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�àññìàòðèâàåòñÿ ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà ñ âåêòîðíûì óïðàâëåíèåì è íåïðåðûâíûìè êîý��è-

öèåíòàìè. Äëÿ òàêîé ñèñòåìû ïîëó÷åíî ý��åêòèâíîå äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè â ïðåäïîëî-

æåíèè äîñòàòî÷íîé ãëàäêîñòè ïàðàìåòðîâ ñèñòåìû. Äëÿ àâòîíîìíîé óïðàâëÿåìîé ñèñòåìû ïîëó÷åíî

íåîáõîäèìîå óñëîâèå äîêðèòè÷íîñòè. Â ðàáîòå òàêæå èçó÷àåòñÿ ñâÿçü äîêðèòè÷åñêèõ è âïîëíå óïðàâ-

ëÿåìûõ ëèíåéíûõ ñèñòåì. Äîêàçàíî, ÷òî ëèíåéíàÿ ñèñòåìà âïîëíå óïðàâëÿåìà íà îòðåçêå, åñëè îíà

ÿâëÿåòñÿ äîêðèòè÷åñêîé õîòÿ áû â îäíîé âíóòðåííåé òî÷êå ýòîãî îòðåçêà. Äîêàçàíî òàêæå, ÷òî âïîëíå

óïðàâëÿåìàÿ àâòîíîìíàÿ ëèíåéíàÿ ñèñòåìà ñî ñêàëÿðíûì óïðàâëåíèåì ÿâëÿåòñÿ äîêðèòè÷åñêîé.

Êëþ÷åâûå ñëîâà: ëèíåéíûå óïðàâëÿåìûå ñèñòåìû, äîêðèòè÷åñêèå ñèñòåìû, óñëîâèÿ äîêðèòè÷íîñòè.

Ââåäåíèå

Â ðàáîòå [1℄ ðàññìàòðèâàëàñü îïòèìàëüíàÿ ïî áûñòðîäåéñòâèþ ëèíåéíàÿ óïðàâëÿåìàÿ ñè-

ñòåìà ñ âåêòîðíûì óïðàâëåíèåì. Íà òàêóþ ñèñòåìó áûëî ðàñïðîñòðàíåíî ïîíÿòèå äîêðèòè÷å-

ñêîé ñèñòåìû, èçâåñòíîå ðàíåå äëÿ ëèíåéíûõ óïðàâëÿåìûõ ñèñòåì ñî ñêàëÿðíûì óïðàâëåíèåì

(ñì., íàïðèìåð, [2℄). Â óêàçàííîé ðàáîòå ïîäðîáíî èçó÷åíû ñòðóêòóðà îïòèìàëüíûõ â ñìûñ-

ëå áûñòðîäåéñòâèÿ óïðàâëåíèé, ñòðóêòóðà ìíîæåñòâà óïðàâëÿåìîñòè è ñòðóêòóðà ãðàíèöû

ìíîæåñòâà óïðàâëÿåìîñòè äîêðèòè÷åñêèõ ñèñòåì, à òàêæå äàíî îïòèìàëüíîå â ñìûñëå áûñò-

ðîäåéñòâèÿ ïðîãðàììíîå óïðàâëåíèå äëÿ ëþáîé íà÷àëüíîé �àçîâîé òî÷êè, ïðèíàäëåæàùåé

äîêðèòè÷åñêîìó ìíîæåñòâó óïðàâëÿåìîñòè ñèñòåìû.

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [1℄. Çäåñü ïîëó÷åíî ý��åêòèâíîå (âûðàæåí-

íîå ÷åðåç èñõîäíûå ïàðàìåòðû ñèñòåìû) äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè äëÿ ëèíåéíîé

íåàâòîíîìíîé óïðàâëÿåìîé ñèñòåìû ïðè óñëîâèè äîñòàòî÷íîé ãëàäêîñòè åå ïàðàìåòðîâ. Äëÿ

ëèíåéíîé àâòîíîìíîé ñèñòåìû ïîëó÷åíî íåîáõîäèìîå óñëîâèå äîêðèòè÷íîñòè. Èçó÷åíà ñâÿçü

äîêðèòè÷åñêèõ è âïîëíå óïðàâëÿåìûõ ñèñòåì.

Íèæå ïðèâåäåíû èñïîëüçóåìûå â ýòîé ðàáîòå îáîçíà÷åíèÿ:

N � ìíîæåñòâî íàòóðàëüíûõ ÷èñåë;

Z+ � ìíîæåñòâî íåîòðèöàòåëüíûõ öåëûõ ÷èñåë;

R
n
� ñòàíäàðòíîå åâêëèäîâî ïðîñòðàíñòâî ðàçìåðíîñòè n, ýëåìåíòû ïðîñòðàíñòâà R

n
ïðåä-

ñòàâëÿþò ñîáîé âåêòîðû-ñòîëáöû;

R
n∗

� ïðîñòðàíñòâî, ñîïðÿæåííîå ê R
n
; ýëåìåíòû R

n∗
ïðåäñòàâëÿþò ñîáîé âåêòîðû-ñòðîêè;

|x| � åâêëèäîâà íîðìà ýëåìåíòà x â ïðîñòðàíñòâå R
n
;

M(n,m) � ïðîñòðàíñòâî íåïðåðûâíûõ ëèíåéíûõ îïåðàòîðîâ èç R
m

â R
n
, äàëåå ýëåìåíòû

M(n,m) îòîæäåñòâëÿþòñÿ ñ èõ ìàòðèöàìè îòíîñèòåëüíî ñòàíäàðòíûõ áàçèñîâ â R
m
è R

n
;

AT
� ìàòðèöà, òðàíñïîíèðîâàííàÿ ê ìàòðèöå A;

Sn−1 = {x ∈ R
n : |x| = 1} � ñ�åðà ðàçìåðíîñòè n− 1.

� 1. Óñëîâèÿ äîêðèòè÷íîñòè

�àññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = A(t)x+B(t)u, (1.1)

1
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ãäå x ∈ R
n
, u ∈ R

r
, �óíêöèè A : R → M(n, n) è B : R → M(n, r) ïðåäïîëàãàþòñÿ íåïðåðûâíûìè.

Çà�èêñèðóåì íåêîòîðóþ �óíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé

ψ1(t), . . . , ψn(t) (1.2)

ñîïðÿæåííîé ñèñòåìû

ψ̇ = −ψA(t) (1.3)

è îïðåäåëèì ñåìåéñòâî �óíêöèé

ξji (t) = ψi(t)b
j(t), i = 1, . . . , n, j = 1, . . . , r, (1.4)

ãäå bj(t)� ñòîëáåö ìàòðèöû B(t) ñ íîìåðîì j.

Îïðåäåëåíèå 1 (ñì. [1, ñ. 102℄). Áóäåì ãîâîðèòü, ÷òî äâóõïàðàìåòðè÷åñêîå ñåìåéñòâî íå-

ïðåðûâíûõ �óíêöèé (1.4) îáðàçóåò äâóõïàðàìåòðè÷åñêóþ T-ñèñòåìó (èëè, êîðî÷å, TA-ñèñòå-

ìó) íà ïðîìåæóòêå I, åñëè äëÿ ëþáîãî íåíóëåâîãî âåêòîðà c = (c1, . . . , cn) ∈ R
n
îáùåå êî-

ëè÷åñòâî ãåîìåòðè÷åñêè ðàçëè÷íûõ (òî åñòü áåç ó÷åòà êðàòíîñòåé) íóëåé íà I âñåõ ëèíåéíûõ

êîìáèíàöèé

ξj(t; c) = c1ξ
j
1
(t) + . . .+ cnξ

j
n(t), j = 1, . . . , r, (1.5)

íå áîëüøå n− 1. Â äàëüíåéøåì áóäåì èñïîëüçîâàòü îáîçíà÷åíèå (1.5), ãäå c = (c1, . . . , cn) ∈ R
n
.

Äëÿ êàæäîãî t ∈ R îáîçíà÷èì ÷åðåç σ(t) òî÷íóþ âåðõíþþ ãðàíü òàêèõ σ > 0, ÷òî íà

èíòåðâàëå It = (t, t+ σ) ñåìåéñòâî �óíêöèé (1.4) îáðàçóåò TA-ñèñòåìó (îïðåäåëåíèå 1). Åñëè

ýòè �óíêöèè íå îáðàçóþò TA-ñèñòåìó íè íà êàêîì èíòåðâàëå It, òî ïîëîæèì σ(t) = 0. Òàê
îïðåäåëåíà �óíêöèÿ σ : R → R+ = [0,+∞) ∪ {+∞}.

Â ðàáîòå [1℄ ïîäðîáíî èçó÷åíû ñâîéñòâà TA-ñèñòåì è ïðèâåäåíû íåêîòîðûå ñâîéñòâà �óíê-

öèè σ(·); â ÷àñòíîñòè, ïîêàçàíî, ÷òî �óíêöèÿ σ(t;A,B) = σ(t) äëÿ ñèñòåìû (1.1) îïðåäåëåíà

êîððåêòíî, òî åñòü íå çàâèñèò îò âûáîðà �óíäàìåíòàëüíîé ñèñòåìû ðåøåíèé (1.2) ñîïðÿæåííîé

ñèñòåìû (1.3).

Îïðåäåëåíèå 2 (ñì. [1, ñ. 119℄). Ñèñòåìà (1.1) íàçûâàåòñÿ äîêðèòè÷åñêîé â òî÷êå t0 ∈ R,

åñëè σ(t0;A,B) > 0.

Ïðåäïîëàãàÿ �óíêöèè t 7→ A(t) è t 7→ B(t) äîñòàòî÷íî ãëàäêèìè, ïîñòðîèì ñåìåéñòâî

ìàòðèö

L0(t) = B(t), Li(t) = −A(t)Li−1(t) +
dLi−1(t)

dt
, i = 1, . . . , n − 1. (1.6)

Ñèìâîëîì lji ìû áóäåì îáîçíà÷àòü ñòîëáåö ìàòðèöû Li ñ íîìåðîì j.

Òåîðåìà 1. Ïóñòü â íåêîòîðîé îêðåñòíîñòè òî÷êè t0 �óíêöèÿ t 7→ A(t) èìååò íåïðå-

ðûâíóþ ïðîèçâîäíóþ ïîðÿäêà n − 2, à �óíêöèÿ t 7→ B(t) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ

ïîðÿäêà n − 1. Åñëè äëÿ ëþáîãî íàáîðà öåëûõ íåîòðèöàòåëüíûõ ÷èñåë n1, . . . , nr òàêèõ, ÷òî

n1 + . . .+ nr = n, ñåìåéñòâî âåêòîðîâ

l10(t0), . . . , l
1
n1−1(t0), . . . , l

r
0(t0), . . . , l

r
nr−1(t0) (1.7)

ëèíåéíî íåçàâèñèìî, òî ñèñòåìà (1.1) äîêðèòè÷åñêàÿ â òî÷êå t0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì, ÷òî âûïîëíåíû óñëîâèÿ òåîðåìû, íî ñèñòåìà (1.1)

íå ÿâëÿåòñÿ äîêðèòè÷åñêîé â òî÷êå t0, òî åñòü σ(t0) = 0. Âûáåðåì ïðîèçâîëüíóþ ñòðîãî óáû-

âàþùóþ ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü

{εk}∞k=1, εk > εk+1, lim
k→∞

εk = 0,
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òàê, ÷òîáû (t0, t0+ε1) ⊂ O(t0), ãäå O(t0)� îêðåñòíîñòü òî÷êè t0, â êîòîðîé �óíêöèè A(t) è B(t)
îáëàäàþò çàäàííîé ïî óñëîâèþ ãëàäêîñòüþ. Ñåìåéñòâî �óíêöèé (1.4) íå îáðàçóåò TA-ñèñòåìó

íè íà îäíîì èç èíòåðâàëîâ (t0, t0 + εk), k ∈ N, ïîýòîìó äëÿ êàæäîãî k ∈ N ñóùåñòâóþò òàêîé

âåêòîð ck ∈ Sn−1
è òàêîé íàáîð öåëûõ íåîòðèöàòåëüíûõ ÷èñåë nk1, . . . , n

k
r , n

k
1 + . . . + nkr = n,

÷òî êàæäàÿ �óíêöèÿ ξj(t; ck), j = 1, . . . , r, èìååò íå ìåíåå nkj ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé

íà èíòåðâàëå Ik = (t0, t0 + εk).

Ïðè êàæäîì k ∈ N âåêòîð (nk1 , . . . , n
k
r ) ÿâëÿåòñÿ ýëåìåíòîì êîíå÷íîãî ìíîæåñòâà

Nn = {(n1, . . . , nr) ∈ Z
r
+ : n1 + . . .+ nr = n},

ïîýòîìó ñóùåñòâóåò ïîäïîñëåäîâàòåëüíîñòü {cks}∞s=1 è ñóùåñòâóåò âåêòîð (n1, . . . , nr) ∈ Nn òà-

êèå, ÷òî ïðè êàæäîì íàòóðàëüíîì s êàæäàÿ �óíêöèÿ ξj(t; cks), j = 1, . . . , r, èìååò íå ìåíåå nj
ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé íà èíòåðâàëå Ik = (t0, t0+ εk). Âûäåëèì òàêóþ ïîäïîñëåäîâà-

òåëüíîñòü è äëÿ óïðîùåíèÿ îáîçíà÷åíèé ñíîâà îáîçíà÷èì åå {ck}∞k=1
. Òåïåðü â ñèëó êîìïàêòíî-

ñòè Sn−1
èç ïîñëåäîâàòåëüíîñòè {ck}∞k=1

ìîæíî âûäåëèòü ñõîäÿùóþñÿ ïîäïîñëåäîâàòåëüíîñòü,

êîòîðóþ ìû ñíîâà îáîçíà÷èì {ck}∞k=1
, lim

k→∞

ck = ĉ ∈ Sn−1
. Èòàê, ïîëó÷åííàÿ ïîñëåäîâàòåëü-

íîñòü {ck}∞k=1
⊂ Sn−1

îáëàäàåò òåì ñâîéñòâîì, ÷òî ïðè êàæäîì íàòóðàëüíîì k è êàæäîì

j = 1, . . . , r �óíêöèÿ ξj(t; ck) èìååò íå ìåíåå nj ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé íà èíòåðâàëå

Ik = (t0, t0 + εk), ïðè÷åì n1 + . . .+ nr = n.

Èç óñëîâèé ãëàäêîñòè �óíêöèé t 7→ A(t) è t 7→ B(t) ñëåäóåò, ÷òî �óíêöèè t 7→ ξj(t; ck) èìåþò
íåïðåðûâíûå ïðîèçâîäíûå ïîðÿäêà n − 1 â îêðåñòíîñòè O(t0) òî÷êè t0, à ñëåäîâàòåëüíî, è íà

ëþáîì èíòåðâàëå (t0, t0 + εk) â ñèëó âûáîðà ïîñëåäîâàòåëüíîñòè {εk}∞k=1
. Äëÿ òåõ çíà÷åíèé j,

äëÿ êîòîðûõ nj > 0, �óíêöèÿ t 7→ ξj(t; ck) ïðè ëþáîì íàòóðàëüíîì k èìååò ïî êðàéíåé ìåðå

îäèí íóëü τ j
0,k íà èíòåðâàëå (t0, t0 + εk). Åñëè nj > 1, òî ïðîèçâîäíàÿ t 7→ dξj(t; ck)

dt
èìååò ïî

êðàéíåé ìåðå îäèí íóëü τ j
1,k íà èíòåðâàëå (t0, t0 + εk). Âîîáùå, ïðîèçâîäíàÿ t 7→ diξj(t; ck)

dti

èìååò ïî êðàéíåé ìåðå îäèí íóëü τ ji,k íà èíòåðâàëå (t0, t0 + εk), åñëè i < nj , òî åñòü

diξj(t; ck)

dti

∣∣∣∣
t=τ

j

i,k

= 0, t0 < τ ji,k < t0 + εk, i = 0, . . . , nj − 1, j = 1, . . . , r, k ∈ N. (1.8)

Â ñèëó âûáîðà ïîñëåäîâàòåëüíîñòè {εk} èìååì τ j
i,k

→ t0 ïðè k → ∞. Ñõîäèìîñòü ck → ĉ âëå÷åò

ñõîäèìîñòü ξj(·; ck) → ξj(·; ĉ) â ïðîñòðàíñòâå Cn−1J äëÿ ëþáîãî îòðåçêà J ⊂ O(t0). Çàêëþ÷àÿ
òî÷êó t0 âíóòðü òàêîãî îòðåçêà J è ïåðåõîäÿ â ðàâåíñòâå (1.8) ê ïðåäåëó ïðè k → ∞, ïîëó÷àåì

diξj(t; ĉ)

dti

∣∣∣∣
t=t0

= 0, i = 0, . . . , nj − 1, j = 1, . . . , r. (1.9)

Â ðàâåíñòâàõ (1.8) è (1.9) ïðåäïîëàãàåòñÿ, ÷òî

d0ξj(t; ĉ)
dt0

= ξj(t; ĉ) è ñîîòíîøåíèÿ äëÿ ξj(t; ĉ)

èìåþò ìåñòî òîëüêî äëÿ òåõ j, äëÿ êîòîðûõ nj > 0.

Äàëåå äëÿ êàæäîãî j = 1, . . . , r èìååì

ξj(t; ĉ) = ĉ1ξ
j
1
(t) + . . . + ĉnξ

j
n(t) =

(
ĉ1ψ1(t) + . . .+ ĉnψn(t)

)
bj(t) = ψ̂(t)bj(t) = ψ̂(t)lj

0
(t). (1.10)

Äè��åðåíöèðóÿ (1.10) â îêðåñòíîñòè O(t0) òî÷êè t0 è ó÷èòûâàÿ îáîçíà÷åíèÿ (1.6), ïîëó÷àåì

(ñóùåñòâîâàíèå ïðîèçâîäíûõ îáåñïå÷åíî óñëîâèÿìè ãëàäêîñòè �óíêöèé A(·) è B(·))

dξj(t; ĉ)

dt
=

d

dt

(
ψ̂(t)lj

0
(t)

)
=
dψ̂(t)

dt
lj
0
(t) + ψ̂(t)

dlj
0
(t)

dt
=

= −ψ̂(t)A(t)lj
0
(t) + ψ̂(t)

dlj
0
(t)

dt
= ψ̂(t)lj

1
(t), (1.11)



Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äîêðèòè÷íîñòè ëèíåéíûõ óïðàâëÿåìûõ ñèñòåì 103

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

dn−1ξj(t; ĉ)

dtn−1
=

d

dt

(
ψ̂(t)ljn−2

(t)
)
= −ψ̂(t)A(t)ljn−2

(t) + ψ̂(t)
dljn−2

(t)

dt
= ψ̂(t)ljn−1

(t). (1.12)

Ïîäñòàâèâ (1.10)�(1.12) â (1.9), áóäåì èìåòü

ψ̂(t0)l
j
i (t0) = 0, i = 0, . . . , nj − 1, j = 1, . . . , r. (1.13)

Ïî ïîñòðîåíèþ ĉ ∈ Sn−1
, ïîýòîìó ðåøåíèå ψ̂(t) = ĉ1ψ1(t) + . . . + ĉnψn(t) íåíóëåâîå, â ÷àñò-

íîñòè ψ̂(t0) 6= 0. Èç ñîîòíîøåíèÿ (1.13) ñëåäóåò, ÷òî íåíóëåâîé âåêòîð ψ̂(t0) îðòîãîíàëåí âñåì

âåêòîðàì ñåìåéñòâà (1.7), êîòîðîå ïî óñëîâèþ òåîðåìû ëèíåéíî íåçàâèñèìî è ñîñòîèò èç n
âåêòîðîâ, ÷òî íåâîçìîæíî. Ñëåäîâàòåëüíî, ñèñòåìà (1.1) ÿâëÿåòñÿ äîêðèòè÷åñêîé â òî÷êå t0. �

Â òåîðåìå 1 ñ�îðìóëèðîâàíî äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè ñèñòåìû (1.1) â íåêîòîðîé

òî÷êå. Èç íåå ëåãêî ïîëó÷èòü äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè íà íåêîòîðîì èíòåðâàëå.

Ñëåäñòâèå 1. Ïóñòü íà íåêîòîðîì èíòåðâàëå J �óíêöèÿ t 7→ A(t) èìååò íåïðåðûâíóþ

ïðîèçâîäíóþ ïîðÿäêà n−2, à �óíêöèÿ t 7→ B(t) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ ïîðÿäêà n−1.
Åñëè äëÿ ëþáîãî íàáîðà öåëûõ íåîòðèöàòåëüíûõ ÷èñåë n1, . . . , nr òàêèõ, ÷òî n1 + . . .+ nr = n,
ñåìåéñòâî âåêòîðîâ

l10(t), . . . , l
1
n1−1(t), . . . , l

r
0(t), . . . , l

r
nr−1(t)

ëèíåéíî íåçàâèñèìî â êàæäîé òî÷êå èíòåðâàëà J , òî ñèñòåìà (1.1) ÿâëÿåòñÿ äîêðèòè÷åñêîé
íà èíòåðâàëå J .

Ñëåäóþùèé ïðèìåð ïîêàçûâàåò, ÷òî äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè ñèñòåìû (1.1),

ñ�îðìóëèðîâàííîå â òåîðåìå 1, íå ÿâëÿåòñÿ íåîáõîäèìûì äàæå äëÿ ñèñòåì ñî ñêàëÿðíûì óïðàâ-

ëåíèåì (r = 1) è àíàëèòè÷åñêèìè �óíêöèÿìè t 7→ A(t) è t 7→ B(t).

Ïðèìåð 1. �àññìîòðèì íåàâòîíîìíóþ óïðàâëÿåìóþ ñèñòåìó ñî ñêàëÿðíûì óïðàâëåíèåì:

{
ẋ1 = t2x2,

ẋ2 = u.
(1.14)

Â êà÷åñòâå �óíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ñîïðÿæåííîé ñèñòåìû (1.3) âîçüìåì âåêòîð-

�óíêöèè ψ1(t) = (−3, t3), ψ2(t) = (0, 1). Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (1.4) èìååì ξ1(t) = t3,
ξ2(t) = 1. Ëåãêî âèäåòü, ÷òî �óíêöèÿ ξ(t; c) = c1t

3 + c2 èìååò íå áîëåå îäíîãî íóëÿ (áåç ó÷åòà

êðàòíîñòè) íà âñåì ìíîæåñòâå âåùåñòâåííûõ ÷èñåë ïðè ëþáûõ íå ðàâíûõ íóëþ îäíîâðåìåííî c1
è c2. Ïîýòîìó σ(t;A,B) = +∞ ïðè ëþáîì t ∈ R è ñèñòåìà (1.14) ïî îïðåäåëåíèþ äîêðèòè÷åñêàÿ

íà âñåì ìíîæåñòâå âåùåñòâåííûõ ÷èñåë. Îäíàêî ñåìåéñòâî âåêòîðîâ

{
l0(t0), l1(t0)

}
=

{
b(t0),−A(t0)b(t0)

}
=

{
(0, 1)T, (−t20, 0)T

}

ëèíåéíî çàâèñèìî â òî÷êå t0 = 0.

�àññìîòðèì ëèíåéíóþ àâòîíîìíóþ óïðàâëÿåìóþ ñèñòåìó

ẋ = Ax+Bu, (1.15)

ãäå A ∈ M(n, n), B ∈ M(n, r).
Äëÿ àâòîíîìíîé ñèñòåìû (1.15) �óíêöèÿ t 7→ σ(t) ÿâëÿåòñÿ ïîñòîÿííîé [1, óòâåðæäåíèå 7℄,

òî åñòü σ(t) = σ äëÿ ëþáîãî t ∈ R, ïîýòîìó ñèñòåìà (1.15) ëèáî ÿâëÿåòñÿ äîêðèòè÷åñêîé âî âñåõ

âåùåñòâåííûõ òî÷êàõ, ëèáî íå ÿâëÿåòñÿ äîêðèòè÷åñêîé íè â îäíîé òî÷êå. Ìàòðèöû (1.6), ïî-

ñòðîåííûå äëÿ àâòîíîìíîé ñèñòåìû, ÿâëÿþòñÿ ïîñòîÿííûìè: L0 = B, Li = (−1)iAiB, i > 1. Èç
òåîðåìû 1 ñëåäóåò �îðìóëèðîâêà äîñòàòî÷íîãî óñëîâèÿ äîêðèòè÷íîñòè àâòîíîìíîé ñèñòåìû.
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Ñëåäñòâèå 2. Åñëè äëÿ ëþáîãî íàáîðà öåëûõ íåîòðèöàòåëüíûõ ÷èñåë n1, . . . , nr òàêèõ,

÷òî n1 + . . .+ nr = n, ñåìåéñòâî âåêòîðîâ b1, . . . , An1−1b1, . . . , br, . . . , Anr−1br ëèíåéíî íåçàâè-
ñèìî, òî àâòîíîìíàÿ ñèñòåìà (1.15) äîêðèòè÷åñêàÿ.

Òåïåðü ïðèâåäåì íåîáõîäèìîå óñëîâèå äîêðèòè÷íîñòè äëÿ àâòîíîìíîé ñèñòåìû (1.15).

Òåîðåìà 2. Åñëè àâòîíîìíàÿ ëèíåéíàÿ ñèñòåìà (1.15) äîêðèòè÷åñêàÿ, òî

1) ëþáîå ñåìåéñòâî âåêòîðîâ

bj1 , bj2 , . . . , bjs , 1 6 j1 < . . . < js 6 r, (1.16)

ñîäåðæàùåå íå áîëåå n âåêòîðîâ, ëèíåéíî íåçàâèñèìî;

2) ñåìåéñòâî âåêòîðîâ

bj, Abj , . . . , An−1bj (1.17)

ëèíåéíî íåçàâèñèìî ïðè êàæäîì j = 1, . . . , r.

Ä î ê à ç à ò å ë ü ñ ò â î. Äëÿ äîêàçàòåëüñòâà ïåðâîãî ïóíêòà òåîðåìû ïðåäïîëîæèì, ÷òî

ñèñòåìà (1.15) äîêðèòè÷åñêàÿ, σ(t) = σ > 0, íî íåêîòîðîå ñåìåéñòâî âåêòîðîâ (1.16), ãäå s 6 n,
ëèíåéíî çàâèñèìî. Åñëè s = 1, òî bj1 = 0, ÷òî ïðîòèâîðå÷èò äîêðèòè÷íîñòè ñèñòåìû (1.15).

Ïóñòü s > 1. Òîãäà â ñåìåéñòâå (1.16) íàéäåòñÿ âåêòîð bjk , êîòîðûé ïðåäñòàâëÿåòñÿ â âèäå

ëèíåéíîé êîìáèíàöèè îñòàëüíûõ âåêòîðîâ ñåìåéñòâà:

bjk = q1b
j1 + . . . + qk−1b

jk−1 + qk+1b
jk+1 + . . .+ qsb

js . (1.18)

Çà�èêñèðóåì ïðîèçâîëüíóþ òî÷êó t0 ∈ R. Åñëè s < n, òî íà èíòåðâàëå (t0, t0+σ/2) âûáåðåì
ïðîèçâîëüíûì îáðàçîì ïîïàðíî ðàçëè÷íûå òî÷êè τ1, . . . , τn−s. Ïî óòâåðæäåíèþ 2 ðàáîòû [1℄

ñóùåñòâóåò òàêîé íåíóëåâîé âåêòîð ĉ ∈ R
n
, ÷òî ξj(t0; ĉ) = 0, j = j1, . . . , jk−1, jk+1, . . . , js, è åñëè

s < n, òî ξjk(τi; ĉ) = 0, i = 1, . . . , n − s. Ïîëîæèì

ψ̂(t) = ĉ1ψ1(t) + . . .+ ĉnψn(t),

ãäå ψ1(t), . . . , ψn(t)� �èêñèðîâàííàÿ ðàíåå ñèñòåìà �óíêöèé (1.2). Äàëåå ξj(t; ĉ) = ψ̂(t)bj

è ñ ó÷åòîì (1.18) ïîëó÷àåì

ξjk(t0; ĉ) = ψ̂(t0)b
jk = q1ψ̂(t0)b

j1 + . . .+ qk−1ψ̂(t0)b
jk−1 + qk+1ψ̂(t0)b

jk+1 + . . .+ qsψ̂(t0)b
js =

= q1ξ
j1(t0; ĉ) + . . .+ qk−1ξ

jk−1(t0; ĉ) + qk+1ξ
jk+1(t0; ĉ) + . . .+ qsξ

js(t0; ĉ) = 0.

Ñëåäîâàòåëüíî, ëèíåéíûå êîìáèíàöèè ξj(t; ĉ), j = 1, . . . , r, èìåþò íà èíòåðâàëå (t0 − σ/2, t0 +
σ/2) â ñîâîêóïíîñòè íå ìåíåå n ãåîìåòðè÷åñêè ðàçëè÷íûõ íóëåé, õîòÿ ñåìåéñòâî �óíêöèé (1.4)

îáðàçóåò íà ýòîì èíòåðâàëå TA-ñèñòåìó. Ïðîòèâîðå÷èå äîêàçûâàåò ïåðâûé ïóíêò òåîðåìû.

Äëÿ äîêàçàòåëüñòâà âòîðîãî ïóíêòà òåîðåìû ïðåäïîëîæèì, ÷òî ñèñòåìà (1.15) äîêðèòè÷å-

ñêàÿ, íî ñåìåéñòâî âåêòîðîâ (1.17) ëèíåéíî çàâèñèìî ïðè íåêîòîðîì ̂ ∈ {1, . . . , r}. Òîãäà ñóùå-
ñòâóåò íåíóëåâîé âåêòîð ψ̂0 ∈ R

n∗
, îðòîãîíàëüíûé âñåì âåêòîðàì ñåìåéñòâà b̂, Ab̂, . . . , An−1b̂.

Çà�èêñèðóåì ïðîèçâîëüíûé ìîìåíò âðåìåíè t0 ∈ R è îáîçíà÷èì ÷åðåç t 7→ ψ̂(t) ðåøå-

íèå ñîïðÿæåííîé ñèñòåìû (1.3) ñ íà÷àëüíûì óñëîâèåì ψ(t0) = ψ̂0. Ýòî ðåøåíèå íåíóëåâîå,

è ñóùåñòâóåò òàêîé íåíóëåâîé âåêòîð ĉ ∈ R
n
, ÷òî äëÿ �óíêöèè ψ̂(t) èìååò ìåñòî ðàçëîæåíèå

ψ̂(t) = ĉ1ψ1(t)+. . .+ ĉnψn(t), ãäå ψ1(t), . . . , ψn(t)� �èêñèðîâàííàÿ ðàíåå ñèñòåìà �óíêöèé (1.2).

Äàëåå èìååì

ξ ̂(t0; ĉ) = ψ̂(t0)b
̂ = ψ̂0b

̂ = 0, (1.19)

diξ ̂(t; ĉ)

dti

∣∣∣∣
t=t0

= (−1)iψ̂0A
ib̂ = 0, i = 1, . . . , n− 1. (1.20)
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Ïóñòü ñðåäè âåêòîðîâ b̂, Ab̂, . . . , An−1b̂ èìååòñÿ ðîâíî k (k < n) ëèíåéíî íåçàâèñèìûõ. Â ñèëó

äîêðèòè÷íîñòè ñèñòåìû (1.15) èìååì b̂ 6= 0, ïîýòîìó k > 0. Ïî ëåììå 19.1 ìîíîãðà�èè [3℄

ëèíåéíî íåçàâèñèìûìè ÿâëÿþòñÿ îáÿçàòåëüíî ïåðâûå k âåêòîðîâ b̂, Ab̂, . . . , Ak−1b̂ è ëþáîé

âåêòîð Asb̂ ïðè s > k ïðåäñòàâëÿåòñÿ â âèäå ëèíåéíîé êîìáèíàöèè âåêòîðîâ b̂, Ab̂, . . . , Ak−1b̂.
Ïîýòîìó èç ðàâåíñòâ (1.19), (1.20) ñëåäóåò, ÷òî çíà÷åíèå �óíêöèè t 7→ ξ ̂(t; ĉ) è âñåõ åå ïðî-

èçâîäíûõ â òî÷êå t = t0 ðàâíî íóëþ. Ïîñëåäíåå â ñèëó àíàëèòè÷íîñòè �óíêöèè t 7→ ξ ̂(t; ĉ)
îçíà÷àåò, ÷òî ξ ̂(t; ĉ) = 0 ïðè ëþáîì t ∈ R, à ýòî ïðîòèâîðå÷èò äîêðèòè÷íîñòè ñèñòåìû (1.15),

ïîñêîëüêó âåêòîð ĉ íåíóëåâîé. �

Ïðèìåð íèæå ïîêàçûâàåò, ÷òî íåîáõîäèìîå óñëîâèå äîêðèòè÷íîñòè äëÿ àâòîíîìíîé ñèñòå-

ìû, ñ�îðìóëèðîâàííîå â òåîðåìå 2, íå ÿâëÿåòñÿ äîñòàòî÷íûì.

Ïðèìåð 2. �àññìîòðèì àâòîíîìíóþ ëèíåéíóþ ñèñòåìó





ẋ1 = x3 + u1,

ẋ2 = x1 + u2,

ẋ3 = x2 + u3.

(1.21)

Â êà÷åñòâå �óíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ñèñòåìû (1.3) âîçüìåì âåêòîð-�óíêöèè

ψ1(t) = (1, 1, 1) exp(−t),

ψ2(t) =
(
cos

√
3

2
t, − cos

(π
3
+

√
3

2
t
)
, cos

(2π
3

+

√
3

2
t
))

exp
t

2
,

ψ3(t) =
(
sin

√
3

2
t, − sin

(π
3
+

√
3

2
t
)
, sin

(2π
3

+

√
3

2
t
))

exp
t

2
.

Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (1.4) îïðåäåëèì �óíêöèè ξji (t). Ëèíåéíûå êîìáèíàöèè ξj(t; c)
èìåþò âèä

ξ1(t; c) = c1 exp(−t) + c2 cos

√
3 t

2
exp

t

2
+ c3 sin

√
3 t

2
exp

t

2
,

ξ2(t; c) = c1 exp(−t)− c2 cos
(π
3
+

√
3 t

2

)
exp

t

2
− c3 sin

(π
3
+

√
3 t

2

)
exp

t

2
,

ξ3(t; c) = c1 exp(−t) + c2 cos
(2π

3
+

√
3 t

2

)
exp

t

2
+ c3 sin

(2π
3

+

√
3 t

2

)
exp

t

2
.

Äëÿ ïðîèçâîëüíîãî ìàëîãî ε > 0 ïîëîæèì

cε1 = (1− ε)/3, cε2 = −(2ε+ 1)/3, cε3 =
√
3/3

è, ïðîâåäÿ íåîáõîäèìûå âû÷èñëåíèÿ, óáåäèìñÿ, ÷òî

ξ1(0; cε) = cε1 + cε2 = −ε,
ξ̇1(0; cε) = −ξ2(0; cε) = −cε1 + cε2/2 + cε3

√
3/2 = 0,

ξ̈1(0; cε) = ξ3(0; cε) = cε1 − cε2/2 + cε3
√
3/2 = 1.

Èç ýòèõ ðàâåíñòâ ñëåäóåò, ÷òî ïðè äîñòàòî÷íî ìàëîì ε > 0 �óíêöèÿ ξ1(t; cε) áóäåò èìåòü ïî

êðàéíåé ìåðå äâà íóëÿ íà ñêîëü óãîäíî ìàëîì èíòåðâàëå (−ε′, ε′), à �óíêöèÿ ξ2(t; cε) áóäåò
èìåòü íóëü â òî÷êå t = 0. Ïîýòîìó ñåìåéñòâî �óíêöèé (1.4) íå îáðàçóåò TA-ñèñòåìó íè íà

êàêîì èíòåðâàëå (−ε′, ε′) è, ñëåäîâàòåëüíî, â ñèëó àâòîíîìíîñòè ñèñòåìû (1.21) íè íà êàêîì

èíòåðâàëå ïîëîæèòåëüíîé ìåðû.

Òàêèì îáðàçîì, ñèñòåìà (1.21) íå ÿâëÿåòñÿ äîêðèòè÷åñêîé, õîòÿ ñåìåéñòâî âåêòîðîâ {b1, b2, b3}
è êàæäîå ñåìåéñòâî âåêòîðîâ {bj , Abj , A2bj} ïðè j = 1, 2, 3 ïðåäñòàâëÿþò ñîáîé íåêîòîðóþ ïå-

ðåñòàíîâêó ñòîëáöîâ åäèíè÷íîé (3×3)-ìàòðèöû è ÿâëÿþòñÿ ëèíåéíî íåçàâèñèìûìè (ïî îòäåëü-

íîñòè).
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� 2. Äîêðèòè÷íîñòü è ïîëíàÿ óïðàâëÿåìîñòü

Òåîðåìà 3. Åñëè ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà (1.1) ÿâëÿåòñÿ äîêðèòè÷åñêîé õîòÿ áû

â îäíîé òî÷êå ïîëóèíòåðâàëà [t0, t1), òî ñèñòåìà (1.1) âïîëíå óïðàâëÿåìà íà îòðåçêå [t0, t1].

Ä î ê à ç à ò å ë ü ñ ò â î. �àñïîëàãàÿ �óíêöèè (1.2) ïîñòðî÷íî, ñîñòàâèì ìàòðèöó Ψ(·). Ïî-
ëîæèì H(t, s) = Ψ−1(t)Ψ(s)B(s), hi(t, s)� ñòðîêà ìàòðèöû H(t, s) ñ íîìåðîì i. Ïóñòü äëÿ

íåêîòîðîãî âåêòîðà-ñòðîêè c = (c1, . . . , cn) ∈ R
n∗

ðàâåíñòâî

c1h
1(t1, s) + . . .+ cnh

n(t1, s) = cH(t1, s) = c′Ψ(s)B(s) = (ξ1(s, c′), . . . , ξr(s, c′)) = 0, (2.1)

ãäå c′ = cΨ−1(t1), èìååò ìåñòî äëÿ ëþáîãî s ∈ [t0, t1]. Ïî óñëîâèþ òåîðåìû ñèñòåìà (1.1) äîêðè-

òè÷åñêàÿ â íåêîòîðîé òî÷êå t′ ∈ [t0, t1). Òîãäà ñåìåéñòâî �óíêöèé (1.4) îáðàçóåò TA-ñèñòåìó

íà íåïóñòîì èíòåðâàëå I = (t0, t1) ∩ (t′, t′ + σ(t′)). �àâåíñòâî (2.1) ïðè ëþáîì s ∈ I ⊆ (t0, t1)
âîçìîæíî òîëüêî ïðè c = c′ = 0. Ñëåäîâàòåëüíî, �óíêöèè s 7→ hi(t1, s), i = 1, . . . , n, ëèíåéíî
íåçàâèñèìû íà îòðåçêå [t0, t1] è ïî òåîðåìå 9.1 ìîíîãðà�èè [3℄ ñèñòåìà (1.1) âïîëíå óïðàâëÿåìà
íà îòðåçêå [t0, t1]. �

Îáðàòíîå óòâåðæäåíèå íåâåðíî äàæå äëÿ àâòîíîìíûõ ñèñòåì (ñì. ïðèìåð íèæå).

Óòâåðæäåíèå 1. Àâòîíîìíàÿ äîêðèòè÷åñêàÿ ëèíåéíàÿ ñèñòåìà (1.15) âïîëíå óïðàâëÿ-

åìà. Àâòîíîìíàÿ âïîëíå óïðàâëÿåìàÿ ëèíåéíàÿ ñèñòåìà (1.15) ñî ñêàëÿðíûì óïðàâëåíèåì

ÿâëÿåòñÿ äîêðèòè÷åñêîé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïåðâîå óòâåðæäåíèå ñëåäóåò èç òåîðåìû 3. Åñëè àâòîíîìíàÿ ëèíåé-

íàÿ ñèñòåìà (1.15) ñî ñêàëÿðíûì óïðàâëåíèåì (r = 1) âïîëíå óïðàâëÿåìà, òî

rank
(
B,AB, . . . , An−1B

)
= rank

(
b1, Ab1, . . . , An−1b1

)
= n.

Òîãäà ïî ñëåäñòâèþ 2 ñèñòåìà (1.15) ÿâëÿåòñÿ äîêðèòè÷åñêîé. �

Íèæå ïðèâåäåí ïðèìåð âïîëíå óïðàâëÿåìîé, íî íå äîêðèòè÷åñêîé àâòîíîìíîé ñèñòåìû

ñ âåêòîðíûì óïðàâëåíèåì.

Ïðèìåð 3. �àññìîòðèì àâòîíîìíóþ ëèíåéíóþ ñèñòåìó

{
ẋ1 = x2 + u1,

ẋ2 = u2.
(2.2)

Â êà÷åñòâå �óíäàìåíòàëüíîé ñèñòåìû ðåøåíèé ñîïðÿæåííîé ñèñòåìû (1.3) âîçüìåì âåêòîð-

�óíêöèè ψ1(t) = (0, 1), ψ2(t) = (1, −t) è â ñîîòâåòñòâèè ñ ðàâåíñòâîì (1.4) îïðåäåëèì �óíêöèè

ξ11(t) = 0, ξ12(t) = 1, ξ21(t) = 1, ξ22(t) = −t.

Ñåìåéñòâî �óíêöèé ξji (t), î÷åâèäíî, íå îáðàçóåò TA-ñèñòåìó íè íà êàêîì èíòåðâàëå ïîëîæè-

òåëüíîé ìåðû, íî ñèñòåìà (2.2) âïîëíå óïðàâëÿåìà.

� 3. Ïðèìåð

�àññìîòðèì ëèíåéíóþ íåàâòîíîìíóþ ñèñòåìó





ẋ1 = x2 + u1,

ẋ2 =
2x1

1 + t2
+ u2.

(3.1)

Çäåñü n = r = 2, �óíêöèÿ t 7→ A(t) áåñêîíå÷íî äè��åðåíöèðóåìà, à ìàòðèöà B(t) ÿâëÿåòñÿ
åäèíè÷íîé. Â ñîîòâåòñòâèè ñ ðàâåíñòâîì (1.6) ñòðîèì ìàòðèöû

L0(t) = B(t) =

(
1 0
0 1

)
, L1(t) = −A(t)L0(t) +

dL0(t)

dt
=

(
0 −1

− 2

1+t2
0

)
.
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�àíã ìàòðèöû

(
L0(t), L1(t)

)
∈ M(2, 4) ðàâåí n = 2 ïðè ëþáîì t ∈ R, ïîýòîìó ïî òåîðåìå 20.1

ìîíîãðà�èè [3, ãë. 6℄ ñèñòåìà (3.1) âïîëíå óïðàâëÿåìà íà ëþáîì îòðåçêå âåùåñòâåííîé ïðÿìîé.

Ïðîâåðèì äëÿ ýòîé ñèñòåìû äîñòàòî÷íîå óñëîâèå äîêðèòè÷íîñòè, ñ�îðìóëèðîâàííîå â òåîðå-

ìå 1. ×èñëî n = 2 ìîæíî ïðåäñòàâèòü â âèäå óïîðÿäî÷åííîé ñóììû äâóõ íåîòðèöàòåëüíûõ

öåëûõ ÷èñåë òðåìÿ ñïîñîáàìè: 2 = 2+0 = 1+1 = 0+2. Äëÿ êàæäîãî ñïîñîáà òàêîãî ïðåäñòàâ-
ëåíèÿ ñîñòàâëÿåì ñîîòâåòñòâóþùåå ñåìåéñòâî âåêòîðîâ

{
l10(t), l

1
1(t)

}
=

{
(1, 0)T,

(
0, −2/(1 + t2)

)T}
, (3.2)

{
l10(t), l

2
0(t)

}
=

{
(1, 0)T, (0, 1)T

}
, (3.3)

{
l20(t), l

2
1(t)

}
=

{
(0, 1)T, (−1, 0)T

}
. (3.4)

Ëåãêî âèäåòü, ÷òî êàæäîå ñåìåéñòâî âåêòîðîâ (3.2)�(3.4) ëèíåéíî íåçàâèñèìî ïðè ëþáîì t ∈ R.

Ïî òåîðåìå 1 ñèñòåìà (3.1) ÿâëÿåòñÿ äîêðèòè÷åñêîé íà âñåì ìíîæåñòâå âåùåñòâåííûõ ÷èñåë.

Òåïåðü íàéäåì �óíêöèþ σ(·) äëÿ ñèñòåìû (3.1) íåïîñðåäñòâåííî ïî îïðåäåëåíèþ. Ëåãêî

ïðîâåðèòü, ÷òî âåêòîð-�óíêöèè

ψ1(t) = (−2t, 1 + t2), ψ2(t) =
(
−2− 2t arctg t, t+ (1 + t2) arctg t

)

îáðàçóþò �óíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé ñîïðÿæåííîé ñèñòåìû (1.3). Â ñîîòâåòñòâèè ñ ðà-

âåíñòâîì (1.4) îïðåäåëèì ñåìåéñòâî �óíêöèé

(
ξ11(t) ξ21(t)
ξ12(t) ξ22(t)

)
=

(
−2t 1 + t2

−2− 2t arctg t t+ (1 + t2) arctg t

)
(3.5)

è ñîñòàâèì ëèíåéíûå êîìáèíàöèè

ξ1(t; c) = −2(c1t+ c2 + c2t arctg t),

ξ2(t; c) = c1(1 + t2) + c2t+ c2(1 + t2) arctg t.

�àññìîòðèì �óíêöèþ g(t; c) = ξ1(t; c)ξ2(t; c). Äè��åðåíöèðóÿ åå ïî ïåðåìåííîé t, ïîëó÷àåì

dg(t; c)

dt
=

d

dt

(
ξ1(t; c)ξ2(t; c)

)
=
dξ1(t; c)

dt
ξ2(t; c) + ξ1(t; c)

dξ2(t; c)

dt
=

= −2
(
c1 + c2 arctg t+

c2t

1 + t2

)(
c1(1 + t2) + c2t+ c2(1 + t2) arctg t

)
−

− 2(c1t+ c2 + c2t arctg t) · 2(c1t+ c2 + c2t arctg t) =

= −2
(
c1(1 + t2) + c2t+ c2(1 + t2) arctg t

)2

1 + t2
− 4(c1t+ c2 + c2t arctg t)

2
6 0, (3.6)

ïðè÷åì ðàâåíñòâî dg(t; c)/dt = 0 ðàâíîñèëüíî ñèñòåìå

{
c1(1 + t2) + c2t+ c2(1 + t2) arctg t = 0,

c1t+ c2 + c2t arctg t = 0.

Åå îïðåäåëèòåëü ∆ = (1 + t2)(1 + t arctg t) − t(t + (1 + t2) arctg t) = 1, ïîýòîìó ýòà ñèñòåìà

èìååò òîëüêî íóëåâîå ðåøåíèå c1 = c2 = 0. Òàêèì îáðàçîì, ïðè ëþáîì íåíóëåâîì c ∈ R
2

íåðàâåíñòâî (3.6) áóäåò ñòðîãèì ïðè ëþáîì t ∈ R, ñëåäîâàòåëüíî, �óíêöèÿ t 7→ g(t; c) ìîíîòîííî
ñòðîãî óáûâàåò íà ìíîæåñòâå R è èìååò íà íåì íå áîëåå îäíîãî íóëÿ, êîòîðûé îáÿçàòåëüíî

áóäåò ïðîñòûì (íå êðàòíûì). Îòñþäà ñëåäóåò, ÷òî ëèáî îáå �óíêöèè ξ1(t; c), ξ2(t; c) íå èìåþò
íóëåé íà ìíîæåñòâå R, ëèáî ðîâíî îäíà èç íèõ èìååò åäèíñòâåííûé íóëü íà ìíîæåñòâå R

(ñëó÷àé îáùåãî íóëÿ ýòèõ �óíêöèé íåâîçìîæåí â ñèëó òîãî, ÷òî �óíêöèÿ g(t, c) íå ìîæåò èìåòü
êðàòíûõ íóëåé). Ïî îïðåäåëåíèþ ñåìåéñòâî �óíêöèé (3.5) îáðàçóåò TA-ñèñòåìó íà ìíîæåñòâå

R è σ(t) = +∞ äëÿ âñåõ t ∈ R.
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A linear 
ontrol system with 
ontinuous 
oe�
ients is 
onsidered. We obtain a su�
ient 
ondition of the

sub
riti
ality for su
h system. The ne
essary 
ondition of the sub
riti
ality for a linear time-invariant system

is obtained. The link between sub
riti
al linear systems and 
ompletely 
ontrollable linear systems is studied.

It is proved that a linear system is 
ompletely 
ontrollable on 
losed interval if the system is sub
riti
al at

some point in the interior of this interval. It is proved that a 
ompletely 
ontrollable linear time-invariant

system with one-dimensional 
ontrol is sub
riti
al.
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