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While modeling seismic wave propagation, it is important to take into account nontrivial topography, as
this topography causes multiple complex phenomena, such as diffraction at rough surfaces, complex propagation
of Rayleigh waves, and side effects caused by wave interference. The primary goal of this research is to construct
a method that implements the free surface on topography, utilizing an overset curved grid for characterization,
while keeping the main grid structured rectangular. For a combination of the regular and curve-linear grid, the
workability of the grid characteristics method using overset grids (also known as the Chimera grid approach)
is analyzed. One of the benefits of this approach is computational complexity reduction, caused by the fact
that simulation in a regular, homogeneous physical area using a sparse regular rectangle grid is simpler. The
simplification of the mesh building mechanism (one grid is regular, and the other can be automatically built
using surface data) is a side effect. Despite its simplicity, the method we propose allows us to increase the
digitalization of fractured regions and minimize the Courant number. This paper contains various comparisons of
modeling results produced by the proposed method-based solver, and results produced by the well-known solver
specfem2d, as well as previous modeling results for the same problems. The drawback of the method is that
an interpolation error can worsen an overall model accuracy and reduce the computational schema order. Some
countermeasures against it are described. For this paper, only two-dimensional models are analyzed. However,
the method we propose can be applied to the three-dimensional problems with minimal adaptation required.
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Introduction

The problem of simulation of seismic wave propagation is fundamental. Many realistic
seismology problems make us consider nontrivial topology, for instance, it is absolutely essential in
cases where we need to simulate the process of wave propagation in areas located not far (a few hundred
meters) from Earth’s surface, soil fluctuations or cracks in soil. All these features have a significant
impact on the propagation of seismic waves. The heterogeneity of the topography may cause such an
unexpected phenomenon as seismic wave diffraction and interference [Tarrass et al., 2011]. Due to the
evolution of computer science and hardware development nowadays we are able to use various numeric
methods to solve such type of problems.

Various approaches exist for the calculation of seismic wave propagation, its finite-element,
finite-difference, finite-volume, spectral and pseudo-spectral methods [Virieux et al., 2011; Zhang et al.,
2012b].

Finite-element methods suitable for seismic wave propagation include the spectral-element
method [Komatitsch, Tromp, 1999; Dortdivanlioglu et al., 2018] and the discontinuous Galerkin
method [Etienne et al., 2010]. These approaches are the most appropriate for modeling in the case
of nontrivial topography due to their ability to use discretized meshes, accurately describing curves
of surface [Gao et al., 2015; Tarrass et al., 2011], such a quality takes its price, high computational
complexity and complex unstructured grid generation. The latest research shows the ability of the finite
element approach to simulate even absolutely absorbing boundary conditions [Liu et al., 2014; Meng,
Fu, 2017].

Finite-difference is one of the leading methods for seismic modeling due to its simplicity and
accuracy in the presence of flat describing topology. It reaches an excellent resolution near the free-
surface boundary [Gottschammer, 2001; Kristek et al., 2002]. But the ordinary FD method is only
valid for the planar surface. A few methods exist to account for complex topology using FD, the first
one applies staggered grids [Zeng et al., 2012a; Cao, Chen, 2018] or partly staggered grids [Jianfeng,
1997; Cruz-Atienza, Virieux, 2004] with vacuum nodes, which leads to staircase-like topography of
solution. In simple vacuum formulation for the FD method, in which the physical parameters of the
grid nodes above the free surface(vacuum nodes) are set to zero, it is suitable only for second-order
spatial operators [Graves, 1996]. In [Cao, Chen, 2018] a parameter-modified method was presented
which allows eliminating diffraction caused by the staircase grid with only 15 points per minimum
wavelength.

Also, there are methods based on structured grids that match the topography, where those are
grids reduced to the form of rectangle grids by coordinate transformation, and the finite-difference
approach with free-surface boundary conditions applies, but this nonorthogonality in this approach
reduces the accuracy of the waveform simulation [Gao et al., 2015; Petersson, Sjögreen, 2015; Pérez
et al., 2016]. To eliminate this disadvantage, a summation-by-parts (SBP) finite-difference method
was used to simulate seismic wave propagation in the presence of fluctuating interfaces [Peng et al.,
2018], this method requires that no significant restrictions be imposed on the grid, and allows accuracy
degradation to be overcome.

Some publications describe interesting methods that represent FE-FD approaches, trying to take
advantage of FD as a volumetric method and keep FE as a boundary method to achieve its accuracy
near free-surface [Ma, 2004].

After our comparison of SEM and DGM approaches for seismic wave propagation problems
based on [Peter et al., 2011; Biryukov et al., 2016], we may draw a conclusion on their comparable
accuracy with comparable runtime per one degree of freedom. A comparison of FD, FE, SE, and DG
methods for the same problem statement is well studied in [Jianfeng, 1997]. Moreover, similar research
of such methods as DGM, GCM on unstructured meshes and shock-capturing GCM on structured
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meshes are described in [Biryukov et al., 2016]. In [Petrov et al., 2017], GCM have been applied on
embedded hierarchical grids to investigate the destruction in complex heterogeneous structures caused
by seismic waves propagating from an earthquake hypocenter. We want to represent the meaning of
a similar approach. In [Favorskaya et al., 2018; Stognii, Khokhlov, 2019], the application of the GCM
technique was shown and the recent developments in the GCM technique for solving the elastic wave
equation were presented, in particular, nonuniform grids with different cell sizes in different areas and
nonuniform nodes were used.

In this paper, we investigate the workability of the GCM approach using overset grids (also
known as the Chimera grid approach) in a combination of regular rectangular and curvilinear grids.
The same study with rectangular rotated grids was presented in “Modeling of Fractures Using the
Chimera Grid Approach” [Ruzhanskaya, Khokhlov, 2018]. Figures 1, 2 and 3 illustrate the most
commonly used grid types along with the proposed grid layout for the same topology. We will show
the allocation of cracks and surface by overlaying a curved grid to characterize fractures. Furthermore,
such a mechanism allows us to retrench computational complexity by simulating wave propagation
in a regular, homogeneous physical area using a sparse regular rectangle grid, so we can increase the
digitalization of fractured regions and minimize the Courant number. As a bonus, a mechanism of the
mesh building is simplified.

Figure 1. Cartesian cut cell. Cells
near-surface are beveled by the red
line

Figure 2. Example of a staircase
grid. The grid border tries to repeat
the shape of the surface (blue line)

Figure 3. Example of an overset grid.
The red lines represent an overset
curved grid on the base structured grid
(black lines)

Wave equations

The basic equations of motion of the linear-elastic medium can be written as follows [Aki,
Richards, 2002; LeVeque, 2002; Zhdanov, 2002; Zhdanov, 2015]:

ρυt = (∇ ·T)T, (1)

T = λ (∇·υ) I+ μ
(
∇⊗ υ + (∇⊗ υ)T

)
, (2)

where ρ is density, υ is velocity, T is the stress tensor, λ and Bμ are Lame’s parameters characterizing
the elastic properties of the medium, I is the identity tensor of rank, and ∇⊗ υ is a tensor product of
two vectors (∇⊗ υ)i,j = ∇iυj .

The system of equations describing the acoustic wave propagation can be written as follows
[Landau, Lifshitz, 1959]:

ρυt = −∇p, (3)

pt = −c2ρ (∇ · υ), (4)

2019, Vol. 11, No. 6, P. 1049–1059



1052 N. I. Khokhlov, V. O. Stetsyuk, I. A. Mitskovets

where ρ is an acoustic pressure field in the medium, υ is the velocity of acoustic wave propagation,
and c is the speed of sound in the acoustic medium. Note that equations (3) and (4) hold for acoustic
wave propagation within an incompressible fluid as well.

The grid-characteristic method for numerical modeling of elastic waves
in an inhomogeneous medium

The grid-characteristic method uses the characteristic properties of the systems of hyperbolic
equations describing the elastic wave propagation [Petrov et al., 2013; Golubev et al., 2013]. The
mathematical principles of the GCM approach are based on representing the equations of motion of
the linear-elastic medium in the following form:

qt +A1qx +A2qy = 0. (5)

In the last equation, q is a vector of unknown fields, having 5 components and equal to

q =

[
υ
T

]
=

[
v1 v2 T11 T22 T12

]T
. (6)

Matrices Ak, k = 1, 2, are the square 5С. . . 5 matrices. The product of matrix Ak and vector q
can be calculated as follows:

Ak

[
υ
T

]
= −

[
ρ−1 (T · n)

λ (υ · n) I+ μ (n⊗ υ + υ ⊗ n)

]
. (7)

In the last equation n is a unit vector directed along the x, y directions for matrices A1, A2,
respectively. As we discussed above, the GCM approach is based on representing the solutions of
the acoustic and/or elastic wave equations at a later time as a linear combination of the solution
displaced at a certain spatial step at some previous instant of time. This representation can be used to
construct a direct time-stepping iterative algorithm of computing the wave fields at any instant of time
from the initial and boundary conditions. In order to develop this time-stepping formula, we represent
matrices Ak using their spectral decomposition. For example, for matrix A1 we have

A1 = (Ω1)
−1Λ1Ω1, (8)

where Λ1 is a 5 × 5 diagonal matrix formed by the eigenvalues of matrix A1; and Ω−1
1 is a 5 × 5

matrix formed by the corresponding eigenvectors. Note that matrices A1 and A2 have the same set of
eigenvalues:

{cp,−cp,−cs, cs, 0, 0, }. (9)

In the last formula, Cp is a P -wave velocity equal to
(
ρ−1 (λ+ 2μ)

)0.5
(10)

and Cs is an S-wave velocity equal to (
ρ−1μ

)0.5
. (11)

It is shown in [Favorskaya et al., 2018; Khokhlov, Golubev, 2019] that the solution of
equation (5), vector q, at the x, y and z directions can be written as follows:

q (t+ τ, x, y) =

J∑
j=1

X1,jq (t, x− Λ1,jτ, y), (12)

q (t+ τ, x, y) =
J∑

j=1

X2,jq (t, x, y − Λ2,jτ). (13)
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Here τ is the time step of the solution, X1,j and X2,j are the characteristic matrices expressed
using the components of matrices A1, A2 and their eigenvalues as follows:

Xi,j = �∗i,j�i,j, i = 1, 2, (14)

where �∗i,j is the jth column of matrix (Ωi)
−1, and �i,j is the jth row of matrix Ωi. The scalar

components of the column matrices �∗i,j are defined by the following expressions:

ω1,2 =

(
Ω1

[
υ
T

])
1,2

= n·υ∓(cpρ)
−1 (N00∗T), (15)

ω3,4 = n1·υ∓(csρ)
−1 (N01∗T), (16)

ω5,6 = n2·υ∓(csρ)
−1 (N02∗T), (17)

ω7 = N12∗T, (18)

ω8 = (N11−N22) ∗T, (19)

ω9 =

(
N11+N22− 2λ

λ+2μ
N00

)
∗T. (20)

In equations (15)–(20) the asterisk “*” denotes the convolution of two tensors of rank 2.
Expressions (14)–(15) can be used to find the solution, vector q, at any time instant, t + τ , from
the given initial conditions, thus representing a direct time-stepping algorithm of numerically modeling
the elastic wave propagation in inhomogeneous media.

In order to accurately take into account the conditions on the boundary of the modeling domain
and on the interfaces inside the modeling domain between the elastic bodies with different properties,
we use boundary conditions on the given traction and on a given velocity. Boundary and interface
conditions are addressed extensively in [Favorskaya et al., 2018].

The grid-characteristic method for numerically modeling elastic waves
in an acoustic medium

We use the grid-characteristic method for numerically modeling the waves in an acoustic medium
as well. In the case of acoustic waves, the vector q of unknown fields has three components, and it is
equal to the following expression:

q =

[
υ
p

]
=

[
v1 v2 p

]T
. (21)

In the acoustic case, matrices Ak, k = 1, 2 become square 3 × 3 matrices. The product of
matrix Ak and vector q can be calculated as follows:

Ak

[
υ
p

]
=

[
ρ−1pn

c2ρ (n · υ)
]
. (22)

In the last equation, n is a unit vector directed along the x, y directions for matrices A1, A2,
respectively. Note that matrices A1, A2 have the same set of the eigenvalues:

{c,−c, 0, 0} . (23)
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Overset grids

The main idea of this paper is to use the overset mesh approach. Its basis is to cover the wave
propagation simulation area by multiple overset grids [Ruzhanskaya, Khokhlov, 2018], allowing more
precise results to be achieved when solving problems which require grids to be codirectional with some
problem geometry axes and when more rough methods fail to provide acceptable results. Despite the
fact that reducing spatial and temporal steps can increase the accuracy of calculations, in the case of
a problem statement involving multiple objects, each with its own direction, quadrilateral grids may
be unable to fulfill the accuracy requirements. The proposed approach is not innovative, and several
works analyzing its workability in combination with different methods exist.

Figure 4 represents a half-space, filled with soil, where elastic wave propagates, with a semi-
circle cut, filled with air, representing a canyon. Figure 5 shows one of the grid layout options.

Figure 4. Illustration of the statement of the Canyon problem. The red square indicates the position of the wave
source, the green squares indicate the positions of the receiver

Figure 5. Layout scheme of the Canyon problem grid. The blue lines represent a regular rectangular grid, the
black lines represent a curvilinear grid following the canyon surface. The boundaries with free surface boundary
conditions are illustrated by red lines, the ones with absolute absorbing boundary conditions are illustrated by
green lines

Grid interpolation only happens at the boundary of the black (curvilinear) grid, all blue grid
nodes located in the area covered by the black grid have their values overwritten, based on the values
of the black grid node, so that wave propagation in this area is completely simulated using the black
grid, and the results of this simulation are copied to the blue grid taking into account their influence on
the other part of the area, and force the probably incorrect values in the blue grid, simulated without
free surface condition on the canyon boundary, to be erased.

In problem statements and models that require multiple grids, the process of simulation is
independent for each grid, and thus can be processed in parallel. The implementation of GCM with
parallel grid processing was described in [Ivanov, Khokhlov, 2019].
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The term interpolation is used in this abstract to describe the process of ascertainment of values
of the function in the nodes of one of the grids using its values in the nodes of the other grid. In the
case of overset grids, interpolation is used to provide correctness of modeling interactions described
by different grids, and taking their contributions to the final result into account. If the area described
by one of our grids is part of an area described by the other grid (this is the case in our study),
interpolation allows specifying the solution in the area, described by the smaller (and more precise)
grid. In this case, it makes sense to overwrite the values in the larger grid nodes and replace them
with those received from the interpolation process, as they are more precise. As for interpolating from
the larger grid to the smaller one, it is sufficient to overwrite only the values in the nodes near the
boundary of the smaller grid, because it both allows us to keep the values of the smaller grid’s node
correct (and take the interaction into account), and avoid the unnecessary process of re-interpolating
them from the larger grid nodes, which were previously interpolated from them (and this process can
probably introduce some additional error).

It should be noted that the process of interpolation introduces an error due to possible differences
between the values of the real function, and those built by values in nodes during the interpolation.

In this paper, bilinear interpolation is used. This type of interpolation is one of the simplest and
the fastest. In each cell of the grid, the interpolated function is approximated by the following:

f(x, y) = A+Bx+ Cy +Dxy

with coefficients A, B, C and D calculated using the node coordinates and function values. Usually,
bilinear interpolation is used when the nodes in which the function values are known are located in
some rectangle corners, but in this article it was generalized for the case of a nondegenerate convex
quadrilateral. Future plans involve analyzing the expediency of using other interpolation methods
including, but not limited to, bicubic interpolation and spline interpolation. Analyzing the expediency
of conservative interpolation usage is planned as well.

Results

Method validation was performed by comparison with [Favorskaya et al., 2018] in the case of
two-dimensional Lamb’s problem solving. As you can see in Fig. 6 and Fig. 7, all three seismograms
have deviations of the same order; as a result, we have decided that our method is satisfactory.

To demonstrate the capabilities of our method, we calculate the propagation of the seismic wave
in the solid for the Canyon problem (Fig. 8). Base (regular rectal) grid dimensions equal 900 and
450 cells (width and height, respectively). Curved grid dimensions equal 100 and 10 cells (width and
height respectively). The time step is 0.001 seconds. The physical solid characteristics are ρ = 1000,
Vp = 2000, Vs = 1000. To validate the result of our approach in the case of nontrivial topography, we
compare it with “specfem2d” solution. We used the 4th-order 6-stage low storage Runge-Kutta scheme,
a nonregular rectangle grid with the same grid dimensions and time step [Wang, Cai, 2016].

Taking into account the topography of the Earth’s surface can improve the accuracy of seismic
modeling when using real geological data. The presence of topography will cause more complicated
seismic wave propagation phenomena, such as diffraction at rough surfaces, complex propagation of
Rayleigh waves, and side effects caused by wave interferences. The primary goal of this study is
to construct a method that implements the free surface on topography, utilizing an overlay curved
grid for characterization. We investigate the workability of the GCM approach using overset grids
(also known as the Chimera grid approach) in a combination of regular rectangular and curvilinear
grids. Furthermore, this mechanism allows computational complexity to be reduced by simulating
wave propagation in the regular, homogeneous physical area using a sparse regular rectangle grid, in
order to increase the digitalization of fractured regions and minimize the Courant number. Moreover,
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Figure 6. Pairwise comparison of various solutions

Figure 7. Problem statement with the applied
overset grid. The light blue region represents
a structured regular grid and dark blue is the overset
curved grid. The source and receiver positions are
indicated by green and yellow squares, respectively

Figure 8. Illustration of the statement of the Canyon problem. The red square indicates the position of the wave
source, the green squares indicate receiver positions

the mechanism of mesh building is simplified. Method validation was performed by comparison with
“specfem2d” software packages in solving the two-dimensional Lamb problem. We used the 4th-order
6-stage low storage Runge – Kutta scheme, a nonregular rectangle grid with the same grid dimensions
and time step. To demonstrate the capabilities of our method, we calculate the propagation of the
seismic wave in the solid under wavy free-surface. To validate the results of our approach in the case
of nontrivial topography, we compare it with “specfem2d” solution in the “canyon” problem.
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Figure 9. Canyon problem statement illustration. The red square indicates wave source position, green squares
indicate receiver positions

We have presented a novel approach for modeling of surface topography. This approach
significantly reduces the computation time due to more simple processing of computational grids.
In this study all models were assumed to be 2D. However, extension of the approach to a 3D case is
straightforward. This will be a topic of further research.
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