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�àññìàòðèâàþòñÿ Cr
-ãëàäêèå (r > 1) äè��åîìîð�èçìû ìíîãîìåðíîãî ïðîñòðàíñòâà â ñåáÿ ñ ãèïåðáî-

ëè÷åñêîé íåïîäâèæíîé òî÷êîé è íåòðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé ê íåé òî÷êîé. Èç ðàáîò Ø. Íüþ-

õàóñà, Ë.Ï. Øèëüíèêîâà, Á.Ô. Èâàíîâà è äðóãèõ àâòîðîâ ñëåäóåò, ÷òî ïðè îïðåäåëåííîì ñïîñîáå êàñà-

íèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèé îêðåñòíîñòü ãîìîêëèíè÷åñêîé òî÷êè ìîæåò ñîäåðæàòü

ñ÷åòíîå ìíîæåñòâî óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê, íî ïî êðàéíåé ìåðå îäèí èç õàðàêòåðèñòè÷åñêèõ

ïîêàçàòåëåé ó òàêèõ òî÷åê ñòðåìèòñÿ ê íóëþ ñ ðîñòîì ïåðèîäà. Â ïðåäëàãàåìîé ðàáîòå ïîêàçàíî, ÷òî ïðè

îïðåäåëåííûõ óñëîâèÿõ, íàëîæåííûõ íà õàðàêòåð êàñàíèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèé,

â îêðåñòíîñòè íåòðàíñâåðñàëüíîé ãîìîêëèíè÷åñêîé òî÷êè ëåæèò áåñêîíå÷íîå ìíîæåñòâî óñòîé÷èâûõ

ïåðèîäè÷åñêèõ òî÷åê, õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè êîòîðûõ îòäåëåíû îò íóëÿ.

Êëþ÷åâûå ñëîâà: äè��åîìîð�èçì ìíîãîìåðíîãî ïðîñòðàíñòâà, ãîìîêëèíè÷åñêèå òî÷êè, óñòîé÷èâûå

ïåðèîäè÷åñêèå òî÷êè.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ Cr
-ãëàäêèé (r > 1) äè��åî-

ìîð�èçì ìíîãîìåðíîãî ïðîñòðàíñòâà â ñåáÿ èìååò ñ÷åòíîå ìíîæåñòâî óñòîé÷èâûõ ïåðèîäè÷å-

ñêèõ òî÷åê ñ îòäåëåííûìè îò íóëÿ õàðàêòåðèñòè÷åñêèìè ïîêàçàòåëÿìè. Ïðåäïîëàãàåòñÿ, ÷òî

ó óêàçàííîãî äè��åîìîð�èçìà èìåþòñÿ íåïîäâèæíàÿ ãèïåðáîëè÷åñêàÿ òî÷êà â íà÷àëå êî-

îðäèíàò è íåòðàíñâåðñàëüíàÿ ãîìîêëèíè÷åñêàÿ ê íåé òî÷êà. Â ðàáîòå îïðåäåëÿåòñÿ ñïîñîá

êàñàíèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèé è ïîêàçûâàåòñÿ, ÷òî ïðè òàêîì êàñàíèè

ýòèõ ìíîãîîáðàçèé îêðåñòíîñòü ãîìîêëèíè÷åñêîé òî÷êè ñîäåðæèò ñ÷åòíîå ìíîæåñòâî óñòîé-

÷èâûõ ïåðèîäè÷åñêèõ òî÷åê, õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè êîòîðûõ îòäåëåíû îò íóëÿ. Èç

ñòàòåé [1�3℄ ñëåäóåò, ÷òî ïðè îïðåäåëåííîì ñïîñîáå êàñàíèÿ ýòèõ ìíîãîîáðàçèé îêðåñòíîñòü ãî-

ìîêëèíè÷åñêîé òî÷êè ìîæåò ñîäåðæàòü ñ÷åòíîå ìíîæåñòâî óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê,

íî ïî êðàéíåé ìåðå îäèí èç õàðàêòåðèñòè÷åñêèõ ïîêàçàòåëåé ó òàêèõ òî÷åê ñòðåìèòñÿ ê íóëþ

ñ ðîñòîì ïåðèîäà, â ïðåäëàãàåìîé ðàáîòå ðàññìàòðèâàåòñÿ íåñêîëüêî èíîé ñïîñîá êàñàíèÿ.

�àíåå â ðàáîòàõ [4, 5℄ ðàññìàòðèâàëñÿ äè��åîìîð�èçì ïëîñêîñòè â ñåáÿ, â ýòèõ ðàáîòàõ

ïîêàçàíî, ïðè êàêèõ óñëîâèÿõ äè��åîìîð�èçì ïëîñêîñòè ìîæåò èìåòü ñ÷åòíîå ìíîæåñòâî

óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê, õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè êîòîðûõ îòäåëåíû îò íóëÿ.

Ïðèìåð òàêîãî äè��åîìîð�èçìà ïëîñêîñòè ïðèâåäåí â êíèãå [6℄. Äè��åîìîð�èçì ìíîãîìåð-

íîãî ïðîñòðàíñòâà â ñåáÿ êëàññà C1
ðàññìàòðèâàëñÿ â ðàáîòå [7℄, â êîòîðîé ïðåäïîëàãàëîñü,

÷òî ìàòðèöà ßêîáè óêàçàííîãî äè��åîìîð�èçìà ÿâëÿåòñÿ äèàãîíàëüíîé â íà÷àëå êîîðäèíàò.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî äè��åîìîð�èçì ìíîãîìåðíîãî ïðîñòðàíñòâà ïðîèçâîëüíîãî

êëàññà ãëàäêîñòè ìîæåò èìåòü ñ÷åòíîå ìíîæåñòâî óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê, õàðàêòå-

ðèñòè÷åñêèå ïîêàçàòåëè êîòîðûõ îòäåëåíû îò íóëÿ, ïðè÷åì ìàòðèöà ßêîáè ó òàêîãî äè��åî-

ìîð�èçìà íå äîëæíà áûòü äèàãîíàëüíîé â íà÷àëå êîîðäèíàò.

Ïóñòü f � äè��åîìîð�èçì ìíîãîìåðíîãî ïðîñòðàíñòâà â ñåáÿ ñ íåïîäâèæíîé ãèïåðáîëè-

÷åñêîé òî÷êîé â íà÷àëå êîîðäèíàò, à èìåííî f : Rn → R
n, f(0) = 0.

Äàëåå êîîðäèíàòû òî÷åê n-ìåðíîãî ïðîñòðàíñòâà îáîçíà÷àþòñÿ êàê (x, y), ãäå (x, y) =
(x1, x2, . . . , xn−1, y); ÷åðåç x áóäóò îáîçíà÷àòüñÿ âåêòîðû (n− 1)-ìåðíîãî ïðîñòðàíñòâà, òî åñòü
x = col (x1, x2, . . . , xn−1).

Ïðåäïîëîæèì, ÷òî äè��åîìîð�èçì f ëèíååí â íåêîòîðîé îêðåñòíîñòè íà÷àëà êîîðäèíàò V,

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 13�01�00624).
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ñëåäîâàòåëüíî,

f

(

x

y

)

= Df(0)

(

x

y

)

. (1)

Ïóñòü Df(0) èìååò âèä

Df(0) =

(

Λ 0
0 µ

)

,

ãäå Λ � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà (n − 1), à µ � ïîëîæèòåëüíîå äåéñòâèòåëüíîå ÷èñëî

áîëüøå åäèíèöû. Ïðåäïîëîæèì, ÷òî ìàòðèöà Λ ñîâïàäàåò ñî ñâîåé äåéñòâèòåëüíîé æîðäàíîâîé

�îðìîé, à èìåííî

Λ = diag[J1, J2, . . . , Jl],

ãäå Jk (k = 1, . . . , l) � äåéñòâèòåëüíûå æîðäàíîâû êëåòêè.

Ïóñòü λ1, λ2, . . . , λn−1 � ñîáñòâåííûå ÷èñëà ìàòðèöû Λ. Ñ÷èòàåì, ÷òî

|λ1| 6 |λ2| 6 . . . 6 |λn−1| < 1 < µ.

Î÷åâèäíî, ÷òî êîíå÷íàÿ ïîñëåäîâàòåëüíîñòü ñîáñòâåííûõ ÷èñåë ìîæåò ñîäåðæàòü îäèíàêîâûå

ýëåìåíòû, òàêæå ñðåäè ñîáñòâåííûõ ÷èñåë ìîãóò áûòü êîìïëåêñíî ñîïðÿæåííûå.

Ñ÷èòàåì, ÷òî detDf(0) > 0. ßñíî, ÷òî λ1, λ2, . . . , λn−1, µ � ñîáñòâåííûå ÷èñëà ìàòðèöû

Df(0). Îáîçíà÷èì λ = |λn−1|.

Ïóñòü

λµ < 1. (2)

Îáîçíà÷èì ÷åðåç θ ïîëîæèòåëüíóþ ïîñòîÿííóþ âåëè÷èíó òàêóþ, ÷òî

λµ1+θ < 1. (3)

Ïóñòü W s(0), W u(0) � óñòîé÷èâîå è íåóñòîé÷èâîå ìíîãîîáðàçèÿ òî÷êè íóëü. ßñíî, ÷òî

â îêðåñòíîñòè V ìíîãîîáðàçèå W s
loc(0) ñîâïàäàåò ñ ïîäïðîñòðàíñòâîì (0x1, 0x2, . . . , 0xn−1),

à W u
loc � ñ îñüþ (0y).

Ñ÷èòàåì, ÷òî ïåðåñå÷åíèå óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèé ñîäåðæèò îòëè÷íóþ

îò íóëÿ òî÷êó, íàçûâàåìóþ ãîìîêëèíè÷åñêîé òî÷êîé, ïðè÷åì ýòà òî÷êà ÿâëÿåòñÿ òî÷êîé êàñà-

íèÿ ýòèõ ìíîãîîáðàçèé.

Îáîçíà÷èì ÷åðåç p è q äâå òî÷êè èç îðáèòû ãîìîêëèíè÷åñêîé òî÷êè, ëåæàùèå â V, òàêèå,

÷òî q ∈ W s
loc(0), p ∈ W u

loc(0). Çàïèøåì êîîðäèíàòû ýòèõ òî÷åê q = (x01, x
0
2, . . . , x

0
n−1, 0), p =

(0, 0, . . . , y0). Ïóñòü

x01 > 0, x02 > 0, . . . , x0n−1 > 0, y0 > 0. (4)

Îáîçíà÷èì x0 = col(x01, x
0
2, . . . , x

0
n−1). Èç îïðåäåëåíèÿ ãîìîêëèíè÷åñêîé òî÷êè ñëåäóåò, ÷òî

ñóùåñòâóåò íàòóðàëüíîå ÷èñëî ω òàêîå, ÷òî fω(p) = q.Ïóñòü U � âûïóêëàÿ îêðåñòíîñòü òî÷êè p

òàêàÿ, ÷òî U ⊂ V, fω(U) ⊂ V. Îáîçíà÷èì ÷åðåç L ñóæåíèå fω|U . ßñíî, ÷òî L � îòîáðàæåíèå

êëàññà Cr
(r > 1), à DL(0) � íåâûðîæäåííàÿ ìàòðèöà.

Ïðåäïîëîæèì, ÷òî

DL(0) =

(

A B

C 0

)

, (5)

ãäå A � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà (n − 1), B = col(b1, b2, . . . , bn−1), C = (c1, c2, . . . , cn−1),
ïðè÷åì detDL(0) > 0.

ßñíî, ÷òî òî÷êà q ÿâëÿåòñÿ òî÷êîé êàñàíèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíîãîîáðàçèé.
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Çàïèøåì îòîáðàæåíèå L â êîîðäèíàòàõ:

L(0) =

(

x

y

)

=

(

x0 +Ax+B(y − y0) + ϕ(x, y − y0)
Cx+ g(y − y0) + ψ(x)

)

, (6)

ãäå ϕ � (n − 1)-ìåðíàÿ âåêòîð-�óíêöèÿ n ïåðåìåííûõ, ψ � �óíêöèÿ n − 1 ïåðåìåííîé. Ýòè

�óíêöèè r ðàç íåïðåðûâíî äè��åðåíöèðóåìû (r > 1) â îêðåñòíîñòè íà÷àëà êîîðäèíàò è ðàâíû
íóëþ âìåñòå ñî ñâîèìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà â íà÷àëå êîîðäèíàò, g � �óíêöèÿ îäíîé

ïåðåìåííîé êëàññà Cr
(r > 1) â îêðåñòíîñòè íóëÿ òàêàÿ, ÷òî g(0) = g′(0) = 0.

Ïðåäïîëîæèì, ÷òî ïðîèçâîäíûå ïåðâîãî ïîðÿäêà �óíêöèé ϕ, ψ îãðàíè÷åíû â îêðåñòíî-

ñòè U, òî÷íåå, ïóñòü M � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ òàêàÿ, ÷òî

∥

∥

∥

∥

∂ϕ(x, y)

∂x

∥

∥

∥

∥

6M,

∥

∥

∥

∥

∂ϕ(x, y)

∂y

∥

∥

∥

∥

6M,

∥

∥

∥

∥

∂ψ(x)

∂x

∥

∥

∥

∥

6M.

Îïèøåì õàðàêòåð êàñàíèÿ ìíîãîîáðàçèé W s(0), W u(0) â òî÷êå q. Äëÿ ýòîãî ðàññìîòðèì äâå

ïîëîæèòåëüíûå ïîñëåäîâàòåëüíîñòè, ñòðåìÿùèåñÿ ê íóëþ, êîòîðûå îáîçíà÷èì σk, εk. Ïðåäïî-

ëîæèì, ÷òî ïîñëåäîâàòåëüíîñòü σk óáûâàåò, òî÷íåå σk > σk+1 > 0, εk > 0, lim
k→∞

σk = lim
k→∞

εk = 0.

Ïóñòü âûïîëíåíî íåðàâåíñòâî

σk − εk − σk+1 − εk+1 > 0 (7)

äëÿ ëþáîãî k.

Ïðåäïîëîæèì, ÷òî mk � âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë òàêàÿ, ÷òî

(λµ1+θ)mk < εk (8)

äëÿ ëþáîãî k. Â äàëüíåéøåì óòî÷íèì, íàñêîëüêî áûñòðî ïîñëåäîâàòåëüíîñòü mk ñòðåìèòñÿ

ê áåñêîíå÷íîñòè.

Ïî ââåäåííûì ïîñëåäîâàòåëüíîñòÿì îïðåäåëèì ñëåäóþùèå ïîñëåäîâàòåëüíîñòè:

xk = (E − ΛmkA)−1 Λmk(x0 + σkB), yk = y0 + σk,

ãäå xk � ïîñëåäîâàòåëüíîñòü âåêòîðîâ, à yk � ñêàëÿðíàÿ ïîñëåäîâàòåëüíîñòü. Î÷åâèäíî, ÷òî

det (E − ΛmkA)−1 6= 0, ïîýòîìó îïðåäåëåíèå ïîñëåäîâàòåëüíîñòè âåêòîðîâ xk êîððåêòíî.

Èç ñâîéñòâ ìàòðèö ñëåäóåò, ÷òî ñóùåñòâóþò öåëàÿ íåîòðèöàòåëüíàÿ âåëè÷èíà β òàêàÿ, ÷òî

0 6 β 6 n−2, è ïîëîæèòåëüíàÿ îãðàíè÷åííàÿ ïîñëåäîâàòåëüíîñòü ηk òàêàÿ, ÷òî äëÿ äîñòàòî÷íî
áîëüøèõ íîìåðîâ k ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

‖Λmk‖ 6 (mk)
βλmkηk, ‖xk‖ 6 2‖x0‖(mk)

βλmkηk. (9)

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü

δk = max
[

(mk)
βλmkσkηk, 4(M + ‖B‖)(mk)

βλmkηkεk

]

.

Ïóñòü Cr
-ãëàäêàÿ (r > 1) �óíêöèÿ g óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

|g(σk) + Cxk − µ−mkyk| < 0.25εkµ
−mk

(10)

äëÿ ëþáîãî k.

Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì çíà÷åíèè α > 1 ïðîèçâîäíàÿ ïåðâîãî ïîðÿäêà �óíêöèé g
óäîâëåòâîðÿåò ñëåäóþùèì íåðàâåíñòâàì ïðè ëþáûõ k:

|g′(t)| < µ−αmk , (11)

ãäå t ∈ [σk − εk, σk + εk].



30 Å.Â. Âàñèëüåâà

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

ßñíî, ÷òî óñëîâèÿ (10), (11) îïðåäåëÿþò ñïîñîá êàñàíèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî ìíî-

ãîîáðàçèé â òî÷êå q, èç ýòèõ óñëîâèé ñëåäóåò, ÷òî âñå ïðîèçâîäíûå �óíêöèè g â íóëå ðàâíû

íóëþ, à èìåííî

g(0) =
dg(0)

dt
= . . . =

drg(0)

dtr
= 0.

Â ñòàòüÿõ [1�3℄ ïðåäïîëàãàëîñü, ÷òî

g(0) =
dg(0)

dt
= . . . =

dr−1g(0)

dtr−1
= 0,

drg(0)

dtr
6= 0.

Â ñëó÷àå âûïîëíåíèÿ ïîñëåäíèõ ñîîòíîøåíèé ñïîñîá êàñàíèÿ óñòîé÷èâîãî è íåóñòîé÷èâîãî

ìíîãîîáðàçèé îòëè÷àåòñÿ îò ñïîñîáà êàñàíèÿ ýòèõ ìíîãîîáðàçèé, ïðåäñòàâëåííîãî â äàííîé

ðàáîòå.

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü ìíîæåñòâ

Uk = {(x, y) : ‖x− xk‖ < δk, |y − yk| < εk}.

ßñíî, ÷òî âåðíî âêëþ÷åíèå Uk ⊂ U ïðè äîñòàòî÷íî áîëüøèõ k.

Òåîðåìà 1. Ïóñòü f � äè��åîìîð�èçì êëàññà Cr (r > 1) ìíîãîìåðíîãî ïðîñòðàíñòâà â ñå-
áÿ ñ íåïîäâèæíîé ãèïåðáîëè÷åñêîé òî÷êîé â íà÷àëå êîîðäèíàò, èìåþùèé íåòðàíñâåðñàëüíóþ

ãîìîêëèíè÷åñêóþ ê íåé òî÷êó p. Ïóñòü âûïîëíåíû óñëîâèÿ (1)�(11), òîãäà îêðåñòíîñòü U

òî÷êè p ñîäåðæèò ñ÷åòíîå ìíîæåñòâî óñòîé÷èâûõ ïåðèîäè÷åñêèõ òî÷åê äè��åîìîð�èçìà f,

ïðè÷åì õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè ó ýòèõ òî÷åê îòäåëåíû îò íóëÿ.

Äîêàçàòåëüñòâó òåîðåìû ïðåäïîøëåì ëåììó.

Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû, òîãäà ñïðàâåäëèâû ñëåäóþùèå âêëþ÷åíèÿ:

fmkL(Ūk) ⊂ Uk, (12)

ãäå Ūk � çàìûêàíèå Uk.

Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û. Ïóñòü

(

x̄k
ȳk

)

= fmkL

(

xk
yk

)

.

Ïîêàæåì, ÷òî äëÿ äîñòàòî÷íî áîëüøèõ íîìåðîâ k èìåþò ìåñòî âêëþ÷åíèÿ

(x̄k, ȳk) ⊂ Uk. (13)

Ëåãêî âèäåòü, ÷òî

x̄k = xk + Λmkϕ(xk, σk), ȳk = yk + µmk(g(σk) + Cxk − µ−mkyk + ψ(xk)).

Ïîñëå ïðèìåíåíèÿ òåîðåìû î ñðåäíåì çíà÷åíèè ê �óíêöèÿì ϕ, ψ è èñïîëüçîâàíèÿ óñëî-

âèé (9), (10) ïîëó÷èì

|ȳk − yk| < 0.5εk , ‖x̄k − xk‖ < 0.5δk.

Ïîñëåäíèå íåðàâåíñòâà äîêàçûâàþò âêëþ÷åíèÿ (13).

Ïóñòü (x, y) ∈ Ūk, òîãäà ïðåäñòàâèì x, y êàê x = xk+u, y = yk+v, ãäå u = col(u1, . . . , un−1),
‖u‖ 6 δk, |v| 6 εk.

Îáîçíà÷èì

(

x̄

ȳ

)

= fmkL

(

x

y

)

.
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Ëåãêî âèäåòü, ÷òî

x̄ = x̄k + Λmk(Au+Bv + ϕ(xk + u, σk + v)− ϕ(xk, σk)),

ȳ = ȳk = yk + µmk(Cu+ g(σk + v)− g(σk) + ψ(xk + u)− ψ(xk)).

Ïðèìåíèâ òåîðåìó î ñðåäíåì çíà÷åíèè ê ðàçíîñòÿì ϕ(xk +u, σk + v)−ϕ(xk, σk), g(σk + v)−
g(σk), ψ(xk + u) − ψ(xk), ó÷èòûâàÿ óñëîâèÿ (9), ëåãêî ïîëó÷èòü, ÷òî ïðè äîñòàòî÷íî áîëüøèõ

íîìåðàõ k ñïðàâåäëèâû íåðàâåíñòâà

|ȳ − ȳk| < 0.5εk, ‖x̄− x̄k‖ < 0.5δk , .

Ïîñëåäíèå íåðàâåíñòâà äîêàçûâàþò ëåììó. �

Ä î ê à ç à ò å ë ü ñ ò â î ò å î ð å ì û. Èç (12) ñëåäóåò, ÷òî ïðè ëþáîì k (ìîæåò áûòü, íà-

÷èíàÿ ñ íåêîòîðîãî íîìåðà) îêðåñòíîñòü Uk ñîäåðæèò íåïîäâèæíóþ òî÷êó îòîáðàæåíèÿ fmkL,

êîòîðàÿ ÿâëÿåòñÿ ïåðèîäè÷åñêîé òî÷êîé äè��åîìîð�èçìà f ñ ïåðèîäîì ω +mk.

Îáîçíà÷èì ýòè òî÷êè è èõ êîîðäèíàòû ñëåäóþùèì îáðàçîì:

sk = (x∗k, y
0 + y∗k).

Äëÿ òîãî ÷òîáû îöåíèòü õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè òî÷åê sk, íàäî îöåíèòü ñîáñòâåííûå

÷èñëà ìàòðèöû DfmkL(sk). ßñíî, ÷òî ýòà ìàòðèöà èìååò âèä

DfmkL(sk) =

(

ΛmkAk ΛmkBk

µmkCk µmkgk

)

,

ãäå

Ak = A+
∂ϕ(x∗k, y

∗

k)

∂x
, Bk = B +

∂ϕ(x∗k, y
∗

k)

∂y
, Ck = C +

∂ψ(x∗k)

∂x
, gk =

dg(y∗k)

dy
.

Èç ïîñëåäíèõ ñîîòíîøåíèé è óñëîâèé (11) ïîëó÷èì

lim
k→∞

Ak = A, lim
k→∞

Bk = B, lim
k→∞

Ck = C, |gk| < µ−αmk .

Ïðè ëþáîì �èêñèðîâàííîì k ðàññìîòðèì õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí χ(ρ) ìàòðèöû

DfmkL(sk). Ïóñòü

χ(ρ) =

n
∑

j=0

(−1)n−jcjρ
n−j,

ãäå c0 = 1. Èçâåñòíî, ÷òî êîý��èöèåíòû õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà ìàòðèöû (ïðè

j = 1, 2, . . . , n) ïðåäñòàâëÿþò ñîáîé ñóììó âñåõ âîçìîæíûõ ãëàâíûõ ìèíîðîâ ñîîòâåòñòâóþùå-
ãî ïîðÿäêà. (�ëàâíûì ìèíîðîì ìàòðèöû íàçûâàåòñÿ òàêîé ìèíîð, ó êîòîðîãî íîìåðà âûáðàí-

íûõ ñòðîê ñîâïàäàþò ñ íîìåðàìè ñòîëáöîâ.) Ïóñòü Θj � ãëàâíûé ìèíîð ïîðÿäêà j ìàòðèöû

DfmkL(sk). ßñíî, ÷òî

cj =
∑

(j)

Θj. (14)

Ñóììèðîâàíèå â ïîñëåäíåé ñóììå âåäåòñÿ ïî âñåì âîçìîæíûì íàáîðàì èç j íîìåðîâ, âû-

áðàííûì èç ïîñëåäîâàòåëüíîñòè 1, 2, . . . , n. ßñíî, ÷òî ÷èñëî ñëàãàåìûõ â ýòîé ñóììå ðàâíî Cj
n

(÷èñëó ñî÷åòàíèé). Î÷åâèäíî, ÷òî

c1 = TrDfmkL(sk), cn = detDfmkL(sk).

Ïðåäïîëîæèì, ÷òî âåëè÷èíà α, îïðåäåëåííàÿ â óñëîâèÿõ (11), óäîâëåòâîðÿåò ñëåäóþùåìó

íåðàâåíñòâó:

1 < α < 1 + θn−1, (15)



32 Å.Â. Âàñèëüåâà

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

ãäå âåëè÷èíà θ îïðåäåëåíà óñëîâèåì (3).

Èç ïîñëåäíåãî íåðàâåíñòâà è óñëîâèé (14) ëåãêî ïîëó÷èòü

c1 =
(

µ−(α−1)
)mk

Q1(k),

cj = (mk)
β(λµ)mkQj(k), j = 2, . . . , n− 1,

cn = (λ1 . . . λn−1µ)
mkQn(k).

(16)

ßñíî, ÷òî ïîñëåäîâàòåëüíîñòè Qj(k), k = 1, 2, . . . , n, îãðàíè÷åíû ïðè ëþáûõ k. Ñ äðóãîé

ñòîðîíû, ïóñòü ρ1, ρ2, . . . , ρn � êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà χ(ρ). Çàïèøåì

χ(ρ) = (−1)n
n
∏

j=1

(ρ− ρj) =

n
∑

j=0

(−1)n−jρn−j
∑

(j)

ρt1ρt2 . . . ρtj ,

îòêóäà

cj =
∑

(j)

ρt1ρt2 . . . ρtj , (17)

ñóììèðîâàíèå âåäåòñÿ ïî âñåì âîçìîæíûì íàáîðàì èíäåêñîâ t1, t2, . . . , tj , âûáðàííûì èç êî-

íå÷íîé ïîñëåäîâàòåëüíîñòè èíäåêñîâ 1, 2, . . . , n. ßñíî, ÷òî ÷èñëî ñëàãàåìûõ â ñóììå, ñòîÿùåé

â ïðàâîé ÷àñòè �îðìóëû (17), ðàâíî C
j
n (÷èñëó ñî÷åòàíèé).

Ïîêàæåì, ÷òî òîãäà ñóùåñòâóåò ïîëîæèòåëüíàÿ ïîñòîÿííàÿ T, íå çàâèñÿùàÿ îò k, òàêàÿ,

÷òî

|ρj(k)| 6 Tµ−(α−1)mk , j = 1, 2, . . . , n, (18)

ãäå ρj(k) � êîðíè õàðàêòåðèñòè÷åñêîãî ìíîãî÷ëåíà.

Íåðàâåíñòâà (18) äîêàæåì îò ïðîòèâíîãî, òî åñòü ïðåäïîëîæèì, ÷òî îíè íå âûïîëíÿþòñÿ

äëÿ áåñêîíå÷íîãî ÷èñëà èíäåêñîâ k; òî÷íåå, ñóùåñòâóþò ïîäïîñëåäîâàòåëüíîñòü èíäåêñîâ ks
(

lim
s→∞

ks = +∞
)

è ïîñëåäîâàòåëüíîñòü íîìåðîâ js, 1 6 js 6 n, òàêèõ, ÷òî

ρjs(ks) = Γ(ks)µ
−(α−1)mks , lim

s→∞

|Γ(ks)| = +∞.

Äëÿ ïðîñòîòû ïîñëåäóþùèõ ðàññóæäåíèé ïðåäïîëîæèì, ÷òî ks = k, js = 1 äëÿ ëþáîãî k,

òîãäà ïîëó÷èì

ρ1 = Γ(k)µ−(α−1)mk , lim
k→∞

|Γ(k)| = +∞. (19)

Ïîêàæåì, ÷òî èç ýòèõ ðàâåíñòâ ñëåäóåò

ρ1
∑

(j)

ρt2ρt3 . . . ρtj = Γj(k)µ
−(α−1)jmk , j = 2, 3, . . . , n,

lim
k→∞

|Γj(k)| = +∞,
(20)

ãäå t2, t3, . . . , tj � ïðîèçâîëüíûé íàáîð èíäåêñîâ, âûáðàííûé èç êîíå÷íîé ïîñëåäîâàòåëüíîñòè

èíäåêñîâ 2, 3, . . . , n, à ñóììèðîâàíèå âåäåòñÿ ïî âñåì âîçìîæíûì óêàçàííûì íàáîðàì; ÿñíî,

÷òî ÷èñëî ñëàãàåìûõ â ñóììå ðàâíî C
j−1
n−1.

Äîêàæåì ðàâåíñòâà (20) ïî èíäóêöèè. Ó÷èòûâàÿ ïðåäïîëîæåíèÿ (19), ïîëó÷èì

c1 − ρ1 =
n
∑

j=2

ρj = µ−(α−1)mk [Q1(k)− Γ(k)]. (21)

Ïðåäñòàâèì

n
∑

j=2

ρj = µ−(α−1)mk Γ̄1(k),



Óñòîé÷èâûå ïåðèîäè÷åñêèå òî÷êè ãëàäêèõ äè��åîìîð�èçìîâ 33

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

ãäå Γ̄1(k) îïðåäåëÿåòñÿ ðàâåíñòâàìè (21), ïðè÷åì lim
k→∞

Γ̄1(k) = +∞. Â ðåçóëüòàòå

ρ1

n
∑

j=2

ρj = Γ(k)Γ̄1(k)µ
−2(α−1)mk .

Ïóñòü

Γ2(k) = Γ(k)Γ̄1(k),

î÷åâèäíî, ÷òî lim
k→∞

Γ̄2(k) = +∞; èç ïîñëåäíåãî ñîîòíîøåíèÿ ñëåäóåò ðàâåíñòâî (20) ïðè j = 2.

Áàçà èíäóêöèè óñòàíîâëåíà, ïåðåéäåì ê äîêàçàòåëüñòâó èíäóêöèîííîãî ïåðåõîäà. Ïóñòü

j < n. Èç ðàâåíñòâ (17) èìååì

cj − ρ1
∑

(j)

ρt2ρt3 . . . ρtj =
∑

(j),t1>1

ρt1ρt2 . . . ρtj ,

â ëåâîé ÷àñòè ïîñëåäíèõ ðàâåíñòâ ñóììèðîâàíèå âåäåòñÿ ïî âñåì âîçìîæíûì íàáîðàì èç j − 1
èíäåêñà, âûáðàííûì èç êîíå÷íîé ïîñëåäîâàòåëüíîñòè íîìåðîâ 2, 3, . . . , n, â ïðàâîé ÷àñòè � ïî

âñåì âîçìîæíûì íàáîðàì èç j èíäåêñîâ, âûáðàííûì èç òîé æå êîíå÷íîé ïîñëåäîâàòåëüíîñòè

íîìåðîâ. Èç óñëîâèé (16) èìååì

cj − ρ1
∑

(j)

ρt2ρt3 . . . ρtj = µ−(α−1)jmk

[(

λµµ(α−1)j
)mk

(mk)
βQj(k)− Γj(k)

]

. (22)

Â ðåçóëüòàòå èìååì

∑

(j),t1>1

ρt1ρt2 . . . ρtj = µ−(α−1)jmk Γ̄j(k),

ãäå Γ̄j(k) îïðåäåëÿåòñÿ ðàâåíñòâàìè (22). Î÷åâèäíî, ÷òî lim
k→∞

|Γ̄j(k)| = +∞. Ïóñòü Γj+1(k) =

Γ(k)Γ̄j(k), òîãäà

ρ1
∑

(j),t1>1

ρt1ρt2 . . . ρtj = µ−(α−1)(j+1)mk Γ̄j+1(k),

ïðè÷åì

lim
k→∞

|Γj+1(k)| = +∞.

Òàêèì îáðàçîì, äîêàçàí èíäóêöèîííûé ïåðåõîä, ñëåäîâàòåëüíî, ñîîòíîøåíèÿ (20) èìåþò

ìåñòî ïðè 1 < j 6 n.

Ïóñòü j = n, òîãäà ðàâåíñòâà (20) èìåþò âèä

ρ1ρ2 . . . ρn = µ−(α−1)nmkΓn(k),

ãäå lim
k→∞

|Γn(k)| = +∞. C äðóãîé ñòîðîíû,

ρ1ρ2 . . . ρn = (λ1 . . . λn−1µ)
mkQn(k),

ñëåäîâàòåëüíî,

Γn(k) =
(

λ1 . . . λn−1µ
1+(α−1)n

)mk

Qn(k).

Èç óñëîâèé (15), (16) ñëåäóåò, ÷òî Γn(k) îãðàíè÷åíà ïî k. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò
íåðàâåíñòâà (18).

Èçâåñòíî, ÷òî õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè ïåðèîäè÷åñêèõ òî÷åê sk äè��åîìîð�èçìà f

îïðåäåëÿþòñÿ êàê

νj(k) = (ω +mk)
−1 ln |ρj(k)|, j = 1, 2, . . . , n,

îòêóäà ñ ó÷åòîì (18) ïîëó÷èì

νj(k) 6 (ω +mk)
−1(ln T − (α− 1)mk lnµ) 6 −0.5(α − 1) ln µ, j = 1, 2, . . . , n,
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ïîñëåäíèå íåðàâåíñòâà ñïðàâåäëèâû äëÿ âñåõ íîìåðîâ k, íà÷èíàÿ ñ íåêîòîðîãî íîìåðà.

Òåîðåìà äîêàçàíà. �

Ñòàòüÿ ïîñâÿùåíà 60-ëåòèþ ñî äíÿ ðîæäåíèÿ ïðî�åññîðà Íèêîëàÿ Íèêàíäðîâè÷à Ïåòðîâà.
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We regard Cr
-smooth (r > 1) self-di�eomorphism of multidimensional spa
e with a hyperboli
 �xed point

and non-transversal homo
lini
 point. In the works by Sh. Newhouse, L. P. Shil'nikov, B. F. Ivanov and other

authors it is shown that under 
ertain 
ondition on the type of 
onta
t of stable and unstable manifolds, the

neighborhoods of the homo
lini
 point may 
ontain a 
ountable set of stable periodi
 points, but at least

one of their 
hara
teri
ti
 exponents tends to zero with the in
rease of a period. The goal of this work is to

prove that under 
ertain 
onditions imposed on the 
hara
ter of tangen
y between the stable and unstable

manifolds, the neighborhood of the homo
lini
 point may 
ontain an in�nite set of stable periodi
 points

whose 
hara
teristi
 exponents are negative and bounded away from zero.
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