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The inverse problem of determining a multidimensional kernel of an integral term depending on a time
variable ¢ and (n — 1)-dimensional spatial variable 2/ = (z1,...,z,—1) in the n-dimensional heat equation
with a variable coefficient of thermal conductivity is investigated. The direct problem is the Cauchy
problem for this equation. The integral term has the time convolution form of kernel and direct problem
solution. As additional information for solving the inverse problem, the solution of the direct problem
on the hyperplane z,, = 0 is given. At the beginning, the properties of the solution to the direct problem are
studied. For this, the problem is reduced to solving an integral equation of the second kind of Volterra-type
and the method of successive approximations is applied to it. Further the stated inverse problem is reduced
to two auxiliary problems, in the second one of them an unknown kernel is included in an additional
condition outside integral. Then the auxiliary problems are replaced by an equivalent closed system
of Volterra-type integral equations with respect to unknown functions. Applying the method of contraction
mappings to this system in the Holder class of functions, we prove the main result of the article, which
is a local existence and uniqueness theorem of the inverse problem solution.
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Introduction

The theory and applications of integro-differential equations with an integral term of con-
volution-type with respect to a time variable play an important role in the mathematical modeling
of heat and mass transfer. In these processes the convolution kernel describes the relaxation times
of the heat flux. In the general case, in integro-differential equations of such kind, the convolution
kernel takes into account the memory affects as usual. The fundamental point, when dealing with
memory effects, is that the kernel cannot be considered a known function, since there are no ways
to measure it directly. What we do is to reconstruct this kernel by additional measurements
of a physical field, taken on a suitable subset of the body. Thus, the inverse problem arises, the
study of solvability (the theorem of existence and uniqueness) of which is of great interest in the
theory of inverse problems.

The dynamical representation of heat transfer processes is modeled quite accurately by in-
cluding the past history of one or more time and space variables through memory kernel [1-4].
This phenomenon is governed by parabolic integro-differential equations with a time dependent
memory kernel when the medium is homogeneous and a time-space dependent memory kernel
when the medium is heterogeneous.

In the last years, various approaches have been applied for identification of heat source terms,
of unknown boundary conditions, of memory kernel or spatially varying coefficients. The deter-
mining of the convective coefficients using different kinds of temperature measurements by means
of inverse heat conduction were investigated in [5-10] (see also references therein). Authors
in these works discussed the issues of existence, uniqueness and stability estimates of solution.
Here a numerical approach for solving such problems has also been applied.
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In papers [11-13] the inverse problems of finding the time-dependent heat source with non-
local boundary and integral additional conditions were investigated. The existence, uniqueness
and continuous dependence of the solution of the inverse problem upon the data were established.
Also, numerical results were presented and discussed. In the work [14] the inverse boundary value
problem of heat conduction with a piecewise constant coefficient was considered. This problem
was investigated using the Fourier series in eigenfunctions for an equation with a discontinuous
coefficient.

Among the works devoted to the kernel determination problems in heat conduction equations,
one-dimensional problems are most encountered, that is the problems of memory kernel determin-
ing depending only on a time variable. For example, in [1,2, 15] (see also the references therein)
these problems were investigated based on a fixed point argument and derived the local in time
existence and uniqueness of inverse problems. Additionally, for problem of [15] a numerical
experiment was conducted.

The results on multidimensional problems of determining the kernel in parabolic integro-
differential equations are very rare. In this direction we only note the works [16-19]. In [16]
author deals with the problem of recovering a memory kernel k(t,7), depending on time ¢ and
on an angular variable 7, in a parabolic integro-differential equation related to a toric domain
involved in R2. In the works [17, 18] the problems of determining a kernel depending on a time
variable ¢ and (n — 1)-dimensional spatial variable 2’ = (xy,...,z,_1) entering into in integral
term of a n-dimensional heat equation were investigated. The local unique solvability result was
obtained . In [19] the uniqueness theorem of recovering kernel depending on all variables ¢ and
x = (z1,...,x,) was proved for special case of kernels.

In the present paper we study an inverse problem to determine the temporal and (n — 1)-di-
mensional spatially varying memory kernel for a parabolic integro-differential equation with
a variable coefficient of thermal conductivity.

Consider the problem of determining functions u(x,t), k(z',t), v = (x1, T2, ..., Tp_1,Tpn) =
= (2/,x,) € R, t > 0 from the following equations:

t
u — a(t)Au = / k(z', 7 u(z,t —7)dr, (x,t) € RY, (0.1)
0
u‘t=0 = QD(LL’), YIS Rn? (02)
Ulza=o = f(2',1), 0<tST,  f(2',0) =p(2',0), (0.3)
where A is the Laplace operator with respect to spatial variables z = (z1,...,x,),

R} = {(z,t)|x = (¢/,x,) € R", 0 <t < T} is a strip with thickness 7', T > 0 is an arbitrary
fixed number; a(t) € C*[0,7], 0 < ap < a(t) < a; < 00, ap and a; are given numbers.

To the best of our knowledge, the problem (0.1)-(0.3) have not been studied earlier. Our
result generalizes the work [17] to the case of an integro-differential heat equation with a variable
coefficient of thermal conductivity.

In the sequel,we will use the Holder space H“ for functions depending on spatial variables and
for functions depending on spatial and time variables — Holder space H*/? with exponents a and
« /2, « is non-negative integer. Starting with Section 2, we will assume that p(x) € H'T6(R"),

o(z) > o = const > 0, f(a,t) € HHHE+9/2 (@;—1) ’

—n—1

R, :{(xct)‘xleRnfl’ OthT}, 1€ (0,1),

Spaces H'(Q), H"*'/?(Q7) and norms in them are defined in [20, pp. 16-27]. In what follows, for
norm of functions in the space H"/2(Qr) (in concrete cases Q7 = R or Qr = R ') depending
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on spatial and time variables we will use notation | - ljll/ 2, while for functions depending only

on spatial variables we will use | - |* (in this case Q = R" or Q = R"1),

As a rule, inverse problems are ill-posed. According to [21, pp.31-44] problems that are
ill-posed some spaces but can be well-posed for another choice of spaces, are called weakly ill-
posed. In this work, functional spaces for given and unknown functions are indicated, in which
the problem (0.1)—(0.3) is well-posed. In this case, we restrict ourselves to proving the existence
and uniqueness theorem for the solution of the problem (Section 4).

Note that the equation (0.1) is an integro-differential equation with a heat operator on the left
and a Volterra-convolutional integral on the right sides. To get acquainted with the issues of solv-
ability of various problems for integro-differential equations with Volterra-non-convolutional in-
tegrals, we refer the reader to the papers [22,23] (also see the literature in them).

The article is organized as follows. In Section 1, we investigate the direct problem (0.1)
and (0.2). In Section 2, we transform the given problem into an auxiliary problem where the
additional condition contains the unknown £ outside integral. In Section 3, we reduce the auxiliary
problem to a system of integral equations with respect to unknown functions. In Section 4, we
prove the main result which states the existence and uniqueness of solution of the given problem
by a fixed point argument.

§ 1. Direct problem

For the given functions a and k, the problem of determining the solution to the integro—
differential equation (0.1) under the initial condition (0.2) is the Cauchy problem. This problem
in the theory of inverse problems is called the direct problem.

The solution of the Cauchy problem (0.1) and (0.2) can be reduced to the solution of an inte-
gral equation of the Volterra type. To do this we use the formula

pat) = [ oOG( - o) de +
o(t) dr 1 ' B
+/0 m/nF(fﬁ (1)) Gz —&0(t) — 7) de,

which provides the solution of the following Cauchy problem for the heat equation with time-
variable thermal conductivity:

(1.1)

pe—a(t)Ap = F(x,t), z€R" >0,
p(z,0) = p(z), zeR"™

t
In (1.1) 0(t) = / a(t)dr and 0~(t) is the inverse function to 6(t);
0

1 —|z—¢|?
Gx—=&0(t) —1) = NEOOE T))”e ©O-1

is the fundamental solution of the heat operator with the time-dependent coefficient of thermal
conductivity % —a(t)A, €= (&,...,&), & = (&,...,& 1), dE = d& ... d&,, |o* = 22 +
+...+ 22

Taking this into account, we obtain the following integral equation to determine u(z,t):

u(e.t) = [ oG (z - &o(0) e +
. (1.2)
0(t) dr 0=+ () ) . . -
+/0 m/n/o k(f,a)u(£,9 (T)—&)G(l’—g,e(t) T)dOéd£
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Lemma 1. If p(z) € H2(R"), k(2',t) € HY2(Ry ), and a(t) satisfies the conditions of
Introduction, then there exists a unique solution of integral equation (1.2) in the space u(x,t) €
c Hl+2’(l+2)/2(R%) )

Proof To proof Lemma we use the method of successive approximations and consider
the sequence of functions defined recursively by the formulas:

we.t) = [ H(€)G -~ 60 e

up(z,t) =

::A / /91 )y (€,671(7) — ) Gl — & 6(t) — 7) dad,

(r,t) €eRE, n=1,2 ...

(1.3)

Under the assumptions of Lemma, one has the inclusion u(x,t) € H*>(+2)/2(R%). Accord-
ing to the general theory of Cauchy problems for equations of the parabolic type (see, [20]), this
implies that the same property will be possessed by all functions u, (x,t) in R} defined by rela-
tions (1.3). Set iy = |po(x)|"+2. Using (1.3), we estimate the modulus of u,(z,t) in the domain
R7 as

‘U,Q(CE t) 14+2,(142)/2 < ©0

~ Y

o(t) dr ~r)
|u(, t) ITH’(ZH)/Q </0 m/ /0 k(€ ll/2| o (5 0= (r) — ) 1T+2,(z+2)/2 o

&1]{,’0T t
Qo 1'7

X G(ZE - 5; e(t) - T) do d§ < ©o (x’t) c R%) kO — ’k’(l‘l,t) liﬂl/Q,

for arbitrary n > 1, we have

koT\" t"
\un(:c,t) 1;2,(1+2)/2 < %o <a1 0 ) v

ao n!

In last estimates we have used the relation / G(x—¢&,0(t)—7) d§ = 1. Tt follows from the above

n
o0

estimates that the series Z un(z,t) converges in RY. and its sum u(z,t) belongs to the function
n=1
space H'T2(+2)/2  Since the sequence u,(z,t) defined by relations (1.3) converges to u(z,t)
uniformly in R”., we conclude that u(x,t) is a solution of equation (1.2).
Now we show that this equation has a unique solution. Assume that there exist two solutions
ul(x,t) and u*(z,t) of equation (1.2). Then their difference Z(z,t) = u*(z,t) — u'(x,t)
is a solution of the equation

ten= [ s [ ez 00 a6 - o0 ) doe

Denote by Z(t) the supremum of the modulus of the function Z(z,t) over z € R" for each
fixed ¢ € [0, T]. Then we have the inequality

ait _
Z(t) < alkOT/ Z(r)dr, tel0,T).
0

Qo

It is well known that there can be only one solution to this integral inequality: Z (t) = 0 for
t € [0,T]. Hence we also have Z(z,t) = 0 in R%; that is, u' (x, ) = u?(x, t) in R%. Consequently,
the equation (1.2) has a unique solution in R7%. The proof of the lemma is complete. U
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§ 2. Auxiliary problems

We introduce new function 9(x,t) by formula ¥(z,t) = wu,, ., (x,t). Then the problem (0.1)-
(0.3) leads us to the following relations:

U — a(t)AY = /t k(x', m)9(x,t — 7)dT, (2.1)
0

9 = Qp, ., (T). (2.2)

t=0

From the equalities (0.1) and (0.2) we obtain the additional condition for ¥(z, t) by separating
a(t)uy, ., in the term a(t)Awu of (0.1) at z,, = 0 and using (2.2):

1 29 1t ,
ono = o~ > gt - ()/Ok(x,T)f(x,t—T)dT, (2.3)

From this equality and (2.2) the matching condition of the given functions follows

1 n—1
Prnzn (.1'/, O) = mft($/> 0) - Z fxzxz (x/> O)' (2-4)
=1

Now differentiate the equation (2.1) and (2.3) with respect to ¢ and denote J;(x,t) = w(z, ).
As result, one has problem of finding functions ¥(z,t), k(2',t), w(z,t) from (2.1), (2.2) and the
following equations:

wi — a(t)Aw = (Ina(t))w — (In a(t))’/o k(z', 7))z, t — 7)dr +

+ /t k(x', m)w(z, t — 1) dr + k(2 t)pu, a2, (T), (2.5)
0
Wi=0 = CL( VAG, 2, (T), (2.6)
wxn:oz— z;)) ftt_z th t /0 k(',7)f(a't —7)dr —
1 ! ’ "t \dr — L 2 2
- 5 [ DR = ) dr = k(@ 0l 0) @)

Here the initial condition was obtained by setting in (2.1) ¢ = 0 and using (2.2). Note that
the function k(2’,¢) enters into the equation (2.7) without integral.

It 1s not difficult to show that at fulfilling of the matching conditions in (0.3), (2.4) and
smoothness of given functions ¢, f the inverse transformations are took place [17].

Thus, we proved the following assertion:

Lemma 2. Suppose that all the conditions for the functions a, @ and f made in introduction
are satisfied. Moreover, the matching conditions in (0.3) and (2.4) hold. Then, the problem (0.1)-
(0.3) is equivalent to the auxiliary problems of determining functions 9(x,t), k(2 t), w(x,t) from
(2.1), (1.2) and (2.5)—(2.7).

§ 3. Reduction of the Auxiliary problems to the integral equations

Here we prove the main result of this Section, which is the following assertion:
Lemma 3. The auxiliary problem (2.1), (2.2) and (2.5)~(2.7) is equivalent to the problem
of determining functions ¥(z,t), k(x',t), w(x,t) from the following system of integral equations:
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(. t) = / b (G — £,6(0) e +
0(t) 0~ 1(7)
+/ /R/ EO(r) — a)Gla — £,0() — ) dade,  (3.1)

ol 1) = / a(0) g6, (€G(x — €, 0(1)) dE +
oo dr —1 ! —1 .
[ gt [ [mate ey o)
0=1(7)
—(na(07(m)) [ KEL (07 ()~ a)da+

6=1(r)
= [ R ael6 07 () — a)da -+ k€07 (D), (O] Gla — €00~ T ds. G2)

e st) = [ [ al0) 8, G — €.6,.000)) de -

p(a’,0)
a'(t) 1 —
“ee a2 i)+

ﬂ — e(t)L na —17_ /w _17_ .
+90(:E’,0)< /0 a(@l(ﬂ)/n [(1 (07 (7)) w(&, 0 (7))
6=1(r)
~ (Ina(#™(7)) /0 k(€ a)9(€,07(7) — a)da +
6=1(r)
[0 HE e ) ayda+
(€077 (6)] G’ — €,60,0(t) — 7) dE +

a'(t) ! ’ ’ 1 t , /
" a2<t>/o HE Tt =D - o | e e=nar). 6

P ro o f. To prove Lemma it is not difficult to see that in view of (1.1) the integral equations
(3.1), (3.2) are obtained from the problems (2.1), (2.2) and (2.5), (2.6), respectively. The equation
(3.3) follows from (3.2) taking into account (2.7). 0

§ 4. Existence and uniqueness

This section contains the main result of this paper. Here the existence and uniqueness result
for the problem (2.1)—(2.3) is proved using the contraction mapping principle [24, pp. 87-97]. The
idea is to write the integral equations for unknown functions J(x,t), w(x,t), k(2',t) as a system
with a nonlinear operator, and prove that this operator is a contraction mapping operator for
sufficiently small 7. The existence and uniqueness result then follows immediately.

Definition 1. Let F' be an operator defined on a closed set €2 which is a subset of a Banach
space. F'is called a contraction mapping operator in § if it satisfies the following two properties:

(1) if y € €, then Fz € () (that is F' maps ¢ into itself);

(2)ify,z € Q, then | Fy — Fz|| < p|ly — z|| with p < 1 (p — is a constant independent of y
and 2 ).
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Lemma 4 (contraction mapping principle [24, pp. 87-97]). If F' is a contraction mapping op-
erator from Q) to S0, then the equation y = Fy has a unique solution 1, € €.

Theorem 1 (existence and uniqueness). Suppose that all the conditions for the functions a, ¢
and f made in Introduction are satisfied. Moreover, the matching conditions in (0.3) and (2.4) are
met. Then there exists a sufficiently small number T > 0 that the solution to the integral equations
(3.1)~(3.3) in the class of functions {V(z,t), w(x,t)} € HF2UHD/Z(RR) k(2. t) € HW2(RE)
exists and is unique. Thus, there is the unique classical solution to the problem (0.1)—(0.3).

P r o o f. The system of equations (3.1), (3.2), (3.3) is a closed system for the unknown functions
Wz, t), w(z,t), k(2',t) in the domain R’.. It can be rewritten in a nonlinear operator equation

Y = Ay, 4.1)

where ¢ = (Y1, 1o, ¥3)" = (V(z,t),w(x,t), k(a',t))", * is the symbol of transposition, and
according to the right sides of the equations (3.1)—(3.3), operator A has the form:
qub ::[(f4@b>17 (f4@b)27 (14Lb>3]7 where

(AY)1 = Vo1 (z,t) +

+/ // Q)n(E,671(7) — a)G(w — £, 0(t) — ) dade,  (42)
(A)o = Voala. )+ / ﬁ [ [matoe)yuste 070 -

0=*(7)
— (In a(9_1(7))'/0 P3(&, ) (&, 7 — a) da +

)
+ / Vs(€, )by (€,071 (1) — a) da +
0

(€07 () ee, ()] Gla — €,0(1) — 7) de, (43)
B , a(t) B o(t) dr na
(A = vosle’ o)+ =2 (= [ s [ [mao @) wne 07 ) -

6=1(7)
~ (na(@(r))Y / Ua(€ 0 (6,07 (7) — o) da +

0~1(r)
- /0 V3(€, )ha(€,071 (1) — a) da +
T Us(E 07 (1) e, (€)] Gla’ — €6, 8(0) — 7)) +
(11;(15())3’ /0 (o', 7)f(a' t — 1) dr — gp(x;’[)) /0 ba(, ) ful = 7) dr. 4.4)

In (4.2)—(4.4) we introduced notations:

nn(e.8) = [ e, (G - € 000 e

na(o,0) = | al0)Bpe,c, G~ €660
Yo3(2,t) =

_ a(t) [ B /n a(0)Apg, e, (E)G(2 — €, &, O(1)) dE — %ft + ﬁftt - Z_: aa—x]%ft} .
k=1
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Denote |1/|;, = max (|¢1 2 , |l Lz , U3 W) , T < Tp, Ty is some positive number and
consider in the space H""/? (R%.) the set S(T') of functions v(z,t), which obey the inequality

Y — ol < |1/10|T0

where ¥g = (Y01, Vo2, 1o3) and Wo’TO = maX(Wm’Toa |¢02|1T0, ’¢03|ZTO)-
It can be demonstrated that A satisfies the conditions of contraction mapping operator in S(7),

if T} is sufficiently small. Let ¢ € S(T"), T < Tj. Then from the inequality (4.5), we have

W@‘T 2[1p0|T , 1=1,2,3.

The Cauchy problem setting up the heat conduction equation has a solution, if initial condition,
e.g., o function is belong to the class H'*2 [20, p. 364]. In our case, ¢ is in H'™, because its
fourth order derivatives are involved in the auxiliary problem.

Let us introduce the notations:

l4l42
o=l fo = | fETEEY

/
as := trg%(??]‘ (Ina(t))

First it is shown that A has the first property of a contraction mapping operator. Using the
estimates of the thermal volume potentials [20, pp.318-325] it is easy to obtain the following
inequalities:

L -l =
[ i [ e et - a6 - 6 00) - naede], <
< A60(T)ai (ol .
vl =| [ o [ [ e o6 -

6=1(7)
— (ma(67\(r))) / ba(€ ) (6,071(r) — a) da +

0=1(r)
[0 (e el 7)) do (€ e (6)] Gl — €000 — ) <
< 261(T)ag (a2 + @1)|toly, +482(T)ag (a2 + 1) (Jwolfy)

a0l = |0 (- [ [ [ma oyt 0o -

6=1(r)
— (na(67}(r))) / a1 (6,671 (7) — ) dov +

0=*(r)
+/0 P3(€, a)a(E, 071 (1) — a) do + ¢3(§/79_1(7))<P5n£n(5)]G($/ —&,60,0(t) —7) d§> +
111;/0 /w3$ ) f(&' t —7)dr — x/O /ng ) fie(2, t—T)dT’ <
2 [B1(T)arag '@y (az + 1) + fowy 1T0(@2+1)} |Yol'y, +482(T)arag oy (a2 + 1) (WO|ZTO)2»

where [3;(7T") are increasing functions of 7" and 5;(7) — 0 at ' — 0 for all ¢ = 0, 1, 2. Therefore,
if we choose 7} so that the following inequalities should be satisfied:

4Bo(T)ag ol < 1,
281(T)ag ' (az + 1) + 4B2(T)ag *(az + )|y, < 1, 4.5)
2 [Bu(T)arag ¢y (az + 1) + fopg ' Tolas + 1)] + 462(T)arag ' g H(az + 1) |1l < 1,
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then the operator A for T < Tj has the first property of a contraction mapping operator, that is,
Ay e S(T).

Consider next the second property of a contraction mapping operator for A. Let () =

= <¢ v, (1) %03 ) S(T), ) = <w§2), f), ¢§2)> € S(T). Then we have

(a0, = | [ [ [ ante s - -

_@03 (f»a)% (€, 0 (T)—Oé)] (x—=&,0(t)—T1) dadf‘T.

Here the integrand in the last integral can be estimated as follows

l

(7 = )l s (0 o) |
l l l
_max ( o) s T) < 4ol [ -

)
T

<

~

l
uiPul? - uPul?| =

< 2‘¢<1> _ g

Therefore
_ l
(A — ApP), |7 < 860(T)ag vl [0 — @), .

The second and third components of A can be estimated in the analogous way:

}(Aw(l) — Ay?) 2’lT =
[ s [ [matt oy (w6 0 ) - e 07 o) -

0—1(7)

~(na@ @)y [ (€687 — o)

0

_1/}:())2)(5/’&)1%2)(5’671(7_) . Ck)) da +
0~ 1
+/o (¢, (6,07 (1) — @) = (€ ) (€, 071 (7) — ) dar+

l
<
To

+(w (€,07(r) = v (€.07(7) ) e, ()| Glo — £,0(t) = 7)

< [261(T)ag* (az + 1) + 862(T)ag *(az + D]l | [0 — @], .
(A9 — A, =

Jalz

O (- [ s [ [mae oy (46000 - 607 6) -

p(a',0 )
0~1(r)

~(na@ @) [ (€607 ) - )

0

—2(¢, )P (€,07(r) — a>) do +
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0=1(1)
-+A (v (€ )us” (6,67 (7) — @) = ¥, @)t (. 671 (r) — @) ) da +
(W€, 07 () = (€071 (7) ) penen ()| Gl — €60, 00) — 7 d€) +
+ L [ (w90, m) — o €)1t = 7 -

p(a’,0)
1 t !
‘w@wnA(@Wﬂﬂ—wﬂwﬁwﬂwJ—ﬂwbg

< 2 [Au(TD)arag o5 (a2 + ¢1) + forg To(az + 1)] +8Ba(T)arag 'y ' (az + 1) ¢l | X
l
% W(l) _ ¢(2)|T0 ]
l
(Ap® — Ap@) | < pwn _ @ )

0

Hence,

, where p < 1, if T satisfies the conditions

8B0(T)ag oy, < p <1,
281(T)ag (az + 1) + 8Ba(T)ag ' (az + 1)|tholy, < p < 1, (4.6)
2 [B1(T)arag oy (az + 1) + foey To(az + 1)] +88x(T)arag ¢y ' (az + 1)|toly, < p < 1.

It is not difficult to see that from fulfilling the inequalities (4.6) the inequalities (4.5) fol-
lows. This indicates that at 7j satisfying the conditions (4.6), A satisfies both the properties
of a contraction mapping operator for 7' < T, that is, A realizes contracted mapping of the
set S(7T') onto itself. Then, according to Lemma 1, in the set S(7") there exists only one fixed
point of transformations, that is there exists only one solution to (4.1). Hence, solving the system
of (3.1)—(3.3) for example, by the method of successive approximations, we uniquely find the
functions ¥(z,t), k(z',t) which belong to H'+*(+2/2 (R%) and H"/? (R}™") | respectively. [
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. K. /lypoues, K. 3. Hypuoounos
00 uccienoBaHNU 00PATHOI 3a1a4u 1Jis1 MapadoIUIeCKOr0 HHTErpo-IudPepeHHaTLHOr0 ypaBHe-
HHSl ¢ IepeMeHHbIM K03¢GUIIUEeHTOM TeNJIONPOBOTHOCTH

Kniouesvie crosa: unrerpo-nuddepeHinanboe ypaBHeHue, o0paTHast 3aj1a4a, sijapo, MPUHIIKUIT CKHUMA0-
X OTOOPaKCHHIA.

VIK 517.968.72, 517.958, 536.2
DOLI: 10.35634/vm200403

Uccnenyerca oOparHas 3agada OIpEAETIeHUs] MHOTOMEPHOIO sApa HMHTETPAJIbHOIO WIEHA, 3aBHCALIETO
OT BPEMEHHOW NepeMeHHON ¢ u (n — 1)-MepHOM MPOCTPaHCTBEHHON TepeMeHHON =’ = (X1,...,Tp_1)
U3 M-MEPHOTO YPaBHEHHUS TEIUIONPOBOAHOCTHU C IEPEMEHHBIM KO3 (UIMEHTOM TeIIonpoBoxHocTH. 11ps-
MYyI0 3a7ady npejcTasiser 3anada Komwu juisg storo ypaBHeHusl. HTerpanbHblid 4ieH UMEET BUJ CBEPTKU
10 BPEMEHHU fAJpa U PEUICHUs NpsAMOH 3a1a4yu. JIOIOJIHUTENBHOE YCIOBHE IS PEeLIeHUs] 00paTHON 3a1aun
3a/1aeTcs peleHUe MPSMOM 3a1aud Ha TUIIEPIUIOCKOCTH T, = (. B Hauane M3y4aroTcs CBOMCTBA pELICHHUS
npsMoi 3amaun. I 3TOro 3Ta 3a1a4a CBOJUTCS K PELICHUIO MHTETPalIbHOIO YPaBHEHUSI BTOPOrO HOpPSA-
Ka BOJIBTEPPOBCKOTO THUMA M K HEMY IPUMEHSETCS METOI MOoCJeNOBaTelbHBIX NMpHOMmKeHni. Jlanee mo-
cTaBlieHHast oOpaTHas 3a/jaqa MPUBOAUTCS K JIBYM BCIIOMOTATENIbHBIM 33/a49aM, JIOTIOIHUTEIFHOE YCIOBUE
BTOPOI M3 HUX COIEPKUT HEM3BECTHOE SIPO BHE MHTErpana. 3aTeM BCIIOMOIaTeNbHbIE 3a/1aul 3aMEHSIOT-
Cs1 SKBUBAJICHTHOUN 3aMKHYTOM CHCTEMOM MHTETPAJIbHBIX YPABHEHHUM BOJIBTEPPOBCKOIO THIIA OTHOCHTEIBHO
HEeHU3BeCTHBIX QYHKIMNA. [IpUMEeHsIst METOX CHKaThIX OTOOPaKEHHUH K 3TOH cHCTeMe B KJlacce I'ébICPOBCKUX
(yHKUM TOKa3pIBaéM OCHOBHOI pe3ysbTaT CTaThbH, KOTOPBI ABISETCS TEOPEMOIl JOKaJIbHOTO CYIIECTBO-
BaHMS U €AMHCTBEHHOCTH PELICHUS OOPAaTHON 3aJaqH.
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