHOM BEKTOPC MapaMETPOB CHPABCIJIUBLI CICAYIOMUC YTBCPKACHUS.

Teopema 1. V7 > 0 ¢yuryusa U(r, x, A, Q umeem {x(t, v); z(‘r, V)} — eduncmeenHyio ceonosyio
mouxy enympu Q. X Q ,, 20e 6ekmopbl X(T, v) u A(T, V) — pewienus cucmemvl ypasHeHu

grad U(T, X, 1 V) = o0,
X

_ 10
grad U(t, X, 4, v) = 0. (10)
pl

Hanpumep, s 3amaun (1) cucrema ypasuenuii (10) umeer Buz

F G- af,
6__2/11'(7, V)l=0 Yji=1,n,
Ox; & dx; (11)

[G, v) = -0, 4(r, v)  Vi=1,m,

KOTOPBIH 110 CTPYKType mogodeH ycioBusiM TeopeMbl Kapyrira — Kyna — Takkepa, HO He COIEpKHT SBHBIX
YCJIOBUI HEOTPULIATEIIBHOCTH MHOXKUTENEH JlarpaHika U yClIOBUN JTOMOIHSAIONIEH HEXKECTKOCTH.

3aMeTHM, 4TO OmpejessieMble HesiBHO cructeMoit (10) BekTop-byHKImu X(T, v) U A(T, V) 3a1a10T
B Q, X (), mapameTpu4ecKu (IO T) JIMHHIO, KOTOPYIO (II0 aHAJOTMH C SKCTPEMAILHON TPacKTOpUen
B MeTofe ITpadHbIX QyHKIUIT) MOXKHO Ha3BaTh cednosou mpaexkmopueil 3adayu (1).
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Teopema 2. Ha ceonosoii mpaexmopuu 3adaqu (1)

limo U(z, X(t, v), A1, v), v) = F}, (12)
T+

a 6 cayuae 10KaIbHOU eounHcmeennocmu peutenus 3aoaqu (1) cnpaseonusvl makoice pasencmea

lim X(r, v) =x;, u lim At, v) = (13)

7—=+0 T—=+0

Teopema 3. Ha ceonosoii mpaekmopuu éexmop-gynxyuu {X(t, v); A(t, v)} nenpepuisno ough-
Gepenyupyemol no ecem ceoum apeymenmam Nt > 0 Vv € T.

Hatinsg u3 (10) amsa xoHkpeTHBIX T > 0 m v € Y 3HaueHus BeKTop-QYHKIUMH x(7, v) U A(T, v)
U mpuMeHHuB 3areM K cucteme (10) Teopemy o uesasuwix ynkyusax, nmomyduMm Vr = 1, K cuctemsl
JIMHEWHBIX YpaBHEHUN

SOPU O, K 9PU 04, o*U —
—+ ——— =—— Vp=1,n,
- ox, ij v, p 0x, 04, v, 0x, 0v,
(14)
PU 0, U oA *U —
Z Z =~siay Ya=Lm
04, 8x av, 04,04, 8v, 04, 0v,

KOTOpBIC OIPEICSIISTIOT 3HAUYCHUs MPOU3BOAHBIX OT KOMIIOHEHT BEKTOP-QYyHKIWH X(7, v) U A(T, v) MO
KOMITOHCHTaM BEKTOpa V.

IIpu HEOOXOUMOCTH, YCUIIUB OYEBHUIHBIM 00pa30M MPENNOIOKEHUS O CBOWCTBAX (PyHKIHI 00-
paTHBIX CBsI3€H, PaBHO Kak M (yHKUWH, BXOMIIIMX B ycioBHEe 3amaud (1), IO aHalIOTMYHOH cXeme
MOKHO HaWTH YacTHBIC TIPOU3BOIHBIC B 00JIee BHICOKOTO MOPSIIKA.

Teopemsl 1, 2 1 3 TIO3BOJIAIOT UCIIONB30BATh BEKTOP-QYHKLINIO X(T, V) KaK annpoxkcumayuio 3a-
BUCHMOCTH X, HOIyCKAIOLIYI0 IIPUMEHEHUE BBIYMCINTEIBHBIX MPOLEAYP, OCHOBAHHBIX Ha (opmyie
Teitnopa.

W3 TeopeMbl 2 ciemyeT, YTO MOTPEIIHOCTh MeTona (PYHKIMH 0OpaTHBIX CBSI3eH yMEHbIIAeTCs
npu T — +0. OnHaKo ecnu A KOHKPETHOTO 3HAYEHHs T OHa HEMpPHUEMJIEMO BEJIHMKa, TO MOXHO MpH-
MEHUTH TEOPEMY O HESBHBIX (PYHKLHMSIX TAKXKE U Uil yMEHBLICHUS IOTPEITHOCTH alllPOKCUMAITHH.

o o 2 2
JleiicTBUTENBHO, €CIH TIpaBble YacTH CHCTEMBbl ypaBHeHHid (14) 3aMeHHUTH Ha — ai %T u —%,
P i

TO €€ PEUIeHUsAMHU OKaXXYyTCs 3HaueHHs MPOU3BOAHBIX OT {X(7, v), A(7, v)} Ho mapameTpy 7. 3Ha4eHUs

3THUX MPOU3BOAHBIX U JOCTATOYHO MajbIX T > () IO3BOJSIOT MOBBICUTH TOYHOCTH ANIPOKCHMALMH,

Harpumep, no Gopmynam

I dx;

X, =x(r,v)—1— V]
e or

; Ln u A=At v)-1—Vi=1,m. (15)

B [Umnov, Umnov, 2022] moka3aHo, 4T0 XOTS TOYKA {X, 7} HE MPUHAIJIEKUT CEIJIOBON TPAECKTOPUH,
TEeM HE MEHee YTOUHeHHE 1o popmysiaM (15) MOKET BBITIOIHATHCS UTEPATHBHO B HECKOIBKO I1aroB. JIiis
9TOTO JOCTATOYHO 3aMECHUTH CKAJISIPHBIN MapaMeTp T Ha BEKTOPHBIH, MPEBPATUB CEAJIOBYIO TPACKTOPHIO
B IIYYOK TaKHX TPACKTOPHH.

IIpumenenune Merona GyHKIMH 0OpaTHBIX CBA3EH MPOMILUTIOCTPUPYEM Ha NMPUMEpE peIeHus ciie-
JyIOIIeH 3a7auu, ¢ HeOTPULATEIEHBIM (DUKCHPOBAHHBIM p.
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3amaua 1.

Maxcumuzuposams px no x € R
(16)

npu ycrosusax x 2 0, x <5, x < 5v ona ¢uxcuposannozo v € R.

Petenus sToii 3ajaun B citydae p > 0 1, COOTBETCTBeHHO, p = () UMEIOT BU]I

He cywy. Tipu — oo < v < (), He cywy. Tipu — oo < v < (),
X, = 5v mpu0<v<l, x,=12 [0,5v] mpuO<v<l,
5 mpuv>l1, [0,5] mpuv> 1.

Wuaye rosops, npu v < 0 3aBUCHMOCTb X, HE OIpeJelieHa, B ToYKe vV = | IpousBoIHAsA y X, He
cymecTByerT, a it p = 0 npu v > 0 3aBUCUMOCTb X, OIIpe/ielIeHa HEOJHO3HAYHO U, 3HAUUT, yHKIMEH
HE SIBJISIETCS.

ITocTpouM IIafKyro anmpoKCUMALUI0 3aBUCUMOCTH X, AJi 3agauu 1, B3saB O(t, s) = 7ln s B Ka-
yecTBe (PYHKIIMH 00paTHOU CBs3H. BemomoratensHas GyHKmus (9) B 3TOM cirydae OyAeT UMETh BHT

Ur, x, 4}, 4y, A3, v) = px — 4,(=x) = ,(=5 + x) = 3(=5v + x) + R(7, 4)) + R(7, 4)) + R(7, 1)),
a ycloBus ee cTaruoHapHocty (cuctema (10)) ©MEIOT BHIT
p+A - —A3=0,
¥+7lna, =0,
~X+5+7ln, =0,

~X+5v+7Indy = 0.

3 v) A
5 G| H
4l ]
/ 7=03 06
7=0,1 T
3l |/ ~—_
¢c| D T=00252’5 7/
2 a A =10

11/ N, 7 ’
4

/
0 2,1 /I
B/

F/ 08 09 1 1,1 1,2 1,3 14
(a) (6)

Puc. 1. I'paduueckoe npencrapnenue GyHKuuit x(7, v) s 3amauu 1

<Y

OHYCKaH OYCBHUIHBIC npeo6pa30BaHI/I${, IIpUBCACM HUTOTOBBIN BU HCKOMOM arfrrpoKCuMalm 3a-

BUCHMOCTU X},
2
_ p _3 % p
xX(t,v) = —1ln —t+e Tt +e T —=|
(T, v) (\/ ) 2)
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Ota ¢yHKIH onpeaeneHa Y7 > 0 i Yv € R 1 ©MeeT B KaKIIOH TOYKE MPOU3BOIHYIO JIFOOOTO MOPSIKA.
PackpriTie HeonpeneneHHocTel B ciaydae p > 0 gaer limo X(r,v)y=55aopu0<v<1lu lim X(t, v) =
T+

7—=+0
=S5mpuv>1.
Tenepp HaiineM 3HA4YEHHUs IIpelena lim0 X(1, v) = X}, U1 v, IpU KOTOPBIX X, OIpesesieHa Heo-
T+

Ho3Ha4yHO. [Ipy p =0 u 0 < v < 1 umeem

N 1 .. s 5 1 . 5 50-5 Sv
lim x(t, v) = —= lim Tln(e Tte r):—— lim (Tlne T +Tln(1+e ))z—
740 2 7540 2 7540

Hnst v > 1 pesynbrar lim x(7, v) = % MOJIy4aeTcsl aHAJIOTHYHO.
7—=+0

Hanee 3ameruM, uyTo 3amada 1 HecoBMmecTHa Yv < 0 B CHIIy IPOTHBOPEUMBOCTU OTpaHUYC-
Huit x > 0 u x < Sv. B aTOM ciiydyae umeem lim0 x(t, v) = % JlaHHOE 3HaYeHHEe MOXKHO paccMaTpyBaTh
T+

KaK HEKOTOPBIA KOMITPOMHCC JUIsl KOH(IIUKTYIOMIUX YCIOBUU.

Ha puc. 1, a nomanas FOGH ectb rpaduk pemenus 3amauu 1 st p > 0, nomanas FCD —
pemrenus pu p = 0. 3mech Takke MmokaszaHbl rpaduku GyHKuH x(7, v) mia 7 = 1; 0,6; 0,3; 0,1;
0,025. Ha puc.1, 6 npuBenensl B 6oibieM mMaciuTade Te ke rpaduKi B OKPECTHOCTH TOUKU v = 1, TIe
3aBUCUMOCTS X, HenuddepeHuupyema.

4. JkcTpeMyM (PYHKIMH MHOTHX NepeMeHHbIX

PaccmotpuM Temeps nmpuMeHEHHE MeTona (DYHKITUH O0OpaTHBIX CBsI3eH B 3aj1a4ax, KOTOPBIE CBO-
JIATCS K 3a/1auaM MapaMeTPUIEcKOro POrpaMMHUPOBAHUS.

ITokaxem BHawajsie, 9TO aNMMPOKCUMAIIAU MPU TTOMOIIN (HYHKIUI 0OpaTHBIX CBsSI3€H MOTYT OBITh
WCIIONIb30BAHBI JJIS1 PEIICHUSI 3a7]a9i OTBHICKAHUS SKCTPEMyMa B KOHEYHOM HA0Ope YUCE.

Ilycts man wabop umcen v = {vl, Vos oo vK}. 3HaueHNE MAKCHUMAaJbHOTO W3 HUX €CTh pe-
IICHUE 3a7a49M JIMHEHHOTO MPOTrPaMMHPOBAHHSA CO CKAIpHOW mepeMeHHoW f € R m ¢ mapamerpa-
MU Vi, Vo, ooy Vit

MuHUMU3Uposams f

S 7
npu ycnosuax f > v, Vi =1, K.

[IpuHsB BO BHHMaHHe, YTO [ HE OrpaHHYEHA IO 3HAKY, IOCTPOUM ISl STOH 3aJa4yl BCIIOMOTaTEIbHYO

(dyuknuto (10):

K K
UG, f, 4, v)==f = > 4= )+ > R A). (18)
i=1 i=1

Ecnmm B xaduectBe pyHKIIMK 0OpaTHOM cBs3H B3ATh O(T, s) = Tln s, To cuctema ypaBaenuit (10) OymeT

HUMCTb BHU]
v.—f

K - i }
_1+ZZ:0, hi=er Vi=LK

e} > _ K v_[ (19)
vi—?zran-Vi:_l,K e f=7ln Zer .

! i=1
Otkyna pemenue 3aga4u (17), To ecTh 3HaYEHHE MAaKCUMAJIBHOTO (@ TAaKKe ¥ MUHUMAJIBHOIO) U3 YUCEI
B Habope {v,, v,, ..., Vi}, OyneT paBHO

K V. K V.
5 . L % . —-L
Jmax = lim 7ln E e = foin=— lim 7ln E e | (20)
T+0 — T—=+0 —
= 1=
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[Tycte mepexon k mpeneny B (20) HE BBIMONHICTCS, HO T — MaJo¢ ITOJIOKUTEIBHOE YHCIIO.
OreHuM BO3HHKAIONIYIO MPH STOM HOTPEUIHOCTh. be3 moTepu OOIIHOCTH MOXHO CUHTATh, YTO HHC-
Ja B Habope {vl, Vas eees VK} YIOPSAIOYCHBI B IOPSAKE YOBIBAaHWS W TepBbie M W3 HUX pPaBHBI f~,
rme 1 < M < K. Torna umeem

Vi I s il s vt
67]—Tln67=71n[z e T ]:Tln[M+Ze T ]<
i=M+1 j

A-f*
<Tln(M+(K—M)e T

K

f@-f =7l (Z

i=1

):T1HM+T1I1(1+ )<TlnM+Te/%,

e A = Vel

U3 storo HCPaBCHCTBaA CJICAYCT, 4YTO MNOPAAOK MaJIOCTH IOI'PCHIHOCTU OIPCACIIACTCA Cliarac-

MbBIM T In M B ciygae, xorma M > 1 (To ecTh B UCCIIEAyeMOM HAa0Ope MaKCUMAIIbHOE YHCIIO HE CIUH-
A-f*
ctBerHoe). [Ipu M = 1 mOpsIOK MOTPEITHOCTH OIMPENEIeTCs] CaraéMbIM Te + , 9YTO 3aMETHO JIydIIe

pu T — +0.

To, uto mst cucteMsl (19) ynanock morydauTh penrenne B Buae (20), KOHEUHO, HCKITIOUCHHE, a HEe

npasuiio. Hampumep, ecnu ucnonb3oBarh GyHKIHIO oOpaTtHOU cBsizu Q(T, §) = %(s - l), TO CUCTEMA

N
ypaBHeHwmi (10) Oymer UMETh BU

K
—1+ZZ=O,

= Q1)
(= 1
vi—f=%(/li—:)\ﬁ=1, :

JJIA KOTOPOI'0 BO3MOKHO JIMIIb YUCIICHHOC PCIICHUC.

Jlia nmmoctparuu B Tabn. 1 mpuBeseHsl pe3ynbTarsl pemeHus cucteMsl (19) nns Habopa uncen
vi=5v,=-2,vs=4v,=7, v5s=0}
IPU Pa3IMYHbIX 3HAUCHUSAX I1apamerpa T.

Tabmuua 1. Pemenus cuctems! (19) a1 pa3nuyHbIX 3HaYEHUM mapaMmerpa T

| - | 7o 1) 1,(7) 2,(7) () Lo |
107990 1| 7,170719212 | 0,114095529 | 1,0404-10~* | 0,041973399 | 0,843058261 | 7,6877 - 10~*
10793 || 7,018454440 | 0,027615558 | 1,0841-1077 | 4,6651-1073 | 0,967715479 | 3,7990 - 107°
10790 || 7,000590038 | 1,7884- 1073 | 4,355-103 | 7,5703-107 | 0,998135874 | 2,430-10710
107%7 || 7,000002329 | 1,3048 - 107> | 4,355-10713 | 4,7135-10% | 0,999986904 | 0,000000000
107190 1| 7,000000000 | 2,0612-10~° | 0,000000000 | 9,358 - 1074 | 0,999999998 | 0,000000000
10~25 || 7,000000000 | 0,000000000 | 0,000000000 | 0,000000000 | 1,000000000 | 0,000000000

B Tabn. 2 ans cpaBHEHUS TNPHUBENCHBI YHCIEHHbIE perieHus cuctemsl (21) mis HaOopa 4u-
cen {v, =5,v, =5,v;=4,v, =5, v; = 0} TaKke Npu pasnuvHbIX 3HAYCHHUSX T1apamerpa 7.

PaCCMOTpI/IM TCIICPb 3aZladyy OTBICKAHUA SKCTPCMAJIbHBIX 3HAYCHUH JUJIA YHUCJIOBBIX MHOXXCCTB
MOIITHOCTH KOHTUHYYM.

[Tycth nana HenmpepbIBHAS Ha KOMIIAKTE ¢ HE MyCTOW BHYTPEHHOCTBIO Q C E" QyHkums f(x).
3amenuB B ¢opmyne (20) orepanuio CyMMHPOBAaHUS WHTETPUPOBAHHEM, MOTYYUM OLIEHKY 3HAu€HUS
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Tabmuua 2. Pemenus cuctems! (21) 11 pa3nu4HbIX 3HaYEHUM MapaMmerpa T
T f 4@ () A7) A4(0) A5(0)
107190 |1/ 5109862742 | 0,333328289 | 0,333328289 | 1,5133-107> | 0,333328289 | 0,000000000
107120 || 5,069317752 | 0,333333319 | 0,333333319 | 4,3629- 107 | 0,333333319 | 0,000000000
107150 || 5,034741173 | 0,333333333 | 0,333333333 | 0,000000000 | 0,333333333 | 0,000000000
10729 || 5010986124 | 0,333333333 | 0,333333333 | 0,000000000 | 0,333333333 | 0,000000000
107490 11 5,000109861 | 0,333333333 | 0,333333333 | 0,000000000 | 0,333333333 | 0,000000000
10779 |1 5,000000110 | 0,333333333 | 0,333333333 | 0,000000000 | 0,333333333 | 0,000000000

1006aJTbHOTO MakCUMyMa (PyHKITMH MHOTHX TTIE€PEMEHHBIX, B KOTOPO MapaMeTpaMu SBIISIOTCS 3HAYEHUS

3TOU (PYHKIIHH,

fro=lim thn [ ¢ dx. (22)
7—+0
Q

CrpaBemymuBOCTh (22) cinemyet u3 yciaoBus f(x) <

. f&) . r f(A) r*
Iim 7ln | e* dx= lim Ttlne~
7—+0 T—+0
Q
-

Q
. f(
0< lim 7ln T dx
T—=+0
Q

f* u oneHok

7—+0

dx=f"+ lim 7ln f o dx,
Q

< lim 7lnmesQ = 0.
T—=+0

CBs13b olepaluii MHTETPUPOBAHUS U MOMCKA SKCTPEMyMa paHee MCIOJIb30Baach AJISl PELCHUS
3aja4 pa3HbIX KJIACCOB: B METO/E IepeBalsia, OMHCAHHOM, Hampumep, B [Demoprok, 1977], umu npu
MOMCKEe MaKCMMMHA B UTPOBBIX 3asiadyax [Demopos, 1979].

Crenyromuii npuMep WUTIOCTPUPYIOT puMeHeHue Gopmyasl (22).

3amaua 2. Haiimu anobanvuvie sxcmpemymst no x € Q C E? ona yuxyuu f(x) = x| + [x, 1,

—3<x1\4,
20e Q =

X
-2<x <L

Pewenue. I[J'IH 100aJIbHOTO MaKCUMyMa UMECM

ST
Srax = hm 7ln ff = dx,dx, = lim tln|7

T—=+0

(.eé +et —2)(6% +er —2)] =6.

Own nocturaercs na rpanune obnactu Q npu x; =4 u x, = —2.
[moGanbHblii MUHMMYM 311€Ch BHYTPEHHUH, HEMIAIKUHA, B TOUke X, = X, = 0

il
foin = — lim 7ln ff - dx,dx, = - lim tln|7 (e_% teT - 2) (e_% teT - 2)] =0.

7—=+0 T—=+0
OTMETHM TaKXe, YTO ONTHMAajJbHOE 3HAYCHHE IEJICBOM Q)YHKI_II/II/I B 3aJ1a4€ MAaTEMaTHYCCKOI'O

MPOrPaMMHUPOBAHHUS
makcumusuposams F(x), x € E",

npu ycnosuu x € Q C E"

MOKET OBITH Hpe,I[CTaBJ'IeHO (TIpY COOTBETCTBYIOIIUX MPEIITOIOKCHHSIX 0 CBOMCTBaX F(x) m Q) kak F* =
= lim 7ln f et dx

T—=+0
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5. 3agaum KPaTHOIroO IKCTPEMYMa 1 MHUHHUMAaKCA

CriakeHHbIC OIICHKH PEIICHUH 3a/1ad TapaMeTPUUECKOro POrpaMMHUPOBAHHS MOTYT TAKXKe OKa-
3aThCsl MOJE3HBIMU JIJIsI UCCIICIOBAHKS CBOWCTB CYMEPIIO3MIIUI OMepaTopoB Moucka skctpemyma. OT-
METHM, YTO aHAJOTMYHBIA MOIXOM, OCHOBAHHBIN HA HMCIOJNB30BAHHHM BHENIHUX MTPAQHBIX DYHKIIHIHA,
on11 ipeiokeH B [[epmeiiep, 1969], obocnoBan u pa3sut B [Demgopos, 1979].

PaccmoTpuM crienyrolyr0 MUHUMAKCHYO 3a/1a4dy:

Hatumu munumym F(x) no x

npu yenosuu x € Q, 20e Q C E"— xomnaxm, a F(x) = kn[lfu;q{fk(x)}’ (23)
ell,
npenanonaras, 4ro Yk € [1, K] dynkiuu f,(x) HenpepbiBHO nubdepeHimpyembie Ha €.
B ciyuae xorma MHOKeCTBO () 3a7aeTcsi CUCTEMOW HepaBeHCTB Buaa y,(x) < 0, i = [1, m],
3aja4a (23) paBHOCWIIbHA 3ajlade MaTeMaTH4ecKoro MporpaMMHPOBAHUS:
maxcumuzuposamv —V no {x, V}
(24)

npu ycnosusax fi(x) =V <0Vk=[1, Kluy,(x) <0Vi=[1, m].

3nech MbI Takke npeanosnaraem, 4ro Vi € [1, m] ¢pynkuun y.(x) HenpepbiBHO nuddepeHmupyembie Ha
MHOecCTBe (2.

3aBUCUMOCTb V} B ClIEJIaHHBIX IPEIIIOJIOKEHUX SBILIETCS HEIIPEPbIBHOM, HO HequddepeHuupy-
eMOM BO BCeil cBoei oOiactu onpeaeneHus Gynkiuei. [loaromy mis permenus 3agaqn (24) mpuMeHUM
MeTol (PYHKI[MI OOpaTHBIX CBS3EW CO BCIIOMOIATEIbHOW (DyHKIUEH

K m K m
U x A, V)= =V =Y 450 = V)= > uyx) + D R@ )+ Y R@p),  (25)
k=1 i=1 k=1 k=1

e A = {/ll, coes A 1y, ey M)
YenoBust CTanMOHAPHOCTH Jist pyHKIHH (25) MOXKHO 3arucarh B BUJIC CUCTEMbI YPaBHCHHUIA:

K m
DA grad £ + ;- grad y,(®) = o,
k=1 . =1 *

=

(D +V+0r, ) =0 VYk=T1, K,
@+ 0 E)=0 Vi=1,m,

K
~1+ sz = 0.
P

Ecnu 3ama4a nmorcka MUHMMaKca HE MMEET OrpaHUYeHHH, a GyHKIMSI OOpaTHBIX CBsI3€H ompene-
neHa kak Q(t, s) = 7ln s, TO yCIOBUS CTAIIMOHAPHOCTH BCIIOMOTATeIbHON (DYHKIIMH YHPOLIAIOTCS

(26)

M=

Ay - grad £,(%) = o,
X

>~
l

1
f®-V N

L =e 7 Vk=1,K, 27)

K
-1+ sz = 0.
P

2023, T. 15, \e 5, C. 1125-1151




1138 A.E. YmHuoB, E. A. YMHOB

3aMeTuM, YTO U3 IBYX MOCICAHUX PABEHCTB MBI OJIyYaeM CINIAKCHHYIO allPOKCUMALHIO (QyHK-
— K f
1 MakcuMyma V(x) = 7ln ) e" v , B TO BpeMs Kak IepBbIe JIBa paBEHCTBA B (27) sABIAIOTCSA HE0O0XO-

JUMBIMH YCIOBHSIMHU CTallMOHApHOCTH A1 V(X) 1o x.

B kauecTBe HWJUIFOCTPATUBHBIX IPUMEPOB PAaCCMOTPUM ABC 3aJa4u.

3agaua 3. Haiumu munumym ¢ynkyuu V(x) = max {x2

; sin 4x}.
Pewenue. Jlannas 3amada cBOAUTCS K 3a7a9e MAaTEeMAaTUYCCKOTO MPOTPAMMHUPOBAHI

maxcumuzuposamsv —V no {x, V}

npu yenosusx x> —V <0, sindx -V <0.

Ucnone3ys (27), HoIyduM, 4TO anmpokcuManus GyHKIHMA MaKCUMyMa UMEET BH

—_ xz sin4x
V(x) = rln (e7 +e't ) (28)

a €€ CTallMOHApPHBbIC TOYKH CyThb KOPHU YPABHCHUA

2 sin4x
T

Xet +2e¢ v cosdx =0. 29)

VYpaBHeHue (29) nMeeT Tpu KOPHSI, SBJISIONIUXCS TPUOIIKEHHEM K TOYKaM

. 7

x;=0, x3= 3= 0,392699082 u x3 = 0,669283188,

2

MOCTIeTHSAS U3 KOTOPBIX €CTh HEHYNIEBOM KOPEeHb ypaBHEHHS X~ = sin 4.x.

Pemenus ypaBHeHus (29) s pa3HbIX 3HAUCHUH MMapaMerpa 7 MPHBEICHBI B TaOM. 3, a rpaguku
¢yHxmu V(x) mokazaHsl Ha puc. 2.

Tabmuma 3. Pemmenns ypaBHeHUs (29) A pa3NudHBIX 3HAUCHUHN MapaMeTpa T

T X, (1) X,(7) x3(1)
0,50 -0,166596357 | 0,413732397 | 0,723794952
0,25 —0,124388280 | 0,398475953 | 0,704617207
0,10 —0,077449382 | 0,392845484 | 0,688202392
0,05 —0,046509302 | 0,392699415 | 0,679216477
TouHoe penieHHe 0 0,392699082 | 0,669283188

B kauecTBe BTOPO# MILIIOCTpAIMKM PACCMOTPUM MHHHUMAKCHYIO 3a/ady, BO3HHKAIOIIYIO B IIPO-
[[ECCE MOUCKA METOJOM IMXOTOMHH 3KCTpeMyMa (YHKIUH 7 TEPEMEHHBIX M0 3aJaHHOMY Harpaslie-
auro B E".

IlycTs mana HempepbIBHAs YHUMONAJdbHAs (TO €CTh MMEIOIIAs €IUHCTBCHHBIA HKCTPEMyM) HA
orpeske [a, B]) ¢yHkums omHo# mepeMeHHO# f(x). TpeOyercs HaWTH Ha ITOM OTPE3KE IBE TOYKH,
3Ha4eHHs f(X) B KOTOPBIX TO3BOJSIOT MOCTPOUTH HOBBIM OTPE30K MHUHHUMAIHHO BO3MOKHOW JJTUHBI,
COJEpKAIIUNA TOUKY SKCTPEMYyMA.

O0603Ha9MM UCKOMBIC TOYKU KaK X; U X,. TOrna u3 CBOUCTB YHUMONAIBHOCTH CJIEIYET, YTO ITH
TOUKH €CTh PEILICHUE CIEAYIOLICH 3a1aun.
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A V(x)
Y
2
T =
0,75
05\
03 . N
0.15
0,01
-1 0 1 x

Puc. 2. I'padmueckas nunTepnperanys 3a1a4u 3

3agaua 4. Haimu munumym max{x2 -a, - xl} no {xl, x2} npu yCroguu X, < X,.

Peuwtenue. Ta MUHUMaKCHAs 3a/1adya CBOAMUTCS K 3a7ade MapaMeTPUICCKOTO MTPOrPpaMMUPOBAHHUS
CJICTYFOIIETO BUA:

HAUMU MaKCumMym —v no {v, x;, x,}

npu yCnosusax X, —a < v, B—x; <v, x; —x, < 0.
Bcemomorarensaas Gyakmnus (10) mis oToi 3agadu OyIeT UMETh BHIT
U, x, 4, v)=—v=A4(x; —a—v) = L(B—x; —v)— A43(x; —x,) + R(1, 1)) + R(7, 1,) + R(7, 13),

a yCIIOBHS CTAlMOHAPHOCTHU TIOCIEIOBATEIBHO M0 V, X, X,, A;, 4| H /13 ¢ (ynkuueit obparHoit CBs-
31 Q(t, s) =7lns:

zz - 13 = 0,
A, +1; =0,
_1 ’ _ - (30)
X, +a+v+rtin(d)) =0,
—B+X, +V+71In(1y) =0,
~X, + %, + TIn(13) = 0.
X, —a —X,+8
N3 (30) momygaem v = 7ln (eZT + elT) U X, —X; =7In2 >0, 9To HaeT A1 3aBUCUMOCTH Vi,

T te v ), rpaduK KOTOPO# IMMOKas3aH I 3HAYCHHUU Iapamer-
poBa=1,=5ut1t=0,5;0,2; 0,01 na puc. 3, a.

—x,+B

anmpoxkcumanuo w(r, x,) = 7ln|2e
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5 x2 104

v(0,5, x,) /

v(02,x) 3 /£

v(0,01, x,) /

v(T, X;, X,)
(a) (6)

Puc. 3. I'padudeckoe mpeacTaBICHUE CITaXKCHHBIX alIPOKCUMAIHMHA TS 3a1a4u 4

B 3axmroyenwe 3aMeTHM, YTO HCHOJIB30BAHHE B OIMCAaHHOM CXeMe JUll ydeTa OrpaHuye-
HUS X; < X, KaKOH-THOO JOCTAaTO4HO MIajkod mTpadHOi (QyHKIMM TO3BOJSET TAKKE MOMy4aTh arl-
NPOKCHMALIUIO JIByMEPHON 3aBUCHMOCTH Vy . BUI cuCTeMBI M30/MHMI 171 TaKoli alnpoKcHMauuy
npu @ = =5, f =11 u v = 0,05 nokazan Ha puc. 3, 6.

6. Ucnosnb3oBanue pyHKIMA 00PATHBIX CBsI3ell B 3a1a4ax JJIA
MHOTOKPHUTEPHUAJbHBIX MoOeJ/Iei

W3 BBIIEU3IIOKEHHOTO CJIEAyeT, YTO HAWTH B SIBHOM BHJE (PYHKIIHIO, alllIPOKCHMHUPYIOIIYIO 3a-
BUCHMOCTb X),, YIA€TCs JIUIIb B UCKIIOYUTEIBHBIX Cilydasx. OHAKO 4acTO OKa3blBAETCS JOCTATOUHBIM
IIOCTPOEHUE JIUILIb €€ TEHIIOPOBCKOIO0 MHOro4eHa. To €CTh JOCTaTOUYHO BhIYMCIIEeHUs Vv € I’ Kak 3Have-
HUS allpOKCUMUpYIOIeH (GYyHKIHUU X(T, V), TaK U €€ YaCTHBIX MPOU3BOAHBIX IO HEKOTOPOTO IMOPSIKA.

[Toxaxkem, 4TO Takoil BapHMaHT MeTona (YHKIMH OOpaTHBIX CBSI3€H NMPUMEHHM IIPH PEIIeHHH
3a/1a4 MapaMeTpUyYeCcKO ONTUMM3ALUU 11 MHOTOKPUTEPUAIbHBIX MaTeMaTuueCKuX MOJEIEH.

B maremarndeckoM MOIENTHPOBAaHHWH, KaK M3BECTHO, MpU (POPMUPOBAHHH KPHUTEPHUEB KadecTBa
COCTOSTHUI MOJEIMPYEMOT0 OOBEKTa YacTO BO3HHUKAET HECKOJIBKO HE3aBUCHUMBIX APYT OT JpyTa Iie-
NeBbIX (QYHKIUHA. J[omycTHUM, 9TO MPH 3TOM MMEIOTCS OTPaHHUYCHHUS Ha apryMEHThl TaKUX IEJIeBBIX
byHKIHH.

KoHKpeTHO 1o TEPMUHOM MHOLOKpUMEPUATbHAA MOOelb B TAHHOH CTaThe TIOHUMAETCsl COBO-
KyIHOCTh TOJICKAIUX MaKCUMU3aluu 1mo x € E" (yHKui, 3aBUCAIUX TaKKe M OT BEKTOpa mapa-
MetpoB v € T C EX

Fux,v) VYk=T,N, (31)

IIPpU BBIIIOJHCHHUU YCHOBI/IP'I Bua

[, <0 Vi=1,m. (32)

Bynem Takke cuutarh, 4to Bee QyHkimu F,(x, v) u f;(x, v) IBaXIbl HEMPEPHIBHO AP HEPEHIMPYEMBL.
[Ipn Mcnonb30BaHUKM MHOTOKPUTEPHAJIBHBIX MOJEIECH B MPOLIECCE MPUHATUS YNPABICHYECKUX
pelIeHN ecTeCTBEHHBIM 00pa30M BO3HHUKAIOT pa3IMYHbIe ONTHMU3ALMOHHBIE 3a/1a4U.
JleficTBUTEIIbHO, OTHOBPEMEHHOE JIOCTHIKCHHE BCEMU I1elieBbIMU (QYHKIUAMU (31) SKCTpEeMyMOB
B HEKOTOPOH TOYKE MHOXKECTBA, OIPEENIEMOro CHCcTeMol HepaBeHCTB (32), B o0IieM cirydae HEBO3-
MOXHO. [To3TOMY MONIe3HBIMM OKa3bIBAIOTCS PEIISHHS 337a4, B KOTOPBIX MILYTCS JOIMYCTHMbIE COCTOS-
HUSI MOJICTH, SIBIISTIOIIIUECS. B OTPEACICHHOM CMBICIIE KOMITPOMHUCCOM JJisi Habopa kputepues (31).
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OCHOBOH IS IMTOCTPOCHUS KOMIIPOMHUCCA MOTYT CIY)KHUTBh PEHICHUS OJHOKPUTEPHAIBHBIX 3a]1ad
CIEYIONIETO BUIA:

maxcumusuposams F(x, v) no x € E" (33)
npu ycrosusax fi(x, v) <0Vi=1, m.

*

Pemenune kaxmoil U3 2TUX 3a1a4 (BeKTop xfkw u yuciio F oy = F . (xfkw, v)) Yk = I,_N €CTh HaWIy4llee
C TOYKH 3peHus k-ro Kputepusi nomyctumoe cocrostaue moaenu (31)—(32). Paccmorpum ciyugaii, ko-
Ia 3a7a4a OIPEAEICHHUs] KOMIIPOMUCCHOTO COCTOSIHUS 3aKJII0YAETCsl B IOUCKE JOMYCTUMOM TOUKHU X",
KOTOpasi €CTh HKCTPEMYM HEKOTOPOU KOJTMYECTBECHHON OICHKU «KaueCTBa KOMIIPOMUCCAY.

Taxoii OIEHKOH, HAllpUMEp, MOXKET CIYKHUTh MUHUMYM TIO X, YAOBJIETBOPSIONIMNA OTpaHHYCHH-
M (32), maxcumanvrou u3 pasHoctein F Ekk)v - F, (x;*,v) Yk = 1, N, T0 ecTh pelieHue ciemylomei
3aJ1a4uu:

Mmakcumuzuposams — p no {x € E"; p > 0} 34
npu ycnogusx fi(x, v) < 0Vi=1, m, Fz‘k)v -F(x,v)-p<0V¥k=1, N.

Pemenus 3anaum (34) o6o3HauuMm Kak p," ¥ x,". OTMETHM, 4TO BEIMYHMHA 3aBUCUMOCTU p;”
MOXXET WHTEPIPETHUPOBATELCS KaK MEepa pacco2naco8aHHOCmu CUCTEMBI 1eNIeBBIX (DYHKIUI B MHOTOKpH-
tepuasbHoi Momenn (31)—(32).

Jlig KpaTKkoCcTH B AanbHeWIeM OyneM Has3bBaTh 3aaadu (33) 3amaqyamMu nepgoco ypoers, a 3aja-
4y (34) — noucka KOMIPOMHUCCHOTO COCTOSTHUSI MHOTOKPUTEPHATIBHOM MOIENH X, — 3a1a4ell 6mopoco
VpO8HSL.

[Tpumepamu 3a1a4 BTOPOTO YPOBHS, B TOCTAHOBKE KOTOPOU MCIIONB3YIOTCA permeHus 3aaa4q (33),
MOTYT TaKke CIyXuTh u3BecTHbIe [JloToB, [locmenosa, 2008] B mpakTUKe MaTEMaTUYECKOTO MOJCIIU-
pOBaHUS METOIbI ceepmku yenegvix ¢ynxyuti (31), MeTonsl noucka pasrosecus no Ilapemo, MeToapl
UOeanbHOU MouKuU.

OTMeTHM, 9YTO MUHIMAaKCHOE 3HaYeHHE BEINYHMHEI O, KaK penieHne 3anadu (34), susercs HeKo-
TOPOH 3aBUCUMOCTBIO OT BEKTOpPA IApaMETPOB V. Y 3TOW 3aBUCHUMOCTH €CTh OTMEUEHHBIE PaHEE 0CO-
OEHHOCTH, OCIIOXKHSIOIINE PelIeHHe ONTHMH3AIIMOHHBIX 33/1a4, B YCIOBHE KOTOPBIX OHA BXOJHT.

Hakoner, npencraBiseTcst eCTeCTBEHHOW mocTanoBKa st Mmonend (31)—(32) onTumMuzainoHHON
3a/lau¥l mpembe20 YposHs, HalpUMep TaKOM:

naiimu sxcmpemym pi* nov € T C EX. (35)

kskosk

Pemennem 370l 3amaun OymyT SBISATHCS BEKTOP V
MHHHMakKca B 3amaue (34).

€ T u uucno p™* = pli., TO €CTh SKCTPEMYM

Memoo pynkyuit oopammusvix ceaszeil peuieHus ORMUMUZAYUOHHBIX 3A40a4 01
MHO2OKPUMEPUATILHBIX MoOeNell

OpHOM U3 MPUYMH BBIYUCIUTEIBHBIX TPYJHOCTEH pemeHus 3axadu (35) sABisgeTcs MUCIOJIb30Ba-
HHE B €¢ [IOCTAHOBKE 3aBHCUMOCTHU p)". J[I UX NpeonoiIeHus: NpUMEHUM MeToA (DYHKLUH 0OpaTHBIX
CBsI3€H, 1103BOJLAIOILUI CTPOUTh PyHKLUIO O(T, V) — DNIAAKYIO alllIPOKCUMALUIO 3aBUCUMOCTH P}

ITpenmnonoumM, 4TO NMPH IMOMCKE JIOKAIBHOTO peuieHus 3afgadn (35) mpuMeHsieTcss METOX BTO-
poro nopsiika. To ecTb JUIs ero peann3anuy AOCTaTOYHO UMETh 3HaueHUs p(T, V) U BCEX €€ YaCTHBIX
MIPOM3BOIHBIX 10 BTOPOTO MOPSIKA BKJIIOYUTEIBHO.

CornacHo § 3 3Ha4eHus P(T, v) HaXOAATCS M3 YCIOBHM CTAI[MOHAPHOCTH JJISI BCIIOMOTaTEIbHON
¢yukuyn (10). 3HaueHHs Ke TPOU3BOAHBIX MOTYT OBITH BBIYHCIIECHBI C TOMOIIBIO TEOPEMBI O HESIBHBIX
GYHKIMAX, TPUMEHEHHON K 3TUM YCJIOBHUSIM CTAL[HOHAPHOCTH.

PaccMoTpuM HaHHBIN MOAXOM MOAPOOHEE IS CIIy4ass MHOTOKPUTEPHATEHON MOJIEITH.
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BHauane 3amMeTHM, YTO 3aBUCUMOCTD 0" ABIISETCS pelieHHeM 3a1auu (34), HOCTaHOBKa KOTOPOI
COJICPXKUT HETIAAKHE 3aBUCUMOCTH F v Vk =1, N — pemenns 3ama4 (33). [loaToMy CrimaKuBarommm
CBOWCTBOM MeToa (PYHKITUI 00paTHBIX CBA3EH BOCIIONIB3YEMCSl He TOJIBKO IIPU PEIISHUH 33/1a4 BTOPOTO
ypoBHs (34), HO Taxke u i 3a1a4 (33).

BcemomorarensHas GyHKIMS s k-i 331298 TIEPBOTO YPOBHS (33) BRIDIAIUT TaK:

m m
T, X A, v)=F(x,v)— Jfi(x, v) + T, 4;).
Up(t, x, A, v) = Fi(x, v) A fi(x, v) R(7, 4) (36)
i=1 i=1
YenoBus crannoHapHOCTH (yHKINHU (36) UMEIOT BU

% _o vp-=T

axp - p==51n grad F, x(k), Z /l(k)l gradf (x(k), ) = o,

oU, Wi x 37

- =0 Vi=Tm — £ (R V)+Q(T,/l(k)l.)=0 Vi=T.m.

Pemenne cucremsr (37) 1mMo3BoJsI€T MOCTPOUTD

Uy, v) = Uy (7 T (. ), Ay (7 ), v) (38)

— DIaAKyI0 (QYHKIHMIO, KOTOPYIO MOYKHO HCIIOJb30BaTh KaK AMIPOKCUMALMIO 3aBHCUMOCTEH F7
B YCJIOBHHM 33J[a4M BTOPOTO YpoBHS (34).

(kv

[Ipumenenue TeopemMbl 0 cucteMe (PyHKIHH, 3aJJaHHBIX HESIBHO, K YCIOBHMSM CTAllMOHAPHOCTH
BcromMorarenbHoi (QyHkmuu (36), MaeT CUCTEMY JHMHEHUHBIX YPAaBHCHHU JJIS IPOM3BOAHBIX OT (PYyHK-
it x(r, v) u A(7, v) no napamerpy v, Vr =1, k

" QPU, O0x, & GPU, 04, U,
Iy —E L Vp=1,
Z 4 0xp, Oxy Bv = 0x, 04, v, dx, 0v,

[
—
S

(39

n QU 0%, & U, 9, U
{90, 0x, By, | L ON0A, Fy, | OA0v
g=1 1 q t i t

<
I

-
3

OcHOBHas1 MaTpHIla CUCTEMBI JIMHEHHBIX ypaBHeHHH (38) ecTh Marpuma I'ecce mis BcrioMora-
TenbHON QyHKIUU (36), 2IEMEHTHl KOTOPOH, paBHO KaK U KOMIIOHEHTHI CTOJIOLA MPaBbIX YacTeH, BbI-
YUCISIOTCS B CTAllMOHAPHOM TOUKE {E(k)(r, V), z(k)(‘r, v)}.

IIpumenum Temeps MeTOn (QYHKIMH OOpaTHBIX CBS3€H A pELIeHHs 3aJaul 6Mopo2o0 Ypos-
ns (34).

3anuiieM ycnoBue 5Toi 3azadu B popme Gonee ynoOHOH IUlsi OCTPOCHUs BCIIOMOraTeIbHOI
(ynkuun, Beens Qynkunu Y, (o, x, v) = U(k)(T v) = Fi(x,v) —p Yk = 1, N. Torna YCJIOBHE 3a7a4u
BTOPOT'0 YPOBHS NMPUMET CIETYIOLINI BUA:

Mmaxcumuzuposams — p no {x € E"; p > 0}

npu ycnoeusx fi(x, v) <0Vi=1,m, Y, (o, x,v) <OVk =1, N.

Bcrnomorarenpraas ¢ynkius (10) mwist 3T0i 3a1a41 BTOPOTO YPOBHS BHIIVISIAT TakK:

m N m N
U, p, % A 1, v) = =p= ) A v) = > ¥, (p, x, ) = R(x, p)+ > R(r, )+ > R(x, ). (40)
=1 k=1 i=1 k=1
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VYCIoBUS CTaIMOHAPHOCTH 3TOW (PYHKIIMH HMCIOT BHI

ou _, N
op 1+ ) i~ Q. p) =0
S =1

a_U =0 Vji=1,n, " N
Ox; = 6f = = aYk = =

’ WIH —Z/li—l(X, V- > m—@ x,v)=0 Vj=1,n,
ou . — : ox . Ox.
=0 vi=Tm izl j k=1 j
oU & )+ 0 4) = 0 vi=T,m,
@:0 szl,N _k(ﬁ’i’v)*_Q(T’ﬁk):O Vk:l,N

(41)

3/1eCh {/:), X A, ,1:1} — CTalMOHApHAas TOYKa BCIIOMOTaTeIbHON (QyHKImH (40).

[IpumMeHeHHe TeopeMbl O HESBHBIX (DYHKIMSX JUIS YCIOBUH CTAIMOHAPHOCTH BCIOMOTATEIIbHON
¢byskun (40) maer cucteMy JTMHCHHBIX YpaBHEHUH, aHAIOTHUHYIO cucteMe (14):

PU & Z PU 0%, i U 8_11+§: PU g U

sz 8v ap axj av, = Op dA, dv, e Op A, v, T op av,’

PU G & U O O RU 0, Y QU 52U —

_p+z N M H__ 9T yp=T,m

0x, Op Ov, Ox, 0x 8vt 0x, 044 v, & Ox), Oy O, 0x, v,

U @Jr” 82U 6_§,~+m U 6_5,1+N PU O PU o
04;0p dv, L 04, 0x; O, = 04,04, v, 4 04, Oy v, 44, 0v, T
PU_ G _PU 6_§,~+’” QU A, PU G PU
O Op v, j=1 O 0x ; Ov, = O 04, av 4 O Opy, O, O Ov, Y

(42)
pelIeHus] KOTOpOi — MPOU3BOJHBIC OT (PYHKINH {/:), T A, ﬁ} 1o napamerpy v, Vt = 1, k.

HaHOMHI/IM, qTO TCOpEMa O HCABHBIX (I)YHKI_II/ISIX NPpUMCHHMA TAKKC W JJISI BBIYUCIICHHUA IIPO-

U3BOAHBIX OT {p, X, A, {} MO mapaMeTpy 7. 3HAYCHUS ITUX MPOU3BOJHBIX MOTYT OBITh HCIIONH30BAHbI

B OKCTPANOSIHOHHBIX MPOLEAYPaxX VISl YMEHBIICHHUS OTPEUIHOCTH CIIIa)KEHHOM arpoKCHMAIIHK 110
dopmynam

: ~ - aA
X=X (nv-t=VYj=Ln n L =A@ v-1=Vi=1m.
or

Paccmorpum Teneps 3amady mpemubeeo yposHa. B KauecTBe IMaakol annpoOKCUMALMK 3aBUCHMO-
cTU P, BbIOEpEM (PyHKILUIO

T, v) = U, B(r, v), 31, v), AT, v), AT, V), v). 43)

CornacHo npasuity quddepeHurpoBaHus CI0KHONW (YHKIMU YacTHas pousBoAHas oT U 1o v, ume-
eT BUI

oU _ U LU 5 oU 0%, & oU a7, oU Of
p Z YT + Z luk
Bv 6 6p Bv Bx 6\/ — 04, v, =) 6,uk 6\/
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Bce yacTHBIC TPOU3BOAHEIE OT (PYHKIINH U B 9TOH opmyne OepyTcs B TOUKE {7, ,3 % A, ﬁ, v}. Iloato-
My, B cuity (41), BeIpaskeHHE /ISl IPOU3BOIHOM YIIPOIIAETCS JI0
oU U = = = -
v _(T9 /_)(T9 V)’ }(T’ V)’ /l(T’ V), ﬁ(T’ V), V) Vi = 1’ . (44)
dv, Ov,

Taxum o0pa3oM, MPU PEUICHUH 3a7a9l TPETHEr0 YPOBHS JTIOOBIM METOIOM IIEPBOTO MOPSIIKA TOCTATOU-
HO MMETh BO3MOXXHOCTh HaxomuTh perieHus cucteM (37) u (41) Yv € Y. [lorpemHocTs onpenenseTcs
BEJIMYMHOM IapaMmerpa 7.

B cnywae wcronb3oBaHUS METOIOB BTOPOTO TOPSIKA MOTPEOYIOTCS TakKe 3HAYeHHUs BTOPHIX
MIPOM3BOJIHBIX armpokcumupyoieii Gpyakiuu (43). Henocpencreennoe auddepeniuposanue hopmy-
7eI (44) ¢ yuetom (41) maet

Vs, t=1, K. (45)

8T QU LU G n U 6x QU 1, Z@U O
P

Ovg 0v, - Ovg 0v, avs ap av, P vy ax 8v avs oA, av vy O, Ov,

OTKyza clIeayeT, 4To B 3TOM Cllydae MPUACTCS TakKe peliaTh U JUHEHHYO cucTeMmy (42).
Hnnocmpamuenwtit npumep

Wcnonp3oBanue (QyHKIMI 0OpaTHBIX CBA3EH AJS pelleHHs TPeXypOBHEBOW ONTHMH3AI[MOHHON
napaMeTpUUeCcKON 3a7a4i MPOUILTIOCTPUPYEM CIIETYIOIUM TPUMEPOM.

XOoTsl ATOT MpUMEp CPaBHHUTEIBHO MPOCT, OH JOCTATOYHO IOJHO JEMOHCTPHUPYET OCOOCHHOCTH
3aJa4 MapaMeTpUIeCcKOl ONTUMHU3AIMH JUIsI MHOTOKPUTEPUAIBHBIX MaTEMAaTHUECKUX MOJEIEH.

IIycTh moaIeKaIue MakCUMu3aIuy 1o x € E3 ¢ v € E? neneBble hyHKIME MOJIETH UMEIOT BHJL

Fi(x,v)=x;, Fy,(x,v)=1x, F3xv)=x;.

MHOXKECTBO TONYCTUMBIX COCTOSSHUIA MOJIENH 33Ja€TCsl CUCTEMON HEPaBEHCTB
) X3

— <
vy A—vl—v2

Haxonen, MHOXKeCTBO I’ onpeneneHo Kak
l<vi<B, 1<v,<B, 2vi+v,2C,

meA=11,B=5uC="1.
B paccmarpusaemoii mopenu K = 3, 1 3a/1a4u 1IEPBOTO YPOBHS OyIyT UMETh CIEAYIOIMINN BHI:

_ _ 3
Vk =1, 2, 3 maxcumusuposams F(k) = Xy M0 X € E

X X X
()1 + (k)2 + (k)3 <
v A - V=V,

npu yenosuax Xy 2 0, xgyn =0, X453 >0,
2
Jst perreHust 3THX 3ama4 BeIOepeM (YHKIMIO OOpaTHBIX cBs3ed Q(t, s) = (s - 1) U, B CH-

1y (9), R(r, 5) = 3 (7 —Ins— 5). Torma BciomoratenbHas GyHKIus (36) A1 3THX 3371ad MOKET OBITh
3arucaHa Kak

X X
w2 ®3 1) ~

_ (k)1

2
=R (7, %01) = R (7 x02) = R (7, x08) + R (7, Age)- - (46)
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COOTBGTCTBCHHO, yCJI0BUA €€ CTAllMOHAPHOCTHU 6y,I[YT HUMETHb BU

1
6 =~ = 0(n Xy ) = 0,
Vi
1
(k) _
O = 7= 0(r. Tup) =0,
L @7
1
(x) -
0,1 — - , =0,
BT A — Q(T x(k)S)
X X X _
W2, O 1-9(n Ay =0.
v, v, A— V=V,

B cBoro ouepenp, pemieHns CUCTEMBI (47) TTO3BOJISIOT HAXOMUTh 3HaYeHUs QyHKnmid (38), koTo-
pBIe B pacCMaTpUBaEMOM IpUMEpE OMPEACTSIIOTCS creayonmmu u3 (46) u (47) dopmynamu

ﬁ(,o('r, V) = Xgop (T, V) =
= R(7. Ty (1. 1)) = R (7. Ko7 V) = R (7. T (. ) + R (7. Agy) = Ay @ (7. Ay ). (48)

KomItoHeHThI nx T'palUCHTOB I10 V CYTb

W _ AwXan  Aw¥ws W _ AwXwe  AwXws

ov, V% (A—v, —v,)? T v, v% A=v, —v,)?

Vk=T,K. (49

[Tpumenum Teneps MeTos (PyHKIHI 0OpaTHBIX CBSA3EW IS pelIeHUs 3aJaqd BTOPOTO YPOBHSI.
B ¢opmymnupoBke 3T0it 3a1a41 BMECTO 3aBUCUMOCTEH F Ekk>v WCIIOJIBb3YeM HX CIIaKEHHBIE aIlpoK-

CHUMaLIK ﬁ(,o('r, vy, v,) Yk =1, 2, 3. Torna 3aja4a BTOPOTO YPOBHs /Il PACCMaTPUBAEMON MOJIENH
MIPUMET CIEAYIONIHNA BHI:

Makcumusuposams —p

npu ycrosusax p > 0, x; 20, x, 20, x5 >0,
X X X3

—+ =+ ———<1,
ViV, A-viow, (50)
Ugy (T, v, vp)) —x; —p <0,
U(z)(‘l', Vi, V) =X, —p <0,
UG)(T, Vi, V) — X3 —p < 0.

BenomorarensHast (yHKIMS 3a/1a4d BTOPOTO YPOBHA Oy/IeT UMETh BH]
5 X3
Ur,p,x, L, )=—p—-A|l—+ =+ ——— - 1] -
Vi v, A-v -,
—H (6(1)(’5 Vi, Vo) = X — ,0) —H (U(z)(T, Vi, Vo) = Xy _P) —H3 (U@)(T, Vi, V) — X3 — ,0) -
—R(7, p) = R(z, x|) — R(7, x,) — R(7, x3) + R(7, 1) + R(7, u;) + R(7, u,) + R(7, p3),
e A v =y, fy, {3} — MHOKHTENH Jlarpanka 4eThipex MOCIeHUX orpaHuieHuii B (50).
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OTKy,I[a yCJ10BUsA, ONIPCACIIAOIINEC CTAIIMOHAPHBIC TOYKH BCIIOMOTaTEJIbHOM (I)YHKI_II/II/I, CyTb

ou

— =0 = = = =

p ’ I+ +u+u3 -0 p)=0

ou 5

_— :O’ A =

ox, —tH - 01, %) =0,

U !

_:O’ z — —

8'x2 __+ﬁ2_Q(T’ }2)_09

ou o V2

TV S +03 - 01, X%3) =0 (51
ou A—v, —v 3 3 ’

— =0, ATh T

o4 XX x

8—U=0 v_+v_ A-v v_l_Q(T’/l)
o, b2 L2 _

U _, Unpy(® v v) =X —p— 0. i) =0,
6/12 , U(z)(T Vi, Vz)_xz p—0 1) =0,
9 _, Uy (T, vy vy) = X3 = p — Q(, iz) = 0.
Oty

ITomyunB pemenust cucteMsl (51), MOXXHO TOCTPOUTH CINIAXKUBAIOIIYIO alIIPOKCUMAITUIO JIJIS 3a-
BHUCUMOCTHU pj*, KOTOpaH HCHOJ’ILSyeTCH B IIOCTAHOBKEC 3aJa4u TpeTBEFO ypOBHS[. B KadyCCTBC TaKOﬁ
aNIpPOKCUMAITIH BO3bMEM (DYHKITHIO

Uz, v) = Uz, p(x, v), X(1, v), AT, v), @1, v)) =
= —p-A0(t, D) - [1,0(r, ) — 1,01, fy) — B30T, fi3) -
—R(1, p) — R(t, X)) — R(1, X,) — R(t, X3) +
+R(1, D) + R(1, Iy) + R(7, Iy) + R(z, [I3),

KOMIIOHEHTHI T'paJIneHTa KOTOPOii, cormacHo (44), paBHBI

U ;s = U, = dUy = U
a_vl - v_% C(A- v, —v,)? —H v, o v, ~H v, 2
U % x5 - Uy = dUp = UG,
6_\/2:V_%_(A—V1—V2)2_'u1 v, ~ v, ~H v,

Il 3HAUYeHHs YaCTHBIX IIPOU3BOIHBIX B TPABBIX YacTAX OMpeAelstoTcs u3 (49).
Juts GorbIel HaIITHOCTH PACCMOTPHUM JIETKO ITPOBEPAEMBbIi BAPHAHT 33/1a4l TPETHETO YPOBHSL:
HAUMU 10KATbHbBIE IKCMPeManblble 3HaYenus 3asucumocmu p'* 6 ciyuae, ko2oa mroscecmeo Y C E>

X =X
onpeoensemcs cucmemoti nepasencme § 1 <v, <5,
2v, +vy 2.

T'eomerpuueckn 3Ta 3agada JOMycKaeT TaKyl0 MHTEPIIPETaluio: TpeOyeTcsl HalTH 3HaueHUs Ia-
PaMeTpoB Vv, H V,, ONTUMHU3UPYIOIIHUX (10 BEIMYMHE PACCONIACOBAHMA KPUTEPHEB) (POPMY MHOKECTBA
[Tapero paccmarprBaeMOi MHOTOKpPUTEpHAIBHON Mojenu. CucrtemMa M30JIMHUM M MPOCTPaHCTBEHHBIN
rpapux pynkiuu —U(v,, v,) — anmpoKCHMAIUK 3aBUCUMOCTH 0,", TIOKa3aHbl Ha PHC. 4.
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< \\\: =U(1, v;, v,)
£ s
; ‘

Puc. 4. Cuctema w3omuuuii u 3D-rpadux pyskimmu —U(T, Vi, V,)

J1st moricka MakcCMMyMa B 3a7iade TPEThETO YPOBHS MPUMEHEH METOI] HaucKopeluleco noovemd.
B kadecTBe HaIpaBISAIOMIEr0 BEKTOPa W HCIONB30BAICS HOpMUpoauHwlil epaduenm (ynkmmn —U.
BenmuuHa 1miara 1mo 3ToMy HalpaBJIEHUIO OIICHHWBAIACh U3 YCIOBHUS JOCTHIKEHUS MaKCUMyMa BJIONb W.

OCHOBHBIC KOJTMYECTBEHHBIC XapaKTEPUCTUKHU JJIs1 HECKOJIBKUX HAYaIbHBIX UTEpalluil mporecca
pemenust ipu 7 = 0,01 mpuBenensr B Tabm. 4. TouHoe pemieHHWe 3afa4dM TPETHETO YPOBHS (TIOMCKA
JIOKAJIbHOTO MakcuMyMma) (Touka 6 Ha puc. 4) UMeeT BUL

%k
Vo =

Tabnmuua 4. Pemenus 3a1aun TPeThEro YpOBHS HA MAKCUMYM

Touka Ha puc. 4 v, v, -U Hopwma rpan. w, w, Ilar
1 4,000000000 | 2,500000000 | 2,292876919 | 0,292812466 | 0,117759800 |0,993042109 | 0,925000000
2 4,108927815 | 3,418563950 | 2,427442369 | 0,070259924 | —0,993862751 | 0,110620212 | 0,360000000
3 3,751137224 | 3,458387226 | 2,440214361 | 0,041937320 | 0,104185521 |0,994557880 | 0,151750000
4 3,766947377 | 3,609311384 | 2,443407623 | 0,017053825 | —0,994280382 | 0,106801322 | 0,080651500
5 3,686757173 | 3,617925071 | 2,444096417 | 0,009512746 e e cee
Tounoe pemenue | 3,666666667 | 3,666666667 | 2,444444444

JlokanbHBI MUHUMYM B 3a/Iau€ TPEThETO YPOBHS ONPEACISUICS METOIOM NpOeKyul aHmuepa-
Ouenma. KonmndecTBEHHBIC XapaKTEPUCTUKH TIEPBBIX TPEX IIATOB COOTBETCTBYIOIIETO HUTEPAIMOHHOTO
nporiecca nipu T = 0,01 npuBenensr B Tabm. 5. TouHoe pelieHne 3a1adu B 5TOM mpuMepe (Todka 9 Ha
puc. 4) umeer BUJ

. 1+ V14l

. 33-24141 . 33-2V141
Vl — T, Vz = f, =

Py = 5

JlJiss IeMOHCTpALMU CIVIAKUBAIOIIETO CBOMCTBA MeTofa (YHKIMH OOpaTHBIX CBs3ed Ha puc. 5

npuBeneHbl rpadbuku QyHKINN 5(7, V) = —U(‘r, v, 7=2v)) mpu 7 = 0,05; 0,025; 0,01, a Tak-
xe T — +0.
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Tabnuua 5. Pemenust 3aa4u TpEThEro YpOBHs HA MUHUMYM

Touka Ha puc. 4 v, Vv, —ﬁ Hopwma rpagn. w, w, [ar
1 4,000000000 | 2,500000000 |2,292876919 | 0,292812466 | —0,117759800 | —0,993042109 | 0,320363750
7 3,962274029 |2,181865306 | 2,181828016 | 0,085751139 | —0,993052354 | 0,117673374 |1,662578285
8 2,311246750 | 2,377506503 | 1,976736712 | 0,433886194 | 0,447213595 |-0,894427191 | 0,589481987
9 2,574871109 | 1,850257785 | 1,850234349
Tounoe pemenne | 2,574868417 | 1,850263165 | 1,850263165
(1, v,) 2,6
7 = 0,000 (1, v,) 1,96
24 % L ! = 0,000
’ ‘\\ 1,94 N
T =0010 \<
V 1.92 \‘Q\\\ 7=0,010 "
NN /)
LT = 0,025 L9 X \ 7 A
1,88 &Q A/
2 N 200 17°270,025 \§ /
x\ 1,86 /v
. 70,050 . 7 = 0,050 v,
1 1,5 2 2,5 3 24 245 25 2,55 2,6 2,65 2,7

Puc. 5. Ipaduku pynxun O(t, 1)

7. 3akiaoueHue

B naHHOH cTaThe onmcaHa cxeMa pelleHHs 3ajad MapaMeTpUYecKoro MporpaMMHpOBaHUS, J10-
MyCKaroIasi Ipy CBOCH pealn3alliy UCIIONb30BaHKe MpeacTaBieHus GyHkuuii mo ¢popmyne Telinopa.

OcHOBOI TpeayIaraeMoil CXeMbl SBJISETCS MOCTPOCHHE INIaJKON aNnmpoKCUMAaldi 3aBHCHMOCTH
ONTHUMAJIBHBIX 3HAUYCHWH MEpEeMEHHBIX OT mapaMeTpoB. IlocTpoeHHe anmpoKkcHMaIy CBOOUTCA K I10-
UCKY CEIUIOBBIX TOYCK Y MOAM(DUIMPOBAHHON clielHaIbHBIM 00pa3zoM (yHkuun Jlarpanxka.

Criennrka IpUMEHsIeMON MOITU(PHUKALUK 3aKITI0YaeTCs B UCIOJIb30BAaHUU (DYHKIHH, ycTaHaB-
JMBAIOIINX OOpaTHBIE CBSI3M MEXKAY HPSMBIMHU IIEPEMEHHBIMH U MHOXHTEJISIMU Jlarpanxa B yCIOBHAX
ONTUMAJIBHOCTH.

IIpu >TOM MOUCK CEMIOBBIX TOYEK CBOAMUTCS K PELICHUI0 CUCTEMBlI YPAaBHEHUH, aHAJIIOTUYHON
[0 CTPYKTYpE YCIOBUSAM oNTHManbHOCTH B TeopeMme Kapymia—Kyna—Takkepa, HO 6e3 orpaHuueHHN
HEOTPULATEIHLHOCTH U JOMOJIHSIONMEH HEXECTKOCTH.

[IpuBomsaTcss omucaHusi CBOWCTB (YHKIMH OOpaTHBIX CBsi3el, 00ECHEYHBAIOMINX TPEOyeMyIO
IIaJKOCTh AlIPOKCHUMAIUH, a TAK)KE OLICHUBAETCSI €€ TOrPEIIHOCTb.

BapuaHTBI HCIIOIB30BaHUS MPEATIAraéMoro IMoAXoAa WIIITIOCTPUPYIOTCS PEIIECHUAMH HEKOTOPBIX
KJIACCOB 3aJ1a4, COIEPIKAIINX MapaMeTPhl, UM CBOAALINXCS K HUM.

CpaBHHBas HpeaaraeMblil MoIXo ¢ APYTUMHU aJTOPUTMAMU perIeHus 3a1a4 (1), HCroab3yonmx
TEMJIOPOBCKHE PA3IIOKEHUS, MOKHO OTMETHUTD CIEIYIOLIEE.

Mertononorn4ecku 3TOT MOAXOX IMOZOOEH Kak MeToay IuTpadHbIX (DYHKLUHM, TaKk U METOAaM
Momudukannu GyHkuun Jlarpanxa.

OCHOBHOE CXOJCTBO 3aKJII0YaeTCs B TOM, YTO 33[ada MaTeMaTHYECKOro IIPOrpaMMHUPOBAHHUS CBO-
JUTCS K PELIEHHUIO CHCTeM HEJTMHEWHBIX YPaBHEHUH C MOCIIEI0BATENIFHO YCTPEMIIIEMBIM K MPEIeIbHO-
MY 3HaYEHHMIO HEKOTOPBIM MHCTPYMEHTAJIbHBIM ITapaMeTpOM.
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IIpu sTOM oTHenbHBIE THIHBI (YHKIUH OOpaTHBIX CBA3ed MOTYT OBITH MOJYYEHBI HEKOTOPHIM
npeoOpa3oBaHWEM HEMOCPEACTBEHHO W3 INTpadHBIX (YHKIHMH ClenuanbHOTO Kiacca. BepHo Takke,
YTO U3 (QYHKIUI OOpaTHBIX CBS3€H MOKHO TIOJTY4aTh U HEKOTOPHIE THITHI IITPAQHBIX QYHKITHIH.

Haxkownert, siBistromasicsi O0CHOBOW MeToja (pyHKITHI OOpaTHBIX CBsI3eH ccTeMa HEJTMHEHHBIX ypaB-
Henwii (10) (peanusyrommas 0OpaTHYIO CBA3b MEXKIY OIEHKAMU MPSAMBIX TIEPEMEHHBIX U MHOKUTEISIMHU
Jlarpanrka) oka3bIBaeTCsl OAHOBPEMEHHO U HEOOXOIUMBIM YCIIOBHEM CTAMOHAPHOCTH JUIsi MOAU(DUIIH-
poBanHOH (yHKIMK Jlarpamxka 3amaun (1).

Mexy yrnoMsiHYTBIMH METOAaMHU U METOIOM (DYHKIMI OOpaTHBIX CBSI3el MMEETCsl TAaKXKe H Cy-
IIECTBEHHOE Pa3JIM4re: JJIsi OCHOBHBIX CTaHIAPTHBIX THUIIOB IITPApHBIX WIH MOJU(PHUIUPYIOMHX QyHK-
Ui (TaKUX Kak QyHKIWU-CPE3KH, KYCOUHO-TIaKHe WM OapbepHble (YHKIHHU) MOCTPOCHHE QPYyHKIUT
00paTHBIX CBsI3eil HEBO3ZMOXKHO.

HaxorureHHBIH K HACTOSIIIEMY BPEMEHH OIBIT ITO3BOJISIET JaTh CIEAYIOIIHE OIEHKH IeIec000-
Pa3sHOCTH MPAKTUYECKOTO MCIIONB30BAHUS METOAA (DYHKIMI OOpaTHBIX CBA3EH.

1. B paccmarpuBaeMoM IMOIX0/i€ TAJKOCTh allPOKCHMAIIMU COYETAETCS C BOBMOXKHOCTBIO pe-
TYIHPOBAHHS €€ MOTPEIIHOCTH (IyTeM MoAdOpa 3HaUYEHHs HHCTPYMEHTAILHOTO TapaMerpa 7). OTkyaa
CIIelyeT 1eNleco00pa3HOCTh IMPUMEHEHHUS pacCMaTpUBaeMOro MOAXO/A JUTs IPEABAPUTEIBHOMN TpHOIH-
JKEHHOH OIIeHKH PelIeHUH, KOTOpble MOJKHO 3aTeM HMCIOIb30BaTh B KAU€CTBE HAaYaIbHBIX MPUOIMKEHUN
B JIPyTUX METOax.

2. IlpeanaraemMblii aNrOPUTM ABJISIETCA YACTHBIM CIIydaeM MPSMOJBOWCTBEHHBIX METOJIOB pelle-
Hus 3amadd (1), apdexTuBHOCTh KOTOPBIX M3BecTHA [XKaman, 2015]. OcobeHHO HAMISAIHO TO JEMOH-
CTpHpyeT mporenypa pemieHus: cucteMsl (10) B cayuae, korma ofHa U3 3a/ad B IBONCTBEHHOW JIMHEH-
HOM Tape TUI0X0 OOYCIIOBJICHA, a BTOpas IepeonpeeieHa [ YMHOB, YMHOB, 2018, §4.3].

3. C nopyroif CTOPOHBI, ONTMCAHHOE B § 4 CBEACHHE IMPOLEAYPHI pemeHus 3anadu (1) K HHTerpu-
POBAHHUIO C TOCIENYIOUIMM MPEACTbHBIM IEPEX00M, OYEBHIHO, HE caMoe dP(PEKTUBHOE C BBIYMCIIH-
TeNBbHOW TOYKW 3peHHsd. OIHAKO MCTONb30BaHue (PYHKIMA 0OpaTHBIX CBSI3€H B MHTErpayibHON (hopme
MOXKET OKa3aThCs TOJIE3HBIM B TEOPETUUYECKUX HCCIIETOBAHUSX.

VYKkaxkeM Tenepb HEKOTOphle BO3MO)KHBIE HAIIPABJICHUS JTANBHEHINIEro pa3BUTHS IPeJIaraeMoro
MOAXO0/a.

IlepBoe u3 HUX — oneHKa 3((EKTUBHOCTH NMPAKTUYECKOTO HCIOIB30BAHMS MeTofa (PyHKITHIMA
OOpaTHBIX CBs3eH M TMOJOOHBIX BBIYHUCIUTEIBHBIX CXEM. XOTS, 110 MHEHHUIO aBTOPOB, Takas OICHKa
BBIXOJIUT 332 PaMKH JaHHOW CTaThbH W TIPEJICTABIIAETCS MPEAMETOM CaMOCTOSTEIBHOTO HCCIIEeI0BaHUS,
TEeM HE MEHee HEKOTOphIe COOOpPaKEHUSI MOYKHO BBICKA3aTh YK€ 3/1eCh.

Hampumep, MokHO M30€x)aTh HEOOXOAMMOCTH CIEIHAILHOTO KOHTPOJIS 32 BBHITOJHEHHEM YCIIO-
BUs s > () mpHW BBIYMCICHUN 3HAUY€HUH (QyHKIIMH OOpaTHBIX CBs3€i B MPOOHBIX TOYKAX IIpoIecca pe-
nreHust cuctemsbl (10) U CHU3UTH €ro 3aBHCUMOCTH OT BBIOOpa HadalbHBIX MpHOMIKeHUH. /st 3TOro
JIOCTATOYHO 3aMEHUTh HeoTpHIaTelnbHble Hen3BecTHIE B (10) mx aOCoiMOTHBIME BenndnHaMU. MHade
roBopsi, pemars He cucremy (10), a, Hanpumep, cucTeMy

grad U(Ta |}1|’ |}2|’ ceey |}n|9 |/l]|’ |/12|9 ceey |/lm|9 V) =0,
X

- - - (53)
grjd U(Ta |x1|’ |x2|’ ey |xn|9 |/l]|’ |/12|9 ey |/lm|9 V) =o,

B KOTOpOU JIEBbIe YACTH YPaBHEHUH SABISIOTCS YETHHIMH (YHKIUSMHU KOMIIOHEHT BEKTOPOB X U A.

B stom ciywae mporece pemieHus (53) MOXKET 3aBepIIUThCA B robom oprante E" ® E™, ox-
Hako perreHue cucteMbl (10), oueBUIHO, TTOMydYaTcs U3 pemreHus (53) mpocTol 3aMEHOW HaWIEHHBIX
3HAYCHUH KOMIIOHEHT X U A UX aOCONIOTHBIMHU BEIMYNHAMU.

[lepcnieKTHBHBIM, TI0 MHEHHIO aBTOPOB, SBISETCS TaKXKe MCCIIEIOBAHUE CXOAUMOCTH ITPOIENLYPBI
pemenus cuctemsl (10) B cirydae, korma omHa W3 3a7ad B JBOMCTBEHHOH Mape IUIOXO OOYCIIOBJICHA,
a BTOpas TepeornpeieicHa.

2023, T. 15, \e 5, C. 1125-1151
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JlpyrumM BO3MOXKHBIM HANpaBiCHUEM Ul JaJbHEHIINX HCCICHOBAaHMH MPEACTAaBIIETCS] PACILIM-
penne kiacca (pyHKIMHA 0OpaTHBIX CBsA3ed. Peub MOXKeT MITH, CKaxkeM, o GyHKuuax Q(t, s), ompene-
JeHHbIX Vs € R. [leficTBUTEIIBHO, HEIIOCPEACTBCHHON MTPOBEPKOM MOXKHO, HALIPUMEP, YOSTUTHCS B TOM,

yto Q(7, §) = TS — €xp (—f), ornpejeneHHas Ys € R, o0iasaeT BCeMHU HEOOXOAMMBIME CBOWCTBAMHU

(DYHKITUH OOpaTHBIX CBS3CH.

Haxonern, Takxe npeacTaBiseT HHTEPEC PACCMOTPEHUE HOBBIX KJIACCOB 3a[ad, KOTOPbIC CBOIST-
csl K moctaHoBKe (1) W Uil pemieHus] KOTOPhIX MeTo] (QYHKIHMH OOpaTHBIX CBS3EH MOXKET OKazaThbCs
3¢ (GEKTHBHBIM.

Hanpumep, meton GyHKIMHA 00paTHBIX CBSI3€H MOXHO MPUMEHHUTH NMPU PEIICHUN ONTHMHU3AIH-
OHHBIX 3314 ISl KOMNIeKCd MATeMaTHYeCKUX MOJIEJICH WM JKe B Cliydyae, KOrja MpeBpalleHie HEKO-
TOPOTro TOJAMHOKECTBA MEPEMEHHBIX B MapaMeTphbl MO3BOJICT CBECTH PEIICHUE HEIMHEHHOH 3aaaun
K CepHH JIMHEHHBIX. AHAJIOTHYHBIC MOJXO/IbI C UCIIOIB30BAHUEM METOJIA DIAJAKUX MTPadHBIX GYHKIUH
(MeTon pacnpedenennoco MoOenuposaHuss U CXeMa NApamMempuyeckoll TUHeapu3ayuy) pacCMOTPEHBI
B [YMHOB, YMHOB, 2018].
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