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�àññìàòðèâàåòñÿ äèñêðåòíûé îïåðàòîð Øð¼äèíãåðà íà ãðà�å ñ âåðøèíàìè íà äâóõ ïåðåñåêàþùèõñÿ

ïðÿìûõ, âîçìóùåííûé óáûâàþùèì ïîòåíöèàëîì. Èññëåäóþòñÿ ñïåêòðàëüíûå ñâîéñòâà ýòîãî îïåðàòî-

ðà. Èññëåäóåòñÿ çàäà÷à ðàññåÿíèÿ äëÿ äàííîãî îïåðàòîðà â ñëó÷àå ìàëîãî ïîòåíöèàëà, à òàêæå â ñëó÷àå,

êîãäà ìàëû êàê ïîòåíöèàë, òàê è ñêîðîñòü êâàíòîâîé ÷àñòèöû. Ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû

äëÿ âåðîÿòíîñòåé ðàñïðîñòðàíåíèÿ ÷àñòèöû âî âñåõ âîçìîæíûõ íàïðàâëåíèÿõ. Êðîìå òîãî, èññëåäó-

þòñÿ ñïåêòðàëüíûå ñâîéñòâà äèñêðåòíîãî îïåðàòîðà Øð¼äèíãåðà äëÿ áåñêîíå÷íîé ïîëîñû ñ íóëåâûìè

ãðàíè÷íûìè óñëîâèÿìè. Îïèñàíà êàðòèíà ðàññåÿíèÿ. Ïîëó÷åíû ïðîñòûå �îðìóëû äëÿ âåðîÿòíîñòåé

ïðîõîæäåíèÿ è îòðàæåíèÿ âáëèçè ãðàíè÷íûõ òî÷åê ïîäçîí (ýòî îòâå÷àåò ìàëûì ñêîðîñòÿì êâàíòîâîé

÷àñòèöû) â ñëó÷àå ìàëûõ ïîòåíöèàëîâ. �àññìàòðèâàåòñÿ îäíî÷àñòè÷íûé äèñêðåòíûé îïåðàòîð Øð¼-

äèíãåðà ñ ïåðèîäè÷åñêèì ïîòåíöèàëîì, âîçìóùåííûì �óíêöèåé, ïåðèîäè÷åñêîé ïî äâóì ïåðåìåííûì

è ýêñïîíåíöèàëüíî óáûâàþùåé ïî òðåòüåé. Èññëåäóåòñÿ çàäà÷à ðàññåÿíèÿ äëÿ äàííîãî îïåðàòîðà âáëèçè

òî÷êè ýêñòðåìóìà ïî òðåòüåé êîîðäèíàòå êâàçèèìïóëüñà íåêîòîðîãî ñîáñòâåííîãî çíà÷åíèÿ îïåðàòîðà

Øð¼äèíãåðà ñ ïåðèîäè÷åñêèì ïîòåíöèàëîì â ÿ÷åéêå, òî åñòü äëÿ ìàëîé ïåðïåíäèêóëÿðíîé ñîñòàâëÿþ-

ùåé óãëà ïàäåíèÿ ÷àñòèöû íà ïîòåíöèàëüíûé áàðüåð. Ïîëó÷åíû ïðîñòûå �îðìóëû äëÿ âåðîÿòíîñòåé

ïðîõîæäåíèÿ è îòðàæåíèÿ.

Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû ñ ïîñëåäåéñòâèåì, ïðèâîäèìîñòü, ïîêàçàòåëè Ëÿïóíîâà, ëÿïóíîâ-

ñêèå èíâàðèàíòû.

Ââåäåíèå

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñâîéñòâ ðåøåíèé äè��åðåíöèàëüíîãî âêëþ÷åíèÿ

ẋ ∈ F (f tσ, x), σ ∈ Σ, x ∈ R
n, (0.1)

ãäå F (σ, x) ïðåäñòàâëÿåò ñîáîé êîìïàêòíîå ìíîæåñòâî â R
n
, à Σ � êîìïàêòíîå ìåòðè÷åñêîå

ïðîñòðàíñòâî, ìèíèìàëüíîå îòíîñèòåëüíî ïîòîêà f t
. Â ðàáîòàõ [1, 3�6, 9�12℄ ðàññìàòðèâàëèñü

ñèñòåìû . . .

Ñëåäóåò îòìåòèòü, ÷òî ïîêà îòñóòñòâóåò ¾ïðèíöèï ïëîòíîñòè¿ äëÿ ðåêóððåíòíûõ ðåøåíèé.

�àññìàòðèâàåìàÿ çäåñü ñèñòåìà óðàâíåíèé ñ ïîñëåäåéñòâèåì ïîðîæäàåò ïîëóïîòîê íà íåêî-

òîðîì áàíàõîâîì ïðîñòðàíñòâå �óíêöèé. Ýòî îáñòîÿòåëüñòâî âïåðâûå îòìåòèë Í.Í. Êðàñîâ-

ñêèé [1, ãëàâà 3℄.

� 1. Îñíîâíûå îáîçíà÷åíèÿ è îïðåäåëåíèÿ

Ïóñòü R
n
� ñòàíäàðòíîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n, è ïóñòü |x| =

√
x∗x �

íîðìà â R
n
.............

�àññìîòðèì ñèñòåìó óðàâíåíèé ñ ïîñëåäåéñòâèåì, òî åñòü ñèñòåìó

ẋ(t) =

∫
0

−r

dA(t, s)x(t+ s), t ∈ R = (−∞,∞). (1.1)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå êîíêóðñíîãî öåíòðà Ìèíîáðàçîâàíèÿ �îññèè (ãðàíòû E06�

1.0�5, E07�1.0�100) è �ÔÔÈ (ãðàíò 06�01�00014).
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PSfrag replaements

x

u(·)u(·)

xt(·, t0, u) xt(·, t0, u)

−r 0 t0 − r t0 t− r
t

t

�èñ. 1. Äâèæåíèå, ïîðîæäåííîå ðåøåíèåì ñèñòåìû (1.1)

Â äàëüíåéøåì ñèñòåìó (1.1) áóäåì îòîæäåñòâëÿòü ...............

ẏ(t) =

∫
0

−r

dB(t, s)y(t+ s), t ∈ R = (−∞,∞). (1.2)

Çàìå÷àíèå 1. Í.Í. Êðàñîâñêèé ïðåäëàãàåò [1, ñ. 131℄ õàðàêòåðèçîâàòü àñèìïòîòè÷åñêîå ïî-

âåäåíèå ñèñòåìû ẏ(t) =

∫
0

−r

dB(t, s)y(t+ s) ....

� 2. Èíâàðèàíòíûå è âïîëíå ðåãóëÿðíûå ìíîæåñòâà

Îïðåäåëåíèå 1 (ñì. [9℄, [10, ñ. 110℄ ). Ïîäìíîæåñòâî X0 áóäåì íàçûâàòü ðåãóëÿðíûì îò-

íîñèòåëüíî ñèñòåìû (1.2), ââåäåííîé â � 1 .....

Ëåììà 1 (ñì. [15, ñ. 123℄). Ïóñòü X0 � �èêñèðîâàííîå êîíå÷íîìåðíîå ëèíåéíîå ïîäïðîñ-

òðàíñòâî .............

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîêàæåì, ÷òî ......... �

� 3. Òåîðåìà î ïðèâîäèìîñòè

Ìû ïðåäïîëàãàåì (ñì. ðèñ. 1), ÷òî ìíîæåñòâî ïîïàðíî ðàçëè÷íûõ ïîêàçàòåëåé Ëÿïóíîâà

ñèñòåìû A íå áîëåå ÷åì ñ÷åòíî è èõ ìîæíî óïîðÿäî÷èòü â ïîðÿäêå óáûâàíèÿ. �àñïîëîæèì

�óíêöèè u1, . . . , up, îáðàçóþùèå áàçèñ 2 â ïîðÿäêå âîçðàñòàíèÿ ..........

Òåîðåìà 1 (î òðèàíãóëÿöèè). Åñëè S
p
âïîëíå ðåãóëÿðíî, òî:

à) íàéäóòñÿ ñèñòåìà B (ñ îãðàíè÷åííîé íà R+ ìàòðèöåé B(t)) è ëÿïóíîâñêîå ïðåîáðàçî-

âàíèå, ïðèâîäÿùåå (A,Sp) ê B;

á) â ìíîæåñòâå {B} âñåõ ñèñòåì, êèíåìàòè÷åñêè ïîäîáíûõ (A,Sp), íàéäåòñÿ ñèñòåìà ñ

íåïðåðûâíîé è îãðàíè÷åííîé âåðõíåé òðåóãîëüíîé ìàòðèöåé B(t).

� 4. Äîêàçàòåëüñòâî òåîðåìû 1

1. Åùå ðàç ïîÿñíèì ñìûñë íåêîòîðûõ îáîçíà÷åíèé. Çà�èêñèðóåì â ïîäïðîñòðàíñòâå .............

2. Âûáåðåì ïîêà ïðîèçâîëüíóþ íåïðåðûâíóþ �óíêöèþ ........

3. Ïîñòðîèì òåïåðü �óíêöèþ t → B̃(t) òàê, ........
Äàëåå, èç ðàâåíñòâà Ŷ (t, 0) = V (t) ñëåäóåò íåðàâåíñòâî

Ŷ (t, 0)| 6 α|V (t)Z(t)| = . . . = α|Z(t)| 6 α
√
r ‖Ut‖Rp

→S, (4.1)

÷òî è òðåáîâàëîñü äîêàçàòü. �

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ ïðåäïîëîæåíèÿ 1. Òîãäà ...

2

Ïðè êàæäîì t çàïèñü L̇(t) îçíà÷àåò ....
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Çàìå÷àíèå 2. Çàìåòèì, ÷òî ....

Ïðèìåð 1. �àññìîòðèì ïðèìåð ....
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We onsider the disrete Shr�odinger operator on a perturbed by the dereasing potential graph with verties

at the two interseting lines. We investigate spetral properties of this operator and the sattering problem

for the above operator in the ase of a small potential and also in the ase when both a potential and veloity

of a quantum partile are small. Asymptoti formulas for the probabilities of the partile propagation in all

possible diretions are obtained. In addition, we investigate the spetral properties of the disrete Shr�odinger

operator for the in�nite band with zero boundary onditions. The sattering pattern is desribed. Simple

formulas for transmission and re�etion oe�ients near boundary points of the subbands (this orresponds

to small veloities of quantum partiles) for small potentials are obtained. We onsider a one-partile disrete

Shr�odinger operator with a periodi potential perturbed by a funtion whih is periodi in two variables

and exponentially dereases in third variable. In the paper, we also investigate the sattering problem for

this operator near the extreme point of the eigenvalue of the periodi Shr�odinger operator in the ell with

respet to the third omponent of the quasimomentum, i.e. for the small perpendiular omponent of the

angle of inidene of a partile on the potential barrier. Simple formulas of the propagation and re�etion

probabilities are obtained.
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