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ÏÎÈÌÊÀ ��ÓÏÏÛ ÓÁÅ�ÀÞÙÈÕ Â ÊÎÍÔËÈÊÒÍÎ ÓÏ�ÀÂËßÅÌÎÌ

Ï�ÎÖÅÑÑÅ

�àññìàòðèâàåòñÿ çàäà÷à ïðåñëåäîâàíèÿ ãðóïïû èç m óáåãàþùèõ (m > 1) â êîí�ëèêòíî óïðàâëÿåìîì
ïðîöåññå ñ ðàâíûìè âîçìîæíîñòÿìè. �îâîðÿò, ÷òî â çàäà÷å ïðåñëåäîâàíèÿ îäíîãî óáåãàþùåãî (m = 1)
ïðîèñõîäèò ìíîãîêðàòíàÿ ïîèìêà, åñëè çàäàííîå êîëè÷åñòâî ïðåñëåäîâàòåëåé ëîâÿò åãî, ïðè ýòîì ìî-

ìåíòû ïîèìêè ìîãóò íå ñîâïàäàòü. Â çàäà÷å îá îäíîâðåìåííîé ìíîãîêðàòíîé ïîèìêå îäíîãî óáåãàþùåãî

òðåáóåòñÿ, ÷òîáû ìîìåíòû ïîèìêè ñîâïàäàëè. Îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà âñåé ãðóïïû óáå-

ãàþùèõ (m > 2) ïðîèñõîäèò, åñëè â ðåçóëüòàòå ïðåñëåäîâàíèÿ ïðîèñõîäèò îäíîâðåìåííàÿ ìíîãîêðàòíàÿ
ïîèìêà êàæäîãî óáåãàþùåãî, ïðè÷åì â îäèí è òîò æå ìîìåíò âðåìåíè. Â òåðìèíàõ íà÷àëüíûõ ïîçèöèé

ó÷àñòíèêîâ ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîâðåìåííîé ìíîãîêðàòíîé ïîèìêè âñåé

ãðóïïû óáåãàþùèõ.

Êëþ÷åâûå ñëîâà: ïîèìêà, ìíîãîêðàòíàÿ ïîèìêà, îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà, ïðåñëåäîâàíèå,

óáåãàíèå, äè��åðåíöèàëüíûå èãðû, êîí�ëèêòíî óïðàâëÿåìûå ïðîöåññû.

Ââåäåíèå

Çàäà÷à ïðîñòîãî ãðóïïîâîãî ïðåñëåäîâàíèÿ îäíîãî óáåãàþùåãî ñ ðàâíûìè âîçìîæíîñòÿ-

ìè ðàññìàòðèâàëàñü Á.Í. Ïøåíè÷íûì [1℄, áûëè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëî-

âèÿ ïîèìêè. Í.Ë. �ðèãîðåíêî [2℄ ââåë ïîíÿòèå ìíîãîêðàòíîé ïîèìêè, äëÿ çàäà÷è ñ ïðîñòûìè

äâèæåíèÿìè è ðàâíûìè âîçìîæíîñòÿìè èì ïðåäñòàâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëî-

âèÿ ìíîãîêðàòíîé ïîèìêè îäíîãî óáåãàþùåãî. À.À. ×èêðèé [3℄ è Í.Í. Ïåòðîâ [4℄ ïîëó÷èëè

äîñòàòî÷íûå óñëîâèÿ ìíîãîêðàòíîé ïîèìêè îäíîãî óáåãàþùåãî â êîí�ëèêòíî óïðàâëÿåìûõ

ïðîöåññàõ è â ïðèìåðå Ë.Ñ. Ïîíòðÿãèíà ñ ðàâíûìè âîçìîæíîñòÿìè. Äëÿ ïåðå÷èñëåííûõ çà-

äà÷ ïðèâåäåíû [5�7℄ äîñòàòî÷íûå, à èíîãäà è íåîáõîäèìûå óñëîâèÿ ìíîãîêðàòíîé, íåñòðîãîé

îäíîâðåìåííîé è îäíîâðåìåííîé ìíîãîêðàòíûõ ïîèìîê îäíîãî óáåãàþùåãî. Ìíîãîêðàòíàÿ ïî-

èìêà îäíîãî óáåãàþùåãî ïðîèñõîäèò, åñëè çàäàííîå êîëè÷åñòâî ïðåñëåäîâàòåëåé ëîâÿò åãî, ïðè

ýòîì ìîìåíòû ïîèìêè ìîãóò íå ñîâïàäàòü. Åñëè ìîìåíòû ïîèìêè (íå îáÿçàòåëüíî íàèìåíüøèå)

ñîâïàäàþò, òî ãîâîðÿò, ÷òî ïðîèñõîäèò íåñòðîãàÿ îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà îäíîãî

óáåãàþùåãî. Íàêîíåö, åñëè ñîâïàäàþò íàèìåíüøèå ìîìåíòû ïîèìêè, òî ïðîèñõîäèò îäíîâðå-

ìåííàÿ ìíîãîêðàòíàÿ ïîèìêà îäíîãî óáåãàþùåãî.

Â ðàáîòå [8℄ ââåäåíî ïîíÿòèå è ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîâðåìåí-

íîé ìíîãîêðàòíîé ïîèìêè âñåé ãðóïïû óáåãàþùèõ, êîòîðàÿ ïðîèñõîäèò, åñëè â ðåçóëüòàòå ïðå-

ñëåäîâàíèÿ ïðîèñõîäèò îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà âñåõ óáåãàþùèõ, ïðè÷åì â îäèí

è òîò æå ìîìåíò âðåìåíè. Â ïðåäëàãàåìîé ðàáîòå ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëî-

âèÿ îäíîâðåìåííîé ìíîãîêðàòíîé ïîèìêè âñåé ãðóïïû óáåãàþùèõ â ëèíåéíîì íåñòàöèîíàðíîì

ïî÷òè ïåðèîäè÷åñêîì êîí�ëèêòíî óïðàâëÿåìîì ïðîöåññå.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ n +m ëèö: n ïðå-

ñëåäîâàòåëåé P1, P2, . . . , Pn è m óáåãàþùèõ E1, E2, . . . , Em ñ çàêîíàìè äâèæåíèÿ è íà÷àëüíûìè

óñëîâèÿìè (ïðè t = t0)

Pi : ẋi = Aj(t)xi + ui, ui ∈ Vj, xi(t0) = X0
i , i ∈ Ij , j ∈ J,

Ej : ẏj = Aj(t)yj + vj , vj ∈ Vj, yj(t0) = Y 0
j , j ∈ J,

ïðè÷åì X0
i 6= Y 0

j äëÿ âñåõ i ∈ Ij , j ∈ J.

(1.1)
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Çäåñü xi, yj ∈ R
k, Vj � ñòðîãî âûïóêëûå êîìïàêòû â R

k
ñ ãëàäêîé ãðàíèöåé è íåïóñòîé âíóò-

ðåííîñòüþ, Aj(t) � íåïðåðûâíûå íà [t0,∞) êâàäðàòíûå ìàòðèöû ïîðÿäêà k, Ij ⊂ {1, 2, . . . , n} �
ïîïàðíî íåïåðåñåêàþùèåñÿ ìíîæåñòâà òàêèå, ÷òî |Ij | = aj > 1,

∑

j∈J

aj = n, J = {1, 2, . . . ,m}.

Óïðàâëåíèÿ ui, i ∈ Ij, vj èç êëàññà èçìåðèìûõ ïî Ëåáåãó �óíêöèé íà [t0,∞) ñî çíà÷åíèÿìè
èç ìíîæåñòâà Vj , j ∈ J áóäåì íàçûâàòü äîïóñòèìûìè. Êâàçèñòðàòåãèåé ïðåñëåäîâàòåëÿ Pi,
i ∈ Ij , j ∈ J , áóäåì íàçûâàòü îòîáðàæåíèå Ui, ñòàâÿùåå â ñîîòâåòñòâèå ìîìåíòó t, íà÷àëüíûì
ïîçèöèÿì X0

i , Y 0
j è ïðîèçâîëüíîé äîïóñòèìîé ïðåäûñòîðèè óïðàâëåíèé vj(s), t0 6 s 6 t,

óáåãàþùèõ Ej äîïóñòèìîå óïðàâëåíèå ui(t), òî åñòü

ui(t) = Ui(t,X
0
i , Y

0
j , vj(s), s ∈ [t0, t], i ∈ Ij, j ∈ J), t ∈ [t0,∞), i ∈ Ij, j ∈ J.

Äëÿ êàæäîãî q = 1, 2, . . . , aj îïðåäåëèì ìíîæåñòâî

Ωj(q) =
{

{ω1, ω2, . . . , ωq} ⊂ Ij : ω1 < ω2 < · · · < ωq

}

, j ∈ J.

Îïðåäåëåíèå 1. Â èãðå Γ âîçìîæíà îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà ãðóïïû óáå-

ãàþùèõ ñ êðàòíîñòÿìè (b1, b2, . . . , bm), ãäå aj > bj > 1, åñëè ñóùåñòâóþò òàêèå ìîìåíò

T0 = T0(X
0
i , Y

0
j , i ∈ Ij, j ∈ J), êâàçèñòðàòåãèè Ui ïðåñëåäîâàòåëåé Pi, i ∈ Ij , ÷òî äëÿ ëþáûõ

äîïóñòèìûõ óïðàâëåíèé vj óáåãàþùèõ Ej íàéäóòñÿ ìîìåíò τ ∈ [t0, T0] è ìíîæåñòâà Λj ∈ Ωj(bj),
j ∈ J , äëÿ êîòîðûõ âûïîëíåíî

xα(τ) = yj(τ), xα(s) 6= yj(s) äëÿ âñåõ s ∈ [t0, τ), α ∈ Λj , j ∈ J.

� 2. �åøåíèå çàäà÷è

Ââîäÿ n çàìåí zij = xi − yj, i ∈ Ij , j ∈ J , ïåðåïèøåì ñîîòíîøåíèÿ (1.1) â âèäå

żij = Aj(t)zij + ui − vj , ui, vj ∈ Vj, zij(t0) = Z0
ij = X0

i − Y 0
j 6= 0, i ∈ Ij , j ∈ J. (2.1)

Óñëîâèå 1. 0 ∈ Intco{Z0
lj , l ∈ Lj} äëÿ âñåõ Lj ∈ Ωj(aj − bj + 1), j ∈ J.

Îáîçíà÷èì ÷åðåç D(c, r) øàð ðàäèóñà r ñ öåíòðîì â òî÷êå c.

Óñëîâèå 2. Ëþáîé �èêñèðîâàííûé íàáîð hij ∈ D(Z0
ij , 2ε), i ∈ Ij , j ∈ J , îáëàäàåò òåì

ñâîéñòâîì, ÷òî 0 ∈ Intco{h0lj , l ∈ Lj} äëÿ âñåõ Lj ∈ Ωj(aj − bj + 1), j ∈ J.

Ëåììà 1. Ïóñòü âûïîëíåíî óñëîâèå 1. Òîãäà ñóùåñòâóåò ε > 0, ïðè êîòîðîì âûïîëíåíî

óñëîâèå 2.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç ëåììû 1 [7℄ ñëåäóåò, ÷òî äëÿ êàæäîãî j ∈ J íàéäåòñÿ εj > 0,
ïðè êîòîðîì ëþáîé �èêñèðîâàííûé íàáîð hij ∈ D(Z0

ij, 2εj), i ∈ Ij , îáëàäàåò òåì ñâîéñòâîì,

÷òî 0 ∈ Intco{h0lj , l ∈ Lj} äëÿ âñåõ Lj ∈ Ωj(aj − bj + 1). Ïîëàãàÿ ε = min{εj , j ∈ J} > 0,
ïîëó÷àåì ñïðàâåäëèâîñòü óòâåðæäåíèÿ ëåììû. �

Ïóñòü Φj(t), j ∈ J , � �óíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ϕ̇ = Aj(t)ϕ òàêàÿ, ÷òî Φj(t0)
ñîâïàäàåò ñ åäèíè÷íîé ìàòðèöåé. Îòìåòèì, ÷òî Φj(t)Z

0
ij 6= 0 äëÿ âñåõ t ∈ [t0,∞), òàê êàê

Z0
ij 6= 0 äëÿ âñåõ i ∈ Ij, j ∈ J. Â äàííîé ðàáîòå âûðàæåíèå ¾�óíêöèÿ (îïðåäåëåííàÿ íà [t0,∞))

ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé â ñìûñëå Áîðà¿ îçíà÷àåò, ÷òî åå ìîæíî äîîïðåäåëèòü ïðè âñåõ

t < t0 òàê, ÷òîáû ïîëó÷åííàÿ �óíêöèÿ ñòàëà ïî÷òè ïåðèîäè÷åñêîé ïî Áîðó.

Ïðåäïîëîæåíèå 1. Φj(t) ÿâëÿþòñÿ ïî÷òè ïåðèîäè÷åñêèìè â ñìûñëå Áîðà äëÿ âñåõ j ∈ J.



22 À.È. Áëàãîäàòñêèõ

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

Äàëåå ñ÷èòàåì, ÷òî ïðåäïîëîæåíèå 1 è óñëîâèå 1 âûïîëíåíû.

Äëÿ âñåõ v ∈ Vj , j ∈ J è c ∈ R
k \ {0} îïðåäåëèì �óíêöèè

λj(v, c) = sup{λ > 0 : (v − λc) ∈ Vj}.

Îïðåäåëèì äîïóñòèìûå óïðàâëåíèÿ ïðåñëåäîâàòåëåé Pi ïî �îðìóëå

ui(t) = vj(t)− gj(t)hij(t)λj(vj(t),Φj(t)Z
0
ij)Φj(t)Z

0
ij äëÿ âñåõ t ∈ [t0,∞), i ∈ Ij, j ∈ J. (2.2)

Ïî �îðìóëå Êîøè ðåøåíèå çàäà÷è (2.1) ïðè ëþáûõ äîïóñòèìûõ óïðàâëåíèÿõ èìååò âèä

zij(t) = Φj(t)
(

Z0
ij +

∫ t

t0

Φ−1
j (s)(ui(s)− vj(s)) ds

)

äëÿ âñåõ t > t0, i ∈ Ij , j ∈ J.

Îòñþäà, ó÷èòûâàÿ ñîîòíîøåíèå (2.2), ïîëó÷àåì

zij(t) = Φj(t)Z
0
ijξij(t), ξij(t) = 1−

∫ t

t0

gj(s)hij(s)λj(vj(s),Φj(s)Z
0
ij) ds. (2.3)

Îïðåäåëèì �óíêöèè gj(t) ∈ (0, 1], hij(t) ∈ (0, 1] äëÿ âñåõ t ∈ [t0,∞). Ïóñòü

Tij(t) =















0, åñëè ξij(t) = 0,
ξij(t)

λj(vj(t),Φj(t)Z0
ij)

, åñëè ξij(t) > 0 è λj(vj(t),Φj(t)Z
0
ij) > 0,

∞, åñëè ξij(t) > 0 è λj(vj(t),Φj(t)Z
0
ij) = 0,

(2.4)

Tj(t) = max
α∈Λj(t)

Tα(t), ãäå Λj(t) = arg min
Λ∈Ωj(bj)

max
α∈Λ

Tαj(t), T (t) = max
j∈J

Tj(t). (2.5)

Åñëè ïî �îðìóëå (2.5) îïðåäåëÿåòñÿ íåñêîëüêî ìíîæåñòâ Λj(t) ïðè íåêîòîðûõ j ∈ J, òî âûáåðåì
ëþáîå èç íèõ.

Â ðàáîòå [7℄ áûëî äîêàçàíî, ÷òî ïðè gj(t) = 1, t ∈ [t0,∞), j ∈ J , äëÿ îñóùåñòâëåíèÿ ïðå-

ñëåäîâàòåëÿìè Pi, i ∈ Ij , îäíîâðåìåííîé bj-êðàòíîé ïîèìêè óáåãàþùåãî Ej , j ∈ J , äîñòàòî÷íî
îïðåäåëèòü �óíêöèè hij ñëåäóþùèì îáðàçîì:

hij(t) =







Tij(t)

Tj(t)
, åñëè i ∈ Λj(t) è Tj(t) > 0,

1, â ïðîòèâíîì ñëó÷àå.

(2.6)

Ïðè ýòîì ìîìåíòû îäíîâðåìåííûõ bj-êðàòíûõ ïîèìîê ïðåñëåäîâàòåëÿìè Pi, i ∈ Ij , óáåãàþ-
ùèõ Ej , j ∈ J , ìîãóò íå ñîâïàäàòü. Äëÿ òîãî ÷òîáû óêàçàííûå ìîìåíòû ñîâïàäàëè, òî åñòü

äëÿ îñóùåñòâëåíèÿ îäíîâðåìåííîé ìíîãîêðàòíîé ïîèìêè ãðóïïû óáåãàþùèõ ñ êðàòíîñòÿìè

(b1, b2, . . . , bm), äîñòàòî÷íî îïðåäåëèòü �óíêöèè gj ñëåäóþùèì îáðàçîì:

gj(t) =
Tj(t)

T (t)
. (2.7)

Îòìåòèì, ÷òî â ñëó÷àå ñóùåñòâîâàíèÿ íåñêîëüêèõ ìíîæåñòâ Λj(t) ïðè íåêîòîðûõ j ∈ J çíà÷å-

íèÿ hij(t) íå çàâèñÿò îò âûáîðà êîíêðåòíîãî ìíîæåñòâà Λj(t), òî åñòü è óïðàâëåíèÿ ïðåñëåäî-

âàòåëåé Pi íå çàâèñÿò îò âûáîðà êîíêðåòíîãî ìíîæåñòâà Λj(t).

Òàêèì îáðàçîì, óïðàâëåíèÿ ïðåñëåäîâàòåëåé Pi, çàäàííûå ïî �îðìóëå (2.2), ñ êîý��èöè-

åíòàìè, âû÷èñëåííûìè ñîãëàñíî (2.6), (2.7), îïðåäåëåíû îäíîçíà÷íî.

Ââåäåì îáîçíà÷åíèå

τ = min{t > t0 : min
j∈J

min
i∈Ij

‖zij(t)‖ = 0}.
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Ëåììà 2. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1, óñëîâèå 1 è ïðåñëåäîâàòåëè Pi èñïîëüçóþò

äîïóñòèìûå óïðàâëåíèÿ ui(t), îïðåäåëåííûå ïî (2.2). Òîãäà ñóùåñòâóåò êîíå÷íûé ìîìåíò

T0 = T0(Z
0
ij) òàêîé, ÷òî äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé vj(t) óáåãàþùèõ Ej ìîìåíò τ

ñóùåñòâóåò è τ ∈ (t0, T0].

Ä î ê à ç à ò å ë ü ñ ò â î. Âûïîëíåíû óñëîâèÿ ëåììû 1. Çà�èêñèðóåì ïðîèçâîëüíîå ε > 0,
ïðè êîòîðîì âûïîëíåíî óñëîâèå 2. Ââåäåì îáîçíà÷åíèå

∆ =
{

t > t0 : Φj(t)Z
0
ij ∈D(Z0

ij, 2ε) äëÿ âñåõ i ∈ Ij, j ∈ J
}

.

Â äîêàçàòåëüñòâå ëåììû 2 [7℄ ïîêàçàíî, ÷òî

µ(∆) = ∞, ãäå µ(G) � ìåðà Ëåáåãà ìíîæåñòâà G ⊂ R
1,

δj = min
t∈∆

min
v∈Vj

max
Λj∈Ωj(bj)

min
α∈Λj

λj(v,Φj(t)Z
0
αj) > 0.

Ñëåäîâàòåëüíî, è

δ = min
j∈J

min
t∈∆

min
v∈Vj

max
Λj∈Ωj(bj)

min
α∈Λj

λj(v,Φj(t)Z
0
αj) = min

j∈J
δj > 0. (2.8)

Äëÿ êàæäîãî t ∈ ∆ èç (2.6) èìååì, hij(t) = 1, i /∈ Λj(t), j ∈ J , è, êðîìå òîãî, ñóùåñòâóåò
èíäåêñ i(t) ∈ Λj(t) òàêîé, ÷òî Ti(t)j(t) = Tj(t), òî åñòü hi(t)j(t) = 1, j ∈ J ; çíà÷èò, èç aj çíà÷åíèé
hij(t), i ∈ Ij , íå ìåíåå ÷åì aj − bj +1 ðàâíû åäèíèöå. Ñëåäîâàòåëüíî, äëÿ âñåõ j ∈ J ñóùåñòâóåò

èíäåêñ i(t) ∈ arg max
Λ∈Ωj(bj)

min
α∈Λ

λj(vj(t),Φj(t)Z
0
αj) è

max
i∈Ij

hij(t)λj(vj(t),Φj(t)Z
0
ij) > hi(t)j(t)λj(vj(t),Φj(t)Z

0
i(t)j) = λj(vj(t),Φj(t)Z

0
i(t)j) > δj .

Èç (2.7) ñëåäóåò, ÷òî ïðè âñåõ t ∈ ∆ ñóùåñòâóåò èíäåêñ j(t) òàêîé, ÷òî gj(t)(t) = 1; ó÷èòûâàÿ
åùå ïîñëåäíåå íåðàâåíñòâî, ïîëó÷àåì

max
j∈J

max
i∈Ij

gj(t)hij(t)λj(vj(t),Φj(t)Z
0
ij) > gj(t)(t)δj(t) = δj(t) > δ äëÿ âñåõ t ∈ ∆. (2.9)

Â ñèëó ñîîòíîøåíèé (2.3), (2.8), (2.9) ïîëó÷àåì

min
j∈J

min
i∈Ij

‖ξij(t)‖ 6 1−max
j∈J

max
i∈Ij

∫ t

t0

gj(s)hij(s)λj(vj(s),Φj(s)Z
0
ij) ds 6

6 1−max
j∈J

max
i∈Ij

∫

[t0,t]∩∆
gj(s)hij(s)λj(vj(s),Φj(s)Z

0
ij) ds 6

6 1−
1

n

∫

[t0,t]∩∆

(

∑

j∈J

∑

i∈Ij

gj(s)hij(s)λj(vj(s),Φj(s)Z
0
ij)

)

ds 6 1−
δ

n
µ([t0, t] ∩∆).

Îòìåòèì, ÷òî lim
t→∞

µ([t0, t] ∩∆) = ∞, òàê êàê µ(∆) = ∞. Òàêèì îáðàçîì, íå ïîçæå ìîìåíòà T0,
îïðåäåëÿåìîãî èç óñëîâèÿ

δ

n
µ([t0, t] ∩∆) > 1,

õîòÿ áû îäíà èç n âåëè÷èí ‖ξij(t)‖, à ñëåäîâàòåëüíî è õîòÿ áû îäíà èç âåëè÷èí ‖zij(t)‖, îáðà-
òèòñÿ â íóëü. �

Ëåììà 3. Ïóñòü âûïîëíåíû ïðåäïîëîæåíèå 1, óñëîâèå 1 è ïðåñëåäîâàòåëè Pi èñïîëüçóþò

äîïóñòèìûå óïðàâëåíèÿ ui(t), îïðåäåëåííûå ïî (2.2). Òîãäà äëÿ ëþáûõ äîïóñòèìûõ óïðàâëåíèé
vj(t) óáåãàþùèõ Ej íàéäóòñÿ ìíîæåñòâà Λj ∈ Ωj(bj) òàêèå, ÷òî ‖zαj(τ)‖ = 0 äëÿ âñåõ α ∈ Λj .

Ä î ê à ç à ò å ë ü ñ ò â î ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 3 [7℄. �



24 À.È. Áëàãîäàòñêèõ

ÌÀÒÅÌÀÒÈÊÀ 2013. Âûï. 4

Òåîðåìà 1. Åñëè èìååò ìåñòî ïðåäïîëîæåíèå 1, òî â èãðå Γ âîçìîæíà îäíîâðåìåííàÿ

ìíîãîêðàòíàÿ ïîèìêà ãðóïïû óáåãàþùèõ ñ êðàòíîñòÿìè (b1, b2, . . . , bm) òîãäà è òîëüêî òîãäà,
êîãäà âûïîëíåíî óñëîâèå 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîñòàòî÷íîñòü. Ïóñòü ïðåñëåäîâàòåëè Pi èñïîëüçóþò äîïó-

ñòèìûå óïðàâëåíèÿ ui(t), îïðåäåëåííûå ïî (2.2). Èç ëåìì 2 è 3 ñëåäóåò, ÷òî ïðè ëþáîì âûáîðå

äîïóñòèìûõ óïðàâëåíèé vj(t) óáåãàþùèìè Ej â ìîìåíò τ ∈ (t0, T0] ïî êðàéíåé ìåðå bj èç aj
âåëè÷èí ‖zij(τ)‖, i ∈ Ij , îáðàòÿòñÿ â íóëü, ÷òî è îçíà÷àåò îñóùåñòâëåíèå îäíîâðåìåííîé ìíî-

ãîêðàòíîé ïîèìêè ãðóïïû óáåãàþùèõ ñ êðàòíîñòÿìè (b1, b2, . . . , bm).
Íåîáõîäèìîñòü. Ïóñòü óñëîâèå 1 íå âûïîëíåíî; çíà÷èò, ñóùåñòâóþò èíäåêñ l ∈ J è ìíîæå-

ñòâî Q ∈ Ωl(al − bl +1) òàêèå, ÷òî 0 /∈ Intco{Z0
ql, q ∈ Q}. Â ðàáîòå À.Ñ. Áàííèêîâà [9℄ äîêàçàíî,

÷òî â ýòîì ñëó÷àå óáåãàþùèé El ìîæåò óêëîíèòüñÿ îò âñòðå÷è ñ ïðåñëåäîâàòåëÿìè Pq, q ∈ Q.
Ñëåäîâàòåëüíî, zql(t) 6= 0 äëÿ âñåõ t ∈ [t0,∞), q ∈ Q. Îñòàâøèåñÿ |Il\Q| = bl−1 ïðåñëåäîâàòåëåé
íå ìîãóò îñóùåñòâèòü îäíîâðåìåííóþ bl-êðàòíóþ ïîèìêó óáåãàþùåãî El. �

Ïðèìåð 1. Â R
2
ðàññìîòðèì èãðó Γ1 12 ëèö: ïðåñëåäîâàòåëåé P1, P2, . . . , P9 è óáåãàþùèõ

E1, E2, E3 âèäà (1.1), ãäå

A1(t) =

(

0 −1
1 0

)

, Y 0
1 =

(

0
0

)

, X0
i =







cos
2πi

3

sin
2πi

3






, i ∈ I1 = {1, 2, 3};

A2(t) =

(

0 2
−1 0

)

, Y 0
2 =

(

−100
0

)

, X0
i =







−100 + cos
2πi

3

sin
2πi

3






, i ∈ I2 = {4, 5, 6};

A3(t) =

(

0 1
−3 0

)

, Y 0
3 =

(

100
0

)

, X0
i =







100 + cos
2πi

3

sin
2πi

3






, i ∈ I3 = {7, 8, 9}.

Ìàòðèöû Aj(t), j = 1, 2, 3, ïîñòîÿííû, à èõ ñîáñòâåííûå ÷èñëà ÿâëÿþòñÿ ïðîñòûìè è ÷èñòî

ìíèìûìè. Ñëåäîâàòåëüíî ïðåäïîëîæåíèå 1 âûïîëíåíî.

Óòâåðæäåíèå 1. Â èãðå Γ1 âîçìîæíà îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà ãðóïïû óáå-

ãàþùèõ E1, E2, E3 ñ êðàòíîñòÿìè (1, 1, 1), ïðè÷åì ïîèìêà áîëüøåé êðàòíîñòè íåâîçìîæíà.

Ïðèìåð 2. Â R
2
ðàññìîòðèì èãðó Γ2 16+2b ëèö (b > 1) : ïðåñëåäîâàòåëåé P1, P2, . . . , P13+2b

è óáåãàþùèõ E1, E2, E3 âèäà (1.1), ãäå I1 = {1, 2, 3, 4, 5}, I2 = {6, 7, . . . , 12} (|I2| = 7),
I3 = {13, 14, . . . , 13 + 2b} (|I3| = 1 + 2b),

A1(t) =

(

π cos(πt) 0
0 − sin t

)

, Y 0
1 =

(

0
0

)

, X0
i =







cos
2πi

5

sin
2πi

5






, i ∈ I1;

A2(t) =

(

sin t 0
cos t sin t

)

, Y 0
2 =

(

−100
0

)

, X0
i =







−100 + cos
2πi

7

sin
2πi

7






, i ∈ I2;

A3(t) =

(

cos t sin t − cos t
2 cos t− cos3 t − cos t sin t

)

, Y 0
3 =

(

100
0

)

, X0
i =







100 + cos
2πi

1 + 2b

sin
2πi

1 + 2b






, i ∈ I3.

Òîãäà

Φ1(t) =

(

esin(πt) 0
0 ecos t

)

, Φ2(t) =

(

e1−cos t 0
e1−cos t sin t e1−cos t

)

, Φ3(t) =

(

1 − sin t
sin t cos2 t

)
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è ïðåäïîëîæåíèå 1 âûïîëíåíî.

Íà÷àëüíûå ïîçèöèè ïðåñëåäîâàòåëåé Pi, i ∈ I1, îáðàçóþò ïðàâèëüíûé ïÿòèóãîëüíèê ñ öåí-

òðîì â íà÷àëüíîé ïîçèöèè óáåãàþùåãî E1. Ïðîâåðÿÿ, ïîëó÷àåì, ÷òî ïðè j = 1 è b1 6 2 óñëîâèå 1
âûïîëíåíî, à ïðè b1 > 3 íå âûïîëíåíî. Àíàëîãè÷íî ïðîâåðÿåì óñëîâèå 1 ïðè j = 2, 3.

Óòâåðæäåíèå 2. Â èãðå Γ2 âîçìîæíà îäíîâðåìåííàÿ ìíîãîêðàòíàÿ ïîèìêà ãðóïïû óáå-

ãàþùèõ E1, E2, E3 ñ êðàòíîñòÿìè (2, 3, b), ïðè÷åì ïîèìêà áîëüøåé êðàòíîñòè íåâîçìîæíà.
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Capture of a group of evaders in a 
on�i
t-
ontrolled pro
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Keywords: 
apture, multiple 
apture, simultaneous multiple 
apture, pursuit, evasion, di�erential games,


on�i
t-
ontrolled pro
esses.

Mathemati
al Subje
t Classi�
ations: 49N70, 49N75

The present paper deals with the problem of pursuit of the group of m evaders (m > 1) in a 
on�i
t-


ontrolled pro
ess with equal opportunities. We say that a multiple 
apture in the problem of pursuit of

one evader (m = 1) holds if the spe
i�ed number of pursuers 
at
h him, possibly at di�erent times. The

problem of the simultaneous multiple 
apture of one evader requires that 
apture moments 
oin
ide. We say

that the simultaneous multiple 
apture of the whole group of evaders (m > 2) holds if the simultaneous

multiple 
apture of every evader holds at the same time. We obtain ne
essary and su�
ient 
onditions for

simultaneous multiple 
apture of the whole group of evaders in terms of initial positions of the parti
ipants.
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