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SUPPLEMENTARY MATERIALS
Proof of Theorem 1

In this Appendix we rename the sequence of points (21" zt x1) (see listing of the

Algorithm 1) to (Z, yk, xr). We use the following definition to simplify calculations.
Definition 3. Let (¢sr,(7), Vs, (x)) be a (6, L,) - oracle of function ¢ at a point z,
then Q51 (0, 2,7) is the following linear function of z:
MsL, (p.2,2) = ps5,0,(x) + (Vs L, (7),2 — ) (115)
To prove the Theorem 1, we need the following Theorem 9, which is based on Theorem 2.1
from |[Bubeck et al., 2019|.

Theorem 9. Let (yx)r>1 — be a sequence in R?, and (Mg)k>1 — a sequence in Ry.
Define (ay)r>1 such that A\ A, = a% and A, = Zle a;. Define also for any & > 0,2, =
=2x0— Zle ai(Vs L, (Yi) + Vibs 1, (yi) and Ty = Z’;—iﬁk + A’:_’il Y. Finally assume if for some
o €0,1]

k1 — (Zk — Met1 (Vo (Y1) + Vs, (k) < 0 lyes1 — 2l (116)

then one has for any z € R,

k k-1
Fy) — F(z) < W +2 (Z Ai) 2/ Ay + 61 + (Z Ai) o1/ A, (117)

i=1 i=1

To prove this Theorem we introduce auxiliaries Lemmas based on lemmas 2.2-2.5 and 3.1
from [Bubeck et al., 2019|.
Consider a linear combination of gradients:

k
Ty = T — Z ai(Vos L, (yi) + Vibs L, (vi)
=1

where coefficients (a;);>1 > 0 and points (y;);>1 is not defined yet. A key observation for such a
linear combination of gradients is that it minimizes the approximate lower bound of F'.

Lemma 5. Let &(z) = 3|z — 20/? and define by induction &(z) = &_1(z) +
+ar (52,0, Y0 2) + Qusn, (U yk, @) = Eem1(2) + ax,26, L4 L, (F, Yk, ). Then zj, = xo —
- Zle a;(Vs L, (yi) + Vs L, (y;)) is the minimizer of &, and & (x) < ApF(z) + %Hx — x|+
+ Apd1, where Ay, = Zle a;.

HoxkazarenscTBo. Since & (z) is strongly convex and smooth then expression

Vép(z) =0 (118)
is the criterion of minimum.
The sequence xy, is satisfied
i 1
Vék(zk) =V ([Z @i 25,1+ Ly (B Yk, @) | + 5 llew = CL‘OHQ> = (119)
i=1

+ 2 — 29 = 0. (120)

k
— [Z a; (Vgp(;’[w (y,) + V@ba,Lw (yl))
=1
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Therefore, xj is a minimizer of the function &. Let us prove now that

1,26, L4 Ly (Fy Yk, ©) < F(z) + 61 (121)

From the definition of 91,25,L¢+Lw(F7 Yk, T) we obtain
D126, L+ Ly (Fy Yk ©) = Fos 1,41, (Yi) + (VFas 1,10, (Yi), ® — yi) < F(x) + 61, (122)

Using & (z) = [Zle @i 26, Lo+ Ly (Fy Yk, )| + tllz — @o|> we obtain the statement of the
theorem. 0

The next idea is to produce a control sequence (2x)r>1 demonstrating that & is not too
far below ApF. From this we can directly yield a convergence rate for zg.

Lemma 6. Let (z) be a sequence such that
k k-1
i=1 i=1

Then one has for any =z,

HokazarenscrBo. Using Lemma 5 we obtain

k k—1 k k—1
AkF(zwé&k(wk)H(ZAi) 62+( >5l<£k HZ(Z&) 8y + (ZAi) &1

i=1 i=1 i=1 i=1
(125)

k k—1
1
< AF () + S llo - o2 + 2 (z; AZ-) g + (Z; Ai> 51 + Ardy .
i= i=
(126)
O
Our aim now to get sequences (ag, Y, 2k ), satisfying (123).
Lemma 7. One has for any z, z; € R and k € N

Err1 () — Apr 1 F(yrr) — (E(or) — ApF(21))

+1 Ak 1 )
- ST — — 2A;.109 — Apdy .
Aor T+ A Yer1) + 2Hx 2| k10 — Apdy

> Ap+1(Vos L, (Yk+1) + V5.1, (Ykt1),

Hokazaresscro. Firstly from H () = I using that zj is a minimizer of & (x) we get

6(z) = () + sl — mall

and

1
Er+1(2) = Er(zr) + 5llz — okl + a1 .25 L1y (F Yt @)
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we can rewrite this as follows
1
Ee1(z) = &k(r) = apt1Q125, Lo+ Ly (Fs Yky1, ) + §||$ — x| (127)
Now using (14):

D126, L+ Ly (B Yrt1s 2k) = Fos Lo+, (k1) + (Vs Lot Ly (Uk+1)s 26 — k1) < F(zr) +01 (128)

we obtain:

k180,26, L+ Ly (B Yk, ®) = A1 25 Lo+ Ly, (F Yrt1, T)
= A 25 pp+Ly (B ykt1,7) = A1 26 1,41, (F) Y1, @)
— A(VFs 1 1L, (Ykr1), T — 2k) — Ak 26 Lo+ Ly (Fs Ykt1, 2k)
Ay

- Kﬂ(l‘ — Zk)) — Ak 25 1o+ Ly (Fs Ykt 15 2k)

Apt1

= Ar+1126L,+Ly (F, Yk+1, %

(z — Zk)) ~ Yk+1)

= App1Fos oLy (Wks1) + Ak 1 (VFos 14 Ly (Ykt1)s (96
(128)
— A2+ Ly, (Fyykt1s2k) > AgviFosnorn, (Yer1) — AeF(2) — Ay

af Ak
+ A1 (Vs L, (Yrs1) + Vs o, (Yes1), ﬁiﬁ + Y Yk+1)

> Ap1F(yr1) — 24,4102 — ApF(2x) — Agdr

Ak+1 k
+ A1 (Vs (Wer1) + Vs L, (Wks1), 7 + 2k = Yk+1) s
Agr1 Arn
which concludes the proof. O
Lemma 8. Denoting
2
a
N1 1= A’““ (129)
k+1
and 7, := jll:rll T + ﬁyk, one has:

Ser1(@rpr) — Appr F(ys1) — (Ge(or) — ApF(yx)) >

A . -
= (’ykJrl — Zll® = lye+1 — (@ — Mo (Voo L, Wat1)) + Vibs (yk+1))H2> — 2Ap1102 — Agdr .

2 k41
In particular, we have in light of (116)
k

o2 g, ) K k-1
k() — ApF (yi) = 20 > 3 v - Zia|® -2 (Z Ai) d2 — (Z A ) 41
! i=1 i=1

=1

) HOKasaTEZIBCTBo. We apply Lemma 7 with z; = y and = xp41 , and note that (with
(= Ftla + oy

Agq1 Apia
(Vs L, (Yk+1) + Vibs L, (Yk11), Sty A Yk — Y1) + ! |2 — 2|2
Ags1 A1 2Ak+1
= 1 Aper (= A 2
=(V \V4 — - _ _
(Vos,L, (Yk+1) + Vs, (Yk+1), ¢ — Y1) + YT e ¢ Ak+1yk T
_ x Apyt |2 apt1 Ay, 2
= (Vs L, (Y1) + Vs L, (Yk1), ¢ — Ykt1) + 207 ¢— A kT Uk
aZyq k+1 k1
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This yields, using (129):

Ser1(Tha1) — A1 F(yra1) — (Er(zr) — ApF(yr))

~ A
> A1 (V5,0 (Wra1) + V5.0, Wer1)) C = yrsn)) + oot

1€ — &k ||* — 2484102 — Agdy
2 k41

> Apy1- Hel%@ {(V%,Lw (Yr+1) + Vs L, (Yr41): @ — Y1) + |z — ik||2} — 244102 — Agdy .

2Xk1

The value of the minimum is easy to compute. Due to the strong convexity of the minimized
function and its continuous differentiability, achieving a minimum is equivalent to the condition

1 -
0=V [(VSO@LV, (Y1) + V5L, (Ykt1), T — Yer1) + |z — $k||2] =
2 k41
= (Vs,L, (Yrr1) + Vs L, (Yrr1)) + ot (x — Tp)
Then
Ty = T — Me+1(Vos L, (Ye+1) + Vbs L, (Yrk+1))
Substituting into the last inequality we obtain the statement of the theorem. (|

Proof of the Theorem 9
Using Lemma 8 we get
_a2 E

k-1
1 A; _
Ee(@r) — ArF (yi) = 20 Z)\jﬂyi — &a|® -2 <Z Az‘> d2 — ( Az’) o1

i=1

Applying Lemma 6 for z; = y;, one has for any « € R%:

k k—1
Fy) — F(z) < W +2 (Z Ai) 02/ Ak + 01 + (Z Ai) 01/ Ak (130)

=1 =1
O
that conclude the proof.

Now one will formulate the sufficient condition (16) for the accuracy of solving auxiliary
problems (15). Let us assume, that auxiliary problems (15) can not be solved exactly. Let the
algorithm only have an inaccurate solution yjy1 satisfying

- H N
(16) |V (Ql,&Lw (@ Tk, Y1) + 5 [1Ykr1 = wk\|2> + Vibs,L, (k1) ||
H N
Z”ykﬂ — Tl — 24/202L,

<

in this case:
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Lemma 9. Assume that ¢(x) has (6, L) -oracle, 1(x) has (4, Ly) -oracle and the auxiliary
subproblem (15) is solved inexactly in such a way that the inequality (16) holds. If

H > 2L,
then equation (116) holds true with ¢ = 7/8 for (15). In the case p = 1 one can consider
>\k+1 - )\ - ﬁ

JlokazaTeabeTBo.

Using that ¢ is equipped with a (d, L, ) -oracle and Corollary 4.2. from [Devolder, 2013|
one obtains:

IV@s,L, (y) = Vi sn, (0,2, 9) || < Lolly — ll +21/2Ly 0, (131)
By (16) and (131) we can get next inequalities:

lyrs1 = (@r = M1 (Vos.L, (Yrs1) + Vbs L, (Yes1))) |l
= lyr+1 £ M1 VyQus 2, (0, Th Yra1) £ HAp1 (Y1 — )
— (@ = Me1(Vos L, (Ykr1) + Vs L, (Uk1) | < (1= HAep 1) | (Y1 — i)l

+ M1 I Vy 6. 2, (0, Tky Y1) + H (Y1 — T) + Vibs L, (Yr+1) |

) (16),(131) )
+ M 1lIVes L, (k1) = Vs, (0, Zh v )| < (1= HXega)Jyrgr — Zi|

H - N
Akt 191 = Zxll = 2A001v/2Lp02 + Ak (Lw”ykJrl — Tyl + 2y 2L@62)
< (24 Le I ~||<7|| o
-+ —= - = -
S\8 o Yk+1 kEll = 3 Yk+1 k

that ends the proof. O
Recall from Lemma 6 that the rate of convergence of AM-1 is ||xg — z*||/Ar +
+2 (Zle AZ-> do /A + 61 + (Zf;ll Ai> 01/Ak. We now finally give an estimate of Ay:
Lemma 10. Suppose H > 2L,. Then one has, with ¢; = 4,

2

k
A > —— 132
Pz (132)

HokazarennctBo. In case, when p = 1 Agyq are defined as

1

Al = —.

k+1 20
Inequality (132) holds when k = 1.

Let us proof that if (132) holds for k£ then it holds for k£ + 1. Using the definition of Ay

Ak+1 + \/Aiﬂ + 4A k114

a1 = 5 y App1 = Ag + agq1,
we obtain
k2 1 16k2 (k+1)2
A > — |1 1 > )
1 = 261L4p + 8L<p + + Cc1 - 201[/@
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Proof of Theorem 1
To prove the Theorem 1 it suffices to combine Lemmas 9,10 with Theorem 9. O

Proof of Theorem 2

In this Appendix we rename the sequence of points (27", zt x1) (see listing of the
Algorithm 1) to (Zg, yk, k).

Hokazaresnscrso. Firstly, let us choose § according to (19):

k k—1
Vk 61+ 02 + 2 (Z&) 92/ Ak +2 (ZAZ> 0 /Ar < g,

i=1 i=1

where ¢ is solution accuracy in terms of F(z) — F(x,) < e.
Then, as ¢/2 < c; HR%/k? with ¢; = 4, next inequality holds true

k k-1 o R
Vk151+52+2<2Ai>52/Ak+2<ZAi>51/Ak§ 11{:2 )

i=1 =1

From (d, L, 1) - oracle definition (7) we get

gHz — x*HQ — 01 < F(2) = (Fsnp(re) + (VEsLu(24), 2 — T4)) = (133)
= (F(2) = Fs,Lu(24)) + (OF (2:) = VFs 1u(24), 2 = 2) = (OF (1), 2 — ) <
< (F(2) — F(xy) + 02) + /205 L 2 — 2.

Therefore u
Blle = 2l — VIBLI|z — ] < (F(2) — Fla) + 61+ 8).

If 62 is small enough such that

4+/265 L
22 < e/,
7!

then taking into account that Vk : /2 < ||zx11 — x«|| we obtain

Wk Ellzkes — ol = V20 Ll — 2. (134)
which implies the following inequality

%sz — 2,2 < (Fzi) — Flay) + 61+ 6). (135)
Finally, we can conclude that Rj decreases as a geometric progression:

1
(135) (4(F(zh1) — Fl@s) +01+02) ) ?
Rk+1 = ”Z}g_i,_l_ﬂf*H S < ( ( k)+1) ( ) 1 2))

i

c 2 — 2
an (4 ( lﬁf’“ +2 <Zf:1 Ai) 01/Ar +2 (Zlel Ai) do/Ap + 01 + 52)
S k

i
1

2c1 HR? 2
19 4( 1N]§ k) _ (8aHE 3 a8 R} 2 _ Ry
- U pNE -\ 22 2
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Which in turn guarantees that

R2
F(zx) — F(z.) < 4“j - (136)
It is sufficient to choose K = 2log, “4—128 in order that F(zx) — F(x) < e.
Now we compute the total number of AM steps.
K K K
32c1H 32c1H
S ey (B <3 (2 i
e 2
1
32c1H )\ 2 12 8H R3
:< a ) K+K:<,/ ) 21g2“0<<16\ﬂ/ +2> u
1
O

Proof of Theorem 3 and Theorem 4

The Theorem 3 show that the fulfillment of condition (16) keep the linear rate of
convergence when solving the auxiliary problems (15). Also in this Appendix we rename the
sequence of points (ibznd, zt, xy) (see listing of the Algorithm 1) to (Zg, y, Tk).

Firstly, based on (16) we try to relate the accuracy € we need to solve (15) in terms of the
following criteria:

- H - -
19 (20t (o) + s =30l ) + Vosn, o) | <2 (130
For this we prove the auxiliary lemma for (6, L) -oracle of ¢ and (0, L) -oracle of ¢, that is
based on the Lemma 2.1 from |Grapiglia, Nesterov, 2020] .

Lemma 11. Let Z, € R, H,© > 0.
Assume that ¢(x) admits (6, L) -oracle, 1 (x) admits (6, L) -oracle. If inquality

- H .
19 (2. (o) + 5 oo = 30l + Tz, ()| (139)
<min{ 2, % V(19050 () + Vi, () ) (139)
bR 2[L¢+H] P8,Ly \Yk+1 5,Ly \Yk+1

holds true, then y41 satisfies

_ H -
v <Ql,6,L<,, (¢, Thy Y1) + b Y1 — xk\|2> + Vs 1y, (Y1) || (140)
< Ollyrss — il + —22 o5 (141)
< Ol = el + =75 002

Hokazaresnscro. Using that ¢ is equipped with a (9, L) -oracle and Corollary 4.2. from
[Devolder, 2013| one obtains:

IVesL, (1) = VS s, (0, 2,9)l] < Lolly — f| +2¢/2Lp02 - (142)
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Combining (138) and (142) we obtain

IVos L, (Yk+1) + Vs L, (Yk+1) ||
<|IVs,L, (Wk+1) + Vs, (Ykt1) — Vs L, (Ykr1) — V5L, (0, Tk Ykt1) ||

N - H N
+ IV 5.1, (05 Tk, k1) £ Vs, (Yer1) =V <Ql,6,L¢ (©, Tk, Yry1) + 5 k1 — $k||2> |

N H -
+ IV (91,5,% (95 Ty Y1) + DY Yk+1 — $kH2> + Vs, (Yrt1) |l

(142),(138) ) . 1
< (Lollyprs = #all + 207008 + Hllsr — 3l + 5 Vs, () + Vi, (o)

Thus,

Vs L, (Yr+1) + Vbs ., (Ye+1) || .
4 5 v < [Ly + H] lyk+1 — Tkl + 20/2L 02 (143)

which gives

S) 20

i /20,0,  (144)

- § o
2L, + H IVes L, (k1) + Vs o, (Yes1) [| < Ollypr — Tl + i

Finally, (140) follows directly from the (138) and (144). O

Lemma 12. Assume that H > 2L, ¢(x) admits (J, L )-oracle, ¢(x) admits (0, Ly,)-oracle,
F(x) admits (28, Ly, + Ly, p)-oracle; yr11, 7 € R? and ¢ € (0, 1). If inequalities

€ < FasLo4Lypu(y) — xnelbnf F(x) (145)
e
< — 14
(52 ~ 642 . L<p7 ( 6)

are satisfied then inequality (16) holds true if one solve the auxiliary problem (15) with the
accuracy

My
Il

N
Q)
el

(147)

in terms of criteria (137).

HokazarenbcrBo. According to the conditions of the lemma, the problem (15) is solved
with the accuracy

- H s -
(037) 5 19 (R, (i) + g Tk = 3l ) + Voo () < &

To prove the lemma, it suffices to show the following chain of inequalities

1 H
A S B H
€ < min{, S, + H]} (IV s, (Wkt1) + Vibs 1, (k1) ) (2 t3 T, + H]> V262 L
H -
< ke = 2kl = 2/20: L (148)

Lemma 11 for © = % guarantee that if the next inequality holds true

. H .
v (Ql,é,Lw (@, Zh, Y1) + 5 yesr = wk\|2> + Vs, (Yrr) | (149)
<min{y, Ly (195, () + Vs, ) ) — (24 =) VOB
= 9 8[L¢+H] P8, L, \Yk+1 8,Ly \Yk+1 Q[Lw +H] 2Ly
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then the equation (16) is satisfied.
If (149) is sufficient condition for (16), it means that right-hand sides of (149) less the right-hand
sides of (16). From this consequence the next inequality

1 5 1 5
12 (|’VF25,L¢+L1,, (yk+1)||) - 5\/ 262L¢ = 12 (HV%,Lw (Yrka1) + V%,Lw (Yka1) H) - 5\/ 252[«0

(150)
.1 H H
< min{g, W} (IVes,, (1) + Vs p, (yrs) [l) = ( 2+ 3L, )V 202L, (151)
H -
< ZHyk-i-l = Zgl| = 24/202 Ly (152)

The second inequality of the equation (148) is satisfied, let us prove the first one.
The fact that F has (26, L, + Ly, 1) -oracle guarantee

i
5H9€ —ylI> + (Fas,0o+Lyu®) + (VFos141,u(y), 2 — y)) < F(z) for all z € Qg (153)

Let us minimize the right-hand and left-hand sides of (153) with respect to x independently

(153)

* : : Y 2
P = min F(z) = Fosp,+0,u(y) + oo {g\lx =Yl + (VEFo, 1t Ly (y), T — y>}

1
= F25,L¢+valt(y) - EHVFQ§7LLP+L'¢HIL(:U)H2

Then obtain

(145) L 1
e < FaspovLyuly) —F° < ZHVF%,LﬁLw,u(y)”Z (154)
Inequality (154) guarantee that
1 [ep 5 1 5
3V s 5\/m < IVE2 Loy (W)l = 5\/% (155)

In case of (146) inequality (155) give us guarantees that the first inequality of the equation (148)
holds true

N e (146) 1 /¢ 5 (155) 1 5
e= YL < S\ B VL, < Sl Vi) - 5V2RL,  (156)
Finally, combine the equations (152) and (156) obtain the required chain of inequalities (148).

g

Let us prove the Theorem 3 using Lemma 12:

HoxkazarenbcrBo. Firstly, let us collect all restrictions on 91,02 and auxiliary problem
precision for obtaining convergence of outer Algorithm-2 and fulfillment of the Lemma 12
together:

N H N N
(137) :|V <Ql,5,Lq> (@, Zh, Y1) + 5 lyesr = ka||2> + Vs, (k+1) | <&,

Ep
09 <
(146) 02 < 62 L,
k k—1 c
(19) Yk : 6y + 0y + 2 (; Ai> Sa/ Ay + (; Ai> 01/Ak < 3,
442851
(20) : M‘SQ <e/2.
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Let us have a look at (137). We need obtain the sufficient condition for it in terms of the
criterion (22).

- H -
19 (162, (o) + 2 s = 301 ) + Tz, ()|

<IVUs. L, (05 ks Y1) £ 00(Z) | + H|lykr1 — Tl + Vs, (Y1) £ 09 (2|
SLg|| Tk — zul| + 24/ L2 + H||ypr1 — Tkl + Ly llyksr1 — || + 24/ Lyd2
<(Ly + Ly + H) max {[|Z, — x|, [[yh+1 — 24|} + 24/ Lip02 + 21/ Ly 02

(135) A+ 6010
< (L¢+L¢,+H)\/(6’0+M1+2)+2\/L¢,52+2\/Lw62.

Then, according to (137), the sufficient condition for (16) holds true is

4(Er+01+96 VE
(Lo + Ly + H)\/(f/jQ) +2y/Lp0s + 2¢/Lyds < 7—2”
Next, under the assumption d; < dg, (19) is converting into more simple sufficient condition

By < s < :
2(1+4N) = 9 (1 +4 (Zle Ai) /Ak)

where N is the number of outer steps. There was used the fact that A; < A;4+1. Finally, if do
satisfies the inequality

(157)

3/2

0 < —F——=

5\/261fff%2

then (157) holds true.
If we choose 91,02, such that:
) el o ep? g3/2
01,02 = min , , ) )
8642L,  864%2L, 864%(Ly, + Ly + H)?’ 5v/2c HR2

e’

cr <
= 8642(Ly, + Ly + H)2

then all required inequalities are satisfied:

4(Ef + 01 + & NG
(Lo + Ly Jrfl)\/(sterJr2> +2/L by + 21/Lypdy < 7—2”

ep
Jyp < —tr
=642 L,

63/2
02 € ——rvs,
5\/ 201HR2
4+/209 L
1!

<e/2.

Also dependences 61 (¢), 62(€),E¢(e) are polynomial. O

Let’s prove the Theorem 4 using Theorem 3:
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JlokazarenbcrBo. Suppose that at each iteration of the Algorithm 2 one have:
1. inexact (0,00, thy, Ly), (0, 00, iy, Ly )-oracles of ¢, 1;
2. the (g, 0p)-solution of auxiliary problem.

Let us estimate the probability P with which inexact (6, e, L), (0, thap, Ly )-oracles of ¢, and
the e-solution of auxiliary problem will be available at all iterations (36) of the Algorithm 2

(32),(35),(36)
P=(1-0)"®1 -5 >1-N(e)(og+5) > 1—0 (158)

Hence with probability (158) the conditions of the Theorem 3 are satisfied which ends the proof.
O

L-SVRG

In this Appendix we reformulate the convergence results of Algorithm L-SVRG from
[Morin, Giselsson, 2020| in terms of large deviations.

Lemma 13. (Corollary 5.6 from [Morin, Giselsson, 2020]) We consider the problem

min F(z) = ¢(z) + 1 (z) (159)

where ¢ is of finite sum form
1 n
plx) =~ i)
i=1

and 1) is Ly-smooth, convex and prox-friendly. The function ¢; is convex and L;-smooth for all
1 = 1,...,n. The function ¢ is convex, L-smooth with L < %Z?:l L; an p-strongly convex.
Then L-SVRG [Morin, Giselsson, 2020] achieves an (g, o)-solution of (159), i.e.

P{F(zr) = F(z:) 2 e} <o (160)

within
2

/ L 1
O Vn+/2Dp— | log —
% €o

iterations where L = 13" L, Dy =4 — 3% and z, is solution of (159). We note that 1 <
Dy < 4.

HokazarenscrBo.  According to Corollary 5.6 from [Morin, Giselsson, 2020] we obtain

. 2
that after O ((\/ﬁ + 4/ 2DL%> log 61,) steps L-SVRG [Morin, Giselsson, 2020] gives £’ accurate
solution, i.e.

2

E ka x| <, (161)

holds true. For arbitrary e, 0 > 0 let us take xy, ¢’ = 2e0 /L accurate solution in terms of (161).
Then from Lgr = L + Ly-smoothness of I we have

E[F(xr) — F(zy)] <E [L;ka — x*HZ] < eo. (162)
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Using Markov inequality and (162) we obtain that

B(F(ry) ~ Fas) 2 ¢} < Pt 2 F@) (163)

In other words, after

2

| L 1 | L 1
@) Vn+4[2Dp= | log= | =0 | [ Vn+/2D— | log—
U € L €o

Algorithm L-SVRG from [Morin, Giselsson, 2020] gives random point zj such as (163) holds
true. In other words, =y, is (e, o)-solution of (159). O

A Variant of Accelerated Framework for Saddle-Point Problems.

In this appendix we consider saddle-point problem under the same assumptions as in
Section 1. We describe in detail the structure of a general framework for solving such problems
which consists of three inner-outer loops. The only difference compared with the general
framework in Section 1 is that the order of the Loop 2 and Loop 3 has been reversed. We
also summarize the steps of the algorithm in Table 5. In each loop we apply Algorithm 2 with
different value of parameter H which defines its complexity. In the subsection after description of
the loops we carefully choose the value of this parameter in each level of the loops. Later, in the
next Appendix we use this general framework in the proof of Theorems 7 and 8 with complexity
estimates for problem (95) under Assumption 5, as well as Corollary 3 with complexity estimates
for problem (71) with m;, = 1.

Main loops of the framework

In each of the three loops of the general framework we have a target accuracy € and a
confidence level o which define the required quality of the solution to an optimization problem in
this loop. These quantities define the inexactness of the oracle in this loop via inequalities (31)
and (32) and the target accuracy and confidence level for the optimization problem in the next
loop via (34), (35). Due to inexact strong convexity provided by (9, o, L, 1)-oracle, Algorithm 2
has logarithmic dependence of the complexity on the target accuracy and confidence level (see
Theorem 4). Since the dependencies on the target accuracy and confidence level in (31), (32),
(34) and (35) are polynomial, we obtain that the dependency of the complexity in each loop on
the target accuracy and confidence level in the first loop, i.e. target accuracy and confidence level
for the solution to problem (37), is logarithmic. We hide such logarithmic factors in O notation.

For convenience, we summarize the main details of the loops in Table 5.

Loop 1

The goal of Loop 1 is to find an (g,0)-solution of problem (39), which is considered as a
minimization problem in y with the objective given in the form of auxiliary maximization problem
in z. Finding an (g, o)-solution of this minimization problem gives an approximate solution to
the saddle-point problem (37).

To solve problem (39), we would like to apply Algorithm 2 with

p=0, ¥ =h(y)+ max {~G(z,y) - f(z)}. (164)

rxelR%
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The function ¢ is, clearly, convex and is known exactly. What makes solving problem (39) not
straightforward is that the exact value of ¥ is not available. At the same time we can construct
an inexact oracle for this function. First, the function h is p,-strongly convex, Lj-smooth and
its exact gradient is available. Second, thanks to Assumption 3, it is possible to construct a

(5(1) () ,O'(()l) (e,0),2Lg + 4%)—oracle for the function r(y) = max,cpa. {—f(z) — G(z,y)} for

any 61 (¢) = poly (&) and O'(()l) (e,0) = poly (e,0). Combining these two parts and using
Lemma 1, we obtain that we can construct a (5(1) () ,a(()l) (¢,0),Lp+2Lg + 4%,uy>—oracle
for +. Thus, we can apply Algorithm 2 with parameter H = Hy, which will be chosen later, to
solve problem (39). Moreover, since Assumption 3 requires 6" (¢) = poly (&) and a[()l) (e,0) =
= poly (&,0), which holds for the dependencies in (31) and (32), we can choose 6(V) (¢) and
o(()l) (e,0) such that (31) and (32) hold. So, the first main assumption of Theorem 4 holds. At
the same time, according to Assumptions 1 and 3, constructing inexact oracle for ¢ requires 7
calls of the basic oracle for h, 7 calls of the basic oracle of G(z,-), N& (1¢) K% (¢, 0) calls of the
basic oracle for G(-,y), Nt (75) K¢ (¢,0) calls of the basic oracle for f.

Let us discuss the second main assumption of Theorem 4. To ensure that this assumption

holds, we need in each iteration of Algorithm 1, used as a building block in Algorithm 2, to find
an (5}1) (), (e, 0)>—solution to the auxiliary problem (15), where &V (¢, o) ,5501) (e) satisfy
inequalities (34), (35). For the particular definitions of ¢, ¢ (164) in this Loop, this problem has
the following form:

. H,y

Yhi1 = arg min {h(y) + max {—-G(z,y) — f(z)} + — ||y — y,Td||2} . (165)
yeR% rERx 2

Below, in the next paragraph "Loop 2 we explain how to solve this auxiliary problem to obtain

its (55}) (), (e, a))—solution. To summarize Loop 1, both main assumptions of Theorem 4

hold and we can use it to guarantee that we obtain an (e, o)-solution of problem (39). This

1 _ 1
requires O <1 + <M:i1%> 2> =0 <1 + (%) 2> calls to the inexact oracles for ¢ and for ¥, and

the same number of times solving the auxiliary problem (165). Combining this oracle complexity
with the cost of calculating inexact oracles for ¢ and for v, we obtain that solving problem

T ~ 1
(39) requires O (1 + (%) 2) 71, calls of the basic oracle for h, O <1 + (%) 2) 7 calls of the

1
basic oracle of G(z,-), O <1 + (f—;) 2> NE& (t¢) KZ (e,0) calls of the basic oracle for G(-,y),

1
@) (1 + (%) 2) Ny (15) K¢ (€,0) calls of the basic oracle for f. The only remaining thing is to

provide an inexact solution to problem (165) and, next, we move to the Loop 2 to explain how
1

to guarantee this. Note that we need to solve problem (165) 9] <1 + (%) 2) times.

Loop 2

As mentioned in the previous Loop 1, in each iteration of Algorithm 2 in Loop 1 we need many
times to find an (g}, o%)-solution of the auxiliary problem (165), where we denoted for simplicity

oty =6 (¢,0) and &}, = 5501) (€). To do this, we reformulate problem (165) by changing the order
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of minimization and maximization as follows:

min {1(0) + 5y~ 917 + max (~Gowy) — ) (166)
yeR%Y
= miy max {h(y)—G(x,y)—f( )+ St - e} (167)
yE]R y x€R%
— max iy {100) = Glow) — £0) + 2l - (168)
zeR z yeRY
—— iy {7+ max {Gte.0) — n) - By - 2} (169)
reR yERY

and obtain an (g}, 0%)-solution of the problem (165) by solving minimization problem (169).
Assume that we can find an (e, 02)-solution & of the minimization problem (169). Then,
according to Assumption 2, we can also obtain a point § which is (§(e2)/2,50(02))-solution
to the problem

H
max {G<x,y> —h(y) = S lly — yzw’w}, (170)
yeR%Y

where §(g2), 50(02) satisfy the following polynomial dependencies

H
%62, 50(02) < o9. (171)
4%( iZG’“Ly)

If we choose €2, 79, 6(e2), 5o(02) satisfying

5_(82) S

Hy+ g\ 2
2 < ( ZL My) He sz €, (172)
G Ly+H + Lg+ =€
/
oy < % (173)
(171) ro H (171) H
go(o2) < 02 < 2, d(e2) < %82 < L My 8L2 5’2, (174)
e (Hi;:y> ALp+4H, +4Lg + =<
then
2L
Ly+ Hy + Lg + 2 L 2Lp+Hy+ Lg + =<
2 i 5(52) +8< < ) e oo < b (175)
Hy + py Hy + py Haz
o9 + 5o(02) < 0b. (176)

Thus, applying Corollary 1 to minimization problem (169) with F'(z,y) = G(z,y), w(y) = h(y)+
Hl ly — y?|2, ex = €2, 0 = 09, €y = (g2), 0y = Go(02) we obtain (see (46), (48)) that §
satlsﬁes 1nequahty

h()+7Hy v+ max {—G(x,9) - f(2)}

— min max {h(y )—i—ny YL, dH2 G(z,y) — f(x)} <&

yeR%W xR
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with probability o). Thus, it is an (g}, o})-solution of the problem (165). By Assumption 2,
calculation of § requires N, (1¢, H) K% (€2, 02) calls of the basic oracle OF of G(z,), 7¢ calls of
the basic oracle OF of G(-,y) and N}, (14, H) Kp, (€2, 02) calls of the basic oracle Oy, of h.

Our next step is to provide an (2, 02)-solution to minimization problem (169), for which
we again apply Algorithm 2, but this time with

H,y

o= f@). = max {6t0.0) — 1) - By o2} (177
yeR%Y

The function ¢ is p,-strongly convex, L;-smooth and its exact gradient is available. What makes

solving problem (169) not straightforward is that the exact value of 1 is not available. At the

same time we can construct an inexact oracle for this function. Thanks to Assumption 2, it is

2
possible to construct a (5(2) (e2) ,062) (e2,02),2Lg + 4%)—01"&6& for the function ¢ for any

5@ (e9) = poly (e2) and o (
construct

a <5(2) (e2) 7g(()Z) (€2,02), Ly +2Lg + 4%, ux>—oracle for the function ¢ + 1. Thus, we can

€9,09) = poly (e2,02). Using Lemma 1, we obtain that we can

apply Algorithm 2 with parameter H = Hs > 2Ly, which will be chosen later, to solve the
problem (169). Moreover, since Assumption 2 requires §(?) (5) = poly (2) and 0(()2) (e2,02) =
= poly (g9, 09), which holds for the dependencies in (31) and (32), we can choose 6 (¢3) and
0(()2) (e9,09) such that (31) and (32) hold. So, the first main assumption of Theorem 4 holds.
At the same time, according to Assumptions 1 and 2, constructing inexact oracle for ¢ requires
NE (16, H) KY, (€2, 02) calls of the basic oracle for G(z,-), 7 calls of the basic oracle for G(-,y),
Ny, (1, H1) K, (€2, 02) calls of the basic oracle for h, and constructing exact oracle for ¢ = f
requires 7 calls of the basic oracle for f.

Let us discuss the second main assumption of Theorem 4. To ensure that this assumption
holds, we need in each iteration of Algorithm 1, used as a building block in Algorithm 2, to

find <€5£2) (e2),6@ (eq, Jg))—SOlution to the auxiliary problem (15), where (2 (g9, 09) ,5502) (e2)
satisfy inequalities (34), (35). For the particular definitions of ¢, v (177) in this Loop, this
problem has the following form:

t : md md
X = arg min C X xr—x
I+1 gmeRdw {< f@™), )

Hy Hy
+ e { Gl + ) = 5t Iy - 4P+ e e ams)
yeRY

Below, in the next paragraph "Loop 3 we explain how to solve this auxiliary problem to obtain
its
(égg) (2),6® (9, 02)>—solution.

To summarize Loop 2, both main assumptions of Theorem 4 hold and we can use
it to guarantee that we obtain an (&}, 0})-solution of the auxiliary problem (165). This
requires one time to solve the problem (170), which, by Assumption 2 has the same cost as

1
evaluating inexact oracle for the function 1. Further, we need O (<1 + <'u(pli2’u w) 2> log 52_1) =

1
= O<<1—|—<Z"j)2)logsgl> calls to the inexact oracles for ¢ and for ¢, and the

same number of times solving the auxiliary problem (178). Combining this oracle
complexity with the cost of calculating inexact oracles for ¢ and for ), we obtain that

1
solving problem (169) requires O ((1 + (%) 2) log ey, 1) 7 calls of the basic oracle for
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1

f, O <<1 + (%) 2) log62_1> N (1q, Hi) K (e2,02) calls of the basic oracle for G(z,-),
1

@ ((1 + (%) 2) log 52_1> 7¢ calls of the basic oracle for G(-,y),

1
) <(1—|— (55)2) logagl) N (Th, H1) K, (e2,02) calls of the basic oracle for h. The only

remaining thing is to provide an inexact solution to problem (178) and, next, we move
to Loop 3 to explain how to guarantee this. Note that we need to solve problem (178)

1
0] <<1 + (%) 2> 10g52_1> times.

Loop 3

As mentioned in the previous Loop 2, in each iteration of Algorithm 2 in Loop 2 we need to find
many times an (£3, 03)-solution of the auxiliary problem (178), where we denoted for simplicity
03 =63 (e9,09) and €3 = 5502) (e2). To solve problem (178), we would like to apply Algorithm 2

with

H H
o= max {6(o.0) = hio) = Gy =i} 0= (TFP o + P - o
yeR%Y
(179)

The function v is, clearly, Hs-strongly convex, Hs-smooth and its exact gradient is available.
What makes solving problem (178) not straightforward is that the exact value of ¢ is not available.
At the same time, we can construct an inexact oracle for this function. Thanks to Assumption

2
2, it is possible to construct a <5(3) (e3) ,0(()3) (€3,03),2Lg + 4H1Lf#y

for any 6 (e3) = poly (e3) and 0(()3) (e3,03) = poly (g3, 03). Using Lemma 1, we obtain that we

can construct
a (5(3) (83) ,O'(()g) (63, 03) ,HQ + 2LG + 4

)—oracle for the function ¢

2
LG

VrET Hg)—oracle for the function ¢ + . Thus, we can

2
apply Algorithm 2 with parameter H = Hs > 2L¢ +4%Jfﬂy’ which will be chosen later, to solve

problem (178). Moreover, since Assumption 2 requires 63 (¢3) = poly (e3) and 0'(()3) (e3,03) =

= poly (e3, 03), which holds for the dependencies in (31) and (32), we can choose 6 (£3) and
0(()3) (e3,03) such that (31) and (32) hold. So, the first main assumption of Theorem 4 holds.
At the same time, according to Assumptions 1 and 2, constructing inexact oracle for ¢ requires
N (1a, H1) KY (3, 03) calls of the basic oracle for G(z,-), 7 calls of the basic oracle for G(-,y),
Ny (Th, H1) K, (€3, 03) calls of the basic oracle for h. At the same time, no calls to the oracle for
f are needed.

Let us discuss the second main assumption of Theorem 4. To ensure that this assumption
holds, we need in each iteration of Algorithm 1, used as a building block in Algorithm 2, to

find <€§c3) (e3),63) (e3, a;;))—solution to the auxiliary problem (15), where ) (3, 03) ,5;3) (€3)
satisfy inequalities (34), (35). For the particular definitions of ¢, ¢ in (179) in this Loop, this
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Iteration number
Each iteration
Goal @, | pin Thd | of Algorithm 1

requires
(Th. 4)

(e, o)s0l Find (e1, 01)-solution of (165)
€, 0)-solution ~
Loop 1 (164) My O (1+ /Hi/py) and calculate
of problem (39)
(5(1), Lw)—oracle of ¥(y)
( ) Find (g2, 02)-solution of (178)
€1, 01)-solution ~
Loop 2 (177) e O(1+ \/Ha/1z) and calculate
of problem (169)
(5(2)7 Ly)-oracle of 1(z)
( ) Find (e3, 03)-solution of (180)
€9, 09)-solution ~
Loop 3 (179) Hy O(1+ \/Hs/H>) and calculate
of problem (178)
(5(3), Ly)-oracle of ¢(x)

Table 5. Summary of the three loops of the framework described in this Appendix.
problem has the following form:

H.
. d 3 d
U1 = argurgﬂégm{<wts<s>,m(ug ) — up®) + (u) + 5 llu—up 15}

. H,y H;
= arg min {(Vy o, (02, u—wt) +(V £ af"™), u—m;”d>+7||u—xrd|r%+7||u—umdn%},
(180)

where L, = Lg + H1 +u . This quadratic auxiliary problem (180) can be solved explicitly and
exactly since at the point it needs to be solved, Vyss) o L, (um9) is already calculated. Thus, the

second main assumption of Theorem 4 is satisfied with 0(3) (e3,03) = 0 and 5( ) (e3) = 0, which
clearly satisfy (31) and (32).

To summarize Loop 3, both main assumptions of Theorem 4 hold and we can use it
to guarantee that we obtain an (e3,03)-solution of the auxiliary problem (178). This requires

1 1
0] ((1 + (u +#w> 2) log5§1> =0 ((1 + (%) 2) log5§1> calls to the inexact oracles for ¢

and for 1, and the same number of times solving the auxiliary problem (180). Combining this
oracle complexity with the cost of calculating inexact oracles for ¢ and for v, we obtain that

1
solving problem (178) requires O (<1 + (%) 2> log 531) NE (16, H1) KY, (€3, 03) calls of the

1

basic oracle for G(z,-), O ((1 + (%) 2) log 631> 7 calls of the basic oracle for G(-,y) and
1

O <<1 + (%) 2> log 63_1> Ny, (Th, H1) K, (€3, 03) calls of the basic oracle for h.

Complexity of the framework

Below we formally finalize in Theorem 10 the analysis of the framework by carefully
combining the bounds obtained in Loop 1 - Loop 3 to obtain the final bounds for the total number
of oracle calls for each part f, G, h of the objective in problem (37). In the next Appendix, we
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apply Theorem 10 to obtain complexity bounds for our framework applied to problem (71) in
the case my = 1.

Theorem 10. Let Assumptions 1, 2, 3 hold. Then, execution of the optimization framework
described in Loop 1 - Loop 3 with

2L%
_Hl = 2LG,H2 =2L ,H3 =2 (LG+G>
! py + Hi
generates an (g, 0)-solution to the problem (37) i.e., satisfy 10. Moreover, for the number of basic
oracle calls it holds that

Number of calls of basic oracle Oy for f is:

(=) (e () o))

Number of calls of basic oracle Oy, for h is :

o 5) (o () ) o

Number of calls of basic oracle OF for G(-,y) is

o((5) (v () o)) o

Number of calls of basic oracle OF for G(z,-) is :

o 5) o o) o )

HokazaresbcrBo. By construction, as an output of Loop 1 we obtain an (e, o)-solution to
the problem (37).

We prove the estimates of for the numbers of oracle calls in two steps. The first step is
to formally prove that in each loop the dependence of the number of oracle calls on the target
accuracy € and a confidence level o is logarithmic. The second step is to multiply the estimates
for the number of oracle calls between loops and choose the parameters Hy, Ho, Hs.

Step 1. Polynomial dependence. Proof of this part is equivalent to the proof of the
Theorem 5.

Step 2. Final estimates.

We have already counted the number of oracles calls for each oracle in each loop Loop 1 -
Loop 3, see the last paragraph of the description of each loop. We start with the number of basic
oracle calls of f, which is called in each step of Loop 1 and Loop 2. Thus, the total number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)

= ~<1+ (Zf)/\/f(q)ch(e,awé(w (Zj)) - 6(1+ 612)) Tf>
()49 )
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where we used that K¢ (¢,0) = O(1).

The basic oracle of h is called in each step of all the three loops. Thus, the total number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)
+ (# of steps in Loop 1)-(# of steps in Loop 2)-(# of calls in Loop 3)

) )Thw( H>) | (5 <1+<f)> Nh(Th,Hl)Kh(52,02)>
)) ( ( ) ( (H(53)2>Nh<fh,Hlmh@3,ag>>
_o< 1+\/?y> m( f) (wh ) +<1+&> Nm,m))))

BTN SO

where we used that Kj, (¢,0) = O(1).

1+

/\

The basic oracle of G(-

,y) is called in each step of all the three loops. Thus, the total
number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)
+ (# of steps in Loop 1)-(# of steps in Loop 2)-(# of calls in Loop 3)

o<1+<fyl>é>/\/g(m)/cgl(e,a)+5<1+<Zj> -<0(1+<I£>T>TG>
o1 (2)) (O(H(g;)) (o(1+(2)) )
:6<<1+ I:;)( é(ra)+<1+\/f <m+<1+\/§;’>m>>>
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Finally, the basic oracle of G(z,-) is called in each step of all the three loops. Thus, the
total number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)
+ (# of steps in Loop 1)-(# of steps in Loop 2)-(# of calls in Loop 3)

:5<1+ TG+o< ) ( ( I)N%G,HQKG(@,@))
o)) (o2 )) 00+ (&) ) cam)
A E) o) o )
:5<<1+ f) <m+(1+\/i> <1+ Z‘f)/vaug,m))),

where we used that KY, (e2,02) = O(1).
The final estimates are obtained by substituting the constants Hi, Ho, H3 given by

\m E\P

H 2L, H 2L, H: 2 <L + 72[% ) <2 <L + 2L2 ) 4L
= G = 5 - G >~ G - G-
' S oy + Hy H

Proof of Theorem 5
Let us prove the Theorem 5.

HoxkazarenbcrBo. The proof of the Theorem 5 consists of three parts: firstly, we explicitly
formulate that after "Loop 1 "Loop 4"the algorithm get a solution to the saddle problem. Then
we prove a technical statement about the polynomial dependence

o) (e,0) = poly (g,0) ,® (e,0) = poly (g,0) ,J(()k> (e,0)
~(k
— poly (5,) & (¢) = poly (¢) ,6™ () = poly (¢).
Finally, using the last statement, we show how to get the final estimates on the number of oracle
calls.

~ 1/2
Solution obtained Let us show that the random point ¢ obtained after O <<I:;> iterations

of the "Loop 1"satisfies 10 of (g, 0)-solution of the saddle problem. As mentioned in the "Loop
1 after N} iteration we receive an (e, o)-solution for function h(y) + max,cpi. —G(z,y) — f(x),
i.e. inequality

h(g) + max {-G(z,9) - f(2)} — min max {h(y) - G(z,y) - f(2)} <e

rERdx yER¥ zERx

holds True with probability 1 — o. Then, it is an (&, o)-solution for saddle problems.
Polynomial dependence Before obtaining the final estimates, it is important to prove that for all
1 =1,2,3 dependences

o (e,0) = poly (g,0) A (e,0) = poly (g,0) ,U(()i) (e,0)

— poly (¢,0) &) (¢) = poly (¢) , 61 (¢) = poly (¢) (185)
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are polynomial. This can be proved by induction: base holds true for ¢ = 1. Then let us suppose
that for k € {1,2} we have

o®) (¢,0) = poly (¢,0),5™ (¢,0) = poly (¢,0) , 05 (¢, 0)

— poly (¢,0) ,2% (¢) = poly (¢) , 6% (¢) = poly ().

are chosen such

According to paragraphs "Loop 1 "Loop 4"a(k+1),6(k+1),UékH),ékaH),(5(k+1)

that (34), (35) and c*+t1) = 5(¥) hold true. These equations guarantee a polynomial dependence

ot (¢,0) = poly (e,0), 541 (¢, 9) = poly (,0) , 55"V (e,0) = poly (¢,0) 5" (¢) = poly (e) , )

Which finishes the proof of polynomial dependence. According last statement (185), we can use
notation 5() at all levels "Loop 1 "Loop 4 implying that the logarithmic part depends on the
initial €, 0.

Final estimates The only thing left to finish proof of the Theorem 5 is an accurately count the
number of oracle calls at each loop "Loop 1 "Loop 4"of the general scheme. At each step we
must take into account only three places in which the oracle can be called:

e calculation of inexact oracles of functions ¢, ),
e searching the solution to the auxiliary problem (15),

e step along the gradient (5) of the functions ¢, in the Algorithms 1,2;

The technique for counting the number of oracle calls is the same for V f,Vh,V,G,V,G.
Below we give only an example of calculation the number of oracle calls of Vh.

According to the Table 4 and paragraphs "Loop 1 "Loop 4"we have

e Vh is called at each of 5(\/H1/p,y) iteration of "Loop 1"when:

— Algorithm 2 do the step along the gradient (5), it costs 6(7‘h) calls,

~ auxiliary problem (52) is solved; Vh is called at each of O(/Hz /15 ) iteration of "Loop
2"when:

+ an inexact model of ¢ (62) is determined, it costs O(Nj, (74, Hy)) calls,

« auxiliary problem (63) is solved: Vh is called at each of O(+/Hs/Hy) iteration of
"Loop 3"when an inexact model of ¢ (65) is determined, it costs O(N, (11, H1))
calls;

Thus, we obtain that the estimate for the number of oracle calls Vh has an nested structure
of the form

Vh - oracle calls : O il Th + 2 Ny (Th,Hl)qLUé-Nh (7, H1) )
Hy Hea Hy
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The remaining estimates are obtained similarly. Finally, for obtaining an (e, o)-solution of
problem (39) it is sufficient to do the next number of oracle calls

Vf - oracle calls:’Ov<\/F1 (j\/f (17) + /H2.7f>> ’
Hy Mz

Vh - oracle calls : O < =l (Th + \/F2 (Nh (Tn, H1) + \/% Ny, (ThaH1)>>> ;
Hy Mz Hy

V.G - oracle calls : 19) i NE& (1) + @ Ta + 4 /& TG ’
Hy K Hy
~ H H H
V4G - oracle calls : O “Llrg+4/22 N (tq, Hy) + =3 - N (7, Hh) .
Hy Hax Hy

Final estimates can be obtained by choosing the constants Hy, Ho, Hs in the following way

L2
Hy, =2Lg,Hy = 2L, H :2<LG+G>.
1 2 fr 413 1y + Hy

Proof of Theorem 7 and Theorem 8

In this appendix we prove Theorems 7, 8 and Corollary 3 and construct algorithms for
problem (95) using the results of Section 1, in particular, Theorem 5, for the case Ly > L¢, and
the results of the previous Appendix, in particular, Theorem 10. To use these theorems we need
to satisfy Assumptions 2, 3, which is done in the first subsection. Then, in the next subsections,
we combine the building blocks to obitan the final results.

Algorithms to guarantee Assumptions 2, 3

We start with two auxiliary results, that show how to satisfy Assumptions 2, 3
algorithmically. The first lemma provides complexity for inexact solution of the maximization
problem (49) and the complexity of finding an inexact oracle for function g defined in the same
equation, thereby proving that Assumption 2 holds. We underline that the algorithm which
guarantees Assumption 2 depends on whether Ly, > Lg or L, < Lg. After that we provide a
simple corollary to show that Assumption 3 also holds.

Lemma 14. Let the function g be defined via maximization problem in (49), i.e.

o) = ma { Go.) ~ h(s) = o =l | (156)

where G(z,y), h(y) are according to (95) and satisfy Assumption 5.1,2,3(a), yo € R%. Then,
for each of two cases Ly, > Lg and Ly < Lg we organize computations in two loops and apply
Algorithm 2, so that Assumption 2 holds with 74 basic oracle calls for G(-,y) and the following
estimates for the number of basic oracle calls for G(z,-) and h respectively

N (76, H) = O <TG +TG\/LG/<H+uy>) | (187)
Ny (mh, H) = O (Th—f‘Th\/Lh/(Hﬁ‘My)) . (188)
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We name these algorithms "Sliding Ly > Lg"and "Sliding L, < Lg".

Hokazarenbcrso. To satisfy Assumption 2 we need to provide an (6 (g) /2,00 (€,0))-

solution to the problem (186) and (0 (¢), 09 (g,0),2Lg)-oracle of g in (186), where L, = Lg +
4202,/ (uy + H).
By Lemma 2 with F(z,y) = G(z,y), w(y) = h(y) + Z|ly — yol|?, 6 = 6 (¢) and ¢ = 09 (¢,0)
applied to the problem (186), if we find a (§/2, op)-solution §s/o(x) of the problem (186), then
V.G (:L',;&(;/g(m)) is (9, 00,2Lg)-oracle of g and its calculation requires 7 calls of the oracle
V.G(-,y). To finish the proof, we now focus on obtaining a (§/2, 0p)-solution gs/5(z) of the
problem (186). For this we consider two cases L, > Lg and L, < Lg and for each one we
construct a two-loop procedure described below. We begin with the case Ly > Lg.

Sliding for Ly > L¢, Loop 1

The goal of Loop 1 is to find an (6 (¢) /2, 0¢ (&, 0))-solution of problem (186) as a maximization
problem in y. To obtain such an approximate solution, we change the sign of this optimization
problem and apply Algorithm 2 with

H
p=-Glz,y), v=hy)+ly- yoll*. (189)

Function ¢ is convex and has Lg-Lipschitz continuous gradient, function 1 is H + p,-strongly
convex and has L+ H-Lipschitz continuous gradient. Thus, we can apply Algorithm 2 with exact
oracles and parameter Hy > 2L, which will be chosen later, to solve problem (186). To satisfy
the conditions of Theorem 4, which gives the complexity of Algorithm 2, we, first, observe that
the oracles of ¢ and v are exact and, second, observe that we need in each iteration of Algorithm

1, used as a building block in Algorithm 2, to find an (égfl) (6/2),6WM (6/2, Ug))—solution to the
auxiliary problem (15), which in this case has the following form:

m H
2 = arg m@ny{(Vgo( N,z — ) +p(z) + 21 Iz — 213}

= arg min {~(V.Ge, ). 2 — ) + h2) + oz — vl + Mz 0By (190)

2€R% 2 2

where () (§/2, 0¢) ,5;1) (6/2) need to satisty inequalities (34), (35). Below, in the Loop 2, we
explain how to solve this auxiliary problem in such a way that these inequalities hold.

To summarize Loop 1, both main assumptions of Theorem 4 hold and we can use it to

guarantee that we obtain an (0/2, og)-solution of problem (186). Due to polynomial dependencies

§ (¢) = poly (¢), g (¢,0) = poly (g, 0) this requires O (1 + <M(P+M)l> -0 (1 + (u +H)§>

calls to the (exact) oracles for ¢ and for ¢, and the same number of times solving the auxiliary
problem (190). Combining this oracle complexity with the cost of calculating (exact) oracles

1
for ¢ and for 1, we obtain that solving problem (74) requires 9] (1 + <u +H) 2> 7q calls of

1

the basic oracle for G(z,-) and 9] < < + (u +H)2>> of the basic oracles for h. The only

remaining thing is to provide an inexact solution to problem (190) and, next, we move to Loop 2

1
to explain how to guarantee this. Note that we need to solve problem (190) O (1 + (u +H> 2>

times.
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Sliding for Ly > L, Loop 2

As mentioned in the previous Loop 1, in each iteration of Algorithm 2 in Loop 1 we need to find
many times an (2, 02)-solution of the auxiliary problem (190), where we denoted for simplicity
o9 =M (6/2,00) and g3 = 5501) (6/2). To solve problem (190), we would like to apply Algorithm
2 with

H Hy
P =h(z), = —(V.Ga, ),z = N + s —wl + e =3 (191)

Function ¢ is py-strongly convex and has Lj-Lipschitz continuous gradient, function 1 is H + H;-
strongly convex and has H + H;-Lipschitz continuous gradient. Thus, we can apply Algorithm 2
with exact oracles and parameter Hy > 2L;,, which will be chosen later, to solve problem (190). To
satisfy the conditions of Theorem 4, which gives the complexity of Algorithm 2, we, first, observe
that the oracles of ¢ and ¢ are exact and, second, observe that we need in each iteration of

Algorithm 1, used as a building block in Algorithm 2, to find an (é?) (e2),5@ (eq, 02)>—solution

to the auxiliary problem (15), which in this case has the following form:

: Hy
Unpr = arg, min {(Vip(un®),u — ) + () + = u — a2}
u T

= ang iy (VA u— ) — (V.G )0 — )
H Hy Hy
L gl g 2 — a2y, (192)

This quadratic auxiliary problem (192) can be solved explicitly and exactly. Thus, the second
main assumption of Theorem 4 is satisfied with ¢ (g9, 09) = 0,5502) (e2) = 0, which clearly
satisfy (31) and (32).

To summarize Loop 2, both main assumptions of Theorem 4 hold and we can use it
to guarantee that we obtain an (e2, 02)-solution of the auxiliary problem (190). This requires

1 1
) <<1 + (WTw) 2) log521> =0 ((1 + (ﬁ) 2) log521> calls to the (exact) oracles

for ¢ and for ¢, and the same number of times solving the auxiliary problem (192). Combining

this oracle complexity with the cost of calculating (exact) oracles for ¢ and for 1, we obtain that
1

solving problem (190) requires O <7'h (1 + (ﬁ) 2) log 521> calls of the basic oracle for

h. Also according to the polynomial dependencies (34), (35) we obtain that

02 = 51 (8/2,00) = poly(§/2,00), 2 =&} (6/2,00) = poly(§/2,00).

Using conditions 0 () = poly (¢), oo (¢,0) = poly (¢, 0) in the formulation of Assumption 2 we
obtain that the dependencies
02 (2,0),5 (6,0) 2 (,0) .} (¢,0)

are polynomial. Then, we can use notation 5() without specifying what precision we mean and
implying that the logarithmic part depends on the initial €, 0.
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Sliding Lj, > L¢, combining the estimates of both loops

Combining the estimates of the above Loop 1 and Loop 2 we see that, finding a point gs/()
that is a (6 (¢) /2,00 (€, 0))-solution to the problem (186) requires the following number of calls
of the basic oracles of G(x,-) and h respectively

9] (m +1a\/Hy/(H + uy)) : (193)
9] <¢h <1 + ,/Hl/(HJruy)) + (1 + \/Hl/(H—l—uy)) ™ <1 + ;#IZ%)) . (194)

Finding (6 (¢),00 (€,0),2Lg)-oracle of g by calculating V,G (x,g](;/g(m)) requires additionally
Te = mg calls of the basic oracle for G(-,y). Since in Assumption 2 we denote the dependence
on the target accuracy e and confidence level o by a separate quantities denoted by K(g,0) and
in this case it is logarithmic, choosing Hy = 2Lg and Hy = 2L} we get the final estimates for
Ng and N}, to guarantee that Assumption 2 holds:

N :O(TG—I—TG nyH)’
Nh—0< <1+ 2LG/H+Ny><1+\/+H—+2Lg>>
:O<1+\/uy2L+GH+\/ 2LhH+\/H2‘L£‘y\/“ +H+2LG>
“ofn (141 24))

where we used that L;, > Lg

Our aim now is to obtain the same estimates on /\/’é and N}, for the case when L, < Lg. We
do this by changing the order of Loop 1 and Loop 2 in the construction of previous Algorithm.

Sliding for L, < L¢g, Loop 1

The goal of Loop 1 is to find an (¢ (¢) /2, 09 (¢, 0))-solution of problem (186) as a maximization
problem in y. To obtain such an approximate solution, we change the sign of this optimization
problem and apply Algorithm 2 with

p=h(y). ¥ =-Gl.y)+ 5 Iy =l (195)

Function ¢ is py-strongly convex and has Lj-Lipschitz continuous gradient, function 1 is H-
strongly convex and has Lj 4+ H-Lipschitz continuous gradient. Thus, we can apply Algorithm 2
with exact oracles and parameter H; > 2Ly, which will be chosen later, to solve problem (186).
To satisfy the conditions of Theorem 4, which gives the complexity of Algorithm 2, we, first,
observe that the oracles of ¢ and v are exact and, second, observe that we need in each iteration

2023, T. 10, Ne 1, C. 1-76




64 S1. 1. Tomunun, B. /1. Tomunnn, E. JI. Boponuy, 1. A. KoBasués, . . .

of Algorithm 1, used as a building block in Algorithm 2, to find an (é;l) (6/2),6W (§/2, 00)>—

solution to the auxiliary problem (15), which in this case has the following form:

H
21 = arg min {(Vo(2"), 2 — 20" + () + 5|1z — 2|3}
zeR%

. H H
= arg min {(V.h(z'), z — ) — G(z,2) + o ||z — wol > + =12 — 2713}, (196)
2€R% 2 2

where 5 (§/2, 00) ,5501) (6/2) need to satisfy inequalities (34), (35). Below, in the Loop 2, we
explain how to solve this auxiliary problem in such a way that these inequalities hold.

To summarize Loop 1, both main assumptions of Theorem 4 hold and we can use it to
guarantee that we obtain an (0/2, og)-solution of problem (186). Due to polynomial dependencies

1 N 1
d () = poly (¢), 0o (¢,0) = poly (e, 0) this requires O <1 + < H, )2> =0 <1 + (uﬁrlH) 2)

Mot Hy
calls to the (exact) oracles for ¢ and for ¢, and the same number of times solving the auxiliary
problem (196). Combining this oracle complexity with the cost of calculating (exact) oracles for

1
¢ and for 1, we obtain that solving problem (74) requires O (1 + ( H, >2> T calls of the

pwy+H
1

basic oracle for G(z,-) and O <1 + ( i, >2> 71, of the basic oracles for h. The only remaining

wy+H
thing is to provide an inexact solution to problem (196) and, next, we move to Loop 2 to explain

1
how to guarantee this. Note that we need to solve problem (196) O (1 + (# yH+1H> 2) times.

Sliding for Ly < L¢, Loop 2

As mentioned in the previous Loop 1, in each iteration of Algorithm 2 in Loop 2 we need to find
many times an (g2, 02)-solution of the auxiliary problem (196), where we denoted for simplicity
o9 =60 (§/2,00) and 3 = 55}) (6/2). To solve problem (196), we would like to apply Algorithm
2 with

o= —Gla,2), = (VRGP 2= + 2z — ol + e — 8 (197)

Function ¢ is convex and has Lg-Lipschitz continuous gradient, function ¢ is H +H1 4, -strongly
convex and has H+ Hi-Lipschitz continuous gradient. Thus, we can apply Algorithm 2 with exact
oracles and parameter Hy > 2L, which will be chosen later, to solve problem (196). To satisfy
the conditions of Theorem 4, which gives the complexity of Algorithm 2, we, first, observe that
the oracles of ¢ and v are exact and, second, observe that we need in each iteration of Algorithm
1, used as a building block in Algorithm 2, to find an (5;2) (e2),63) (52,02))-solution to the

auxiliary problem (15), which in this case has the following form:

) Hy
Up, 1 = arg urenlélc}z{WsO(Uﬁd)a u—up®) + (u) + 7”” —up|3}

—arg min {—(V,Gla,ull),u— u%) + (VA u - ) (198)
uER

Hs
—lu — w3} (199)

H H,
+ 5”’“—90”2 + 7”“ — 23 + 5
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This quadratic auxiliary problem (199) can be solved explicitly and exactly. Thus, the second
main assumption of Theorem 4 is satisfied with () (g9, 09) = 0,5502) (e2) = 0, which clearly
satisfy (31) and (32).

To summarize Loop 2, both main assumptions of Theorem 4 hold and we can use it
to guarantee that we obtain an (g9, 09)-solution of the auxiliary problem (196). This requires

1 1
O <<1 + (#;ﬁtw) 2) log52_1> =0 <<1 + (%) 2) log62_1> calls to the (exact) oracles

for ¢ and for v, and the same number of times solving the auxiliary problem (199). Combining
this oracle complexity with the cost of calculating (exact) oracles for ¢ and for 1), we obtain that

Ho
py+H~+Hy

1
solving problem (196) requires O <<1 + < )2) loges 1) T¢ calls of the basic oracle for

G(z,-). Also according to the polynomial dependences (34), (35) we obtain that

o2 =51 (6/2,00) = poly(§/2,00), €2 =) (§/2,00) = poly(6/2, o).

Using conditions 6 (¢) = poly (¢), o¢ (¢,0) = poly (¢,0) in the formulation of Asumption 2 we
obtain that the dependencies

- (1
03 (2,0),5 (5,0) 22 (,0) &) (¢,0)
are polynomial. Then, we can use notation 6() without specifying what precision we mean and
implying that the logarithmic part depends on the initial €, 0.

Sliding for L; < Lg, combining the estimates of both loops

Combining the estimates of the above Loop 1 and Loop 2 we see that, finding a point gs/()
which is an (d (¢) /2,00 (g,0))-solution to the problem (186) requires the following number of
calls of the basic oracles of h and G(z, -) respectively

9] <1+ \/Hl/(H+uy)> Th (200)
9] <TG+TG\/m+ (1+ \/M) (TG+TG uy—l-ZQ—i-fh)) . (201)

Finding (6 (¢), 00 (¢,0),2Ly)-oracle of g by calculating V,G (x,g)(;/g(x)) requires additionally
7 calls of the basic oracle for G(-,y). Since in Assumption 2 we denote the dependence on the
target accuracy € and confidence level o by a separate quantities denoted by K(g,0) and in this
case it is logarithmic, choosing H; = 2L; and Hy = 2Lg we get the final estimates for /\/'g and
N}, to guarantee that Assumption 2 holds:

2L¢
N =0 <1+\/2L H+ ) 14, ——= T
( n/( iy) jy + H + 2Ly, G
2L 2L 2L 2L L
=01+ b4 4 " < ¢ =0 |16 +7¢ < ,
py + H py + H py + H\ py + H+ 2Ly, py + H

Ly,
No=0 1+ ] ,
h < uy+H>Th

2023, T. 10, Ne 1, C. 1-76




66 S1. 1. Tomunun, B. /1. Tomunnn, E. JI. Boponuy, 1. A. KoBasués, . . .

where for the first bound we used that L; < Lg.

It is important to note that the estimates on NC'U; and N, obtained in both cases L;, > Lg
and Ly, < Lg are exactly the same. Thus, regardless of the relation between L; and Lg, we
obtain the estimates in the statement of the Lemma. Yet, we underline that the algorithm
actually depends on whether Ly, > Lg or Ly < Lg. O

We now obtain a simple counterpart of the previous Lemma for the case when Assumption
5.3(b) holds instead of Assumption 5.3(a). In this case h is prox-friendly and there is no need to
consider different cases and just one Loop is enough since the auxiliary problem (190) in Loop 1
can be solved explicitly.

Lemma 15. Let the function g be defined via maximization problem in (49), i.e.

olo) = ma { Go.) = h(s) = 5y =l | (202)

where G(z,y), h(y) are according to (95) and satisfy Assumption 5.1,2,3(b), yo € R%. Then,
applying Algorithm 2 to this problem, we guarantee that Assumption 2 holds with 7¢ basic
oracle calls for G(-,y) and the following estimates for the number of basic oracle calls for G(z, -)

and h respectively
Ng (¢, H) =0 <TG+TG\/Lg/(H+uy)) , (203)

N (4, H) = 0. (204)

HoxkazarenbcrBo. The proof is similar to the proof for the case "Sliding Ly > Lg"in the
proof of Lemma 14 with the only change that the auxiliary problem (190) is solved explicitly
thanks to h being prox-friendly. O

By changing the variables « and y in Lemma 14 and choosing H = 0 we obtain the following
simple corollary that ensures Assumption 3.

Corollar 4. Let the function r be defined via maximization problem in (50), i.e.

r(y) = min {G(z,y) + f(2)}, (205)

rERIz

where G(z,y), f(y) are according to (95) and satisfy Assumption 5.1,2,3(a).Then, for each of two
cases Ly > Lg and Ly < Lg we organize computations in two loops and apply Algorithm 2, so
that Assumption 3 holds with 7¢ basic oracle calls for G(z, ) and the following estimates for the
number of basic oracle calls for G(-,y) and f respectively

NG (t¢) = O (TG + TG\/W) : (206)

N3 o) = O (75 + 74/ Lane ) (207)

We name these algorithms "Sliding Ly > Lg"and "Sliding Ly < Lg".
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Different regimes Ly > Lg L, < Lg
Framework from Appendix (Theorem 10) | Framework from Appendix (Theorem 10)
Ly <Lg + Sliding for Ly, > Lg (Lemma 14) + Sliding for Ly, < Lg (Lemma 14)
-+ Sliding for Ly < Lg (Corollary 4) -+ Sliding for Ly < Lg (Corollary 4)
General Framework (Theorem 5) General Framework (Theorem 5)
Ly > Lg + Sliding for L, > Lg (Lemma 14) + Sliding for L, < Lg (Lemma 14)
+ Sliding for Ly > L¢ (Corollary 4) + Sliding for Ly > Lg (Corollary 4)

Table 6. Summary of the proof of Theorem 3. For each regime we apply the algorithms described in the
proofs of the corresponding results listed in the table to obtain the complexity estimates (103)-(106) for
the number of basic oracle calls for each part of the objective f, h, and G.

Proof of Theorem 7

Finally, we prove Theorem 7 for problem (95) by combining the building blocks depending
on the relation between Ly and Lg and relation between Lj and Lg. If Ly > Lg we use the
general framework from the main text (see Section 1 and Theorem 5). In the opposite case we
apply the variation of this framework described in Appendix (see Theorem 10). In both cases we
use Lemma 14 and Corollary 4 to ensure Assumptions 2, 3, but with different order of the loops
described inside these Lemma and Corollary depending on the relation between Ly and Lg, i.e.
we use either sliding L, > Lq or sliding L, < Lg in Lemma 14 and either sliding Ly > Lg or
sliding Ly < L¢ in Corollary 4. For convenience, we summarize which results are used in which
case in Table 6.

Proof of Theorem 7

Assumption 5.1,2,3(a) with (97) guarantee that Assumption 1 holds. Further, the choice
H = 2Lg in Lemma 14 guarantee that Assumption 2 holds with the number of oracle calls given
by (187) and (188). Corollary 4 guarantee that Assumption 3 holds with the number of oracle
calls given by (206) and (207). We consider two cases Ly > Lg and Ly < Lg and, for each
case, apply either the general framework from the main text or from the previous appendix. We
show that in both cases the estimates are the same and are equal to the ones in the statement
of the theorem. In each case we make the derivations with ¢ = 0 since all the algorithms are
deterministic in this case.

We begin with the case Ly > L.

Case Ly > L¢

Applying Theorem 5 with 7y = 7, = 1 and 7¢ = m¢, Lemma 14 with H = 2L, Corollary 4 and
combining the complexity estimates in these results, we obtain the following final complexity
bounds.
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Number of basic oracle calls of f:

where we used that, Lg < Ly and, by the assumptions of this Theorem, 1 < Lg/juy, 1 < Lg/ iz,
1< Ly/
Number of basic oracle calls of h:

Il
(@)
VRS
VR
t‘h
< |Q
S~
VY
—
_|_
VR
t‘h
8 |Q
~_—
/0~
=

where we used that H = 2L¢ in Lemma 14 and, by the assumptions of this Theorem, 1 < Lg/ 1y,
1< Lg/ s
Number of basic oracle calls of G(-,y):

() o) ),

where we used that, by the assumptions of this Theorem, 1 < Lg/p,, and 1 < L/ pis.
Number of basic oracle calls of G(z,-):

I )
ol £) () (ol )

where we used that H = 2L¢ in Lemma 14 and, by the assumptions of this Theorem, 1 < L/,
and 1 < Lg/fiy.

Case Ly < Lg

Applying Theorem 10 with 74 = 7, = 1 and 7q = mq, Lemma 14 with H = 2Lg, Corollary 4
and combining the, complexity estimates we obtain the final complexity bounds as follows.

KOMIIBIOTEPHBIE NCCJIEJOBAHNM S 1 MOAEJIMPOBAHINE




O06 yCKOpeHHBIX METO/IaX JJIsT CeJJIOBBIX 3aJa4 C. . . 69

Number of basic oracle calls of f:

() o 20)- () - )
()

where we used that, by the assumptions of this Theorem, 1 < Lg/py and 1 < Ly/pu,.

Number of basic oracle calls of h:
O (1o 2] (1a (1 2) (e f2e) (14, )t
Hy M Ly 2LG + iy
_ _ 2
=0 L7G 1+ ﬁ . L7G -1+ ﬁ = 0O | max LG , LGLh ’
My Pz Lf Lg Kz by M My

where we used that H = 2Lg in Lemma 14, Lg > Ly and, by the assumptions of this Theorem,

1< LG/My; 1< Lf/ﬂa;-
Number of basic oracle calls of G(-,y):
L
)(%)))
(28 (2D~ (2
My Moz Hax ! Hy Ha

~ L L
O (1+/=5) [ me+may/~% +me 1+
Hy Mz
where we used that Lg > Ly and, by the assumptions of this Theorem, 1 < Lg/puy, 1 < Lg/ s,

1 < L¢/ e

Number of basic oracle calls of G(z, -):

o((152) (o (o) (oo ool o (55 )
0o (32) (i) (V) =0 (o B 22

where we used that H = 2L in Lemma 14, Lg > Ly and, by the assumptions of this Theorem,
1< LG/Myu 1< LG/MJ}a 1< Lf/ux

FIE

g
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Proof of Theorem 8

The only difference in the proof of Theorem 8 from the proof of Theorem 7 is the use of
Lemma 15 instead of Lemma 14 to satisfy Assumption 2. Thus, applying expressions (203), (204)
for N(y; and N}, and following the proof of Theorem 7 without any changes we obtain the same
estimates for the number of basic oracle calls of f,G(+,y),G(x,-). Considering N}, = 0 and using
that, by the assumptions of this Theorem, 1 < Lg/p,,, we obtain that the number of basic oracle

calls of h is
~ L
ol =5].
Hy

Proof of Lemma 1 and Lemma 2
Let us proof Lemma 1

HoxkazarenbcrBo. Using the Deffinition 2 for function ¢ and ¢, we can obtain:

W L
= ylI* < o(@) = (05,100 W) + (Vs Lo, (W), 2 —y)) < Il = yI? + 6, wp.1—o0,

(208)
Hore —y|? < _ _ Ly 2 _
5 ylIP < O(@) = sy Ly W) + (V5,100 W), 2 =) < S lle—yllP + 0y wp. 1 -0y
(209)
Let us sum this equations:
Eolle = yll? + Bz =yl < 0(@) + $(@) = 05, L, (1) = 5, L (9) (210)

- <v906¢,L¢,u¢ (y) - v¢5¢,L¢,uw (y)’ L= y>

L L
S%Hx—yHQ+7w||$—y||2+5¢+5¢ w.p. 1—o, -0y (211)

The equation (211) means that the pair (gpng%W (y) + V6 Loy iy (y),

Vs,.Lpus(Y) +Vw5w7,;w,%(y)) is (0p 4+ 6y 0p + 0y, Ly + Ly, pip + pyp)-oracle for ¢ +
+ ). O

Let us proof Lemma 2

Hokazarenserso. The function S(x, -) is jy-strongly concave, and S(-,y) is differentiable.
Therefore, by Demyanov-Danskin’s theorem, for any x € R%, we have

Vy(x) = VaS(x,y"(2)) = Vo F(z,y"(x)). (A1)

2
To prove that g(-) has an L-Lipschitz gradient for L = Lp+ 25—;”, let us prove the Lipschitz
condition for y*(-) with a constant, the function y* is defined as:

y* () := arg max S(z,y) Vz e R%, (212)
yER%

Since S’(:Ul, -) is py-strongly concave, for arbitrary xi,z2 € R%:

Iy (@1) = y*(z2) 3 < j (St y" @) = S,y (22))) (A2)
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~ On the other hand, S(xo, y*(x1)) — S(xa, y*(x2)) < 0, since y*(x2) affords the maximum
to S(z2,.) on R%. We have

A~ ~

S(z1,y*(z1)) — S(z1,y* (22)) < S(z1,y%(21)) — S(21,y"(22)) — S22,y (21)) + S(22, 5" (22)) =
frorn:(28) (F(l‘l,y*(ﬁﬂl)) . F($1,y*($2))) _ (F(J/‘Q,y*(xl)) — F({L‘Q,y*($2))) =
1
_ /0 (VoF(x1 + t(xe —11),y" (1)) — Vo F (21 + t(z2 — 21),y" (22)), 19 — 21 )dt <

< || VeF (21 +t(re — 1),y (1)) — Vo F (21 + t(x2 — 21), " (21)) |2 - |22 — 21]]2 <
< Lelly*(z1) =y (@2)ll2 - |72 — 12
(A3)

Thus, (A2) and (A3) imply the inequality

. . 2L
ly*(22) — y*(z1)]]2 < e |22 — 212, (A4)
Y

i.e., the function y*(-) satisfies the Lipschitz condition with a constant 25—; Next, from (A1), we
obtain

[Vg(x1) = Vg(z2)ll2 = [[VaF(z1,y"(21)) — Vo F (22, y" (22)) |2 =
= [|[VoF(21,y"(21)) — Vo F (21,4 (22)) + Vo F (21,9 (22)) — VaF (22, y" (22))[|2 <
<NVoF(21,y" (1)) = Vo F (21,9 (22))[l2 + Vo F (21,4 (22)) = Vi F'(22,y"(22))[|2 <
< Lplly*(z1) —y"(@2)[l2 + Lrllze — 212 =

L2
from:(A4) (LF i > ||332 B leZ
Hy

This means that ¢(-) has an L-Lipschitz gradient with L = Lp + T—F
Let us now prove that Vo F (z, §5/2(x)) is (6,2Lg)-oracle of g, i.e.:

0 < 9(2) — [{F (o Bojale) — wlsole))} + (VP @, dyale)), = — )] < 20 |1z — 2l +6, (213)

First, we prove that, for any § > 0 and € R%

Hvzg(%%m(l‘)) = Vyg(z)ll2 < LF\/E/. (Ab)

For any = € R% it is true that ng(x,yj(;/g(:n)) = V. F(z,¥s5/2(v)). Then,

IV (2, Gsja(2)) = Vg(@)|3 = Ve F (@, sj2()) = VaF (2, y"(2))]3 <
L lly* (x) = G52(2) 13 <

rom 2 & G
L () <

Hy
frorn<(30) 5L%

Hy ’
which justifies inequality (A5).
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Now , due to the p,-strong convexity of 5’(, ¥s/2(z)) on R%  for arbitrary z, z € R% it is
true that

)2 8z, g5 j2(2)) > SasGsjala)) + (VoS Goa(a))s 2 — 2.

Thus,
0> 5(x,75/2(2)) = 9(2) + (VuS (. §sja(@)), 2 — ),

which proves the left-hand side of (213). To prove the right-hand side of (213), note that g is
convex and has an L-Lipschitz gradient on R% . Therefore, for arbitrary x, z € R%  we have

9(2) < g(a) + (Vg(a), = — o)+ 12— 2l <

from (30) _ L ~ -
< S gspa(@) +6/2+ Sl - |3+ (Vg(x), 2 — x) + (Vo S(x, G5 2(x)), © — 2)—

_<v
(

x A(x7g5/2(x))7l‘ - Z> =
2, §s/a(2)) +8/2 + (VS (2, G5ja(2)), 2 — ) + (VuS (2, s ja(2)) — Vg(a), 2 — 2)+

from (A5) . N N N ) L 2
< S(=,9s2(2) +0/2+ (VaS(2, 95 /2(x)), 2 — x) + LF ;'HZ*$||2+§||Z*$||2-
Y

§ L3 L2
Ly — |z —alla = [ =Fllz =23 -6 < SF|lz — 23 + /2
Hy Hy 241y

due to the classical inequality between the arithmetic and geometric mean. Therefore,

However,

o . L2 L
9(2) < (2. Do) + 0+ (VS (e Giale), = =)+ “F 1z =23+ Gz .
Y

and since L = Lp + ﬁ, we have L < %;therefore,
Hy Hy
9(2) < S(@, 75 2(x)) + (VoS (2, G52 (x)), 2 — x) + 6 + Lz — 3.

Thus, we have
9(2) = S(x, 5 j2(2)) = (VaS(2,Gspa(@)), 2 — ) < Ll|z — |3 + 6,

which implies the left-hand side of inequality (213).

In the statement of Lemma 2 only (§/2,0)-solution to (28) is available. In this case the
inequality (213) will be satisfied with probability 1—o. Then V,F (x, s /2 (9:)) is (9, 0,2Lg)-oracle
of g. O
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Proof of Lemma 3

We let ®(y) = max,cpa. {h(y) — G(x,y) — f(x)} and note that ®(y) is p,-strongly convex.
Under Condition 1 the function h(y) — G(z,y) — f(x) has unique saddle point (z«,ys). Then,
with probability 1 — o, we have

. 2 . 2e,
9= 0017 < 2 (g 105) — Giovd) — £(0)} — iy e {Aly) — Glavy) — S} ) < 22,
(214)

We denote z*(y) = argmax,cpa. {h(9) — G(z,9) — f(x )} then according to Lemma 2 2*(y) is
2L¢ /1y Lipschitz continuous. Since {h(y) — G(z,9) — f(x)} is py-strongly concave, we obtain
that the inequality

. . N . de L¢ X
o=l < 20— )+ 2@ el < s (2E) jg e 19

€T

holds true with probability 1 — o, —o,. By consecutive application of Lemma 1 and Lemma 2 we

can obtain that ¥(z) = min pa, {h(y) — G(z,y) — f(z)} is concave and Ly + L¢ —|—
Whence,

—smooth

max min {h(y) — Gr,y) — f(@)} — min {h(y) = G(i,y) — f(&)} = V(") — V() (216)

rERIe ycRdy yER%Y
2 2
Lf—l-Lc;-i-ZiG ) Lf+LG’+257G Lc 2Lf+LG+
< s ot < 2 8 (2C) s,
2 K Ha Hy

with probability 1 — o, — 0,.In the first inequality we used that x, is the optimal point, and,
hence, V¥(z,) = 0. O

Proof of Theorem 5

By construction, as an output of Loop 1 we obtain an (e, o)-solution to the problem (37)
satisfy (10).

We prove the estimates for the numbers of oracle calls in two steps. The first step is to
formally prove that in each loop the dependence of the number of oracle calls on the target
accuracy € and a confidence level o is logarithmic. The second step is to multiply the estimates
for the number of oracle calls between loops and choose the parameters Hy, Ho, Hs.

Step 1. Polynomial dependence. The goal of this technical step is to prove that

ei(e) = poly (¢) , 0 (¢,0) = poly (¢,0) , 67 (¢, 0)
= poly (g,0) ,0'(()) (e,0) = poly (g,0), (217)
&9 () = poly (¢) 69 (2) = poly () , 2} = poly (=) ,
= poly (¢,0) ,8(e2) = poly (¢) ,Go(02) = poly (¢, 0)
where i = 1,2,3. For ¢ = 1, according the polynomial dependencies (31), (32), (34), (35) we
obtain the polynomial dependencies
61(5) = poly (5) y 01 (57 U) = poly (57 U) 7&(1) (57 U) = poly (57 J) 70(()1) (57 U) = poly (57 U) >
£V (2) = poly () .6 (&) = poly (&)
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Now using that ), = 5501), o, = 1) and (56), (57) we have that 3 (¢) = poly (¢),09 (¢,0) =
o(e)

= poly (g, o). Further, by (55), d(¢) = poly (¢), ¢ (¢,0) = poly (¢, o). Using the same argument as
for i = 1, according the polynomial dependencies (31), (32), (34), (35) we obtain the polynomial
dependencies

ea(€) = poly (¢) , 02 (¢,0) = poly (¢,0) ,5? (¢,0) = poly (¢,0) , &) (¢) = poly (&),

8 (¢) = poly () , 0 (e,0) = poly (¢, 0).

Taking into account that e3 = 5502),03 = 52, the polynomial dependencies (31), (32), (34),(35)
we obtain

es(e) = poly () , 03 (€,0) = poly (¢,0),6® (¢, 0) = poly (¢,0) , 0§ (¢, 0) = poly (¢, 0) ,
£ () = poly () .6 (e) = poly (&)

This finishes the proof of polynomial dependence. Thus, due to (217) in each loop when
Assumptions 2, 3 are applied, the dependencies K%, Ky, K%, K f have only logarithmic dependence
on the target accuracy € and confidence level o, i.e.

’C% (6,0‘) = 6(1)a Kn (5>U) = 6(1)7 ’C%} (e,o‘) = 6(1)a ICf (530) = 6(”3
O(loger!) = O(1), O(loge; ) = O(1), O(logez ) = O(1).

Step 2. Final estimates. We have already counted the number of oracles calls for each oracle
in each loops, see the last paragraph of the description of each loop. We start with the number of
basic oracle calls of f, which is called in each step of all the three loops. Thus, the total number
is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)
+ (# of steps in Loop 1)-(# of steps in Loop 2)-(# of calls in Loop 3)
1
2

_5 ( () )fom,cf )45 ( R (f;)%) . (5 ( +l<f;5) ) )
o8 (o 2)) (-3
(-2 e (V) () )

where we used that Ky (e,0) = O(1).
The basic oracle of h is called in each step of "Loop 1"and "Loop 2". Thus, the total
number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)

=0 (1 + (iz’j)%) T+ O (1 + <i[y1>é> (O (1 + <le> )Nh (Th, H1) K, (52702)>
=0 <<1+\/IE> (Th+ (1+\/E> Nh(ThaHl)>> ,
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where we used that Kj, (¢,0) = O(1).

The basic oracle of G(-,y) is called in each step of "Loop 1"and "Loop 2". Thus, the total
number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)
=0 (1 + <Hl>2> NE(16)KE (e,0) + O (1 + (Hl)z) : (5 (1 + (H2)2> Tg>
Hy Hy Ha
~ H, Hy
=0 1 — = 1 —
(i) G (2) )

where we used that K% (e,0) = O(1).

Finally, the basic oracle of G(z,-) is called in each step of "Loop 1"and "Loop 2". Thus,
the total number is

# of calls in Loopl + (# of steps in Loop 1)-(# of calls in Loop 2)

oo (8- of () (- (3 )
(e f5) o o)

where we used that K% (e2, 02) = O(1).
The final estimates are obtained by substituting the constants Hy, Hs, Hs given by

H,=2Lg,Hy=2| Lo+ QL%; <2|L +2L% =4Lg,H; = 2L
1= G, 112 = G Ly +H1 > G Hl - G, 113 = f-

Proof of Theorem 6

Condition 4 with (73) guarantee that Condition 1 holds. Further, assumption p, < Lg and
the choice H = 2L¢ guarantee that u, + H < 4Lg. This inequality, assumption that my(4Lq +
+ fty) < Ly, and the choice H = 2L¢ allow to apply Lemma 4 and conclude that Condition 2
holds with the number of oracle calls given by (75) and (76).

Assumptions 2Lg + p; < Ly and p, < L by Corollary 2 guarantee that Assumption 3
holds with the number of oracle calls given by (85) and (86). Applying Theorem 5 and combining
its complexity estimates, we obtain the final complexity bounds as follows.

DB )
(BG-GB VR ~(2)

where we used that, by the assumptions of this Theorem, 1 < Lg/py, 1 < Lg/ptz and 1 < Ly /Lg.
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Number of basic oracle calls of h:

{(5) b))
() () ()

_ Lg mpLaLy ~ mpLaLy
= O | max =0 - |>
,UJy ooy Ha oy
—O(\/mth/My

where we used that, by the assumptions of this Theorem, 1 < Lg/py, 1 < Lg/p, and

mp(4Lg + py) < Ly = /mpLg < /Ly,

Number of basic oracle calls of G(-,y):

(i) (o (i) -2 i)

where we used that, by the assumptions of this Theorem, 1 < Lg/p,, and 1 < Lg /.
Number of basic oracle calls of G(z,-):

(B ) )
of(fE) )0

where we used that, by the assumptions of this Theorem, 1 < Lg/py and 1 < Lg/fis.
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