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��ÀÔ ÀÖÈÊËÈ×ÅÑÊÈÕ Î���ÀÔÎÂ

Â òåðìèíàõ õàðàêòåðèñòè÷åñêèõ �óíêöèé íà ìíîæåñòâå âñåõ áèíàðíûõ îòíîøåíèé ìíîæåñòâà X ââî-

äèòñÿ ïîíÿòèå áèíàðíîãî ðå�ëåêñèâíîãî îòíîøåíèÿ ñìåæíîñòè è îïðåäåëÿåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà,

ñîñòîÿùàÿ èç âñåõ áèíàðíûõ îòíîøåíèé ìíîæåñòâà è èç âñåõ íåóïîðÿäî÷åííûõ ïàð ñìåæíûõ áèíàðíûõ

îòíîøåíèé. Åñëè X � êîíå÷íîå ìíîæåñòâî, òî ýòà àëãåáðàè÷åñêàÿ ñèñòåìà � ãðà� (¾ãðà� ãðà�îâ¿).

Äîêàçàíî, ÷òî äèàìåòð ãðà�à áèíàðíûõ îòíîøåíèé ðàâåí 2. Ïîêàçàíî, ÷òî åñëè σ è τ � ñìåæíûå

îòíîøåíèÿ, òî σ � àöèêëè÷åñêîå îòíîøåíèå (êîíå÷íûé àöèêëè÷åñêèé îðãðà�) òîãäà è òîëüêî òîãäà,

êîãäà τ � àöèêëè÷åñêîå îòíîøåíèå. Ïîëó÷åíà ÿâíàÿ �îðìóëà äëÿ ÷èñëà êîìïîíåíò ñâÿçíîñòè ãðà�à

àöèêëè÷åñêèõ îòíîøåíèé.

Êëþ÷åâûå ñëîâà: áèíàðíîå îòíîøåíèå, àöèêëè÷åñêèé îðèåíòèðîâàííûé ãðà�.

�àáîòà ïðîäîëæàåò èññëåäîâàíèå ââåäåííîãî àâòîðàìè ãðà�à áèíàðíûõ îòíîøåíèé [1, 2℄.

1. Ñìåæíîñòü áèíàðíûõ îòíîøåíèé. Ïóñòü B =̇ { 0, 1 } � áóëåâî ìíîæåñòâî, X � ïðî-

èçâîëüíîå ìíîæåñòâî, à X2 =̇X×X � ïðÿìîå ïðîèçâåäåíèå. Ôóíêöèè X2 → B áóäåì íàçûâàòü

õàðàêòåðèñòè÷åñêèìè. Âñÿêîå ïîäìíîæåñòâî σ ⊆ X2, íàçûâàåìîå áèíàðíûì îòíîøåíèåì (èëè

ïðîñòî îòíîøåíèåì) íà ìíîæåñòâå X, ïîðîæäàåò õàðàêòåðèñòè÷åñêóþ �óíêöèþ

χσ : X
2 → B, χσ(x, y) =̇

{

1, åñëè (x, y) ∈ σ,

0, åñëè (x, y) 6∈ σ.

Äàëåå �óíêöèþ χσ(·, ·) áóäåì îáîçíà÷àòü ÷åðåç σ(·, ·). Ñ äðóãîé ñòîðîíû, âñÿêàÿ õàðàêòåðèñòè-

÷åñêàÿ �óíêöèÿ χ : X2 → B ïîðîæäàåò áèíàðíîå îòíîøåíèå σχ ⊆ X2
òàêîå, ÷òî (x, y) ∈ σχ,

åñëè χ(x, y) = 1. Î÷åâèäíî, îòîáðàæåíèå σ → σ(·, ·) ÿâëÿåòñÿ áèåêöèåé ìåæäó ìíîæåñòâîì áè-

íàðíûõ îòíîøåíèé è ìíîæåñòâîì õàðàêòåðèñòè÷åñêèõ �óíêöèé. Â ñèëó ýòîãî îáñòîÿòåëüñòâà

ìû íàçûâàåì σ êàê îòíîøåíèåì, òàê è �óíêöèåé.

Îïðåäåëåíèå 1. Ïóñòü X = Y ∪Z � äèçúþíêòíîå îáúåäèíåíèå äâóõ ïîäìíîæåñòâ (äîïóñ-

êàåòñÿ, ÷òî Y = ∅ èëè Z = ∅). Ïðåäïîëîæèì, ÷òî îòíîøåíèå σ ⊆ X2
òàêîâî, ÷òî σ(x, y) = 0

äëÿ âñåõ (x, y) ∈ Y × Z. Îíî ïîðîæäàåò îòíîøåíèå τ ⊆ X2
òàêîå, ÷òî

τ(x, y) = 1− σ(y, x) äëÿ âñåõ (x, y) ∈ Y × Z,

τ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Z × Y,

τ(x, y) = σ(x, y) äëÿ âñåõ (x, y) ∈ Y 2 ∪ Z2.

Îòíîøåíèå τ íàçûâàåòñÿ ñìåæíûì ñ îòíîøåíèåì σ.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî åñëè τ ñìåæíî ñ σ, òî è σ ñìåæíî ñ τ, è ýòîò �àêò ìû çàïèñû-

âàåì â âèäå äèàãðàììû σ
Y×Z
←−−→ τ. Ïðèìåíÿÿ îáîçíà÷åíèå σ|P×Q äëÿ ñóæåíèÿ �óíêöèè σ íà

ïðÿìîóãîëüíèê P ×Q, ïîëó÷àåì áëî÷íîå ïðåäñòàâëåíèå

Y Z

Y

Z

Y Z

.
σ|Z×Y

σ|Y 2

σ|Z2

τ |Y 2

τ |Z2

τ |Y ×Z0

0
= σ

Y×Z
←−−→ τ =

Òàê êàê σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Y × Z, òî â áëîêå Y × Z çàïèñàí ¾îáîáùåííûé¿ íîëü

(àíàëîãè÷íî â áëîêå Z × Y îòíîøåíèÿ τ). Â îñòàëüíûõ áëîêàõ çíà÷åíèÿ íåèçâåñòíû, è òàì

ìû ïîñòóïàåì ñëåäóþùèì îáðàçîì. Áåðåì çà îñíîâó, íàïðèìåð, îòíîøåíèå σ è ïðîñòàâëÿåì

â åãî áëîêàõ óñëîâíûé ñèìâîë ε; òàê êàê τ |Y 2 = σ|Y 2 è τ |Z2 = σ|Z2 , òî â äèàãîíàëüíûõ áëîêàõ
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îòíîøåíèÿ τ òîæå ïèøåì ñèìâîë ε; íàêîíåö, â áëîêå Y × Z îòíîøåíèÿ τ ïèøåì ñèìâîë ε′,

îçíà÷àþùèé, ÷òî τ(x, y) = 1− σ(y, x) äëÿ âñåõ (x, y) ∈ Y × Z:

(1)

Y Z

Y

Z

Y Z

.
ε

ε

ε

ε

ε

ε
′

0

0
= σ

Y×Z
←−−→ τ =

Íà ïðîòÿæåíèè ðàáîòû ìû ïðåäñòàâëÿåì äèàãðàììû â âèäå (1). Çàìåòèì, ÷òî çà îñíîâó ìîæíî

áðàòü è îòíîøåíèå τ (òîãäà â åãî áëîêå Y ×Z ñëåäóåò ïèñàòü ñèìâîë ε, à â áëîêå Z×Y îòíîøåíèÿ

σ � ñèìâîë ε′). Åùå çàìåòèì, ÷òî äîâîëüíî ÷àñòî ìû ïðèìåíÿåì ¾îáîáùåííóþ¿ åäèíèöó (â òîì

ñëó÷àå, åñëè àïðèîðè èçâåñòíî, ÷òî âñå ýëåìåíòû áëîêà ðàâíû 1).
Òàêèì îáðàçîì, X ïîðîæäàåò ïàðó

〈

2X
2

, E(X)
〉

, ãäå ÷åðåç 2X
2

îáîçíà÷åíî ìíîæåñòâî âåð-

øèí, ñîñòîÿùåå èç âñåõ áèíàðíûõ îòíîøåíèé ìíîæåñòâà X, à E(X) � ýòî ìíîæåñòâî ðåáåð,

ñîñòîÿùåå èç íåóïîðÿäî÷åííûõ ïàð ñìåæíûõ áèíàðíûõ îòíîøåíèé ìíîæåñòâà X (òàê êàê äî-

ïóñêàåòñÿ, ÷òî Y = ∅, òî E(X) ñîäåðæèò âñå ïåòëè). Ïàðó G(X) =̇
〈

2X
2

, E(X)
〉

áóäåì íàçûâàòü

(íåîðèåíòèðîâàííûì) ãðà�îì áèíàðíûõ îòíîøåíèé ìíîæåñòâà X.

Áóäåì ãîâîðèòü, ÷òî áèíàðíûå îòíîøåíèÿ σ è τ ïðèíàäëåæàò îäíîé êîìïîíåíòå ñâÿçíîñòè

ãðà�à G(X), åñëè ñóùåñòâóåò êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü îòíîøåíèé σ = σ1, σ2, . . . , σm = τ,

â êîòîðîé îòíîøåíèÿ σk−1 è σk ñìåæíû ïðè âñåõ k = 2, . . . ,m. ×åðåç Gσ(X) áóäåì îáîçíà÷àòü

òó êîìïîíåíòó ñâÿçíîñòè ãðà�à G(X), êîòîðàÿ ñîäåðæèò äàííîå îòíîøåíèå σ.

2. Äèàìåòð ãðà�à áèíàðíûõ îòíîøåíèé.

Ëåììà 1. Äëÿ ëþáûõ äâóõ íåñìåæíûõ îòíîøåíèé σ′, σ′′ ∈ Gσ(X) ãðà�à
〈

2X
2

, E(X)
〉

ñó-

ùåñòâóåò îòíîøåíèå τ ∈ Gσ(X) òàêîå, ÷òî

σ′
Y ′

×Z′

←−−−−−→ τ
Y ′′

×Z′′

←−−−−−→ σ′′, Y ′ × Z ′ 6= ∅, Y ′′ × Z ′′ 6= ∅.

Ä î ê à ç à ò å ë ü ñ ò â î. Êîíå÷íóþ öåïî÷êó

σ0
Y1×Z1

←−−−−→ σ1
Y2×Z2

←−−−−→ σ2 ←−−→ . . . ←−−→ σm−2

Ym−1×Zm−1

←−−−−−−−−−→ σm−1

Ym×Zm

←−−−−−→ σm

ñìåæíûõ îòíîøåíèé èç êîìïîíåíòû Gσ(X) áóäåì íàçûâàòü êàíîíè÷åñêîé, åñëè σk−1 6= σk äëÿ

âñåõ k = 1, . . . ,m è σk−1 6= σk+1 äëÿ âñåõ k = 1, . . . ,m − 1. Î÷åâèäíî, Yk 6= ∅ 6= Zk äëÿ

âñåõ k = 1, . . . ,m è Zk−1 6= Yk äëÿ âñåõ k = 2, . . . ,m. ×åðåç Ωm
σ îáîçíà÷èì ñåìåéñòâî âñåõ

êàíîíè÷åñêèõ öåïî÷åê äëèíû m êîìïîíåíòû Gσ(X).
Òàê êàê σ′, σ′′ ∈ Gσ(X), òî ñóùåñòâóåò êîíå÷íàÿ öåïî÷êà σ′ = σ0, σ1, . . . , σµ = σ′′, â êî-

òîðîé îòíîøåíèÿ σk−1 è σk ñìåæíû ïðè âñåõ k = 2, . . . , µ. Åñëè öåïî÷êà íå êàíîíè÷åñêàÿ,

òî îñóùåñòâèì ñëåäóþùóþ ïðîöåäóðó óäàëåíèÿ ëèøíèõ óçëîâ: ïðîñìàòðèâàÿ öåïî÷êó ñëåâà

íàïðàâî è îáíàðóæèâ ïðè íåêîòîðîì k ðàâåíñòâî σk−1 = σk, óäàëÿåì èç öåïî÷êè îòíîøåíèå

σk−1; âíîâü ïðîñìàòðèâàÿ öåïî÷êó ñëåâà íàïðàâî è îáíàðóæèâ ïðè íåêîòîðîì k ðàâåíñòâî

σk−1 = σk+1, óäàëÿåì èç öåïî÷êè îòíîøåíèÿ σk−1 è σk. Â èòîãå ìû ïîëó÷èì êàíîíè÷åñêóþ

öåïî÷êó σ′ = σ0, σ1, . . . , σm = σ′′
èç Ωm

σ . Äàëåå ðàññìàòðèâàåì òîëüêî êàíîíè÷åñêèå öåïè.

Òàê êàê σ′
è σ′′

� íåñìåæíûå îòíîøåíèÿ, òî m > 1. Ïðè m = 2 óòâåðæäåíèå ëåììû

î÷åâèäíî (äîñòàòî÷íî ïîëîæèòü τ = σ1). Ïðè m = 3 öåïî÷êà èìååò âèä

σ0
Y1×Z1

←−−−−→ σ1
Y2×Z2

←−−−−→ σ2
Y3×Z3

←−−−−→ σ3, (2)

ïðè÷åì Yk 6= ∅ 6= Zk, k = 1, 2, 3, Z1 6= Y2, Z2 6= Y3. Åñëè

S1 =̇Y1 ∩ Y2 ∩ Y3, S2 =̇Y1 ∩ Y2 ∩ Z3, S3 =̇Y1 ∩ Z2 ∩ Y3, S4 =̇Y1 ∩ Z2 ∩ Z3,

S5 =̇Z1 ∩ Y2 ∩ Y3, S6 =̇Z1 ∩ Y2 ∩ Z3, S7 =̇Z1 ∩ Z2 ∩ Y3, S8 =̇Z1 ∩ Z2 ∩ Z3,

òî

Y1 = S1 ∪ S2 ∪ S3 ∪ S4, Z1 = S5 ∪ S6 ∪ S7 ∪ S8, Y2 = S1 ∪ S2 ∪ S5 ∪ S6,

Z2 = S3 ∪ S4 ∪ S7 ∪ S8, Y3 = S1 ∪ S3 ∪ S5 ∪ S7, Z3 = S2 ∪ S4 ∪ S6 ∪ S8.
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Äîïóñòèì, ÷òî S1 6= ∅ è S8 6= ∅. Òîãäà äëÿ ëþáîé ïàðû (x, y) ∈ S1×S8 èìååì (y, x) ∈ Z1×Y1

è (x, y) ∈ Y3 × Z3, ïîýòîìó â ñèëó äèàãðàììû (2) ñïðàâåäëèâî σ1(y, x) = 0 è σ2(x, y) = 0.
Ñ äðóãîé ñòîðîíû, S1 × S8 ⊆ Y2 × Z2, ïîýòîìó σ2(x, y) = 1 − σ1(y, x) = 1 � ïðîòèâîðå÷èå.

Çíà÷èò, îäíî èç ìíîæåñòâ S1 èëè S8 ïóñòî.

I. Äîïóñòèì, ÷òî S1 6= ∅, à S8 = ∅. Â ýòîì ñëó÷àå èìåþò ìåñòî ñëåäóþùèå ðàâåíñòâà:

σ1(x, y) = 0 äëÿ âñåõ (x, y) ∈ Z1 × Y1 = [S5 ∪ S6 ∪ S7]× [S1 ∪ S2 ∪ S3 ∪ S4],

σ1(x, y) = 0 äëÿ âñåõ (x, y) ∈ Y2 × Z2 = [S1 ∪ S2 ∪ S5 ∪ S6]× [S3 ∪ S4 ∪ S7],

σ2(x, y) = 0 äëÿ âñåõ (x, y) ∈ Z2 × Y2 = [S3 ∪ S4 ∪ S7]× [S1 ∪ S2 ∪ S5 ∪ S6],

σ2(x, y) = 0 äëÿ âñåõ (x, y) ∈ Y3 × Z3 = [S1 ∪ S3 ∪ S5 ∪ S7]× [S2 ∪ S4 ∪ S6]. (3)

Êðîìå òîãî, â ñèëó äèàãðàììû σ1
Y2×Z2

←−−−−→ σ2 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

1. Òàê êàê ∆1 =̇ [S1 × S2] ∪ [S1 × S6] ∪ [S5 × S6] ⊆ Y 2
2 , òî σ1(x, y) = σ2(x, y) ïðè (x, y) ∈ ∆1,

à òàê êàê ∆1 ⊆ Y3 × Z3, òî σ2(x, y) = 0. Çíà÷èò, σ1(x, y) = 0 äëÿ âñåõ (x, y) ∈ ∆1.

2. Òàê êàê ∆2 =̇S3 × S4 ⊆ Z2
2 , òî σ1(x, y) = σ2(x, y) ïðè (x, y) ∈ ∆2, à òàê êàê ∆2 ⊆ Y3 × Z3,

òî σ2(x, y) = 0. Çíà÷èò, σ1(x, y) = 0 äëÿ âñåõ (x, y) ∈ ∆2.

3. Òàê êàê ∆3 =̇ [S4 × S1] ∪ [S4 × S5] ⊆ Z2 × Y2, òî σ1(x, y) = 1 − σ2(y, x) ïðè (x, y) ∈ ∆3,

à òàê êàê ∆3 ⊆ Z3 × Y3, òî σ2(y, x) = 0. Çíà÷èò, σ1(x, y) = 1 äëÿ âñåõ (x, y) ∈ ∆3.

4. Òàê êàê ∆4 =̇ [S1 × S7] ∪ [S2 × S7] ⊆ Y2 × Z2, òî σ2(x, y) = 1 − σ1(y, x) ïðè (x, y) ∈ ∆4,

à òàê êàê ∆4 ⊆ Y1 × Z1, òî σ1(y, x) = 0. Çíà÷èò, σ2(x, y) = 1 äëÿ âñåõ (x, y) ∈ ∆4.

5. Òàê êàê ∆5 =̇S7 × S3 ⊆ Z2
2 , òî σ2(x, y) = σ1(x, y) ïðè (x, y) ∈ ∆5, à òàê êàê ∆5 ⊆ Z1 × Y1,

òî σ1(x, y) = 0. Çíà÷èò, σ2(x, y) = 0 äëÿ âñåõ (x, y) ∈ ∆5.

6. Òàê êàê ∆6 =̇ [S5 × S1] ∪ [S6 × S1] ∪ [S6 × S2] ⊆ Y 2
2 , òî σ2(x, y) = σ1(x, y) ïðè (x, y) ∈ ∆6,

à òàê êàê ∆6 ⊆ Z1 × Y1, òî σ1(x, y) = 0. Çíà÷èò, σ2(x, y) = 0 äëÿ âñåõ (x, y) ∈ ∆6.

Â ñèëó ýòèõ óòâåðæäåíèé è �îðìóë (3) äëÿ îòíîøåíèé σ1 è σ2 èìååì áëî÷íûå ïðåäñòàâëåíèÿ

(çà îñíîâó áåðåì σ1):

S1 S2 S3 S4 S5 S6 S7

S1

S2

S3

S4

S5

S6

S7

S1 S2 S3 S4 S5 S6 S7

ε ε

ε ε ε ε

ε ε ε ε ε ε

ε ε ε ε ε

ε

ε ε

ε ε ε

ε ε
′

ε

ε ε ε
′

ε
′

ε ε

ε ε

ε ε ε

ε
′

ε ε
′

ε
′

ε
′

ε ε ε
′

ε

0 0 0 0 0

0 0 0

0

1 1

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0 1

1

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0

0 0 0 0 0 0

σ1 = , σ2 = .

Ñëåäîâàòåëüíî, â ñèëó äèàãðàìì σ1
Z1×Y1

←−−−−→ σ0 è σ2
Y3×Z3

←−−−−→ σ3 ñïðàâåäëèâû ïðåäñòàâëåíèÿ

(4)

S1 S2 S3 S4 S5 S6 S7

S1

S2

S3

S4

S5

S6

S7

S1 S2 S3 S4 S5 S6 S7

ε

ε ε

ε ε ε

ε ε ε

ε
′

ε
′

ε
′

ε

ε
′

ε
′

ε
′

ε ε

ε
′

ε
′

ε ε ε

ε ε
′

ε
′

ε

ε ε
′

ε

ε ε ε
′

ε ε

ε

ε
′

ε
′

ε ε
′

ε
′

ε
′

ε

ε
′

ε ε

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0

1 0 0 0

0 0 0

1 0

1 1

1 1 1

0 0 0 0

0 0

0 0 0 0 0 0

0 1

0 0 0 0 0

0 0 0 0

σ0 = , σ3 = .
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Èìååò ìåñòî äèàãðàììà σ0
[S1∪S2]×[S3∪S4∪S5∪S6∪S7]
←−−−−−−−−−−−−−−−−−−−→ τ

[S1∪S3∪S5]×[S2∪S4∪S6∪S7]
←−−−−−−−−−−−−−−−−−−−→ σ3, ãäå

S1 S2 S3 S4 S5 S6 S7

S1

S2

S3

S4

S5

S6

S7

ε ε
′

ε

ε ε ε
′

ε
′

ε ε

ε

ε ε

ε
′

ε

ε
′

ε
′

ε ε

ε
′

ε
′

ε ε ε

0 0 0 0

0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0

0 0

τ =̇ .

Òàê êàê ∅ = S8 = Z1 ∩ Z2 ∩ Z3, òî ñïðàâåäëèâû ðàâåíñòâà

S4 = Y1 ∩ Z2 ∩ Z3 = [Y1 ∩ Z2 ∩ Z3] ∪ [Z1 ∩ Z2 ∩ Z3] = Z2 ∩ Z3,

S6 = Z1 ∩ Y2 ∩ Z3 = [Z1 ∩ Y2 ∩ Z3] ∪ [Z1 ∩ Z2 ∩ Z3] = Z1 ∩ Z3,

S7 = Z1 ∩ Z2 ∩ Y3 = [Z1 ∩ Z2 ∩ Y3] ∪ [Z1 ∩ Z2 ∩ Z3] = Z1 ∩ Z2. (5)

Ïóñòü W =̇S4 ∪ S6 ∪ S7 = [Z1 ∩ Z2] ∪ [Z1 ∩ Z3] ∪ [Z2 ∩ Z3].

Åñëè W = ∅, òî Z1 ∩ Z2 = Z1 ∩ Z3 = Z2 ∩ Z3 = ∅, ïîýòîìó

S2 = Y1 ∩ Y2 ∩ Z3 = [Y1 ∩ Y2 ∩ Z3] ∪ [Y1 ∩ Z2 ∩ Z3] = Y1 ∩ Z3 = [Y1 ∩ Z3] ∪ [Z1 ∩ Z3] = Z3 6= ∅,

S3 = Y1 ∩ Z2 ∩ Y3 = [Y1 ∩ Z2 ∩ Y3] ∪ [Z1 ∩ Z2 ∩ Y3] = Z2 ∩ Y3 = [Z2 ∩ Y3] ∪ [Z2 ∩ Z3] = Z2 6= ∅,

S5 = Z1 ∩ Y2 ∩ Y3 = [Z1 ∩ Y2 ∩ Y3] ∪ [Z1 ∩ Z2 ∩ Y3] = Z1 ∩ Y3 = [Z1 ∩ Y3] ∪ [Z1 ∩ Z3] = Z1 6= ∅.

Äèàãðàììà ïðèíèìàåò âèä σ0
[S1∪S2]×[S3∪S5]
←−−−−−−−−−−−−→ τ

[S1∪S3∪S5]×[S2]
←−−−−−−−−−−−−→ σ3, ïðè÷åì ïðÿìûå ïðîèç-

âåäåíèÿ â íåé íå ïóñòûå.

Ïðè W 6= ∅ äèàãðàììà èìååò âèä σ0
[S1∪S2]×[S3∪S5∪W ]
←−−−−−−−−−−−−−−→ τ

[S1∪S3∪S5]×[S2∪W ]
←−−−−−−−−−−−−−−→ σ3, à òàê

êàê S1 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììå íå ïóñòûå.

II. Ñëó÷àé S1 = ∅, S8 6= ∅ äîêàçûâàåòñÿ ñèììåòðè÷íûì îáðàçîì.

III. Ïóñòü, íàêîíåö, S1 = S8 = ∅. Áëî÷íûå ïðåäñòàâëåíèÿ (4) äëÿ îòíîøåíèé σ0 è σ3
ïðèíèìàþò âèä

S2 S3 S4 S5 S6 S7

S2

S3

S4

S5

S6

S7

S2 S3 S4 S5 S6 S7

ε

ε ε

ε ε ε

ε
′

ε
′

ε

ε
′

ε
′

ε
′

ε ε

ε
′

ε
′

ε ε ε

ε ε
′

ε

ε ε ε
′

ε ε

ε

ε
′

ε
′

ε ε
′

ε
′

ε
′

ε

ε
′

ε ε

0 0 0 0 0

0 0 0 0

0 0 0

0 0 0

0

1

0 0 0

0

0 0 0 0 0

1

0 0 0 0

0 0 0

σ0 = , σ3 = .

Ëåãêî óáåäèòüñÿ â èñòèííîñòè ñëåäóþùèõ äèàãðàìì:

σ0
[S2∪S3∪S4∪S5]×[S6∪S7]

←−−−−−−−−−−−−−−−−−−−→ τ1
[S2∪S3∪S5∪S6∪S7]×[S4]

←−−−−−−−−−−−−−−−−−−−→ σ3, (6)

σ0
[S2∪S3∪S4∪S5∪S6]×[S7]

←−−−−−−−−−−−−−−−−−−−→ τ2
[S2∪S3∪S5∪S7]×[S4∪S6]

←−−−−−−−−−−−−−−−−−−−→ σ3, (7)

σ0
[S2]×[S3∪S4∪S5∪S6∪S7]

←−−−−−−−−−−−−−−−−−−−→ τ3
[S3∪S5]×[S2∪S4∪S6∪S7]

←−−−−−−−−−−−−−−−−−−−→ σ3, (8)

σ0
[S2∪S3]×[S4∪S5∪S6∪S7]

←−−−−−−−−−−−−−−−−−−−→ τ4
[S5]×[S2∪S3∪S4∪S6∪S7]

←−−−−−−−−−−−−−−−−−−−→ σ3, (9)
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ãäå

S2 S3 S4 S5 S6 S7

S2

S3

S4

S5

S6

S7

S2 S3 S4 S5 S6 S7

ε ε

ε ε ε ε

ε ε ε ε ε

ε
′

ε
′

ε ε
′

ε
′

ε

ε ε

ε

ε ε ε

ε ε ε ε

ε
′

ε
′

ε ε
′

ε
′

ε
′

ε
′

ε ε ε
′

ε

0 0 0 0

0 0

0

0

0 0 0 0 0

0 0 0 0

0 0 0 0 0

0 0 0

0 0

0 0

0 0 0 0 0

τ1 =̇ , τ2 =̇ ,

S2 S3 S4 S5 S6 S7

S2

S3

S4

S5

S6

S7

S2 S3 S4 S5 S6 S7

ε ε
′

ε
′

ε ε

ε

ε ε

ε
′

ε

ε
′

ε
′

ε ε

ε
′

ε
′

ε ε ε

ε ε
′

ε ε

ε ε ε
′

ε ε ε

ε

ε

ε
′

ε ε

ε
′

ε ε ε

0

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0

0

0 0

0 0 0 0 0

0 0 0 0 0

0 0 0

0 0

τ3 =̇ , τ4 =̇ .

Â ñèëó (5) èìååì S4 = Z2 ∩ Z3, S6 = Z1 ∩ Z3, S7 = Z1 ∩ Z2, à òàê êàê ∅ = S1 = Y1 ∩ Y2 ∩ Y3, òî

S2 = Y1 ∩ Y2 ∩ Z3 = [Y1 ∩ Y2 ∩ Z3] ∪ [Y1 ∩ Y2 ∩ Y3] = Y1 ∩ Y2,

S3 = Y1 ∩ Z2 ∩ Y3 = [Y1 ∩ Z2 ∩ Y3] ∪ [Y1 ∩ Y2 ∩ Y3] = Y1 ∩ Y3,

S5 = Z1 ∩ Y2 ∩ Y3 = [Z1 ∩ Y2 ∩ Y3] ∪ [Y1 ∩ Y2 ∩ Y3] = Y2 ∩ Y3.

Â ýëåìåíòàðíîé òåîðèè ìíîæåñòâ ñïðàâåäëèâà èìïëèêàöèÿ

A,B ⊆ X, A ∩B = ∅, A ∩B = ∅ =⇒ A = B, B = A. (10)

Ñëåäîâàòåëüíî, S2 ∪ S7 6= ∅ è S4 ∪ S5 6= ∅. (Ïðåäïîëîæèì, íàïðèìåð, ÷òî S2 ∪ S7 = ∅, òîãäà

∅ = S2 = Y1∩Y2 è ∅ = S7 = Z1∩Z2 = Y 1∩Y 2, ïîýòîìó Z1 = Y2, � ïðîòèâîðå÷èå. Ïðåäïîëîæèâ

èñòèííîñòü ðàâåíñòâà S4 ∪ S5 = ∅, òàêæå ïîëó÷èì ïðîòèâîðå÷èå Z2 = Y3.)

1. Åñëè S4 6= ∅ è S7 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììàõ (6), (7) íå ïóñòûå.

2. Åñëè S4 = ∅ è S7 = ∅, òî S5 6= ∅ è S2 6= ∅, ñëåäîâàòåëüíî, ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàì-

ìàõ (8), (9) íå ïóñòûå.

3. Ïóñòü S4 6= ∅, à S7 = ∅, òîãäà S2 6= ∅.

3à. Åñëè S5 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììàõ (8), (9) íå ïóñòûå.

3á. Ïðè S5 = ∅ ñïðàâåäëèâî íåðàâåíñòâî S3 ∪ S6 6= ∅. Ïðåäïîëîæèâ ïðîòèâíîå, èìååì

S3 = ∅, S6 = ∅, à â ñîîòâåòñòâèè ñ (10) ïîëó÷àåì ðàâåíñòâî Z1 = Y3. Çíà÷èò,

∅ = S5 ∪ S7 = [Y2 ∩ Y3] ∪ [Z1 ∩ Z2] = [Y2 ∩ Y3] ∪ [Y3 ∩ Z2] = Y3

� ïðîòèâîðå÷èå. Åñëè S3 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììå (8) íå ïóñòûå, à åñëè

S6 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììå (6) íå ïóñòûå.

4. Ïóñòü, íàêîíåö, S4 = ∅, à S7 6= ∅, òîãäà S5 6= ∅.

4à. Åñëè S2 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììàõ (8), (9) íå ïóñòûå.

4á. Ïðè S2 = ∅ ñïðàâåäëèâî íåðàâåíñòâî S3 ∪ S6 6= ∅. Ïðåäïîëîæèâ ïðîòèâíîå, èìååì

S3 = ∅, S6 = ∅, à â ñîîòâåòñòâèè ñ (10) ïîëó÷àåì ðàâåíñòâî Z3 = Y1. Çíà÷èò,

∅ = S2 ∪ S4 = [Y1 ∩ Y2] ∪ [Z2 ∩ Z3] = [Y1 ∩ Y2] ∪ [Z2 ∩ Y1] = Y1

� ïðîòèâîðå÷èå. Åñëè S3 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììå (9) íå ïóñòûå, à åñëè

S6 6= ∅, òî ïðÿìûå ïðîèçâåäåíèÿ â äèàãðàììå (7) íå ïóñòûå.
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Òàêèì îáðàçîì, ïðèm = 3 óòâåðæäåíèå ëåììû äîêàçàíî. Îíî ÿâëÿåòñÿ áàçîé èíäóêöèè. Çà-

�èêñèðóåì m > 3 è ïðåäïîëîæèì, ÷òî óòâåðæäåíèå ëåììû ñïðàâåäëèâî äëÿ âñåõ êàíîíè÷åñêèõ

öåïî÷åê èç ìíîæåñòâà Ωm−1
σ . Çà�èêñèðóåì êàíîíè÷åñêóþ öåïî÷êó

σ′ = σ0
Y1×Z1

←−−−−→ σ1
Y2×Z2

←−−−−→ σ2
Y3×Z3

←−−−−→ σ3 ←−−→ . . . ←−−→ σm−1

Ym×Zm

←−−−−−→ σm = σ′′

èç ìíîæåñòâà Ωm
σ . Ñóùåñòâóåò îòíîøåíèå τ ∈ Gσ(X) òàêîå, ÷òî

σ0
Y ′

×Z′

←−−−−−→ τ
Y ′′

×Z′′

←−−−−−→ σ3, Y ′ × Z ′ 6= ∅, Y ′′ × Z ′′ 6= ∅,

ñëåäîâàòåëüíî, îòíîøåíèÿ σ′
è σ′′

ñâÿçàíû öåïî÷êîé

σ′ = σ0
Y ′

×Z′

←−−−−−→ τ
Y ′′

×Z′′

←−−−−−→ σ3 ←−−→ . . . ←−−→ σm−1

Ym×Zm

←−−−−−→ σm = σ′′

èç ìíîæåñòâà Ωm−1
σ , ÷òî è äîêàçûâàåò èíäóêöèîííûé ïåðåõîä.

Ñëåäñòâèå 1. Äèàìåòð íåòðèâèàëüíîãî ãðà�à áèíàðíûõ îòíîøåíèé ðàâåí 2.

3. Ñìåæíîñòü àöèêëè÷åñêèõ îòíîøåíèé (àöèêëè÷åñêèõ îðãðà�îâ). Äàëåå ñ÷èòàåì,

÷òî ìíîæåñòâî X =̇ { 1, . . . , n } êîíå÷íî. Îòíîøåíèå σ ∈ 2X
2

íàçûâàåì àöèêëè÷åñêèì, åñëè:

1) σ(x, x) = 0 äëÿ âñåõ x ∈ X;
2) äëÿ âñåõ m > 1 è äëÿ âñåõ (x1, . . . , xm) ∈ Xm

èìååò ìåñòî ðàâåíñòâî

σ(xm, x1)
m
∏

k=2

σ(xk−1, xk) = 0.

Ñåìåéñòâî àöèêëè÷åñêèõ îòíîøåíèé îáîçíà÷èì ÷åðåç A(X). Ëåãêî óñòàíîâèòü âçàèìíî-îäíî-

çíà÷íîå ñîîòâåòñòâèå ìåæäó ìíîæåñòâîì A(X) è ìíîæåñòâîì âñåõ àöèêëè÷åñêèõ îðèåíòèðî-

âàííûõ ãðà�îâ, îïðåäåëåííûõ íà X. Â ðàçäåëå òåîðèè ãðà�îâ, ïîñâÿùåííîì ýòèì ãðà�àì,

õîðîøî èçâåñòíî óòâåðæäåíèå î òîì, ÷òî â ëþáîì êîíå÷íîì àöèêëè÷åñêîì îðãðà�å ìíîæåñòâî

âåðøèí, â êîòîðûå íå âõîäÿò äóãè, íå ïóñòî. Ïîýòîìó ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå:

äëÿ ëþáîãî σ ∈ A(X) ìíîæåñòâî S(σ) =̇ { y ∈ X : σ(x, y) = 0 äëÿ âñåõ x ∈ X } íå ïóñòî.

Ìû íàçûâàåì ìíîæåñòâà S(σ) îïîðíûìè (èëè îïîðàìè). Â òåîðèè ãðà�îâ îíè íàçûâàþòñÿ

ìíîæåñòâàìè ìàêñèìàëüíûõ âåðøèí (ñì., íàïðèìåð, [3℄).

Î÷åâèäíî, âñÿêèé ïîäãðà� àöèêëè÷åñêîãî îðãðà�à ÿâëÿåòñÿ àöèêëè÷åñêèì, ñëåäîâàòåëüíî,

èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå:

åñëè σ ∈ A(X) è ∅ 6= Y ⊆ X, òî σ|Y 2 ∈ A(Y ) è S(σ|Y 2) 6= ∅. (11)

Âñÿêîå îòíîøåíèå σ ∈ A(X) ïîðîæäàåò (ðåêóðñèâíûì îáðàçîì) äâà ñåìåéñòâà ìíîæåñòâ:

X0 =̇X,

Xk =̇S
(

σ|
Xk−1×Xk−1

)

6= ∅, Xk =̇Xk−1\Xk, k = 1, 2, . . . .

Òàê êàê X0 ⊃ X1 ⊃ X2 ⊃ . . . è âñå âêëþ÷åíèÿ ñòðîãèå (â ñèëó íåðàâåíñòâ Xk 6= ∅), òî ðå-

êóðñèâíûé ïðîöåññ çàâåðøèòñÿ çà êîíå÷íîå ÷èñëî øàãîâ. Äðóãèìè ñëîâàìè, íàéäåòñÿ p òàêîå,

÷òî Xp−1 6= ∅, Xp = ∅. Â ÷àñòíîñòè, ýòî îçíà÷àåò, ÷òî Xp = Xp−1, à ñîâîêóïíîñòü (X1, . . . ,Xp)
ÿâëÿåòñÿ ðàçáèåíèåì ìíîæåñòâà X. Áîëåå òîãî, äëÿ âñåõ k = 1, . . . , p èìååò ìåñòî ðàâåíñòâî

Xk−1 = ∪ p
i=k Xi (îíî äîêàçûâàåòñÿ èíäóêöèåé ñ ïîìîùüþ ðàâåíñòâà Xk−1 = Xk ∪ Xk). Èç

ðåêóðñèè ñëåäóåò, ÷òî Xk = { y ∈Xk−1 : σ(x, y) = 0 äëÿ âñåõ x ∈Xk−1}, k = 1, . . . , p, çíà÷èò,
1) σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Xk−1 ×Xk, k = 1, . . . , p;
2) äëÿ ëþáîãî y ∈ Xk = Xk−1\Xk íàéäåòñÿ x ∈ Xk−1

òàêîå, ÷òî σ(x, y) = 1, k = 1, . . . , p− 1.
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Íèæå ìû ïðèâîäèì äâà ñëåäñòâèÿ ýòèõ óòâåðæäåíèé. Òàê êàê Xk−1 = ∪ p
i=k Xi, k = 1, . . . , p, òî

σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Ω =̇ ∪ p
k=1∪

p
i=k(Xi×Xk). Çà�èêñèðóåì ýëåìåíò y ∈ Xk, k = 2, . . . , p.

Òîãäà σ(x, y) = 0 äëÿ âñåõ x ∈ Xk−1, à òàê êàê Xk ⊆ Xk−1, òî y ∈ Xk−1, ïîýòîìó íàéäåòñÿ

x ∈ Xk−2
òàêîå, ÷òî σ(x, y) = 1. Ñëåäîâàòåëüíî, ñóùåñòâóåò x ∈ Xk−2\Xk−1 = Xk−1 òàêîå, ÷òî

σ(x, y) = 1. Òàêèì îáðàçîì, äëÿ ëþáîãî k = 2, . . . , p è äëÿ ëþáîãî y ∈ Xk íàéäåòñÿ x ∈ Xk−1

òàêîå, ÷òî σ(x, y) = 1.

Â ñèëó ýòèõ ñëåäñòâèé äëÿ îòíîøåíèÿ σ ∈ A(X) èìååò ìåñòî ïðåäñòàâëåíèå (12), â êîòîðîì
èñïîëüçóåòñÿ óñëîâíûé ñèìâîë ∗, îçíà÷àþùèé, ÷òî â áëîêå Xk−1 ×Xk, k = 2, . . . , p, â êàæäîì
ñòîëáöå èìååòñÿ õîòÿ áû îäíà åäèíèöà (íàçûâàåì áëîê íåâûðîæäåííûì):

(12)

X1 X2 . . . . . . . . . Xp

X1

X2
.

.

.

.

.

.

.

.

.

Xp

∗

∗

∗

∗

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0

0 0

0 0

0 0 0 0

σ = .

Äëÿ ëþáîãî k = 1, . . . , p îïðåäåëåíû ìíîæåñòâà Yk =̇ ∪
p
i=k Xi è Zk =̇ ∪

k−1
j=1 Xj , ïðè÷åì

Yk × Zk =

k−1
⋃

j=1

p
⋃

i=k

(Xi ×Xj) ⊂

k−1
⋃

j=1

p
⋃

i=j

(Xi ×Xj) ⊂

p
⋃

j=1

p
⋃

i=j

(Xi ×Xj) = Ω,

ñëåäîâàòåëüíî, σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Yk × Zk. Î÷åâèäíî, Yk ∪ Zk = X � äèçúþíêòíîå

îáúåäèíåíèå, ïîýòîìó îíî ïîðîæäàåò îòíîøåíèå σk ∈ 2X
2

òàêîå, ÷òî

σ
Yk×Zk

←−−−−→ σk. (13)

(Çàìåòèì, ÷òî Y1 = X, Z1 = ∅, σ1 = σ.) Òàêèì îáðàçîì, äëÿ ëþáîãî σ ∈ A(X) îïðåäåëåíî
ðàçáèåíèå (X1, . . . ,Xp) ìíîæåñòâà X òàêîå, ÷òî X1 = S(σ), ñïðàâåäëèâî ïðåäñòàâëåíèå (12)

è â ñîîòâåòñòâèè ñ äèàãðàììîé (13) îïðåäåëåíû îòíîøåíèÿ σk ∈ 2X
2

, k = 1, . . . , p.

Çàìå÷àíèå 1. Ëåãêî ïîêàçàòü, ÷òî îòíîøåíèÿ σk
è σm, k,m = 1, . . . , p, ñìåæíû.

4. �ðà� àöèêëè÷åñêèõ îòíîøåíèé (àöèêëè÷åñêèõ îðãðà�îâ).

Òåîðåìà 1. Ïóñòü σ è τ � ñìåæíûå îòíîøåíèÿ. Âêëþ÷åíèå σ ∈ A(X) èìååò ìåñòî

òîãäà è òîëüêî òîãäà, êîãäà τ ∈ A(X).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü σ ∈ A(X). Â ñèëó äèàãðàììû (1) τ(x, x) = σ(x, x) äëÿ

âñåõ x ∈ X. Äîïóñòèì, ÷òî τ 6∈ A(X). Òîãäà äëÿ íåêîòîðîãî (x1, . . . , xm) ∈ Xm
ñïðàâåäëèâû

ðàâåíñòâà τ(xk−1, xk) = 1 äëÿ âñåõ k = 2, . . . ,m è τ(xm, x1) = 1.
Äàëåå ïðèìåíÿåì îáîçíà÷åíèÿ äèàãðàììû (1) è ðàâåíñòâà σ|Y 2 = τ |Y 2 , σ|Z2 = τ |Z2 .

1. Äîïóñòèì, ÷òî x1 ∈ Z. Òàê êàê τ(x1, x2) = 1 è τ(x1, η) = 0 äëÿ âñåõ η ∈ Y, òî x2 ∈ Z. Òàê

êàê x2 ∈ Z, τ(x2, x3) = 1 è τ(x2, η) = 0 äëÿ âñåõ η ∈ Y, òî x3 ∈ Z. È òàê äàëåå. Òàêèì îáðàçîì,

xk ∈ Z, k = 1, . . . ,m. Ñëåäîâàòåëüíî, σ(xk−1, xk) = τ(xk−1, xk) = 1 äëÿ âñåõ k = 2, . . . ,m
è σ(xm, x1) = τ(xm, x1) = 1, ÷òî ïðîòèâîðå÷èò âêëþ÷åíèþ σ ∈ A(X).

2. Çíà÷èò, x1 ∈ Y. Òàê êàê x1 ∈ Y, τ(xm, x1) = 1 è τ(ξ, x1) = 0 äëÿ âñåõ ξ ∈ Z, òî xm ∈ Y.

(Äîïóñòèì, ÷òî xk ∈ Z äëÿ íåêîòîðîãî k ∈ { 2, . . . ,m−1 }. Òàê êàê xk ∈ Z, τ(xk, xk+1) = 1
è τ(xk, η) = 0 äëÿ âñåõ η ∈ Y, òî xk+1 ∈ Z. Òàê êàê xk+1 ∈ Z, τ(xk+1, xk+2) = 1 è τ(xk+1, η) = 0
äëÿ âñåõ η ∈ Y, òî xk+2 ∈ Z. È òàê äàëåå. Òàêèì îáðàçîì, xk, . . . , xm ∈ Z. Â ÷àñòíîñòè, xm ∈ Z,
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÷òî ïðîòèâîðå÷èò âêëþ÷åíèþ xm ∈ Y.) Èòàê, xk ∈ Y äëÿ âñåõ k = 1, . . . ,m. Ñëåäîâàòåëüíî,

σ(xk−1, xk) = τ(xk−1, xk) = 1 äëÿ âñåõ k = 2, . . . ,m, σ(xm, x1) = τ(xm, x1) = 1, ÷òî ïðîòèâîðå÷èò
âêëþ÷åíèþ σ ∈ A(X). Çíà÷èò, τ ∈ A(X). �

Òàêèì îáðàçîì, ìíîæåñòâî A(X) ïîðîæäàåò ïîäãðà�

〈

A(X), E(X)
〉

ãðà�à G(X). Áóäåì
íàçûâàòü åãî ãðà�îì àöèêëè÷åñêèõ îòíîøåíèé (èëè ãðà�îì àöèêëè÷åñêèõ îðãðà�îâ).

Ëåììà 2. Ïóñòü X =̇ {1, . . . , n}, n > 2. Äëÿ ëþáûõ äâóõ îòíîøåíèé σ′, σ′′ ∈ Gσ(X) ãðà�à
〈

A(X), E(X)
〉

ñóùåñòâóåò îòíîøåíèå τ ∈ Gσ(X) òàêîå, ÷òî

σ′
Y ′

×Z′

←−−−−−→ τ
Y ′′

×Z′′

←−−−−−→ σ′′, Y ′ × Z ′ 6= ∅, Y ′′ × Z ′′ 6= ∅.

Ä î ê à ç à ò å ë ü ñ ò â î. Åñëè σ′
è σ′′

� íåñìåæíûå îòíîøåíèÿ, òî óòâåðæäåíèå ñïðàâåä-

ëèâî â ñèëó ëåììû 1. Äàëåå ñ÷èòàåì, ÷òî σ′
è σ′′

� ñìåæíûå îòíîøåíèÿ: σ′
Y×Z
←−−−→ σ′′.

1. Â ñëó÷àå σ′ = σ′′
ïîëàãàåì, ÷òî Y = X, Z = ∅. Òàê êàê σ′

è σ′′
àöèêëè÷åñêèå, òî

P =̇S(σ′) = S(σ′′) 6= ∅. Åñëè P = X, òî äëÿ ëþáîãî íåïóñòîãî S ⊂ X èìååì S′ =̇X\S 6= ∅ è

S S′ S S′

S

S′

S S′

.0 0

0 0

0 1

0 0

0 0

0 0
σ′ =

S×S′

←−−−→ τ =̇
S′

×S
←−−−→ σ′′ =

Åñëè æå P ⊂ X, òî Q =̇X\P 6= ∅ è

P Q P Q

P

Q

P Q

.
ε
′

ε

ε

ε

ε

ε

0

0

0 0 0

0
σ′ =

Q×P
←−−−→ τ =̇

P×Q
←−−−→ σ′′ =

2. Ïóñòü ñìåæíûå σ′
è σ′′

òàêîâû, ÷òî σ′ 6= σ′′
(çíà÷èò, Y 6= ∅ 6= Z). Òîãäà σ′|Y 2 = σ′′|Y 2

è σ′|Z2 = σ′′|Z2 , à â ñèëó (11) èìååì P =̇S(σ′|Y 2) = S(σ′′|Y 2) 6= ∅ è Q =̇S(σ′|Z2) = S(σ′′|Z2) 6= ∅.

Åñëè P ′ =̇Y \P, Q′ =̇Z\Q, òî èìååò ìåñòî äèàãðàììà

P P ′ Q Q′

P

P ′

Q

Q′

P P ′ Q Q′

.

ε

ε

ε ε ε

ε ε ε

ε ε
′

ε
′

ε ε
′

ε
′

ε

ε

0 0 0

0 0 0

0

0

0

0

0 0 0

0 0 0

= σ′
Y×Z
←−−−→ σ′′ =

Ëåãêî óáåäèòüñÿ â èñòèííîñòè ñëåäóþùèõ äèàãðàìì:

σ′
P ′

×[P∪Z]
←−−−−−−→ τ1

P×[P ′
∪Z]

←−−−−−−→ σ′′, σ′
[Y ∪Q′]×Q
←−−−−−−→ τ2

[Y ∪Q]×Q′

←−−−−−−→ σ′′,

ãäå

P P ′ Q Q′

P

P ′

Q

Q′

P P ′ Q Q′

.
ε
′

ε ε
′

ε
′

ε ε

ε ε

ε ε
′

ε ε
′

ε ε ε
′

ε

0 0 0 0

0 0

0 0

0 0

0 0

0 0 0 0
τ1 =̇ , τ2 =̇

Ïðè P ′ 6= ∅ ïðÿìûå ïðîèçâåäåíèÿ â ïåðâîé äèàãðàììå íå ïóñòûå, à ïðè Q′ 6= ∅ òàêîâûìè

ÿâëÿþòñÿ ïðÿìûå ïðîèçâåäåíèÿ âî âòîðîé äèàãðàììå. Ïóñòü, íàêîíåö, P ′ = Q′ = ∅. Òîãäà

P Q

P

Q

P Q

.
ε

ε
′

0 0

0

0

0 0
= σ′ Y×Z

←−−→ σ′′ =
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Òàê êàê n > 2, òî cardP > 1 èëè cardQ > 1. Â ñëó÷àå cardP > 1 äëÿ ëþáîãî íåïóñòîãî S ⊂ P

èìååì S′ =̇P\S 6= ∅, S × S′ 6= ∅ è

S S′ Q S S′ Q

S

S′

Q

S S′ Q

.

ε ε

ε
′

ε

ε
′

ε
′

0 0 0

0 0 0

0

0 1

0 0 0

0 0

0 0

0 0

0 0 0

σ′ =
S×[S′

∪Q]
←−−−−−→ τ =̇

S′
×[S∪Q]

←−−−−−→ σ′′ =

Â ñëó÷àå cardQ > 1 äëÿ ëþáîãî íåïóñòîãî S ⊂ Q èìååì S′ =̇Q\S 6= ∅, S × S′ 6= ∅ è

P S S′ P S S′

P

S

S′

P S S′

.ε

ε

ε
′

ε

ε
′

ε
′

0 0 0

0 0

0 0

0 0

0 1

0 0 0

0

0 0 0

0 0 0

σ′ =
[P∪S]×S′

←−−−−−→ τ =̇
[P∪S′]×S
←−−−−−→ σ′′ =

5. Îïîðíûå ìíîæåñòâà àöèêëè÷åñêèõ îòíîøåíèé.

Ëåììà 3. Ïóñòü îòíîøåíèÿ σ è τ ïðèíàäëåæàò îäíîé è òîé æå êîìïîíåíòå ñâÿçíîñòè

ãðà�à

〈

A(X), E(X)
〉

. �àâåíñòâî S(σ) = S(τ) èìååò ìåñòî òîãäà è òîëüêî òîãäà, êîãäà σ = τ.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè n = 1 óòâåðæäåíèå òðèâèàëüíî. Ïðè n = 2 â ãðà�å èìååò-

ñÿ åäèíñòâåííàÿ ñâÿçíàÿ êîìïîíåíòà

∣

∣

0 1

0 0

∣

∣ ←→
∣

∣

0 0

0 0

∣

∣ ←→
∣

∣

0 0

1 0

∣

∣, â êîòîðîé îïîðíûå ìíîæåñòâà

ðàâíû { 1 }, { 1, 2 }, { 2 } ñîîòâåòñòâåííî, ïîýòîìó óòâåðæäåíèå òàêæå î÷åâèäíî. Ïóñòü n > 2
è S =̇S(σ) = S(τ). Â ñèëó ëåììû 2 ñóùåñòâóåò îòíîøåíèå π òàêîå, ÷òî

σ
Y×Z

←−−−−→ π
P×Q

←−−−−→ τ, Y × Z 6= ∅, P ×Q 6= ∅.

Ïóñòü S1 =̇Y ∩ P, S2 =̇Y ∩ Q, S3 =̇Z ∩ P, S4 =̇Z ∩ Q. Ñïðàâåäëèâû ðàâåíñòâà Y = S1 ∪ S2,

Z = S3 ∪ S4, P = S1 ∪ S3, Q = S2 ∪ S4 è ïðåäñòàâëåíèÿ (çà îñíîâó áåðåì îòíîøåíèå π)

S1 S2 S3 S4 S1 S2 S3 S4

S1

S2

S3

S4

S1 S2 S3 S4

.

ε

ε ε

ε
′

ε
′

ε

ε
′

ε ε

ε ε

ε ε ε ε

ε

ε ε

ε ε
′

ε

ε ε

ε
′

ε ε
′

ε

0 0 0

0 0

0

1

0 0

0 0 0

0 0

1

0 0

0

0 0 0

σ = , π = , τ =

Î÷åâèäíî, S = S(σ) ⊆ S2∪S3∪S4 è S = S(τ) ⊆ S1∪S2∪S3, ïîýòîìó S ⊆ S2∪S3. Ïðåäïîëîæèì,

÷òî S4 6= ∅. Â ñèëó (11) èìååì S(σ|S2
4
) 6= ∅, ñëåäîâàòåëüíî, S ∩ S4 = S(σ) ∩ S4 6= ∅ (ñì. ïðåä-

ñòàâëåíèå äëÿ σ), ÷òî ïðîòèâîðå÷èò âêëþ÷åíèþ S ⊆ S2 ∪ S3. Çíà÷èò, S4 = ∅. Ïðåäïîëîæèì,

÷òî S1 6= ∅. Â ñèëó (11) èìååì S(τ |S2
1
) 6= ∅, ñëåäîâàòåëüíî, S ∩ S1 = S(τ) ∩ S1 6= ∅ (ñì. ïðåä-

ñòàâëåíèå äëÿ τ), ÷òî ïðîòèâîðå÷èò âêëþ÷åíèþ S ⊆ S2 ∪ S3. Çíà÷èò, S1 = ∅, à ïðåäñòàâëåíèÿ

ïðèíèìàþò âèä

S2 S3 S2 S3

S2

S3

S2 S3

.
ε

ε
′

ε

ε ε

ε

ε

ε
′

ε

0

0

0
σ = , π = , τ =

Èòàê, σ = τ. Îáðàòíîå óòâåðæäåíèå î÷åâèäíî. �

Â ñèëó äèàãðàììû (13) äëÿ ëþáîãî σ ∈ A(X) îïðåäåëåíû îòíîøåíèÿ σk, k = 1, . . . , p,
à â ñèëó òåîðåìû 1 èìååì σk ∈ A(X), ïîýòîìó îïðåäåëåíû îïîðíûå ìíîæåñòâà S(σk).

Ïðåäëîæåíèå 1. Äëÿ ëþáîãî k = 1, . . . , p ñïðàâåäëèâû âêëþ÷åíèÿ Xk⊆ S(σk) ⊆S(σ) ∪Xk.
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Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê X1 = S(σ) è σ1 = σ, òî ïðè k = 1 óòâåðæäåíèå î÷åâèäíî.
Ïóñòü k > 2. Òîãäà p > 2. Â ñîîòâåòñòâèè ñ äèàãðàììîé (13) ñïðàâåäëèâû ðàâåíñòâà

Yk =̇

p
⋃

i=k

Xi, Zk =̇

k−1
⋃

j=1

Xj , σk|Y 2
k
= σ|Y 2

k
, σk|Z2

k
= σ|Z2

k
, σk(x, y)= 0 ∀ (x, y) ∈ Zk × Yk, (14)

à â ñèëó ïðåäñòàâëåíèÿ (12) σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Πk =̇Yk ×Xk.

Î÷åâèäíî, Πk ⊂ Y 2
k , ïîýòîìó σk(x, y) = σ(x, y) = 0 äëÿ âñåõ (x, y) ∈ Πk. Ïóñòü, äàëåå,

Π′

k =̇Zk × Xk. Î÷åâèäíî, Π
′

k ⊂ Zk × Yk, ïîýòîìó σk(x, y) = 0 äëÿ âñåõ (x, y) ∈ Π′

k. Òàêèì

îáðàçîì, σk(x, y) = 0 äëÿ âñåõ (x, y) ∈ Πk ∪Π′

k = X ×Xk. Çíà÷èò, Xk ⊆ S(σk).
1. Ïóñòü k = 2, p > 3. Òîãäà Y2 = ∪

p
i=2 Xi, Z2 = X1 è Xi−1 ×Xi ⊂ Y 2

2 äëÿ âñåõ i = 3, . . . , p.
Â ñèëó (14) èìååì σ2|Xi−1×Xi

= σ|Xi−1×Xi
, ïîýòîìó áëîêè Xi−1 × Xi îòíîøåíèÿ σ2

íåâû-

ðîæäåííûå. Çíà÷èò, äëÿ ëþáîãî y ∈ ∪ p
i=3Xi = X\(X1 ∪X2) íàéäåòñÿ x òàêîå, ÷òî σ2(x, y) = 1,

ïîýòîìó S(σ2) ⊆ X1 ∪X2. Ýòî æå âêëþ÷åíèå ñïðàâåäëèâî è ïðè p = 2 (çäåñü X1 ∪X2 = X).

2. Ïóñòü k = p > 3. Òîãäà Yp = Xp, Zp = ∪
p−1
j=1 Xj è Xj−1×Xj ⊂ Z2

p äëÿ âñåõ j = 2, . . . , p−1.
Â ñèëó (14) èìååì σp|Xj−1×Xj

= σ|Xj−1×Xj
, ïîýòîìó áëîêè Xj−1 × Xj îòíîøåíèÿ σp

íåâû-

ðîæäåííûå. Çíà÷èò, äëÿ ëþáîãî y ∈ ∪ p−1
j=2 Xj = X\(X1 ∪Xp) íàéäåòñÿ x òàêîå, ÷òî σp(x, y) = 1,

ïîýòîìó S(σp) ⊆ X1 ∪Xp.

3. Ïóñòü p > 4, 3 6 k 6 p − 1 � îáùèé ñëó÷àé. Òîãäà ìíîæåñòâà Yk è Zk èìåþò îáùèé

âèä (14), Xi−1×Xi ⊂ Y 2
k äëÿ âñåõ i = k+1, . . . , p è Xj−1×Xj ⊂ Z2

k äëÿ âñåõ j = 2, . . . , k−1. Â ñè-

ëó (14) (ïî àíàëîãèè ñ ïóíêòàìè 1 è 2) äëÿ ëþáîãî y ∈
[

∪ p
i=k+1Xi

]

∪
[

∪ k−1
j=2 Xj

]

= X\(X1 ∪Xk)

íàéäåòñÿ x òàêîå, ÷òî σk(x, y) = 1, ïîýòîìó S(σk) ⊆ X1 ∪Xk.

Ïðåäëîæåíèå 2. Äëÿ ëþáîãî σ ∈ A(X) è äëÿ ëþáîãî íåïóñòîãî ïîäìíîæåñòâà S ⊆ S(σ)
ñóùåñòâóåò åäèíñòâåííîå τ ∈ Gσ(X) òàêîå, ÷òî S(τ) = S, ïðè÷åì τ ñìåæíî ñ σ.

Ä î ê à ç à ò å ë ü ñ ò â î. Îòíîøåíèå σ è ìíîæåñòâî S ⊆ S(σ) = X1 ïîðîæäàþò (ðåêóðñèâ-

íûì îáðàçîì) òðè ñåìåéñòâà ìíîæåñòâ:

Z1 =̇X1\S, Y1 =̇S 6= ∅,

Y k =̇
k−1
⋃

i=1
Yi 6= ∅, Zk =̇

{

y ∈ Xk : σ(x, y) = 0 äëÿ âñåõ x ∈ Y k
}

, Yk =̇Xk\Zk, k = 2, . . . , p.

Ïóñòü Y =̇ ∪ p
i=1 Yi, Z =̇ ∪ p

j=1 Zj è (x, y) ∈ Y × Z. Ñóùåñòâóþò i è j òàêèå, ÷òî (x, y) ∈ Yi × Zj .

Åñëè i > j, òî (x, y) ∈ Yi ×Zj ⊆ Xi ×Xj , à â ñèëó (12) ñïðàâåäëèâî ðàâåíñòâî σ(x, y) = 0. Åñëè
æå i < j, òî (x, y) ∈ Yi×Zj ⊆ Y j×Zj , ñëåäîâàòåëüíî, σ(x, y) = 0. Òàêèì îáðàçîì, σ(x, y) = 0 äëÿ
âñåõ (x, y) ∈ Y ×Z. Î÷åâèäíî, Y ∪Z = X � äèçúþíêòíîå îáúåäèíåíèå, ïîýòîìó îíî ïîðîæäàåò

îòíîøåíèå τ ∈ A(X) òàêîå, ÷òî σ
Y×Z
←−−→τ.

Çà�èêñèðóåì k = 2, . . . , p è y ∈ Yk. Â ñèëó îïðåäåëåíèÿ Yk ñóùåñòâóåò x ∈ Y k
òàêîå, ÷òî

σ(x, y) = 1. Òàê êàê τ |Y 2 = σ|Y 2 è Y k×Yk ⊂ Y 2, òî τ |Y k×Yk
= σ|Y k×Yk

è ñóùåñòâóåò x ∈ Y k

òàêîå, ÷òî τ(x, y) = 1. Çíà÷èò, äëÿ ëþáîãî y ∈ ∪ p
k=2 Yk = Y \Y1 íàéäåòñÿ x òàêîå, ÷òî τ(x, y) = 1.

Çà�èêñèðóåì ïàðó (x, y) ∈ Y1×Z ⊂ Y ×Z. Òîãäà τ(y, x) = 0 è τ(x, y) = 1 − σ(y, x). Òàê
êàê (y, x) ∈Z ×Y1 ⊂ X×S(σ), òî σ(y, x) = 0, ïîýòîìó τ(x, y) = 1. Çíà÷èò, äëÿ ëþáîãî y ∈ Z

íàéäåòñÿ x ∈ Y1 òàêîå, ÷òî τ(x, y) = 1.
Èòàê, äëÿ ëþáîãî y ∈ [Y \Y1]∪Z = X\Y1 íàéäåòñÿ x òàêîå, ÷òî τ(x, y) = 1. Èíûìè ñëîâàìè,

S(τ) ⊆ Y1. Ñ äðóãîé ñòîðîíû, äëÿ ëþáîãî y ∈ Y1 ñïðàâåäëèâî:

1) åñëè x ∈ Z, òî (x, y) ∈ Z × Y1, ïîýòîìó τ(x, y) = 0 (ñì. ïðåäûäóùèé àáçàö);

2) åñëè x ∈ Y, òî (x, y) ∈ Y × Y1 ⊂ X × S(σ) (ïîýòîìó σ(x, y) = 0) è (x, y) ∈ Y 2
(ïîýòîìó

τ(x, y) = σ(x, y)), ñëåäîâàòåëüíî, τ(x, y) = 0.
Òàêèì îáðàçîì, τ(x, y) = 0 äëÿ âñåõ (x, y) ∈ X × Y1, çíà÷èò, Y1 ⊆ S(τ), ïîýòîìó S(τ) = S.

Åäèíñòâåííîñòü τ ñëåäóåò èç ëåììû 3.

Ïðåäëîæåíèå 3. Äëÿ ëþáîãî σ ∈ A(X) è äëÿ ëþáîãî x ∈ X ñóùåñòâóåò åäèíñòâåííîå

îòíîøåíèå τ ∈ Gσ(X) òàêîå, ÷òî S(τ) = {x }.



�ðà� àöèêëè÷åñêèõ îðãðà�îâ 451

ÌÀÒÅÌÀÒÈÊÀ 2015. Ò. 25. Âûï. 4

Ä î ê à ç à ò å ë ü ñ ò â î. Òàê êàê σ ïîðîæäàåò ðàçáèåíèå (X1, . . . ,Xp) ìíîæåñòâà X, òî

ñóùåñòâóåò k òàêîå, ÷òî x ∈ Xk. Â ñèëó ïðåäëîæåíèÿ 1 ñïðàâåäëèâî âêëþ÷åíèå Xk ⊆ S(σk),
ãäå σk ∈ Gσ(X) � ýòî îòíîøåíèå, îïðåäåëåííîå äèàãðàììîé (13). Òàê êàê {x } ⊆ Xk ⊆ S(σk),
òî â ñèëó ïðåäëîæåíèÿ 2 ñóùåñòâóåò τ ∈ Gσk(X) = Gσ(X) òàêîå, ÷òî S(τ) = {x }. �

Çàìå÷àíèå 2. Â ñèëó ïðåäëîæåíèÿ 3 êàæäîé êîìïîíåíòå Gσ(X) ãðà�à
〈

A(X), E(X)
〉

ñî-

îòâåòñòâóåò åäèíñòâåííîå àöèêëè÷åñêîå îòíîøåíèå τ ∈ A(X) òàêîå, ÷òî S(τ) = { 1 }. Ñëåäîâà-
òåëüíî, êîëè÷åñòâî ñâÿçíûõ êîìïîíåíò ãðà�à

〈

A(X), E(X)
〉

ðàâíî cardA(1)(X), ãäå

A(ν)(X) =̇
{

σ ∈ A(X) : S(σ) = { 1, . . . , ν }
}

, ν = 1, . . . , n.

6. ×èñëî ñâÿçíûõ êîìïîíåíò ãðà�à àöèêëè÷åñêèõ îòíîøåíèé.ÏóñòüX =̇ {1, . . . , n},

An =̇ cardA(X), A
(ν)
n =̇ cardA(ν)(X), ν = 1, . . . , n. Ñîãëàñíî [3, ëåììà 2℄ ñïðàâåäëèâî ðàâåíñòâî

A(ν)
n =

n
∑

m=ν

(−1)m−ν
( n−ν

m−ν

)

2m(n−m)An−m. (15)

Ëåììà 4. Äëÿ ëþáûõ n ∈ N è ν = 1, . . . , n ñïðàâåäëèâî ðàâåíñòâî

A(ν)
n =

∑

p1+...+pk=n

ν6p1

(−1)n+1−ν−k
( n−ν

p1−ν, p2, . . . , pk

)

2 (n2
−p21−...−p2

k
)/ 2,

ãäå ñóììèðîâàíèå âåäåòñÿ ïî âñåì óïîðÿäî÷åííûì íàáîðàì (p1, . . . , pk) íàòóðàëüíûõ ÷èñåë

òàêèõ, ÷òî p1 + . . . + pk = n è ν 6 p1.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè ν = n �îðìóëà òðèâèàëüíà. Ïóñòü ν < n. Ñîãëàñíî [4℄ ñïðà-

âåäëèâà �îðìóëà

An =
∑

p1+...+pk=n

(−1)n−k
( n

p1, . . . , pk

)

2 (n2
−p21−...−p2

k
)/ 2, n > 1,

ñëåäîâàòåëüíî, â ñèëó (15)

A(ν)
n − (−1)n−ν =

n−1
∑

m=ν

(−1)m−ν
( n−ν

m−ν

)

2m(n−m)An−m =

=

n−1
∑

m=ν

(−1)m−ν
( n−ν

m−ν

)

2m(n−m)
∑

p1+...+pk=n−m

(−1)n−m−k
( n−m

p1, . . . , pk

)

2 [ (n−m)2−p2
1
−...−p2

k
]/ 2.

Ïåðåõîäÿ ê ñóììèðîâàíèþ ïî âñåì ïåðåìåííûì îäíîâðåìåííî, ïîëó÷àåì ðàâåíñòâî

A(ν)
n = (−1)n−ν +

∑

m+p1+...+pk=n

ν6m<n

(−1)n−ν−k
( n−ν

m−ν, p1, . . . , pk

)

2 (n2
−m2

−p2
1
−...−p2

k
)/ 2.

Ñäåëàâ çàìåíó ïåðåìåííûõ p′1 = m, p′i = pi−1, i = 2, . . . , k′ = k + 1, ïîëó÷àåì ðàâåíñòâî

A(ν)
n = (−1)n−ν +

∑

p1+...+pk=n

ν6p1<n

(−1)n+1−ν−k
( n−ν

p1−ν, p2, . . . , pk

)

2 (n2
−p21−...−p2

k
)/ 2

(øòðèõè ó íîâûõ ïåðåìåííûõ íå ïèøåì), ÷òî è äîêàçûâàåò óòâåðæäåíèå ëåììû.

Â ñèëó çàìå÷àíèÿ 2 è ëåììû 4 ñïðàâåäëèâà

Òåîðåìà 2. Åñëè X =̇ { 1, . . . , n}, òî

cardA(X) =
∑

p1+...+pk=n

(−1)n−k
( n

p1, . . . , pk

)

2 (n2
−p21−...−p2

k
)/ 2,

à êîëè÷åñòâî êîìïîíåíò ñâÿçíîñòè ãðà�à

〈

A(X), E(X)
〉

ðàâíî

cardA(1)(X) =
∑

p1+...+pk=n

(−1)n−k
( n−1

p1−1, p2, . . . , pk

)

2 (n2
−p21−...−p2

k
)/ 2.
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The paper introdu
es the 
on
ept of a binary re�exive relation of adja
en
y on the set of all binary relations

of a set X (in terms of 
hara
teristi
 fun
tions) and determines an algebrai
 system 
onsisting of all binary

relations of the set and of all unordered pairs of adja
ent binary relations. IfX is a �nite set then this algebrai


system is a graph (�the graph of graphs�). It is proved that the diameter of a graph of binary relations is 2.

It is shown that if σ and τ are adja
ent relations, then σ is an a
y
li
 relation (�nite a
y
li
 digraph) if and

only if τ is an a
y
li
 relation. An expli
it formula for the number of 
onne
ted 
omponents of a graph of

a
y
li
 relations is re
eived.
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