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1

Íåãîëîíîìíûå ìåõàíè÷åñêèå ñèñòåìû âîçíèêàþò âî ìíîãèõ çàäà÷àõ, èìåþùèõ ïðàêòè÷åñêîå çíà÷åíèå.

Èçâåñòíîé ìîäåëüþ â íåãîëîíîìíîé ìåõàíèêå ÿâëÿþòñÿ ñàíè ×àïëûãèíà. Ñàíè ×àïëûãèíà ïðåäñòàâëÿ-

þò ñîáîé òâåðäîå òåëî, îïèðàþùååñÿ íà ïîâåðõíîñòü îñòðûì íåâåñîìûì êîëåñîì. Îñòðûé êðàé êîëåñà

ïðåïÿòñòâóåò ñêîëüæåíèþ â íàïðàâëåíèè, ïåðïåíäèêóëÿðíîì åãî ïëîñêîñòè. Â äàííîé ðàáîòå ðàññìîò-

ðåíû ñàíè ×àïëûãèíà ñ èçìåíÿþùèìñÿ ñî âðåìåíåì ðàñïðåäåëåíèåì ìàññ, êîòîðîå âîçíèêàåò çà ñ÷åò

äâèæåíèÿ òî÷êè â ïîïåðå÷íîì îòíîñèòåëüíî ïëîñêîñòè ëåçâèÿ íàïðàâëåíèè. Ïîëó÷åíû óðàâíåíèÿ äâè-

æåíèÿ, ñðåäè êîòîðûõ îòäåëÿåòñÿ çàìêíóòàÿ ñèñòåìà óðàâíåíèé ñ ïåðèîäè÷åñêèìè ïî âðåìåíè êîý�-

�èöèåíòàìè, îïèñûâàþùàÿ ýâîëþöèþ ïîñòóïàòåëüíîé è óãëîâîé ñêîðîñòè ñàíåé. Ïîêàçàíî, ÷òî åñëè

ïðîåêöèÿ öåíòðà ìàññ âñåé ñèñòåìû íà îñü âäîëü ëåçâèÿ ðàâíà íóëþ, òîãäà ïîñòóïàòåëüíàÿ ñêîðîñòü

ñàíåé âîçðàñòàåò. Ïðè ýòîì òðàåêòîðèÿ òî÷êè êîíòàêòà, êàê ïðàâèëî, ÿâëÿåòñÿ íåîãðàíè÷åííîé.

Êëþ÷åâûå ñëîâà: íåãîëîíîìíàÿ ìåõàíèêà, ñàíè ×àïëûãèíà, óñêîðåíèå, ïåðâûå èíòåãðàëû.

DOI: 10.20537/vm170408

Ââåäåíèå

Ñàíè ×àïëûãèíà [8℄ ïðåäñòàâëÿþò ñîáîé òâåðäîå òåëî, äâèæóùååñÿ ïî ãîðèçîíòàëüíîé ïëîñ-

êîñòè â ïðèñóòñòâèè íåãîëîíîìíîé ñâÿçè: ïîñòóïàòåëüíàÿ ñêîðîñòü â íåêîòîðîé òî÷êå îðòîãî-

íàëüíà �èêñèðîâàííîìó â òåëå íàïðàâëåíèþ. Ýòó ñâÿçü ìîæíî ðåàëèçîâàòü ñ ïîìîùüþ çàêðåï-

ëåííîãî â òåëå íåâåñîìîãî ëåçâèÿ (êîíüêà) èëè êîëåñíîé ïàðû [2℄. Ïîäðîáíûé êà÷åñòâåííûé

àíàëèç äâèæåíèÿ ñàíåé, èñïîëüçóÿ ÿâíûå êâàäðàòóðû, âûïîëíèë Ê.Êàðàòåîäîðè [4℄. Îêàçà-

ëîñü, ÷òî â çàâèñèìîñòè îò ðàñïîëîæåíèÿ öåíòðà ìàññ ñàíè äâèæóòñÿ ïî îêðóæíîñòè ëèáî

àñèìïòîòè÷åñêè ñòðåìÿòñÿ ê ïðÿìîëèíåéíîìó äâèæåíèþ.

�àçëè÷íûå îáîáùåíèÿ çàäà÷è î ñàíÿõ ×àïëûãèíà ðàññìîòðåíû âî ìíîãèõ ðàáîòàõ. Íàïðè-

ìåð, â [5℄ èññëåäóåòñÿ äâèæåíèå ñàíåé ïîä äåéñòâèåì ñëó÷àéíûõ ñèë, êîòîðûå ìîäåëèðóþò

�ëóêòóèðóþùóþ ñïëîøíóþ ñðåäó. Â [6℄ îáñóæäàåòñÿ óïðàâëåíèå ñàíÿìè çà ñ÷åò äâèæåíèÿ

òîëüêî åãî öåíòðà ìàññ. Â ÷àñòíîñòè, ïîêàçàíî, ÷òî, èçìåíÿÿ ïîëîæåíèå öåíòðà ìàññ, ìîæíî

îñóùåñòâèòü ïåðåõîä èç äâèæåíèÿ ïî îêðóæíîñòè ê äâèæåíèþ ïî ïðÿìîé ñ çàäàííûì êîý��è-

öèåíòîì íàêëîíà.

Â ýòîé ðàáîòå ðàññìîòðåíû ñàíè ×àïëûãèíà ñ èçìåíÿþùèìñÿ ñî âðåìåíåì ðàñïðåäåëåíèåì

ìàññ, êîòîðîå âîçíèêàåò çà ñ÷åò äâèæåíèÿ òî÷êè â ïîïåðå÷íîì îòíîñèòåëüíî ïëîñêîñòè ëåçâèÿ

íàïðàâëåíèè. �àññìàòðèâàåìàÿ çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ ðåäóöèðîâàííîé äâóìåðíîé

ñèñòåìû ñ ïåðèîäè÷åñêèìè ïî âðåìåíè êîý��èöèåíòàìè, êîòîðàÿ îïèñûâàåò ýâîëþöèþ ïîñòó-

ïàòåëüíîé è óãëîâîé ñêîðîñòåé ñàíåé.

Ñ �èçè÷åñêîé òî÷êè çðåíèÿ âàæíóþ ðîëü èãðàåò âîïðîñ îá âîçìîæíîñòè (ïîñòîÿííîãî)

óñêîðåíèÿ ñàíåé. Îêàçàëîñü, ÷òî çà ñ÷åò îïðåäåëåííîãî âûáîðà ðàñïðåäåëåíèÿ ìàññ ìîæíî äî-

áèòüñÿ, ÷òîáû âñå òðàåêòîðèè ðåäóöèðîâàííîé ñèñòåìû áûëè íåîãðàíè÷åííûìè è â ðåçóëüòàòå

÷åãî íàáëþäàëîñü óñêîðåíèå ñàíåé. Îòìåòèì, ÷òî óñêîðåíèå íå õàðàêòåðíî äëÿ íàòóðàëüíûõ

ãàìèëüòîíîâûõ ñèñòåì ñ ïîëóòîðà ñòåïåíÿìè ñâîáîäû: ýòîìó ïðåïÿòñòâóþò ÊÀÌ-òîðû, ñî-

õðàíÿþùèåñÿ ïðè ïåðèîäè÷åñêîì âîçìóùåíèè èñõîäíîé ãàìèëüòîíîâîé ñèñòåìû. Îáñóæäåíèå

ýòîãî âîïðîñà ñîäåðæèòñÿ, íàïðèìåð, â ðàáîòå [7℄.

1

Èññëåäîâàíèå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Ìèíîáðíàóêè �îññèè (1.2404.2017/4.6).
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� 1. Óðàâíåíèÿ äâèæåíèÿ

Càíè ×àïëûãèíà ïðåäñòàâëÿþò ñîáîé òâåðäîå òåëî, îïèðàþùååñÿ íà ïëîñêîñòü äâóìÿ àá-

ñîëþòíî ãëàäêèìè íîæêàìè è íåâåñîìûì êîëåñîì (ëåçâèåì) ñ îñòðûì êðàåì, êîòîðûé ïðåïÿò-

ñòâóåò ïðîñêàëüçûâàíèþ òî÷êè êîíòàêòà R â ïåðïåíäèêóëÿðíîì ïëîñêîñòè êîëåñà íàïðàâëå-

íèè (ðèñ.1).

�èñ. 1. Ñàíè ×àïëûãèíà ñ äâèæóùåéñÿ òî÷å÷íîé ìàññîé

Îïðåäåëèì äâå ñèñòåìû êîîðäèíàò:

� íåïîäâèæíóþ ñèñòåìó êîîðäèíàò Oxy;

� ïîäâèæíóþ ñèñòåìó êîîðäèíàò Rx1y1, æåñòêî ñâÿçàííóþ ñ ñàíÿìè ×àïëûãèíà.

Ïîëîæåíèå ñàíåé áóäåì îïðåäåëÿòü ñ ïîìîùüþ r = (x, y) � ðàäèóñ-âåêòîðà òî÷êè êîí-

òàêòà â íåïîäâèæíîé ñèñòåìå êîîðäèíàò Oxy, à îðèåíòàöèþ � ñ ïîìîùüþ óãëà ïîâîðîòà ϕ.

Òàêèì îáðàçîì, êîí�èãóðàöèîííîå ïðîñòðàíñòâî ñàíåé Q = {q = (x, y, ϕ)} ñîâïàäàåò ñ ãðóïïîé
äâèæåíèé ïëîñêîñòè SE(2).

Ïóñòü v = (v1, v2) � ñêîðîñòü òî÷êè êîíòàêòà R â ïîäâèæíîé ñèñòåìå êîîðäèíàò è ω � óãëî-

âàÿ ñêîðîñòü òåëà. Óðàâíåíèå ñâÿçè, âûðàæàþùåå óñëîâèå ðàâåíñòâà íóëþ ïðîåêöèè ñêîðîñòè

òî÷êè êîíòàêòà R íà îñü Ry1, èìååò âèä

v2 = 0. (1.1)

Êèíåòè÷åñêàÿ ýíåðãèÿ ñàíåé ïðåäñòàâëÿåòñÿ â �îðìå

Ts =
1

2
ms

(
(v1 − d2ω)

2 + (v2 + d1ω)
2
)
+

1

2

(
Is −ms(d

2
1 + d22)

)
ω2,

ãäå ms è Is � ìàññà è ìîìåíò èíåðöèè òåëà îòíîñèòåëüíî òî÷êè êîíòàêòà R, à d = (d1, d2) �
ðàäèóñ-âåêòîð öåíòðà ìàññ â ïîäâèæíîé ñèñòåìå êîîðäèíàò Rx1y1.

Ïóñòü íà òâåðäîì òåëå (ñàíÿõ) äâèæåòñÿ ìàòåðèàëüíàÿ òî÷êà, êîòîðàÿ ñîâåðøàåò ïåðèîäè-

÷åñêèå äâèæåíèÿ â ïîïåðå÷íîì îòíîñèòåëüíî ïëîñêîñòè ëåçâèÿ íàïðàâëåíèè:

ρ =
(
a, b sin(Ωt)

)
.

Êèíåòè÷åñêàÿ ýíåðãèÿ òî÷êè èìååò âèä

Tp =
1

2
mp

((
v1 + ρ̇1 − ρ2ω

)2
+
(
v2 + ρ̇2 + ρ1ω

)2)
,

ãäå mp � ìàññà òî÷êè.

Óðàâíåíèÿ äâèæåíèÿ ñàíåé ïðåäñòàâëÿþòñÿ â ñëåäóþùåé �îðìå:

d

dt

(
∂T

∂ω

)
= v2

∂T

∂v1
− v1

∂T

∂v2
,

d

dt

(
∂T

∂v1

)
= ω

∂T

∂v2
,

d

dt

(
∂T

∂v2

)
= −ω

∂T

∂v1
+ λ,
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ãäå T = Ts + Tp � êèíåòè÷åñêàÿ ýíåðãèÿ âñåé ñèñòåìû (ñàíè+òî÷êà), à λ � íåîïðåäåëåííûé

ìíîæèòåëü, êîòîðûé ìîæåò áûòü íàéäåí èç ïîñëåäíåãî óðàâíåíèÿ ñ ó÷åòîì ñâÿçè (1.1).

Îïðåäåëèì èìïóëüñ P è ìîìåíò èìïóëüñà M :

P =
∂T

∂v1

∣∣∣∣
v2=0

= (ms +mp)v1 − (msd2 +mpρ2)ω +mpρ̇1,

M =
∂T

∂ω

∣∣∣∣
v2=0

= −(msd2 +mpρ2)v1 + (Is +mp(ρ
2
1 + ρ22))ω +mp(ρ1ρ̇2 − ρ2ρ̇1).

(1.2)

Îêîí÷àòåëüíî, ñ ó÷åòîì

∂T

∂v2

∣∣∣∣
v2=0

= (msd1 +mpρ1)ω +mpρ̇2,

ïîëó÷èì óðàâíåíèÿ äâèæåíèÿ â ñëåäóþùåé �îðìå:

Ṗ = ω((msd1 +mpρ1)ω +mpρ̇2), Ṁ = −v1((msd1 +mpρ1)ω +mpρ̇2),

ϕ̇ = ω, ẋ = v1 cosϕ, ẏ = v1 sinϕ,
(1.3)

ãäå ïðåäïîëàãàþòñÿ ñêîðîñòè v1 è ω âûðàæåííûìè ÷åðåç ìîìåíòû P èM èç ñîîòíîøåíèÿ (1.2).

Óðàâíåíèÿ (1.3) èíâàðèàíòíû îòíîñèòåëüíî ãðóïïû äâèæåíèé ïëîñêîñòè SE(2), âñëåäñòâèå
ýòîãî îòäåëÿåòñÿ çàìêíóòàÿ (ðåäóöèðîâàííàÿ) ñèñòåìà óðàâíåíèé, îïèñûâàþùàÿ ýâîëþöèþ p

è M . Êàê ñëåäóåò èç (1.3), ïî íàéäåííûì ðåøåíèÿì ðåäóöèðîâàííîé ñèñòåìû äâèæåíèå ñàíåé

â íåïîäâèæíîé ñèñòåìå êîîðäèíàò Oxy îïðåäåëÿåòñÿ ñ ïîìîùüþ êâàäðàòóð.

� 2. Äèíàìèêà ñàíåé ×àïëûãèíà

Ïóñòü öåíòð ìàññ ñàíåé ðàñïîëîæåí íà îñè Rx1, òî åñòü d2 = 0 (ðèñ. 2).

�èñ. 2. Ñàíè ×àïëûãèíà

Îïðåäåëèì áåçðàçìåðíûå ïåðåìåííûå Z1, Z2, τ , X è Y :

Z1 =
P

mbΩ
, Z2 =

Mm+ Pmpb sin(Ωt)

m2b2Ω
, τ = Ωt, X =

x

b
, Y =

y

b
.

�åäóöèðîâàííàÿ ñèñòåìà óðàâíåíèé â ýòèõ ïåðåìåííûõ èìååò âèä

dZ1

dτ
=

(
Z2 − αµ cos τ

)(
δZ2 − µ cos τ(αδ − J − µ(1− µ) sin2 τ)

)

(J + µ(1− µ) sin2 τ)2
,

dZ2

dτ
= −δ(Z2 − αµ cos τ)Z1

J + µ(1− µ) sin2 τ
,

(2.1)

ãäå ââåäåíû ñëåäóþùèå áåçðàçìåðíûå ïàðàìåòðû:

α =
a

b
, δ =

c1

b
, µ =

mp

m
, J =

Is +mpa
2

mb2
.
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Óðàâíåíèÿ äâèæåíèÿ äëÿ êîí�èãóðàöèîííûõ ïåðåìåííûõ ïðåäñòàâëÿþòñÿ â �îðìå

dϕ

dτ
= ω̃,

dX

dτ
= ṽ1 cosϕ,

dY

dτ
= ṽ1 sinϕ,

ω̃ =
Z2 − αµ cos τ

J + µ(1− µ) sin2 τ
, ṽ1 =

JZ1 + µ sin τ
(
(1− µ)Z1 sin τ + Z2 − αµ cos τ

)

J + µ(1− µ) sin2 τ
.

(2.2)

Òàêèì îáðàçîì, çàäà÷à ñâîäèòñÿ ê èññëåäîâàíèþ äèíàìèêè ñèñòåìû (2.1), (2.2). Äàëåå ïî-

äðîáíî ðàññìîòðèì âîïðîñ î âîçìîæíîñòè ïîñòîÿííîãî óñêîðåíèÿ ñàíåé â çàâèñèìîñòè îò ðàñ-

ïðåäåëåíèÿ ìàññ ñàíåé è ðàñïîëîæåíèÿ êîëåáëþùåéñÿ òî÷êè. Ïîä ïîñòîÿííûì óñêîðåíèåì áó-

äåì ïîäðàçóìåâàòü íåîãðàíè÷åííûé ðîñò ïîñòóïàòåëüíîé ñêîðîñòè ñàíåé, êîòîðûé âîçíèêàåò

äëÿ íåîãðàíè÷åííûõ òðàåêòîðèé ðåäóöèðîâàííîé ñèñòåìû (2.1).

�àññìîòðèì ïîäðîáíåå ñëó÷àé δ = 0: ïðîåêöèÿ öåíòðà ìàññ âñåé ñèñòåìû íà îñü âäîëü

ëåçâèÿ ðàâíà íóëþ. Ïðè ýòîì ñèñòåìà (2.1) ñâîäèòñÿ ê ëèíåéíîé ñèñòåìå ñ ïåðèîäè÷åñêèìè

êîý��èöèåíòàìè, êîòîðàÿ ïðåäñòàâëÿåòñÿ â ãàìèëüòîíîâîé �îðìå

Ż1 =
∂H

∂Z2

, Ż2 = − ∂H

∂Z2

,

H =
µ cos τ

J + µ(1− µ) sin2 τ

(
Z2
1

2
− αµ cos τ

)
.

Êàê âèäèì, â äàííîì ñëó÷àå ñîõðàíÿåòñÿ Z2 = const, à äëÿ îïðåäåëåíèÿ Z1 ïîëó÷èì ñëåäóþùóþ

êâàäðàòóðó:

Z1(τ) =

∫
τ

0

µ(Z2 − αµ cos s) cos s

J + µ(1− µ) sin2 s
ds+ Z1(0).

Ïðè ýòîì äëÿ Z1(τ) (çà ïåðèîä äâèæåíèÿ òî÷êè) ñïðàâåäëèâî

Z1(τ + 2π) = Z1(τ) +
2παµ

1− µ

(
1−

√
1 +

µ(1− µ)

J

)
. (2.3)

Ñëåäîâàòåëüíî, åñëè αµ 6= 0, �óíêöèÿ Z1(τ) ñî âðåìåíåì (íåîãðàíè÷åííî) îòäàëÿåòñÿ îò ñâîåãî

íà÷àëüíîãî çíà÷åíèÿ Z1(0), âñëåäñòâèå ÷åãî ðàñòåò ïîñòóïàòåëüíàÿ ñêîðîñòü ñàíåé è íàáëþäà-

åòñÿ óñêîðåíèå.

�èñ. 3. Òðàåêòîðèÿ äâèæåíèÿ òî÷êè êîíòàêòà ñàíåé ïðè �èêñèðîâàííûõ ïàðàìåòðàõ α = 0.5, δ = 0, J = 2,

µ = 0.25 è íà÷àëüíûõ óñëîâèÿõ Z1 = 0, Z2 = 0, τ = 0 ϕ = 0, X = 0, Y = 0
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�èñ. 4. �àçëè÷íûå òðàåêòîðèè äâèæåíèÿ òî÷êè êîíòàêòà ñàíåé ïðè �èêñèðîâàííûõ ïàðàìåòðàõ α = 0, δ = 0,

J = 2, µ = 0.25 è íà÷àëüíûõ óñëîâèÿõ Z1 = 0, τ = 0 ϕ = 0, X = 0, Y = 0

Óðàâíåíèå äëÿ óãëà, îïðåäåëÿþùåãî îðèåíòàöèþ ñàíåé, ïðåäñòàâëÿåòñÿ â âèäå

ϕ′ =
Z2 − αµ cos τ

J + µ(1− µ) sin2 τ
.

Ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ ÿâëÿåòñÿ ïåðèîäè÷åñêîé ïî âðåìåíè �óíêöèåé, ñëåäîâàòåëüíî,

äàííîå óðàâíåíèå îïèñûâàåò âåêòîðíîå ïîëå íà òîðå T
2 = {(t, ϕ) mod 2π}. Ìîæíî ïîêàçàòü,

÷òî ýòî âåêòîðíîå ïîëå ñîõðàíÿåò ñòàíäàðòíóþ èíâàðèàíòíóþ ìåðó, è, ñëåäîâàòåëüíî, åãî òðà-

åêòîðèè ïåðèîäè÷åñêèå ëèáî êâàçèïåðèîäè÷åñêèå. Òðàåêòîðèÿ òî÷êè êîíòàêòà ïðè ýòîì, êàê

ïðàâèëî, ÿâëÿåòñÿ íåîãðàíè÷åííîé (ñì. ðèñ. 3).

Åñëè α = 0, òîãäà ñîãëàñíî (2.3) óñêîðåíèå îòñóòñòâóåò, à ïåðåìåííàÿ Z1 èçìåíÿåòñÿ ïåðè-

îäè÷åñêè ñî âðåìåíåì:

Z1(τ) = Z2

√
µ√

J(1 + µ)
arctan

(√
µ(1 + µ)√

J
sin τ

)
+ Z1(0).
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Êðîìå òîãî, â ýòîì ñëó÷àå çà âðåìÿ τ = 2π ïåðåìåííàÿ ϕ èçìåíÿåòñÿ íà âåëè÷èíó 2πωϕ, ãäå

ωϕ =
Z2√

J(J + µ(1− µ))
.

Òàêèì îáðàçîì, åñëè ωϕ =
n

k
, n, k ∈ N, òîãäà ϕ èçìåíÿåòñÿ ïåðèîäè÷åñêè ñî âðåìåíåì. Áîëåå

òîãî, ìîæíî ïîêàçàòü [1,3℄, ÷òî âî âòîðîì ñëó÷àå òðàåêòîðèÿ òî÷êè êîíòàêòà ñàíåé îãðàíè÷åíà

(ñì. ðèñ. 4, a). Â äðóãîì (ðåçîíàíñíîì) ñëó÷àå âñòðå÷àþòñÿ êàê íåîãðàíè÷åííûå òðàåêòîðèè

òî÷êè êîíòàêòà (ñì. ðèñ. 4, b), òàê è ïåðèîäè÷åñêèå (ñì. ðèñ. 4, 
, d).

Êàê ïîêàçûâàþò ÷èñëåííûå ýêñïåðèìåíòû â îáùåì ñëó÷àå ïðè δ 6= 0, äîïîëíèòåëüíûé
èíòåãðàë â ñèñòåìå (2.1) îòñóòñòâóåò. Ïîýòîìó âîïðîñ î äèíàìèêå ñàíåé â îáùåì ñëó÷àå îñòàåòñÿ

îòêðûòûì.
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Nonholonomi
 me
hani
al systems arise in the 
ontext of many problems of pra
ti
al signi�
an
e. A famous

model in nonholonomi
 me
hani
s is the Chaplygin sleigh. The Chaplygin sleigh is a rigid body with a sharp

weightless wheel in 
onta
t with the (supporting) surfa
e. The sharp edge of the wheel prevents the wheel
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from sliding in the dire
tion perpendi
ular to its plane. This paper is 
on
erned with a Chaplygin sleigh

with time-varying mass distribution, whi
h arises due to the motion of a point in the dire
tion transverse

to the plane of the knife edge. Equations of motion are obtained from whi
h a 
losed system of equations

with time-periodi
 
oe�
ients de
ouples. This system governs the evolution of the translational and angular

velo
ities of the sleigh. It is shown that if the proje
tion of the 
enter of mass of the whole system onto the

axis along the knife edge is zero, the translational velo
ity of the sleigh in
reases. The traje
tory of the point

of 
onta
t is, as a rule, unbounded.
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