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Äëÿ ëèíåéíûõ àâòîíîìíûõ ñèñòåì íåéòðàëüíîãî òèïà ñ îäíèì çàïàçäûâàíèåì â ñîñòîÿíèè ðàçðàáîòàí

ìåòîä ïîñòðîåíèÿ ëèíåéíûõ äè��åðåíöèàëüíî-ðàçíîñòíûõ ðåãóëÿòîðîâ ñ îáðàòíîé ñâÿçüþ, îáåñïå÷è-

âàþùèõ ìîäàëüíóþ óïðàâëÿåìîñòü. Ïðè ýòîì îòäåëüíî âûäåëåíû ñëó÷àè íåïðåðûâíîãî è àáñîëþòíî

íåïðåðûâíîãî ðåøåíèé. Ïðåäëîæåíî îáîáùåíèå ýòèõ ðåçóëüòàòîâ íà ñèñòåìû óêàçàííîãî òèïà ñ ìíîãè-

ìè ñîèçìåðèìûìè çàïàçäûâàíèÿìè.

Êëþ÷åâûå ñëîâà: ñèñòåìû íåéòðàëüíîãî òèïà, ìîäàëüíàÿ óïðàâëÿåìîñòü, äè��åðåíöèàëüíî-ðàçíîñòíûé

ðåãóëÿòîð.

Ââåäåíèå

Ïðîáëåìà ìîäàëüíîãî óïðàâëåíèÿ (óïðàâëåíèÿ ñïåêòðîì) èìååò ìíîãî÷èñëåííûå ïðèëî-

æåíèÿ ïðè ñèíòåçå ñèñòåì àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ è çàíèìàåò îäíó èç êëþ÷åâûõ

ïîçèöèé â òåîðèè óïðàâëåíèÿ. Â ñëó÷àå ñèñòåì ñ ïîñëåäåéñòâèåì îñíîâíûå ýòàïû ðàçâèòèÿ

ýòîé òåîðèè, îáñóæäåíèå èìåþùèõñÿ ìåòîäîâ, ðåçóëüòàòîâ è ïðèìåíÿåìûõ òèïîâ ðåãóëÿòîðîâ

(â âèäå ëèíåéíîé èíòåãðàëüíîé èëè ðàçíîñòíîé îáðàòíîé ñâÿçè) äîñòàòî÷íî ïîëíî ïðèâåäå-

íû â ðàáîòå [1℄. Â ïðåäñòàâëåííîì ñîîáùåíèè ïðåäëîæåí êîíñòðóêòèâíûé ìåòîä ïîñòðîåíèÿ

äè��åðåíöèàëüíî-ðàçíîñòíûõ ðåãóëÿòîðîâ äëÿ ëèíåéíûõ àâòîíîìíûõ ñèñòåì íåéòðàëüíîãî

òèïà, îáåñïå÷èâàþùèõ çàìêíóòîé ñèñòåìå çàäàííûå êîý��èöèåíòû õàðàêòåðèñòè÷åñêîãî êâà-

çèïîëèíîìà. Ïîäîáíàÿ çàäà÷à äëÿ ñèñòåì íåéòðàëüíîãî òèïà èññëåäîâàíà â [2℄, îäíàêî óïðàâëå-

íèå îñóùåñòâëÿåòñÿ ðåãóëÿòîðîì âèäà u(t) = Q00x(t)+
Θ1∑
i=0

Θ2∑
j=1

Qijx
(i)(t−jh), ïðè÷åì êîíòðîëèðî-

âàòü ïîðÿäîê ïðîèçâîäíûõ, âõîäÿùèõ â ðåãóëÿòîð, â îáùåì ñëó÷àå íåâîçìîæíî. Îäíàêî ðåøå-

íèå ñèñòåìû íåéòðàëüíîãî òèïà ìîæåò íå áûòü äè��åðåíöèðóåìûì [3, ñ. 323℄, à àïïðîêñèìàöèÿ

åãî ãëàäêîé �óíêöèåé íå âñåãäà äîïóñòèìà â ñèëó íåêîððåêòíîñòè ÷èñëåííîãî äè��åðåíöèðî-

âàíèÿ â ïðîñòðàíñòâå íåïðåðûâíûõ �óíêöèé. Ýòî îáñòîÿòåëüñòâî ñóæàåò ñïåêòð ïðèìåíåíèÿ

ðåçóëüòàòîâ [2℄. Â ïðåäñòàâëåííîì èññëåäîâàíèè ñòðîÿòñÿ ðåãóëÿòîðû, ñîîòâåòñòâóþùèå íåïðå-

ðûâíîìó è àáñîëþòíî íåïðåðûâíîìó ðåøåíèþ è íå âûâîäÿùèå ñèñòåìó çà ïðåäåëû èñõîäíîãî

êëàññà.

Ïðîöåññ ïîñòðîåíèÿ îñóùåñòâëÿåòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå ñòðîèòñÿ ðåãóëÿòîð, îáåñ-

ïå÷èâàþùèé ñèñòåìå çàïàçäûâàþùèé òèï êâàçèïîëèíîìà. Ýòî, êàê áóäåò ïîêàçàíî â § 2 íàñòî-
ÿùåé ðàáîòû, �àêòè÷åñêè ýêâèâàëåíòíî àïåðèîäè÷åñêîìó óïðàâëåíèþ [4℄ äèñêðåòíîé ñèñòåìû,

îïèñûâàþùåé äèíàìèêó èçìåíåíèÿ ñêà÷êîâ ïðîèçâîäíîé ðåøåíèÿ. Ïîñëå ýòîãî çàìêíóòàÿ ñè-

ñòåìà íåéòðàëüíîãî òèïà ïðåîáðàçóåòñÿ â ñèñòåìó çàïàçäûâàþùåãî òèïà, ê êîòîðîé íà âòîðîì

ýòàïå ïîñòðîåíèÿ ðåãóëÿòîðà ïðèìåíÿþòñÿ èçâåñòíûå äëÿ òàêèõ ñèñòåì ìåòîäû ìîäàëüíîãî

óïðàâëåíèÿ. Òàêàÿ èäåÿ óïðàâëåíèÿ îáúåêòàìè íåéòðàëüíîãî òèïà äîñòàòî÷íî õîðîøî ñåáÿ

çàðåêîìåíäîâàëà ïðè ïîñòðîåíèè ïðîãðàììíûõ óïðàâëåíèé â [5, 6℄.

1

�àáîòà âûïîëíåíà ïðè ÷àñòè÷íîé �èíàíñîâîé ïîääåðæêå Áåëîðóññêîãî ðåñïóáëèêàíñêîãî �îíäà �óíäàìåí-

òàëüíûõ èññëåäîâàíèé (ãðàíò Ô12ÌÂ�043).
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� 1. Òèïû èñïîëüçóåìûõ ðåãóëÿòîðîâ

�àññìîòðèì ñèñòåìó, êîòîðóþ áóäåì äëÿ êðàòêîñòè íàçûâàòü ñèñòåìîé Σ1,

d

dt
(x(t)−Dx(t− h)) = A0x(t) +A1x(t− h) +Bu(t), t > 0, (1.1)

x(t) = η(t), t ∈ [−h, 0] , (1.2)

ãäå x � ðåøåíèå óðàâíåíèÿ (1.1), u � êóñî÷íî-íåïðåðûâíîå óïðàâëåíèå, D ∈ R
n×n

, Ai ∈ R
n×n

,

i = 0, 1, B ∈ R
n×r

, R
n1×n2

� ìíîæåñòâî ìàòðèö ðàçìåðà n1 × n2 ñ âåùåñòâåííûìè ýëåìåíòàìè,

R
n1×1 = R

n1
. Íà÷àëüíàÿ �óíêöèÿ η â (1.2) ïðåäïîëàãàåòñÿ íåïðåðûâíîé. Ïîä ðåøåíèåì óðàâ-

íåíèÿ (1.1) ïîíèìàåòñÿ [3, ñ. 323℄ íåïðåðûâíàÿ (íå îáÿçàòåëüíî äè��åðåíöèðóåìàÿ) ïðè t > −h

�óíêöèÿ x, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (1.1) ïî÷òè âñþäó. Îäíàêî ðàçíîñòü x(t)−Dx(t− h),
t > 0, ïðåäñòàâëÿåò ñîáîé äè��åðåíöèðóåìóþ �óíêöèþ, ïîýòîìó ñèñòåìó Σ1 ìîæíî çàìêíóòü

ðåãóëÿòîðîì âèäà

u(t) =

s∑

k=1

Tk

d

dt
(x(t− kh) −Dx(t− (k + 1)h)) +

s∑

k=0

Rkx(t− kh), (1.3)

ãäå s � íåêîòîðîå íàòóðàëüíîå ÷èñëî, Tk ∈ R
r×n

, Rk ∈ R
r×n

.

Åñëè íà÷àëüíàÿ �óíêöèÿ η â (1.2) àáñîëþòíî íåïðåðûâíàÿ, òî óðàâíåíèå (1.1) ìîæíî ïåðå-

ïèñàòü â âèäå

ẋ(t)−Dẋ(t− h) = A0x(t) +A1x(t− h) +Bu(t), t > 0. (1.4)

Óðàâíåíèå (1.4) ñ àáñîëþòíî íåïðåðûâíîé íà÷àëüíîé �óíêöèåé (1.2) íàçîâåì ñèñòåìîé Σ2.

�åøåíèå óðàâíåíèÿ (1.4) � àáñîëþòíî íåïðåðûâíàÿ �óíêöèÿ, ïîýòîìó â ñëó÷àå ñèñòåìû Σ2

áóäåì èñïîëüçîâàòü áîëåå øèðîêèé êëàññ ðåãóëÿòîðîâ, à èìåííî:

u(t) =

s∑

k=1

Tkẋ(t− kh) +

s∑

k=0

Rkx(t− kh). (1.5)

Îáðàòèì âíèìàíèå, ÷òî òèïû ðåãóëÿòîðîâ (1.3) è (1.5) íå âûâîäÿò ñèñòåìû Σ1 è Σ2 èç

èñõîäíîãî êëàññà ñèñòåì è íå òðåáóþò äîïîëíèòåëüíîé ãëàäêîñòè íà÷àëüíîé �óíêöèè.

Îáîçíà÷èì: C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë, Ek ∈ R
k×k

� åäèíè÷íàÿ ìàòðèöà, A(m) =

A0 + A1m, R(m) =
s∑

k=0

Rkm
k
, T (m) =

s∑
k=1

Tkm
k
, Σ1

(
Σ2

)
� ñèñòåìà Σ1 (Σ2), çàìêíóòàÿ ðåãóëÿ-

òîðîì (1.3) ((1.5)),

∆Σ1
= det [λ{En −De−λh −BT (e−λh)(En −De−λh)} − {A(e−λh) +BR(e−λh)}]

(∆Σ2
= det [λ{En −De−λh −BT (e−λh)} − {A(e−λh) +BR(e−λh)}])

� õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì ñèñòåìû Σ1

(
Σ2

)
, H [P (m)] � ìàòðèöà, ïðèñîåäèíåííàÿ

ê ïðîèçâîëüíîé êâàäðàòíîé ïîëèíîìèàëüíîé ìàòðèöå P (m) (òî åñòü H [P (m)] · P (m) = P (m) ·
H [P (m)] = detP (m) ·En).

Îïðåäåëåíèå 1. Ñèñòåìó Σ1 (Σ2) íàçîâåì ìîäàëüíî óïðàâëÿåìîé ðåãóëÿòîðîì (1.3) ((1.5))

(äàëåå ¾ìîäàëüíî óïðàâëÿåìîé¿), åñëè äëÿ ëþáûõ çàäàííûõ ïîëèíîìîâ rk(m) =
s1∑
j=0

rk,jm
j
,

rn(0) = 1, íàéäóòñÿ ÷èñëî s, ìàòðèöû Tk ∈ R
r×n

è Rk ∈ R
r×n

òàêèå, ÷òî∆Σ1
(λ) =

n∑
k=0

λkrk(e
−λh)

(∆Σ2
(λ) =

n∑
k=0

λkrk(e
−λh)).
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� 2. Ïðåäâàðèòåëüíûå ðåçóëüòàòû

Ëåììà 1. Åñëè ñèñòåìà Σ1 ìîäàëüíî óïðàâëÿåìà, òî

det [En −Dm] ≡ 1 (2.1)

(òî åñòü ìàòðèöà D ÿâëÿåòñÿ íèëüïîòåíòíîé).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ∆1(m) � ïðîèçâîëüíûé ïîëèíîì, óäîâëåòâîðÿþùèé óñëî-

âèþ ∆1(0) = 1. Â ñèëó ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ1 íàéäåòñÿ ðåãóëÿòîð âèäà (1.3)

òàêîé, ÷òî ∆Σ1
(λ) = λn∆1(e

−λh). Ïîëîæèì D̂(m) = En −Dm− BT (m) (En −Dm). Ó÷èòûâàÿ,

÷òî detH[D̂(m)] = (det D̂(m))n−1
, èìååì

∆Σ1
(λ) · (det D̂(e−λh))n−1 = det [λ · det D̂(e−λh)En − {A(e−λh) +BR(e−λh)}H[D̂(e−λh)] ].

Îáîçíà÷èì ϕ(λ,m) = det [λEn−{A(m)+BR(m)}H[D̂(m)] ]. Êâàçèïîëèíîì ϕ(λ,m) ïðåäñòàâèì

â âèäå ϕ(λ,m) = λn +
n−1∑
k=0

λkpk(m), ãäå pk(m) � íåêîòîðûå ïîëèíîìû. Ïîýòîìó

∆Σ1
(λ) · (det D̂(e−λh))n−1 = ϕ(λ · det D̂(e−λh), e−λh) = (λ · det D̂(e−λh))n +

+

n−1∑

k=0

(λ · det D̂(e−λh))kpk(e
−λh) = λn∆1(e

−λh) · (det D̂(e−λh))n−1.

Ïðèðàâíèâàÿ êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ λ, ïðèõîäèì ê ðàâåíñòâó ∆1(m) =
det D̂(m), òî åñòü det [En −BT (m)]× det [En −Dm] = ∆1(m). Çíà÷èò, det [En −Dm] ÿâëÿåòñÿ
äåëèòåëåì ∆1(m), à â ñèëó ïðîèçâîëüíîñòè ∆1(m) èìååì (2.1). �

Ëåììà 2. Åñëè ñèñòåìà Σ2 ìîäàëüíî óïðàâëÿåìà, òî

rank [En −Dm,B] = n ∀m ∈ C. (2.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî ëåììû âî ìíîãîì ïîõîæå íà äîêàçàòåëüñòâî ëåì-

ìû 1, ïîýòîìó èçëîæèì åãî ñõåìàòè÷íî. Ïóñòü ∆1(m) � ïðîèçâîëüíûé ïîëèíîì, ∆1(0) = 1.
Òîãäà íàéäåòñÿ ðåãóëÿòîð (1.5) òàêîé, ÷òî õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñèñòåìû Σ2 áóäåò

∆Σ2
(λ) = λn∆1(e

−λh). Îáîçíà÷èì D̃(m) = En − Dm − BT (m). Àíàëîãè÷íî äîêàçàòåëüñòâó

ëåììû 1 çàêëþ÷àåì, ÷òî det D̃(m) = ∆1(m). Äàëåå, èñïîëüçóÿ ìåòîä äîêàçàòåëüñòâà îò ïðî-

òèâíîãî, ìîæíî ïîêàçàòü, ÷òî ïîñëåäíåå ðàâåíñòâî äëÿ ïðîèçâîëüíîãî ïîëèíîìà íåâîçìîæíî,

åñëè íàðóøàåòñÿ (2.2). �

Çàìå÷àíèå 1. Äëÿ íàèëó÷øåãî ïîíèìàíèÿ èäåéíîé îñíîâû ðàáîòû ñõåìàòè÷íî ïðèâåäåì

åùå îäíî äîêàçàòåëüñòâî ëåììû 2. Ïóñòü ∆Σ2
(λ) = λn∆1(e

−λh), ãäå ïðîèçâîëüíûé ïîëèíîì

∆1(m) óäîâëåòâîðÿåò óñëîâèþ ∆1(0) = 1. Âîçüìåì äëÿ ñèñòåìû Σ2 ïðîèçâîëüíóþ íà÷àëüíóþ

�óíêöèþ, íî òàêóþ, ÷òî ðåøåíèå ñèñòåìû Σ2 (n − 1) ðàç íåïðåðûâíî äè��åðåíöèðóåìî ïðè

t > 0 è èìååò êóñî÷íî-íåïðåðûâíóþ ïðîèçâîäíóþ n-ãî ïîðÿäêà [3, ñ. 37℄. Îáîçíà÷èì δk =
x(n)(kh+0)−x(n)(kh−0) è wk = u(n)(kh+0)−u(n)(kh−0), k = 0, 1, . . . � ñêà÷êè n-ûõ ïðîèçâîäíûõ

ðåøåíèÿ ñèñòåìû Σ2 è óïðàâëåíèÿ (1.5) â òî÷êàõ kh. Ìîæíî ïîêàçàòü, ÷òî ïðè äîñòàòî÷íî

áîëüøîì k âûïîëíÿåòñÿ ∆1(e
−ph)δk = 0 (e−ph

� îïåðàòîð ñäâèãà, òî åñòü e−phδk = δk−1).

Ñ äðóãîé ñòîðîíû, èç (1.4), (1.5) ñëåäóåò [6℄, ÷òî δk = Dδk−1 + Bwk, ãäå wk =
s∑

i=1
Tiδk−i.

Âàðüèðóÿ êîý��èöèåíòû ïîëèíîìà ∆1(m), ïðèõîäèì ê óòâåðæäåíèþ: äëÿ ëþáîãî ïîëèíîìà

∆1(m), ∆1(0) = 1, ñóùåñòâóåò ìàòðèöà T (m), ÷òî det D̃(m) = ∆1(m).

Ëåììà 3. Ïóñòü èìååò ìåñòî (2.2). Òîãäà äëÿ ëþáîãî ïîëèíîìà ∆1(m), ∆1(0) = 1, íàé-

äåòñÿ ìàòðèöà T (m) =
s∑

k=1

Tkm
k
òàêàÿ, ÷òî det [En −Dm−BT (m)] = ∆1(m).
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Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì DB =
[
B,DB, . . . ,Dn−1B

]
. Â ñèëó (2.2)

rankDB = rank [DB ,D
n] . (2.3)

Ïóñòü rank DB = ρ è ìàòðèöà Q òàêîâà, ÷òî Q−1DQ =

[
D1 D2

0 N

]
, Q−1B =

[
B1

0

]
, ãäå

D1 ∈ R
ρ×ρ

, B1 ∈ R
ρ×r

, ðàçìåðû îñòàëüíûõ áëîêîâ î÷åâèäíû, rank
[
B1,D1B1, . . . ,D

ρ−1
1 B1

]
= ρ.

Â ñèëó (2.3) áëîê N áóäåò íèëüïîòåíòíûé, çíà÷èò, det [En−ρ −Nm] ≡ 1. Ïîñòðîèì ïîëèíî-

ìèàëüíóþ ìàòðèöó T 1(m), T 1(0) = 0, ÷òî det
[
Eρ −D1(m)−B1T 1(m)

]
= ∆1(m) (äëÿ ýòî-

ãî äîñòàòî÷íî ïðèâåñòè ìàòðèöó D1 ê áëî÷íî-òðåóãîëüíîìó âèäó ñ äèàãîíàëüíûìè áëîêàìè

â �îðìå Ôðîáåíèóñà). Çàìåòèì, ÷òî ìàòðèöà T 1(m) îïðåäåëÿåòñÿ íåîäíîçíà÷íî. Ïîëîæèì

T (m)Q =
[
T 1(m), T 2(m)

]
, ãäå T 2(m) � ëþáàÿ ìàòðèöà ñîîòâåòñòâóþùåãî ðàçìåðà. Òîãäà

det [En −Dm−BT (m)] = det
[
En −Q−1DQm−Q−1BT (m)Q

]
=

= ∆1(m) · det [En−ρ −Nm] = ∆1(m).

Ëåììà äîêàçàíà. �

Çàìå÷àíèå 2. Áåç òðåáîâàíèÿ ∆1(0) = 1 �îðìóëèðîâêà ëåììû 3 ÿâëÿåòñÿ íåâåðíîé.

� 3. Óñëîâèÿ ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ2

Ñ÷èòàåì, ÷òî óñëîâèå (2.2) âûïîëíåíî. Òîãäà ñóùåñòâóåò (â îáùåì ñëó÷àå íå åäèíñòâåííàÿ)

ìàòðèöà T̃ (m) =
s∑

k=1

T̃km
k
, T̃k ∈ R

r×n
, îáåñïå÷èâàþùàÿ ðàâåíñòâî

det [En −Dm−BT̃ (m)] ≡ 1. (3.1)

Çàìå÷àíèå 3. Óñëîâèå (3.1) îáîçíà÷àåò, ÷òî ó ñèñòåìû Σ2, çàìêíóòîé ðåãóëÿòîðîì u(t) =
s∑

k=1

T̃kẋ(t− kh), õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì áóäåò èìååòü çàïàçäûâàþùèé òèï.

Îáîçíà÷èì A(m)H[En − Dm − BT̃ (m)] = Â(m), ∆Σ2
(λ) =

n∑
k=0

λkrk(e
−λh) (íàïîìíèì, ÷òî

ñèìâîë H[ · ] îáîçíà÷àåò ïðèñîåäèíåííóþ ìàòðèöó, à ïîëèíîìû rk(m) �èãóðèðóþò â îïðåäå-

ëåíèè 1). Îáðàòèì âíèìàíèå, ÷òî çàìåíà x̃(t) = H[En − De−ph − BT̃ (e−ph)]x(t), ãäå e−ph
�

îïåðàòîð ñäâèãà (e−phf(t) = f(t− h)), ïðèâîäèò (1.4) ïðè u(t) = T̃ (e−ph)x(t) + u1(t) ê ñèñòåìå

çàïàçäûâàþùåãî òèïà

˙̃x(t) = Â(e−ph)x̃(t) + Bu1(t). Öåëü äàëüíåéøèõ ðàññóæäåíèé � óñòàíî-

âèòü ñâÿçü ìåæäó ìîäàëüíîé óïðàâëÿåìîñòüþ èñõîäíîé ñèñòåìû è ñèñòåìû çàïàçäûâàþùåãî

òèïà, îïðåäåëÿåìîé ïàðîé ìàòðèö {Â(e−ph), B}, ïîñêîëüêó ïàðàìåòðû ïîñëåäíåé çàâèñÿò îò

ìàòðèöû T̃ (m).

Ëåììà 4. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (2.2), à T̃ (m) =
s∑

k=1

T̃km
k
� ëþáàÿ ìàòðèöà, îáåñïå-

÷èâàþùàÿ ðàâåíñòâî (3.1). Òîãäà ñèñòåìà Σ2 ìîäàëüíî óïðàâëÿåìà â òîì è òîëüêî òîì ñëó-

÷àå, åñëè äëÿ ëþáîãî çàäàííîãî êâàçèïîëèíîìà ∆Σ2
(λ) íàéäóòñÿ ìàòðèöû R̂(m) =

s∑
k=0

R̂km
k

è T̂ (m) =
s∑

k=1

T̂km
k
, R̂k ∈ R

r×n
, T̂k ∈ R

r×n
, òàêèå, ÷òî

det [λEn − Â(e−λh)−B{λT̂ (e−λh) + R̂(e−λh)}] = ∆Σ2
(λ). (3.2)
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü èìååò ìåñòî (3.2). Ó÷èòûâàÿ (3.1), èìååì

∆Σ2
(λ) = det [(λEn − Â(e−λh)−B{λT̂ (e−λh) + R̂(e−λh)}) · (En −De−λh −BT̃ (e−λh))] =

= det [λ(En −De−λh)−A(e−λh)−B{λT (e−λh) +R(e−λh)}],

ãäå

T (m) = T̃ (m) + T̂ (m)(En −Dm−BT̃ (m)), R(m) = R̂(m)(En −Dm−BT̃ (m)). (3.3)

Èç ïîñëåäíèõ äâóõ ðàâåíñòâ îïðåäåëÿþòñÿ ìàòðèöû Tk è Rk ðåãóëÿòîðà (1.5). Òåì ñàìûì

ïîêàçàíî, ÷òî ñèñòåìà Σ2 ìîäàëüíî óïðàâëÿåìà.

Äîêàçàòåëüñòâî îáðàòíîãî óòâåðæäåíèÿ ñëåäóåò èç ðàâåíñòâà

det [λ(En −De−λh)−A(e−λh)−B{R(e−λh) + λT (e−λh)}] =

= det [λ(En −De−λh −BT̃ (e−λh))−A(e−λh)−B{R(e−λh) + λ(T (e−λh)− T̃ (e−λh))}].

�

Èç ëåììû 4 ñëåäóåò, ÷òî äàëüíåéøåå èññëåäîâàíèå ñâîéñòâà ìîäàëüíîé óïðàâëÿåìîñòè ñè-

ñòåìû Σ2 ìîæíî ïðîâåñòè, îïåðèðóÿ ëèøü ïàðîé ìàòðèö {Â(m), B}, ÷òî ñóùåñòâåííî ïðîùå.

Ïðè ýòîì ìàòðèöó T̃ (m) ìîæíî âûáðàòü ïðîèçâîëüíî, ëèøü áû òîëüêî èìåëî ìåñòî (3.1).

Îáîçíà÷èì C(m) = [B, Â(m)B, . . . , Ân−1(m)B].

Òåîðåìà 1. Äëÿ ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ2 íåîáõîäèìî, ÷òîáû èìåëè ìåñòî

óñëîâèå (2.2) è ðàâåíñòâî

rankC(m) = n ∀m ∈ C. (3.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîëîæèì â (3.2) ∆Σ2
(λ) = λn +

n−1∑
k=0

gkλ
k
� ïðîèçâîëüíûé ïî-

ëèíîì. Â ñèëó òîãî, ÷òî T̂ (0) = 0, (3.2) îñòàíåòñÿ ñïðàâåäëèâûì, åñëè â ëåâîé ÷àñòè (3.2)

ïîëîæèòü T̂ (m) ≡ 0. Ïîýòîìó det [λEn − Â(m) − BR̂(m)] = ∆Σ2
(λ) ïðè ëþáîì m. Ïîñëå ýòî-

ãî (3.4) ñëåäóåò èç íåîáõîäèìîãî óñëîâèÿ ìîäàëüíîé óïðàâëÿåìîñòè îáûêíîâåííîé ëèíåéíîé

ñèñòåìû è ëåììû 4. �

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ (2.2), è ïóñòü, êðîìå òîãî, íàéäóòñÿ ñòîëáöû

bkj , j = 1, ξ, ìàòðèöû B è ÷èñëà µj , j = 1, ξ, µ1 + . . .+ µξ = n, òàêèå, ÷òî

det [bk1 , . . . , Â
µ1−1(m)bk1 , . . . , bkξ , . . . , Â

µξ−1(m)bkξ ] ≡ const 6= 0. (3.5)

Òîãäà ñèñòåìà Σ2 ìîäàëüíî óïðàâëÿåìà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ∆Σ2
(λ) =

n∑
k=0

λkrk(e
−λh) � ïðîèçâîëüíûé êâàçèïîëèíîì,

rn(0) = 1. Â ñèëó óñëîâèÿ (3.5) íàéäóòñÿ [2℄ ìàòðèöà R̃(m) =
s∑

k=0

R̃km
k
, R̃k ∈ R

r×n
, è ïîëèíî-

ìèàëüíàÿ ìàòðèöà Γ(m), det Γ(m) ≡ const 6= 0, ÷òî

Γ−1(e−λh)[Â(e−λh) +BR̃(e−λh)] Γ(e−λh) =




0 1 . . . 0
. . . . . . . . . . . .

0 0 . . . 1
0 0 . . . 0


 ,
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à ñòîëáåö ìàòðèöû Γ−1(e−λh)B ñ íîìåðîì kl, kl ∈ {k1, . . . , kξ}, èìååò âèä col [0, . . . , 0, 1]. Ïî-
ëîæèì

{λT̂ (m) + R̂(m)} Γ(m) =




0 . . . 0
. . . . . . . . .

g1(m) . . . gn(λ,m)
. . . . . . . . .

0 . . . 0




(îò íóëÿ îòëè÷íà òîëüêî ñòðîêà kl), ãäå gn(λ,m) = λ(1− rn(m))− rn−1(m), gk(m) = −rk−1(m),
k = 1, n − 1. Òîãäà

det [λEn − Γ−1(e−λh){Â(e−λh) +BR̃(e−λh)}Γ(e−λh)−

− Γ−1(e−λh)B{λT̂ (e−λh) + R̂(e−λh)}Γ(e−λh)] = ∆Σ2
(λ),

èëè, ÷òî òî æå ñàìîå,

det [λEn − Â(e−λh)−B{R̃(e−λh) + R̂(e−λh) + λT̂ (e−λh)}] = ∆Σ2
(λ).

Óìíîæàÿ ïîñëåäíåå ðàâåíñòâî íà det [En −Dm−BT̃ (m)] è ó÷èòûâàÿ (3.1), ïîëó÷èì

det [λ(En −De−λh)−A(e−λh)−B{R(e−λh) + λT (e−λh)}] = ∆Σ2
(λ),

ãäå ìàòðèöà T (m) îïðåäåëÿåòñÿ �îðìóëîé (3.3), à R(m) = (R̃(m) + R̂(m))(En −Dm−BT̃ (m)).

Äàëåå èç ðàâåíñòâ T (m) =
s∑

k=1

Tkm
k
è R(m) =

s∑
k=0

Rkm
k
îïðåäåëÿåì ÷èñëî s è ìàòðèöû Tk è Rk

ðåãóëÿòîðà (1.5). �

Çàìå÷àíèå 4. Óñëîâèÿ òåîðåì 1, 2 ìîæíî ñ�îðìóëèðîâàòü ÷åðåç ïàðàìåòðû èñõîäíîé ñè-

ñòåìû (áåç íàõîæäåíèÿ ìàòðèöû T̃ (m)). Äëÿ ýòîãî äîñòàòî÷íî ïðèâåñòè ìàòðèöó D1 ê óïîìÿ-

íóòîìó áëî÷íî-òðåóãîëüíîìó âèäó (ñì. äîêàçàòåëüñòâî ëåììû 3). Ïîñêîëüêó óêàçàííàÿ ïðîöå-

äóðà íå ïðåäñòàâëÿåò ïðèíöèïèàëüíûõ òðóäíîñòåé, ïðèâîäèòü åå íå áóäåì.

Ïðèìåð. �àññìîòðèì ñèñòåìó Σ2 ñ ïàðàìåòðàìè D =




0 1 0
0 0 0
0 1 1



, A0 =




0 1 0
0 0 0
0 0 1



,

A1 =




0 0 0
0 1 0
0 0 0



, B =




0 1
1 0
0 1



. Óñëîâèå (2.2) äëÿ äàííîé ñèñòåìû âûïîëíÿåòñÿ. �åãóëÿòîð

èìååò âèä

u(t) =

[
0 0 0
0 0 1− r3(e

−ph)

]
ẋ(t) +

[
0 0 0
0 −1 −1

]
ẋ(t− h) +

+

[
0 0 1

−r0(e
−ph) −r0(e

−ph)− r1(e
−ph) r0(e

−ph)− r2(e
−ph)− 1

]
x(t) +

+

[
0 −1 0
0 0 −r0(e

−ph)

]
x(t− h),

ãäå ri(m), i = 0, 3 � íåêîòîðûå ïîëèíîìû. Îáðàòèì âíèìàíèå, ÷òî r3(0) = 1, ïîýòîìó, â ñèëó
äåéñòâèÿ îïåðàòîðà ñäâèãà e−ph

, àðãóìåíò �óíêöèè ẋ, âõîäÿùèé â ïîñòðîåííûé ðåãóëÿòîð,

áóäåò èìåòü âèä t − kh, ãäå k � íàòóðàëüíîå ÷èñëî. Âûáðàâ êîý��èöèåíòû ïîëèíîìîâ ri(m),
i = 0, 3 ïîëó÷èì ëþáîé íàïåðåä çàäàííûé ìíîãî÷ëåí

∆Σ2
(λ) = λ3r3(e

−λh) + λ2r2(e
−λh) + λr1(e

−λh) + r0(e
−λh).
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� 4. Óñëîâèÿ ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ1

Ñ÷èòàåì, ÷òî óñëîâèå (2.1) èìååò ìåñòî. Ïîëîæèì Ă(m) = A(m)

(
n̂∑

k=0

(Dm)k
)
, ãäå n̂ 6 n �

èíäåêñ íèëüïîòåíòíîñòè ìàòðèöû D. Ïî ñõåìå § 3 äîêàçûâàþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 3. Äëÿ ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ1 íåîáõîäèìî, ÷òîáû èìåëè ìåñòî

óñëîâèå (2.1) è ðàâåíñòâî rank C̆(m) = n ∀m ∈ C, ãäå C̆(m) = [B, Ă(m)B, . . . , Ăn−1(m)B].

Òåîðåìà 4. Ïóñòü âûïîëíÿþòñÿ óñëîâèå (2.1) è, êðîìå òîãî, íàéäóòñÿ ñòîëáöû bkj , j =

1, ξ, ìàòðèöû B è ÷èñëà µj, j = 1, ξ, µ1 + . . .+ µξ = n, òàêèå, ÷òî

det [bk1 , . . . , Ă
µ1−1(m)bk1 , . . . , bkξ , . . . , Ă

µξ−1(m)bkξ ] ≡ const 6= 0.

Òîãäà ñèñòåìà Σ1 ìîäàëüíî óïðàâëÿåìà.

� 5. Ñëó÷àé ñèñòåì ñ ìíîãèìè çàïàçäûâàíèÿìè

Èññëåäîâàíèå ñèñòåì íåéòðàëüíîãî òèïà ñ ìíîãèìè ñîèçìåðèìûìè çàïàçäûâàíèÿìè âî ìíî-

ãîì ñõîæå ñ èññëåäîâàíèåì ñèñòåì Σ1 è Σ2. Ïîýòîìó óêàæåì ëèøü ïðèíöèïèàëüíûå îòëè÷èÿ

è ïðèâåäåì äîñòàòî÷íûå óñëîâèÿ ìîäàëüíîé óïðàâëÿåìîñòè.

�àññìîòðèì ñèñòåìó íåéòðàëüíîãî òèïà ñî ìíîãèìè çàïàçäûâàíèÿìè Σ3:

ẋ(t)−

m∑

i=1

Diẋ(t− ih) =

m∑

i=0

(Aix(t− ih) +Biu(t− ih)) , t > 0, (5.1)

x(t) = ϕ(t), t ∈ [−mh, 0], (5.2)

ãäå Di ∈ R
n×n

, i = 1,m, Ai ∈ R
n×n

, Bi ∈ R
n×r

, i = 0,m.

Îáîçíà÷èì D(m) =
m∑
i=1

Dim
i−1

, A(m) =
m∑
i=0

Aim
i
, B(m) =

m∑
i=0

Bim
i
.

Îïðåäåëåíèå ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ3 ðåãóëÿòîðîì (1.5) �îðìóëèðóåòñÿ ïî-

äîáíî îïðåäåëåíèþ 1.

Àíàëîãè÷íî ëåììå 2 ìîæíî ïîêàçàòü, ÷òî äëÿ ìîäàëüíîé óïðàâëÿåìîñòè íåîáõîäèìî, ÷òîáû

äëÿ ëþáîãî ïîëèíîìà ∆(m), ∆(0) = 0, íàøëàñü ïîëèíîìèàëüíàÿ ìàòðèöà T (m) =
s∑

i=1
Tim

i
,

T (0) = 0, Ti ∈ R
r×n

, ÷òî

det [En −D(m) ·m−B(m)T (m)] = ∆(m). (5.3)

Îòñþäà ñëåäóåò íåîáõîäèìîå óñëîâèå ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìîé Σ3:

rank [En −D(m) ·m,B(m)] = n ∀ m ∈ C. (5.4)

Îäíàêî óñëîâèÿ (5.4) íåäîñòàòî÷íî äëÿ ñóùåñòâîâàíèÿ ìàòðèöû T (m), îáåñïå÷èâàþùåé (5.3).
Íàïðèìåð, òàêîé ìàòðèöû íå ñóùåñòâóåò, åñëè n = 1, D = d, B(m) = b1 + b2m, d · b1 · b2 6= 0.
Ëåììà 5 (ñì. [4℄). Äëÿ òîãî ÷òîáû ñóùåñòâîâàëà ìàòðèöà T (m), îáåñïå÷èâàþùàÿ (5.3),

äîñòàòî÷íî ñóùåñòâîâàíèÿ ñòîëáöîâ bki(m), i = 1, ξ, ìàòðèöû B(m) è ÷èñåë µj, j = 1, ξ,
µ1 + . . .+ µξ = n, òàêèx, ÷òî

det [bk1(m), . . . ,Dµ1−1(m)bk1(m), . . . , bkξ(m), . . . ,Dµξ−1(m)bkξ(m)] ≡ const 6= 0. (5.5)

Çàìåòèì, ÷òî åñëè óñëîâèå (5.5) èìååò ìåñòî, òî âñå îñòàëüíûå ðàññóæäåíèÿ ïî ðåøåíèþ çà-

äà÷è ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ3 àíàëîãè÷íû, êàê è äëÿ ñèñòåìû Σ2. Ñ�îðìóëèðóåì

äîñòàòî÷íûå óñëîâèÿ. Ïðåäâàðèòåëüíî îáîçíà÷èì A(m) = A(m)H[En −D(m) ·m−B(m)T (m)],
ãäå ìàòðèöà T (m) îáåñïå÷èâàåò (5.3) ïðè ∆(m) ≡ 1.



Ê ïðîáëåìå ìîäàëüíîãî óïðàâëåíèÿ ëèíåéíûìè ñèñòåìàìè íåéòðàëüíîãî òèïà 153

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

Òåîðåìà 5. Ïóñòü íàéäóòñÿ ñòîëáöû bkj(m), j = 1, ξ, ìàòðèöû B(m) è ÷èñëà µj , j = 1, ξ,
µ1 + . . .+ µξ = n, òàêèå, ÷òî

det [bk1(m), . . . , A
µ1−1

(m)bk1(m), . . . , bkξ(m), . . . , A
µξ−1

(m)bkξ(m)] ≡ const 6= 0.

Òîãäà ñèñòåìà Σ3 ìîäàëüíî óïðàâëÿåìà.

�àññìîòðèì ñèñòåìó íåéòðàëüíîãî òèïà Σ4 ñ íåïðåðûâíûì ðåøåíèåì:

d

dt
(x(t)−

m∑

i=1

Dix(t− ih)) =
m∑

i=0

(Aix(t− ih) +Biu(t− ih)), t > 0,

x(t) = η(t), t ∈ [−mh, 0],

ãäå η(t) � íåïðåðûâíàÿ �óíêöèÿ.

Îïðåäåëåíèå ìîäàëüíîé óïðàâëÿåìîñòè ñèñòåìû Σ4 ðåãóëÿòîðîì

u(t) =

s∑

k=1

Tk

d

dt
(x(t− kh) −

m∑

i=1

Dix(t− (i+ k)h)) +

s∑

k=0

Rkx(t− kh)

�îðìóëèðóåòñÿ àíàëîãè÷íî îïðåäåëåíèþ 1. Íåîáõîäèìûì óñëîâèåì ìîäàëüíîé óïðàâëÿåìîñòè

áóäåò òðåáîâàíèå

det[En −D(m) ·m] ≡ 1. (5.6)

Äëÿ äîêàçàòåëüñòâà ýòîãî �àêòà äîñòàòî÷íî ïîâòîðèòü ñ î÷åâèäíûìè èçìåíåíèÿìè ðàññóæäå-

íèÿ, ïðèâåäåííûå â äîêàçàòåëüñòâå ëåììû 1. Ñ�îðìóëèðóåì äëÿ ýòîé ñèñòåìû äîñòàòî÷íûå

óñëîâèÿ ìîäàëüíîé óïðàâëÿåìîñòè. Îáîçíà÷èì A(m) = A(m)H[En −D(m) ·m].

Òåîðåìà 6. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (5.6) è, êðîìå òîãî, íàéäóòñÿ ñòîëáöû bkj (m),

j = 1, ξ, ìàòðèöû B(m) è ÷èñëà µj, j = 1, ξ, µ1 + . . .+ µξ = n, òàêèå, ÷òî

det [bk1(m), . . . , A
µ1−1

(m)bk1(m), . . . , bkξ(m), . . . , A
µξ−1

(m)bkξ(m)] ≡ const 6= 0.

Òîãäà ñèñòåìà Σ4 ìîäàëüíî óïðàâëÿåìà.

� 6. Îáñóæäåíèå ðåçóëüòàòîâ

1. Äëÿ ëèíåéíûõ àâòîíîìíûõ ñèñòåì íåéòðàëüíîãî òèïà â ñëó÷àÿõ íåïðåðûâíîãî è àáñîëþò-

íî íåïðåðûâíîãî ðåøåíèé ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ìîäàëüíîé óïðàâëÿ-

åìîñòè ïîñðåäñòâîì ëèíåéíûõ äè��åðåíöèàëüíî-ðàçíîñòíûõ ðåãóëÿòîðîâ. Îáîáùåíèå èñïîëü-

çóåìûõ òèïîâ ðåãóëÿòîðîâ íà ñëó÷àé èíòåãðàëüíîé îáðàòíîé ñâÿçè (â âèäå ëèíåéíîãî íåïðå-

ðûâíîãî �óíêöèîíàëà) ñîõðàíèò íåîáõîäèìûìè óñëîâèÿ (2.1) è (2.2), íî, êàê ñëåäóåò èç § 3
è [1℄, ïðè B ∈ R

n
ïîçâîëèò îñëàáèòü óñëîâèå (3.5) èëè åãî àíàëîã â òåîðåìå 4.

2. Â [3, ñ. 352℄ ëèíåéíîå íåîäíîðîäíîå �óíêöèîíàëüíî-äè��åðåíöèàëüíîå óðàâíåíèå íåé-

òðàëüíîãî òèïà îïðåäåëÿåòñÿ òàê:

d

dt
[Dxt −G(t)] = Lxt + F (t), t > 0

(îáîçíà÷åíèÿ ñì. â [3, ñ. 352℄). Ïîýòîìó îáîáùåíèåì îáúåêòà èññëåäîâàíèÿ ÿâëÿåòñÿ ñèñòåìà

(1.1) ñ ëåâîé ÷àñòüþ âèäà

d

dt
(x(t)−Dx(t− h) +B1u1(t)) ,
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ãäå u1 � óïðàâëåíèå, B1 ∈ R
n×l

. Àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2 ìîæíî ïîêàçàòü, ÷òî

óñëîâèå rank[En − Dm,B1] = n ∀m ∈ C áóäåò íåîáõîäèìûì äëÿ ìîäàëüíîé óïðàâëÿåìîñòè

òàêîé ñèñòåìîé ðåãóëÿòîðîì

u1(t) =

s1∑

k=1

T kx(t− kh),

u(t) =

s2∑

k=1

Tk

d

dt
(x(t− kh)−Dx(t− (k + 1)h) +B1u1(t− kh)) +

s2∑

k=0

Rkx(t− kh).

Ýòî ñâîäèò çàäà÷ó ìîäàëüíîé óïðàâëÿåìîñòè ê àíàëîãè÷íîé çàäà÷å äëÿ ñèñòåìû Σ1.

3. Èç ëåììû 2 ñëåäóåò, ÷òî óñëîâèå (2.2) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñó-

ùåñòâîâàíèÿ ëèíåéíîé îáðàòíîé ñâÿçè (1.5) (Rk = 0), îáåñïå÷èâàþùåé çàìêíóòîé ñèñòåìå Σ2

çàïàçäûâàþùèé òèï õàðàêòåðèñòè÷åñêîãî êâàçèïîëèíîìà. Ýòî ïîçâîëÿåò ïðåîáðàçîâàòü èñõîä-

íóþ ñèñòåìó íåéòðàëüíîãî òèïà ê ñèñòåìå çàïàçäûâàþùåãî òèïà (ñì. § 3), êà÷åñòâåííàÿ òåîðèÿ
óïðàâëåíèÿ êîòîðûìè ðàçâèòà â áîëüøåé ìåðå. Íàïðèìåð, òàê ìîæíî ðåøàòü çàäà÷è óñïîêîå-

íèÿ ðåøåíèÿ, âûõîäà è èäåíòè�èêàöèè ñîñòîÿíèÿ ñèñòåì íåéòðàëüíîãî òèïà [5�7℄.

Â çàêëþ÷åíèå îòìåòèì, ÷òî ïðåäñòàâëÿåò èíòåðåñ ïîëó÷åíèå êðèòåðèÿ ìîäàëüíîé óïðàâëÿ-

åìîñòè èññëåäóåìûõ ñèñòåì â êëàññå äè��åðåíöèàëüíî-ðàçíîñòíûõ ðåãóëÿòîðîâ, îäíàêî, íà-

ñêîëüêî èçâåñòíî àâòîðàì, ýòîò âîïðîñ îñòàåòñÿ îòêðûòûì äàæå â ñëó÷àå ñèñòåì çàïàçäûâàþ-

ùåãî òèïà.
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For linear autonomous systems of neutral type with one delay in the state, we develop the method of


onstru
tion of linear di�eren
e-di�erential feedba
k 
ontrols that ensure modal 
ontrollability. In this 
ase,

we distinguish the 
ases of 
ontinuous and absolutely 
ontinuous solutions. The generalization of these results

to a system of this type with multiple 
ommensurate delays is suggested.
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