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�àññìàòðèâàåòñÿ äèñêðåòíûé îïåðàòîð Øð¼äèíãåðà íà ãðà�å ñ âåðøèíàìè íà äâóõ ïåðåñåêàþùèõñÿ

ïðÿìûõ, âîçìóùåííûé óáûâàþùèì ïîòåíöèàëîì. Èññëåäóþòñÿ ñïåêòðàëüíûå ñâîéñòâà ýòîãî îïåðàòî-

ðà. Èññëåäóåòñÿ çàäà÷à ðàññåÿíèÿ äëÿ äàííîãî îïåðàòîðà â ñëó÷àå ìàëîãî ïîòåíöèàëà, à òàêæå â ñëó÷àå,

êîãäà ìàëû êàê ïîòåíöèàë, òàê è ñêîðîñòü êâàíòîâîé ÷àñòèöû. Ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû

äëÿ âåðîÿòíîñòåé ðàñïðîñòðàíåíèÿ ÷àñòèöû âî âñåõ âîçìîæíûõ íàïðàâëåíèÿõ. Êðîìå òîãî, èññëåäó-

þòñÿ ñïåêòðàëüíûå ñâîéñòâà äèñêðåòíîãî îïåðàòîðà Øð¼äèíãåðà äëÿ áåñêîíå÷íîé ïîëîñû ñ íóëåâûìè

ãðàíè÷íûìè óñëîâèÿìè. Îïèñàíà êàðòèíà ðàññåÿíèÿ. Ïîëó÷åíû ïðîñòûå �îðìóëû äëÿ âåðîÿòíîñòåé

ïðîõîæäåíèÿ è îòðàæåíèÿ âáëèçè ãðàíè÷íûõ òî÷åê ïîäçîí (ýòî îòâå÷àåò ìàëûì ñêîðîñòÿì êâàíòîâîé

÷àñòèöû) â ñëó÷àå ìàëûõ ïîòåíöèàëîâ. �àññìàòðèâàåòñÿ îäíî÷àñòè÷íûé äèñêðåòíûé îïåðàòîð Øð¼-

äèíãåðà ñ ïåðèîäè÷åñêèì ïîòåíöèàëîì, âîçìóùåííûì �óíêöèåé, ïåðèîäè÷åñêîé ïî äâóì ïåðåìåííûì

è ýêñïîíåíöèàëüíî óáûâàþùåé ïî òðåòüåé. Èññëåäóåòñÿ çàäà÷à ðàññåÿíèÿ äëÿ äàííîãî îïåðàòîðà âáëèçè

òî÷êè ýêñòðåìóìà ïî òðåòüåé êîîðäèíàòå êâàçèèìïóëüñà íåêîòîðîãî ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà

Øð¼äèíãåðà ñ ïåðèîäè÷åñêèì ïîòåíöèàëîì â ÿ÷åéêå, òî åñòü äëÿ ìàëîé ïåðïåíäèêóëÿðíîé ñîñòàâëÿþ-

ùåé óãëà ïàäåíèÿ ÷àñòèöû íà ïîòåíöèàëüíûé áàðüåð. Ïîëó÷åíû ïðîñòûå �îðìóëû äëÿ âåðîÿòíîñòåé

ïðîõîæäåíèÿ è îòðàæåíèÿ.

Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû ñ ïîñëåäåéñòâèåì, ïðèâîäèìîñòü, ïîêàçàòåëè Ëÿïóíîâà, ëÿïóíîâ-

ñêèå èíâàðèàíòû.

DOI: 10.20537/vmXXXXXX

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ ðåøåíèé äè��åðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (f tσ, x), σ ∈ Σ, x ∈ R
n, (0.1)

ãäå F (σ, x) ïðåäñòàâëÿåò ñîáîé êîìïàêòíîå ìíîæåñòâî â R
n
, à Σ � êîìïàêòíîå ìåòðè÷åñêîå

ïðîñòðàíñòâî, ìèíèìàëüíîå îòíîñèòåëüíî ïîòîêà f t
. Â ðàáîòàõ [1, 3�6, 9�12℄ ðàññìàòðèâàëèñü

ñèñòåìû . . .

Ñëåäóåò îòìåòèòü, ÷òî ïîêà îòñóòñòâóåò ¾ïðèíöèï ïëîòíîñòè¿ äëÿ ðåêóððåíòíûõ ðåøåíèé.

�àññìàòðèâàåìàÿ çäåñü ñèñòåìà óðàâíåíèé ñ ïîñëåäåéñòâèåì ïîðîæäàåò ïîëóïîòîê íà íåêî-

òîðîì áàíàõîâîì ïðîñòðàíñòâå �óíêöèé. Ýòî îáñòîÿòåëüñòâî âïåðâûå îòìåòèë Í.Í. Êðàñîâ-

ñêèé [1, ãëàâà 3℄.

� 1. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Ïóñòü R
n
� ñòàíäàðòíîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n, è ïóñòü |x| =

√
x∗x �

íîðìà â R
n
.............

�àññìîòðèì ñèñòåìó óðàâíåíèé ñ ïîñëåäåéñòâèåì, òî åñòü ñèñòåìó

ẋ(t) =

∫
0

−r

dA(t, s)x(t+ s), t ∈ R = (−∞,∞). (1.1)

Â äàëüíåéøåì ñèñòåìó (1.1) áóäåì îòîæäåñòâëÿòü ...............

ẏ(t) =

∫
0

−r

dB(t, s)y(t+ s), t ∈ R = (−∞,∞). (1.2)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå êîíêóðñíîãî öåíòðà Ìèíîáðàçîâàíèÿ �îññèè (ãðàíòû E06�

1.0�5, E07�1.0�100) è �ÔÔÈ (ãðàíò 06�01�00014).
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PSfrag repla
ements

x

u(·)u(·)

xt(·, t0, u) xt(·, t0, u)

−r 0 t0 − r t0 t− r
t

t

�èñ. 1. Äâèæåíèå, ïîðîæäåííîå ðåøåíèåì ñèñòåìû (1.1)

Çàìå÷àíèå 1. Í.Í. Êðàñîâñêèé ïðåäëàãàåò [1, ñ. 131℄ õàðàêòåðèçîâàòü àñèìïòîòè÷åñêîå ïî-

âåäåíèå ñèñòåìû ẏ(t) =

∫
0

−r

y(t+ s) dB(t, s) ....

� 2. Èíâàðèàíòíûå è âïîëíå ðåãóëÿðíûå ìíîæåñòâà

Îïðåäåëåíèå 1 (ñì. [9℄, [10, ñ. 110℄ ). Ïîäìíîæåñòâî X0 áóäåì íàçûâàòü ðåãóëÿðíûì îò-

íîñèòåëüíî ñèñòåìû (1.2), ââåäåííîé â � 1 .....

Ëåììà 1 (ñì. [15, ñ. 123℄). Ïóñòü X0 � �èêñèðîâàííîå êîíå÷íîìåðíîå ëèíåéíîå ïîäïðîñ-

òðàíñòâî .............

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî ......... �

� 3. Òåîðåìà î λ-ïðèâîäèìîñòè

Ìû ïðåäïîëàãàåì (ñì. ðèñ. 1), ÷òî ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ ïîêàçàòåëåé Ëÿïóíîâà

ñèñòåìû A íå áîëåå ÷åì ñ÷åòíî è èõ ìîæíî óïîðÿäî÷èòü â ïîðÿäêå óáûâàíèÿ. �àñïîëîæèì

�óíêöèè u1, . . . , up, îáðàçóþùèå áàçèñ 2 â ïîðÿäêå âîçðàñòàíèÿ ..........

Òåîðåìà 1 (î òðèàíãóëÿöèè). Åñëè S
p
âïîëíå ðåãóëÿðíî, òî:

à) íàéäóòñÿ ñèñòåìà B (ñ îãðàíè÷åííîé íà R+ ìàòðèöåé B(t)) è ëÿïóíîâñêîå ïðåîáðàçî-

âàíèå, ïðèâîäÿùåå (A,Sp) ê B;

á) â ìíîæåñòâå {B} âñåõ ñèñòåì, êèíåìàòè÷åñêè ïîäîáíûõ (A,Sp), íàéäåòñÿ ñèñòåìà ñ

íåïðåðûâíîé è îãðàíè÷åííîé âåðõíåé òðåóãîëüíîé ìàòðèöåé B(t).

� 4. Äîêàçàòåëüñòâî òåîðåìû 1

1. Åùå ðàç ïîÿñíèì ñìûñë íåêîòîðûõ îáîçíà÷åíèé. Çà�èêñèðóåì â ïîäïðîñòðàíñòâå .............

2. Âûáåðåì ïîêà ïðîèçâîëüíóþ íåïðåðûâíóþ �óíêöèþ ........

3. Ïîñòðîèì òåïåðü �óíêöèþ t → B̃(t) òàê, ........
Äàëåå, èç ðàâåíñòâà Ŷ (t, 0) = V (t) ñëåäóåò íåðàâåíñòâî

Ŷ (t, 0)| 6 α|V (t)Z(t)| = . . . = α|Z(t)| 6 α
√
r ‖Ut‖Rp

→S, (4.1)

÷òî è òðåáîâàëîñü äîêàçàòü. �

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ ïðåäïîëîæåíèÿ 1. Òîãäà ...

2

Ïðè êàæäîì t çàïèñü L̇(t) îçíà÷àåò ....
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We 
onsider the dis
rete S
hrödinger operator on a perturbed by the de
reasing potential graph with verti
es

at the two interse
ting lines. We investigate spe
tral properties of this operator and the s
attering problem

for the above operator in the 
ase of a small potential and also in the 
ase when both a potential and velo
ity

of a quantum parti
le are small. Asymptoti
 formulas for the probabilities of the parti
le propagation in all

possible dire
tions are obtained. In addition, we investigate the spe
tral properties of the dis
rete S
hrödinger

operator for the in�nite band with zero boundary 
onditions. The s
attering pattern is des
ribed. Simple

formulas for transmission and re�e
tion 
oe�
ients near boundary points of the subbands (this 
orresponds

to small velo
ities of quantum parti
les) for small potentials are obtained. We 
onsider a one-parti
le dis
rete

S
hrödinger operator with a periodi
 potential perturbed by a fun
tion whi
h is periodi
 in two variables

and exponentially de
reases in third variable. In the paper, we also investigate the s
attering problem for

this operator near the extreme point of the eigenvalue of the periodi
 S
hrödinger operator in the 
ell with
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respe
t to the third 
omponent of the quasimomentum, i.e., for the small perpendi
ular 
omponent of the

angle of in
iden
e of a parti
le on the potential barrier. Simple formulas of the propagation and re�e
tion

probabilities are obtained.

REFERENCES

1. Krasovskii N.N. Nekotorye zada
hi teorii ustoi
hivosti dvizheniya (Some problems of the theory of

stability of motion), Mos
ow: Fizmatgiz, 1959, 550 p.

2. Kalman R., Falb P., Arbib M. Topi
s in mathemati
al system theory, New York: M
Graw-Hill, 1969,

358 p. Translated under the title O
herki po matemati
heskoi teorii sistem, Mos
ow: Editorial URSS,

2004, 400 p.

3. Bylov B.F., Vinograd R.E., Grobman D.M., Nemytskii V.V. Teoriya pokazatelei Lyapunova i ee prilozhe-

niya k voprosam ustoi
hivosti (Theory of Lyapunov exponents and its appli
ation to problem of stability),

Mos
ow: Nauka, 1966, 576 p.

4. Daletsky Y., Krein M.G. Stability of solutions of di�erential equations in Bana
h spa
es, Ann. Math. So
.

Transl., vol. 43, Providen
e, R.I.: Ameri
an Mathemati
al So
iety, 1974, 386 p. Original Russian text

published in Daletskii Yu.L., Krein M.G. Ustoi
hivost' reshenii di�erentsial'nykh uravnenii v banakhovom

prostranstve, Mos
ow: Nauka, 1970, 536 p.

5. Fikhtengol'ts G.M.Kurs di�erentsial'nogo i integral'nogo is
hisleniya (A 
ourse of di�erential and integral


al
ulus), vol. 1, Mos
ow: Nauka, 1966, 608 p.

6. Demidovi
h B.P. Sbornik zada
h i uprazhnenii po matemati
heskomu analizu (A 
olle
tion of problems

and exer
ises in mathemati
al analysis), Mos
ow: Nauka, 1990, 624 p.

7. Filippova T.F. Problems of viability for di�erential in
lusions, Dr. S
i. (Phys.�Math.) Dissertation,

Yekaterinburg, 1992, 266 p. (In Russian).

8. Popova S.N. Control over asymptoti
 invariants of linear systems, Abstra
t of Dr. S
i. (Phys.�Math.)

Dissertation, Yekaterinburg, 2004, 34 p. (In Russian).

9. Stokes A. A Floquet theory for fun
tional di�erential equations, Pro
. Natl. A
ad. S
i. USA, 1962, vol.

48, no. 8, pp. 1330�1334.

10. Shimanov S.N. To the theory of the linear di�erential equations with aftere�e
t, Di�er. Uravn., 1965,

vol. 1, no. 1, pp. 102�116 (in Russian).

11. Chernov A.V. A majorant 
riterion for the total preservation of global solvability of 
ontrolled fun
tional

operator equation, Russian Mathemati
s, 2011, vol. 55, issue 3, pp. 85�95.

DOI: 10.3103/S1066369X11030108

12. Danilov L.I. On almost periodi
 sele
tions of multivalued maps, Vestn. Udmurt. Univ. Mat. Mekh.

Komp'yut. Nauki, 2008, issue 2, pp. 34�41 (in Russian). DOI: 10.20537/vm080213.

13. Derr V.Ya. On a generalization of Riemann�Stieltjes integral, Izv. Inst. Mat. Inform. Udmurt. Gos. Univ.,

1997, issue 3 (11), pp. 3�29 (in Russian).

14. Danilov L.I. On Weyl almost periodi
 sele
tions of multivalued maps, UdSU, Izhevsk, 2004, 104 p.

Deposited in VINITI 09.06.2004, no. 981-B2004 (in Russian).

15. Rodina L.I., Tonkov E.L. The almost invariant sets of 
ontrolled systems, Di�erential Equation and

Topology: Abstra
ts of Int. Conf. Dedi
ated to the Centennial Anniversary of Lev Semenovi
h Pontryagin,

Lomonosov Mos
ow State University, Mos
ow, 2008, pp. 392�393 (in Russian).

16. Borisov A.V., Mamaev I.S., Bolsinov A.V. Topology and stability of dynami
 systems, Regulyarnaya i

khaoti
heskaya dinamika: tez. dokl. Vserossiiskoi konferentsii (Regular and 
haoti
 dynami
s: abstra
ts

of All-Russian 
onferen
e), Udmurt State University, Izhevsk, 2010, p. 11 (in Russian).

17. Zaitsev V.A. Attainability and Lyapunov redu
ibility of linear 
ontrol systems, Optimizatsiya, upravlenie,

intellekt: sbornik statei (Optimization, 
ontrol, intelligen
e: Transa
tions), Institute for System Dynami
s

and Control Theory, Siberian Bran
h of the Russian A
ademy of S
ien
es, Irkutsk, 2005, no. 2 (10), pp.

76�84 (in Russian).

18. Bell M.G. Compa
t 


 non-separable spa
es of small weight, Topology Pro
eedings, 1980, vol. 5, pp.

11�25. URL: http://topo.math.auburn.edu/tp/reprints/v05/tp05002s.pdf

19. Bannikov A.S., Petrov N.N. On non-stationary problem of group pursuit with phase restri
tions, Tr.

Inst. Mat. Mekh. Ural. Otd. Ross. Akad. Nauk, 2010, vol. 16, no. 1, pp. 40�51 (in Russian).

20. Panasenko E.A., Tonkov E.L. Extension of E.A. Barbashin's and N.N. Krasovskii's stability theorems to


ontrolled dynami
al systems, Pro
eedings of the Steklov Institute of Mathemati
s, 2010, vol. 268, suppl.

1, pp. 204�221. DOI: 10.1134/S0081543810050159

21. B�uttiker M., Imry Y., Landauer R., Pinhas S. Generalizet many-
hannel 
ondu
tan
e formula with

appli
ation to small rings, Physi
al Review B, 1985, vol. 31, issue 10, pp. 6207�6215.

DOI: 10.1103/PhysRevB.31.6207



128 Ï.Ñ. Èâàíîâ, Þ.Â. Ïåòðîâ

ÌÀÒÅÌÀÒÈÊÀ 2017. Ò. 27. Âûï. 1

22. Miroshni
henko A.E., Kivshar Y.S. Engineering Fano resonan
es in dis
rete arrays, Physi
al Review E,

2005, vol. 72, issue 5, 056611, 7 p. DOI: 10.1103/PhysRevE.72.056611

23. Ptitsyna N., Shipman S.P. A latti
e model for resonan
e in open periodi
 wavequides, 2010, arXiv:

1101.0170v1 [math-ph℄. URL: http://arxiv.org/pdf/1101.0170.pdf

24. Reed M., Simon B. Metody sovremennoi matemati
heskoi �ziki. I. Funktsionalnyi analiz (Methods of

modern mathemati
al physi
s, Vol. I: Fun
tional analysis), Mos
ow: Mir, 1977, 360 p.

25. Berezin F.A., S
hubin M.A. Uravnenie Shredingera (S
hr�odinger equation), Mos
ow: Mos
ow State

University, 1983, 392 p.

26. Alexandrov D.V., Galenko P.K. Dendrite growth under for
ed 
onve
tion: analysis methods and experimen-

tal tests, Physi
s-Uspekhi, vol. 57, issue 8, pp. 771�786. DOI: 10.3367/UFNe.0184.201408b.0833

Re
eived 01.02.2017

Ivanov Petr Sidorovi
h, Do
tor of Physi
s and Mathemati
s, Professor, Department of Di�erential Equations,

Udmurt State University, ul. Universitetskaya, 1, Izhevsk, 426034, Russia.

E-mail: psi�usu.mat.
om

Petrov Yurii Vladimirovi
h, Candidate of Physi
s and Mathemati
s, Senior Resear
her, Department of Dy-

nami
al Systems, Institute of Mathemati
s and Me
hani
s, Ural Bran
h of the Russian A
ademy of S
ien
es,

ul. S. Kovalevskoi, 16, Yekaterinburg, 620219, Russia.

E-mail: petrov�list.ru


