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Introduction

In current decades, many mathematician have worked on inequalities in the area of mathemat-
ics especially mathematical analysis, mathematical physics and functional analysis. No one can
refuse from its importance and significance and with the upcoming times this field is going on
to robustness and widespread. Inequalities have many uses in probability and statistical prob-
lems (see, for example, [7,15,17-20,23]). Due to paramount background, convex analysis and
inequalities have become an absorbing field for the attention of mathematicians and readers,
see [2,10,11, 14] and references therein.

Definition 1. Function ¢: [a,b] — R, is called convex, if inequality
U (te+ (1 —1t)y) <t (z) + (1 —1) ¢ (y)
is true Vz,y € [a,b] and ¢ € [0, 1].

Famous Hermite-Hadamard integral inequality:

(5t s sz

Here, the function of real variables ¢ is convex on the interval [a,b]. If ¢ is concave then both
inequalities hold in the reversed direction.
The following definition along with some new properties was given by J. Park in [19].

Definition 2 (see [19]). The function ¢): I C [0,00) — R is called (s, m)-convex in the second
sense on I if for some fixed s € (0, 1] and m € [0, 1] the inequality

P(te +m(l —t)y) < t*(x) +m(l —1)"Y(y)
holds Va,y € I and ¢ € [0, 1].

Remark 1. In the definition, if we choose s = 1, then we get an m-convex function introduced
in [22], and for m = 1, we get an s-convex function of the second sense, introduced in [6].
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H. Kadakal in [12, 13] gave the following definitions.

Definition 3 (see [12]). For my, my € (0, 1], a function v: [0,b] — R is said to be (mq, ms)-
convex, if the inequality

w(mate + mo(l —t)y) < math(z) + ma(1 — t)Y(y)
is true Va,y € [0,0], t € [0, 1].

Definition 4 (see [13]). For a, my, ms € (0,1], a function ¢ : [0,0] — R is said to be
(v, my, mg)-convex, if the inequality

Y(maitz +ma(l —t)y) < mat®Y(x) + ma(l —1%)(y)
is true Vo, y € [0,b], t € [0, 1].

In many studies on convex analysis, various operators of fractional integration play an important
role (see, for example, [1-3,21] and references therein).

Below we give the definition of the operator of the Riemann-Liouville fractional integral,
which is known in the literature.

Definition 5. Let ¢ € L [a,b]. The Riemann—Liouville integrals J& 1) and J 1 of order a: > 0
with a > 0 are defined by

Je () = ﬁ / “a— w0 d, o>,
and . ,
B @)= 5 / (t— o) g (t)dt, «<b,

respectively where I' () = [ e “u® 'du. Here is J2, ¢ (z) = J-4 (x) = ¢ (). In the case of
0
a = 1 the fractional integral reduces to the classical integral.

Napoles et al. in [16] give a comprehensive review of a wide range of different concepts
of convexity which are in practice for work in recent years. Based on these concepts, various
relationships between them are was shown.

The aim of the article is primarily to define a new convexity class and present its important
features. Secondly, obtaining new generalized Hadamard-type midpoint inequalities by proving a
new identity and using classical inequalities.

§ 1. New convexity and its properties

Firstly, we introduce the definition of a (s, my, mg)-convex function.
Definition 6. For m;, my € (0, 1] and some s € [—1, 1], a function ¢: [0,b] — R is said to be
(s, my, mg)-convex in the second sense, if the inequality

Y(matz + ma(1 — t)y) < mat®P(x) + ma(l —1)*(y)

is true Vo, y € [0,b], t € [0, 1].
We will denote by K, . (b) the class of all (s, m, ms)-convex functions on the interval [0, b].

mi,m2

It is not difficult to prove the validity of the following propositions.
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Proposition 1. If ¢ € K3 . (b), then 1)(0) < 0 for any t € [0, 1].

1;1M2

Proof Wehave
¥(0) = ¥(my - 0+ ma(l —1t)-0) < mt*h(0) + ma(1 —1)°4(0)

or
$(0) - [L = (mat* +ma(1 — £)))] < 0.

In view of the fact that the expression in the square brackets for any ¢ is non-negative, then
¥(0) <0. O

Proposition 2. Any (my, my)-convex function is (s, my, my)-convex in the second sense.
P r o o f. Indeed, for (m;, ms)-convex functions we have

Y(matz +ma(l — t)y) < mytp(z) + ma(1 —1)Y(y).

Since t <t*and 1 —t < (1 —t)* for all s € [—1, 1], then we can write

mat(x) + ma(1 = 1)ip(y) < mat*(z) +ma(l —1)°Y(y)

and, then,
Y(mate +ma(l —t)y) < mat*P(x) + ma(l —1)*P(y).
The proof is completed. O

2

Example 1. The function ¢(z) = z* on any segment [a, b] with a > 0 is a (s, m, mg)-convex.

P r o o f. Firstly, show that ¢)(z) = 22 is a (my, m,)-convex:

[matz +ma(1 — t)y]” < myta? + my(1 — t)y?
= myt(1 — myt)a® — 2mymat(1 — t)ay + ma(1 — ) (1 — ma(1 —t))y* > 0.

The resulting quadratic form is positive definite with respect to (z,y). Calculate the discriminant
of the form:

A = [mymat(1 — t)]* — mat(1 — mat)ma(1 —t) [1 — mo(1 — t)]
= [mymat(1 — t)]* — mymat(1 — t)(1 — mqt) [1 — ma(1 — )]
= mymat(1 —t) [myt + mo(l —t) — 1].

Because (my, mg) € (0,1]2, then myt +my(1 —t) € [my, my], i.e., myt +ma(1—1¢) —1 < 0 and
A < 0. Thus, from Proposition 2 it follows that the function is (s, m;, my)-convex. The proof is
complete. 0J

Remark 2. Since (1 —t) < (1 — t)®, any (mj, ms)-convex function on the interval [0,b] is
(s,m1, my)-convex. For example, the function v (z) = 3 on any interval [0,b] is (s, my, ms)-
convex.

Remark 3. It follows from Definition 6 that:
(11) if m; = my = 1 and s = 1, then ¢ is a classical convex function on [0, b];

(12) if s = 1, then 9 is an (my, mg)-convex function on [0, bl;
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(13) if my; = s = 1, my = m, then ¢ is an m-convex function on [0, b];
(14) if m; = mgy = 1, then ¢ is an s-convex function in the second sense on [0, b];

(15) if my = 1, my = m, then ¢ is an (s, m)-convex function on [0, b].
Now, we will study some of its algebraic properties.

Theorem 1. Let 0 <z <y < ooand, g: [z,y] = R. If Y and g are two (s, my, msy)-convex
functions, then:

(1) ¥ + g is an (s, mq, my)-convex function;
(i7) for a nonnegative real number c, ci is an (s, my, my)-convex function.

Proof
(7) Let ¢ and g be an (s, my, mz)-convex function, then

(Y + g) (mite + ma(1 —t)y)

= P(matr +ma(1 — t)y) + glmitz + ma(1 — t)y)

< mit*P(x) + ma(l —1)*Y(y) + mat®g(z) + ma(1 —1)°g(y)
= mat® [(x) + g(z)] +ma(l —1)° (y) + g(y)]

=mit* (¢ + g)(x) + ma(1 — ) (¢ + 9)(y).

(77) Let v be an (s, my, my)-convex function, then

c (mltx + mao(1 — t)y) = c<w(m1ta: + mao(1 — t)y))

< e(mit* (@) +ma(1 — 1) ()
= mltSC(lp(l’)) + mg(l —
= myt*(cy)(z) + ma(1 —

which completes the proof. U

Theorem 2. Let ¢): [ — J be an (mq, ms)-convex function and g: J — R is a (s,mq, ms)-
convex and non-decreasing function. Then the function g o 1: I — R is an (s,m, my)-convex
function.

Proof. Forall z,y € I,and t € [0, 1], we have

(gov) (mitz +ma(1 — t)y) = g (Y(mate + ma(1 —t)y))
< g (mity(x) + ma(1 — )Y (y))
< mtg(Y(x)) + ma(l —t)°g(¥
= mat*(g o) (x) + ma(l —1)*(

)
°¥)(y),

which completes the proof. U

(y
g
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§ 2. Main results

At the beginning, for a function from the class K7, . (I), we obtain an analogue of the
inequality for various classes of convexities, Wthh is available in the literature.

Theorem 3. Let¢: [ = [a,b] = Randy € K}, .. (I). Ifa >0, s € (—1,1], and € L[a,b),

then the inequality is valid:
mﬂb( >+m2¢< ) m ¢< )—i—mﬂ/} <m1>

< mi 2.1
x)dr < min P , P 2.1
Proo f It’s obvious that
1 b 1 1 a b
= 1—1)b)dt = t— 1—t)— ) dt.
i [ v [Cotara-ona= [o(met m-o-)
Since ¢ € K3, ,,,, we get
y g mel) ()
< s 1—1t)° .
b_a/a¢($)d$_/0 {mﬂb( )t +m2¢<m2>( t)}dt s+ 1
Similarly, we get
1 b 1 1 a b
dr = 1-— th) dt = 1—-1)— t— | dt
i [v@= [w@-tarma= [ o(ma-0 e )
mav () e ()
- s+1
From the last inequalities, we get (2.1). Proof is completed. 0

Remark 4. From Theorem 3,

(¢1) if m; = my = 1 and s = 1, then we get the right-hand side Hermite—-Hadamard inequality

for an ordinary convex function
b
¥ (a) +1 (b)
dr < ————~.
/a ¥ (x) de < 5

b—a
This inequality is the right-hand side Hadamard inequality for an ordinary convex function.

(12) if s = 1, then we get

/bw(x)dasgmin g () + ma (51) e () +miv (51

2 ’ 2

b—a

This inequality was obtained in [12] for the (mq, ms)-convex function.

(23) if my = s = 1, my = m then, we get

x)dx<min{m¢(%)+¢<b> ¢<a)+mw(%>}
- 2 ’ 2 ’

This inequality was obtained in [8] for the m-convex function.
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(14) if m; = mgy = 1, then we get

Y (a) +4(b)
b—a/¢ s+1

This inequality was obtained in [9] for the s-convex functions in the second sense.

(i5) if my = 1, mg = m, we get

x>dx<min{m¢(ﬁ)+“b) w<a>+mw(%)}'

s+1 ’ s+1

This inequality was obtained in [5] for the (s, m)-convex functions in the second sense.

Now, using the introduced new convexity class and identity, and the classical Holder inequality
and power mean, we obtain some inequalities.

Lemma 1. Let 0 < mya < maeb < 00 and ¢: I = [mya, mqab] — R be a twice differentiable
Sunction on (mya, mab). If " € L[mia, mab], then Yoo > 1 we have

20(7211(0[) ot .
(mgb — mya)e—! {J(W)er(mzb) J<w)_w(m1a)

¥ <m1a+mgb) _ (mab — mya)?

(2.2)

2 a2« (h+ 1),

where

1/2 1
I = / t*Y" (myat + mo(1 — t)b) dt and I, = / (1 —t)*¢" (myat + mo(1 — t)b) dt.
0 1/2

P r o o f. We integrate the integrals /; and I, twice by parts; as a result, we obtain

- 1 Oﬂ/’, (aml—;—mzb) B Q _y (am1 —|—m2b)

(meb — mya)2 (maeb — mya?)2e-1 2

(2.3)
ala—1 1/2
(mgl() ml)a)Q / t* 2 (myat + mao(1 — t)b) dt
- 0
and
I, = 1 ’QD/ amy + me _ (0% w amy + me
27 (mab — mya)2e 2 (mgb — mya)?20-1 2 2.4)

+ _ala—1) /1 (1 —t)* %) (myat +mao(1 — t)b) dt.

(mab —mya)? /i)

If we make the change of variables in the integrals in expressions (2.3) and (2.4): amqt +
+ ma(1 — t)b = z, as a result, we obtain

20 <am1 + me) L alo = D(T(a 1)

(mab — mya)?20-1 2 (mab — mya)ot!

b(mab) + J(amla+m2b)¢<am1>} .

L+ 1y =—

(2.5)
Jo
X |: (m1a+m2b)

If we multiply both sides of (2.5) by the value %—Ti“y, we complete the proof. O
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Remark 5. If we take m; = 1, my = m, then from (2.2) we obtain the equality known
in [4, see Lemma 2.1].

Remark 6. In proving the theorems, we need the following inequality:
2(1—2I‘<a) a—1
(mab — mya)e—t | (megmet)

¥ mia + mob < (bmg — am;)?
2 22—

LY(mab) + Jo 1 _(amy)

('mla;mqb)

(2.6)

(M1l + [12]).

This inequality was obtained by using the properties of the module from (2.2).

Theorem 4. Let a, b and b* € R, with 0 < mya < mab < b*, and ¢: I = [0,0*] — R be twice
differentiable function on I°. If " € Limya, myb] and ¥" € Ky, . [mia, myb], then Voo > 1 the
inequality

20-2D(q) o a_ 4 g
e ||y V) ey vlom| = (M) )
bmoy — 2 1
< Ls Tar e B I Ta Lt s)} a6 (@)] + sl (B)]

is valid, where B,(u,v) = fm

o 1L — )"~ 1dt is incomplete beta function.

P r o o f. Since the function [¢)”| is a (s, my, ms)-convex, then for |I;] in inequality (2.6), we can
write

Bl < malu @] [+ maly @) [ - o
0 0

(2.8)
1
T (sta+l) perarr [V (@] + By (e + 1,5+ 1) mafy" (b))
and likewise
" 1 "

51 < By (04 s+ D)mald (@) + (o pygeramamalt ()] 29)

By adding (2.8) and (2.9), we get

1

41l < | g By (a1 +9)] Il @)+ male 0], 10)

By multiplying both sides (2.10) by (bma—ama)* taking into account (2.6), we get inequality (2.7).

a22—«a

The proof is completed. ([l

Corollary 1. If s = my = mo = 1 and o = 2, then from (2.7) for an ordinary convex function
we obtain

s [vwar - (45| < S @l + o

This inequality was obtained in [20] (see Proposition 1) and in [4](see Corollary 2.1).

Corollary 2. If s = my = mo = 1, then from (2.7) for an ordinary convex function we obtain

G ik o+ ek v] v (552

(b_a)2 " "
< mnw (@) + 2" (0)]] -
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This inequality was obtained in [3] (see Theorem 4, for n = 1).

Corollary 3. If s = 1, then from (2.7) for an (my, my)-convex function we obtain

|

Y mia + msb < (bmy — amy)?
2 8a(a+1)

Jol LY(mab) + Jo 1 _p(amy)

(mregm2) (mrem22)
[ma [ (a)] + mald" (B)]]

Theorem 5. Let a, b and b* € R, with 0 < mya < meb < b* and 1p: I = [0,b*] — R be twice
differentiable function on I°. If " € L[mya, mob] and ["|* € K73, . [mia,myb], then Voo > 1
and q > 1 the inequality

2a—2r(a) ot -
‘ (mab — mya)o-1 {J(W)m(mgb) + J(W)w(aml)} (2.11)

_ ¢ mia + mgb S (bm2 — am1)2 ) 1 175 B
2 22« (14 «) 21+e

is valid, where

1

(1+a,1+5)ms W(b)yﬂ '

mo|" ()T e
(S + a+ 1) 9s+a+1 '

mal¢” (a)|”
E= B.
[(s+a+1)2s+a+1 Mt

(1+a,1+s)my|v"(a)|? +

1
2

+ b

Proof From inequality (2.6) for |I;|, taking into account that the function [¢)"|? is a
(s, m1, my)-convex, using the known power mean inequality, we can write

fun

A / 1" (maat + ma(1 — Db di
0

1 1

1 1-3
< / todt
0

. <2> el

“\a+1 S+a+1)2sterl T 73

q

mq|Y" (a)|? /02 totsdt + mQI@D"(b)|q/O2 t* (1 —1)° dt] (2.12)

1

(1+a,14 ) ms |¢"(b)|q} ’

Similarly, for the ||, we get

maly" (b)|"
(a4 54 1)20tstL

1—1 1

1+«

By adding inequalities (2.12) and (2.13), we get

1

1—1
I LI <|——m - F.
‘ 1““‘ 2‘ — <(a+1)2a+1)

bmao—ami

By multiplying both sides of the last inequality by ( 7o " and taking into account (2.6), we
get inequality (2.11). The proof is completed. U
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Remark 7. If we choose s = m; = my = 1 and a = 2, then from Theorem 5 we will have the
inequality for convex functions that was obtained in [20] and [4] (see Proposition 5, Corollary 2.2,
respectively).

Corollary 4. If s = m; = my = 1, then from (2.11) for an ordinary convex function we obtain

Gt iy e gy v - (50))

(b—a)? '(OﬁLl)q'E,

~ 8a(a+1) 20+ 4
where
" q a+3 " q é a+3 " q " q g
B = W@r 20| + | S @+ o

This inequality was obtained in [3] (see Theorem 5 for n = 1).

Corollary 5. If s = 1, then from (2.11) for an (my, msy)-convex functions we obtain

2T («v) : { T g+ 0 (m2b) + 7 Wm)]

’ (me _ mla)a_ (mla;—mzb) (m1a+m2b)
1
q

o mia + mob S(bmg—aml)Q' a+1 E.
2 8a(a+1) 200 + 4

where

3 q
ot mlw'%a)\umzrw"(b)w]

a—+1

oz+3

1
= [t @p+ |+ |
Theorem 6. Let a, b and b* € R, with 0 < mya < mqb < b*, and ¢: [ = [0,b*] — R be twice
differentiable function on I°. If " € Lima, msb] and |)"|" € K3, . [mia,mab], then Yo > 1,
q>1andp > 1, such that % + 1% = 1, the inequality

2° () T gy + Y (1M2) + Ja@ -Plam)
(mratmab) ( )

(meb — mya)e—!

_ 2
_y (mla . m2b> ‘ < (bme —am)”

a2«

(2.14)

is valid, where

Q=

W= [u -mafy”(a)]" + B1(2+ag — g, s+ 1)m2|¢"(b)|q}

Q=

(2+ag = g.s + Dma|0"(@)|" + - mafp" (0]
1
(aq —q + s+ 2) 2aq—q+s+2'

L

1
2
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Proof From inequality (2.6) for |I;|, taking into account that the function [¢)"|? is a
(s, my, mg)-convex, using the known Hélder inequality, we can write

o\
< /tpdt
0

1
X [t (a)|? / O LG  yy(b) / Cpeamatt (1 — ) dt]
0 0

%
1| = / trtato 1" (myat +mao(1 — t)bdt

0

Jun
=

or

(= 1)g+ 2,1+ s)ma " (b)|"] . (2.15)

Q=

_27(aq,q+3+2)m1 |¢//(a) |q

+ B
ag—q+s+2

L) <27

=

Similarly, from |I5|, we get the inequalities

_ 2—((@—1)q+s+2) Y9 @
’[2| < 273 B m2|1/1 ( )|

(a—1)g+s+2

(@ —1)+ 2,58+ 1)my o (a)|* + (2.16)

1
L 2
By adding inequalities (2.15) and (2.16), we get

%%
||+ | 12| < 2—§

P

By multiplying last inequality by (bma—am1)” 4 nd taking into account (2.6), we get (2.14). The

a22—«a

proof is completed. U

Corollary 6. If s = m; = mg = 1, then from (2.14) for the ordinary convex function we obtain

L) [J‘” b) + oL a] - (“*b) (b—af
‘(b_a)a_l (QT_H))-&-w( )+ (%‘_b)—w( ) 1/J 2 >~ O[25q_i;q_3 1% s
where
W= @l + (14 o )]+ | (1 g wr e or|
1
ILL =

(ag — q +3) 2015
This inequality was obtained in [3] (see Theorem 6, for n = 1).

Corollary 7. If s = 1, then from (2.14) for (my, my)-convex function we obtain

202D () { o1 . - . ]
' (mab — mya)*—! J(%’W)Jr@b( 2b) + J(%W)f¢( 1)

L (mla + mgb) ‘ - (bmy — amy)? W

— 5g—aqg—3
2 a2

where

Q=

W= [ malg" (@) + By(2 + ag — g, 2)maf¢" (b))

Q=

+[By 2+ ag— g, 2mi v (@) + p-malp" B)7] "
1

(0g — g+ 3) 200055

1
2
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Remark 8. If we choose m; = 1, my = m, then from Theorem 6 for an (s, m)-convex function

we obtain the inequality proved in [4] (see Theorem 2.3, for s = 1).

Corollary 8. If m; = my = 1, then from (2.14) for an s-convex function we obtain

20727 () a+b (b—a)?
S e Y by +J> 7t — < =W,
‘(b_a)a—l |: (GTM>+¢( )+ (GT_H,) WG)} ¢ < 9 — a25q—t;q—5 ’
where
1
W = [ul" (@I + By(2+ag — ¢, s + D}w" ()]
1
+ B2+ ag - g5 + D@1+ ule"®)"]
1
K= ag—q+3°
(g — g+ 3)20074
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