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The third-type matrix ball and the generalized Lie ball that are connected with classical domains play a
crucial role in the theory of several complex variable functions. In this paper the volumes of the third type
matrix ball and the generalized Lie ball are calculated. The full volumes of these domains are necessary
for finding kernels of integral formulas for these domains (kernels of Bergman, Cauchy—Szego, Poisson
etc.). In addition, it is used for the integral representation of a function holomorphic on these domains, in
the mean value theorem and other important concepts. The results obtained in this article are the general
case of results of Hua Lo-ken and his results in particular cases coincides with our results.
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§ 1. Introduction

In 1935 E. Cartan proved that there are only six possible types of irreducibly transitive re-
stricted symmetric domains (see [1-3]) and four of them are defined as follows:

%Iz{Ze(C[mxk:]:I(m)—Z7>0},

Riy={ZeClmxm]: 1™ —-2ZZ >0, VZ'=Z},
Rijp={ZeClmxm]: I"™+2Z >0, VZ'=-Z},
Ry = {zE(C”: 1227+ 1-222' >0, |2¢] < 1}.

Here 1(™) is the identity matrix of order m, 7' is the complex conjugate of transposed matrix
7' (for an Hermitian matrix H, it is assumed, as usual, that H is positive definite: H > 0).
Dimensions of these domains are equal respectively

mk, m(m+1)/2, m(m —1)/2, n.

Cartan’s classical domains Ry, Ry-; in C'6, C?7, respectively, has very special cases. The
question of an efficient description of these two domains still remains open.

The first, second, and third types of matrix balls were produced according to these classical
domains [4].

Let C [m x m] be a space of [m x m] matrices with complex elements. The direct product of
n instances C [m x m] is denoted by C" [m x m).

The domain

B, = {(Zi0 . Z0) = Z € C mxm) s 1-(2,2) >0},

is called the matrix ball (of the first type), where (7, 7) = 2127 + --- + Z,Z} is the «scalar
multiplication», I is the unit [m x m] matrix, Z: = Z, is the conjugate matrix transposed to Z,,,
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v=12,...,n. Here [ — (Z,7) > 0 means that the Hermitian matrix is positively definite, i.e.,
all eigenvalues are positive.
We define the matrix balls of the second B,(,f)n and third types Bf{i’?n, respectively:

B ={(Z,....Z,)=Z€C"[mxm]:1—(Z,Z)>0, VZ,=2Z, v=12,...n}
and
BY® ={(Z,....2,)=Z€C"mxm]:[+(Z,Z)>0,YZ,=~2, v=12,...n}

We denote the skeletons (Shilov boundaries) of the matrix balls Bﬁ,’f)n by Xy(,ﬁ)n, k=1,23,
1e.,
X ={ZeC"mxm]:(Z,Z) =1},

X@ ={ZeC'imxm]:(Z,2)=1, Z,=2, v=12,...,n},
Xﬁ)n:{ZGC”[mxm]:I+<Z,Z>:0,Z/:—ZV, 1/:1,2,...,n}.

Ifn=1m>1, then B
types (according to E. Cartan’s classification), the cores X W x (21

k =1, 2,3, are the classical domains of the first, second and third

m, 15
m1> Xm1» and X (8) 1 are the unitary,

symmetric unitary and skew-symmetric unitary matrices, respectlvely [1].

The first type of matrix ball was considered by G. Khudayberganov, A. Khalknazarov [5].
n [6], the volume of a matrix ball of the first type and its skeleton was considered.

The properties of the second type matrix ball were studied by G. Khudayberganov and
Z. Matyakubov [9]. The third type of matrix ball was studied by G. Khudayberganov,
U. Rakhmonov and integral formulas were found [7]. For these integral formulas, the volume of
the third-type matrix ball was used as a finite constant. In this work we consider the volume of
the third-type matrix ball.

The results on fourth-type classical domains (Lie ball) were obtained by B. A. Shaimkulov [8].
Moreover, in this article

() = {z eC": |27 — 2%z +r1 >0, |2¢] < r2}

is calculated as the volume of the generalized Lie ball.

The full volumes of these domains are necessary for finding kernels of integral formulas for
these domains (kernels of Bergman, Cauchy—Szegd, Poisson etc.) [10-12]. In addition, they are
used for the integral representation of a function holomorphic on these domains, in the mean
value theorem and other important concepts.

The volume of the matrix ball of the second type is calculated using the following theorem.

Theorem 1. Let Z, be an [m X m] symmetric matrix and m > 2. Set

) = / det(I — (2,22,
1—(2,7)>0

where 7 = [T 11 dzijdyij, xij + tyij = 2. Then

i=1j=1

m(m+1)

J0) = T2 " FRA+3)T2A+5)-...- T2 4+ 2mn — 1)
S AL oA Emn) TR A+mn+2)TRA+mn+3) ... -T2\ + 2mn)’
In particular, when \ = 0, the volume of the matrix ball of the second type is
m(m+1)
—2 141 —3)!
V(B,(,i)n):ﬂ . 2141 ... (2mn — 3)! . )

m! (mn + D)l(mn+2)!...(2mn — 1)!
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From the result (1), in particular, when n = 1, we obtain the well-known formulas for finding
the total volume of classical domain of the second type [1].

§ 2. Proofs of the main results
The volume of the matrix ball of the third type is calculated using the following theorem.

Theorem 2. Let Z, be a [m x m| skew-symmetric matrix and m > 2. Set

J\) = / [det(I + (Z, 2))Z,

[4+(Z,2)>0
where Z H H dz;jdy;j, i + 1y;j = 2. Then
m(m—1 F2AX+DI'@2A+3)...T'(2\+ 2 -3
J0) = e A+ DTEA+3).. T2A+ 2mn —3)

FRA+mn)L(2A+mn+1)...T(2X 4+ 2mn — 2)
In particular, when \ = 0, the volume of the matrix ball of the third type is

m(m=1) , 2140 . (an — 4)'
(mn — 1)!(mn)!...(2mn — 3)!I’

V(BY),) = )

Proof Let Z = (Z,...,Z,) be the matrix in the form

o Zm—l,mn—l —Ul
2= (),

where Z; is the skew-symmetric [(m — 1) x (mn — 1)]-order matrix, and u is the (m — 1)-dimen-
sional vector. Then

I + Zm—l mn—lﬁm—l mn—1 — u,ﬂ —4Lm—1 mn—lu,
I Z.7) = Tz ' ’ )
* < ’ > ( uzm—l,mn—l 1 —wuu

The condition I + (Z, Z) > 0 is equivalent to the following two conditions [13, 14]

I+ Zo A n1Zm1mn—1 — WU > 0, 3)
1=t +uZm1mn1(I + Zmtmn-1Zm—1mn—1 — W) Zi—t mn—1T > 0. (4)
Moreover,
det(I +(Z, 7)) =
=1 — vt +uZmrmn1I+ Ztmn-1Zm1mn1 — W) Zy 1 i1 W) X
X det(I + Zum 1 mn-1Zm-1mn—1 — WT).

Let the matrix [' satisfy the relation / + Zm_lvmn_17m_17mn_1 = I'T. Make a substitution
u = vI", where v is the (m — 1)-dimensional vector. From inequality (3), it follows that I +
Zm—1mn—1%m—-1,mn—1 > 0 and 1 —uw’ > 0. The left-hand side of inequality (4) transforms to

1= T + 0T Z sy i D (I = VD) T Zy TP =

_ _ . N N v
=1- VF,PEI + I/PIZm—Lmn—lF/ lr_lzm—l,mn—lrv, - |V ]_17 - 1/ - | -
— VvV
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= =/—1
/ —/|2
_ |7/F Zm—l,mn—lr v | —
=1—vv — =1—-vv.

1—o
) — ——1 . .
Here we have used the fact that the matrix I Zm_Lmn_lF, is skew-symmetric. Conse-
quently,

Jm()\> = / [det(] + mel,mnfh 7mfl,mnfl]AJrlZ'mfl,mnfl X
I+Zm—1,mn—172m—1,mn—l>0
X (1— VD).

1-v'7>0

Using the well-known formula [1]

- ()
1—a?—a2— . — 22 W hdey .. dagy, = 1" ——r"t— > 0),
/ ( 1 2 Qm) 1 2 n F(u+m) (:LL )
ettai+. tad,, <1
we get
F2A+1)
Jp(N) = qnm=D 2L 7 (A4 1).
(A) = ['(2\ +mn) A+1)
Continuing this process, we get
['(2\ 4 2mn — 3)
Jo(\ —9) = 1— 2\2 +2mn—4 _ _n ]
2(A+mn =2) //( 12I") T TNt 2mn — 2)
|z]<1
This implies that
m(m— 2148 .. (2mn — 4)!
V(BS;Z’LL):W =bp (2mn — 4) i A=0.
’ (mn — 1)!(mn)!...(2mn — 3)!
It gives us the volume of the matrix ball BT({z’)n The theorem is proved. U

From the result (2), in particular, when n = 1, we obtain the well-known formulas for finding
the total volume of the classical domain of the third type [1].

§ 3. The volume of the generalization of the Lie ball

Consider an n-dimensional complex C" space whose points are ordered sets of n complex
numbers z = (21,29, ..., 2n)-
The domain Ry, (the Lie-ball) consists of all n-dimensional complex vectors z satisfying the
conditions
Ry = {z eC: 22" =222 +1>0, |2¢]< 1}.

where 2’ is the transposed vector z
These regions are the classical domains of the fourth type (according to E. Cartan’s classifi-
cation [1]) or the Lie ball. The skeleton of the domain of 3y is defined as follows:

Ny = {z eCr:|22)P =222 +1=0, |z¢|= 1}.

Generalizations of the Lie ball of radius 7 are defined as an image of Ry under homothetic
z— 1z, ie.,
Ry (r) = {z eC: |22 — 2%z +r1 >0, |2¢]< TQ}.

The latter relation shows that these two inequalities can be replaced by one (see [1]):

r? =z > \/(Z) — |22/]2. (5)
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Theorem 3. The volume of a Lie ball R}, (r) is equal to

7anQn
-~ on—lpl’

V(R7v (1))
First we will prove the following lemma.
Lemma 1. For & > —1 and § > —(n + «) the following relation holds:

a B
I,= / (r2 — %7 — /(%) — \zz’\Q) (r2 — %7 44/ (7)) — |zz’|2) 3=

Ry (r)
,n.n,rZ(a—l—B—l—n)

- 2=t (a+ B +n)(n—1)

Proof Forn =1 we set z =2z + 1y, where x and y are real numbers. Then
77 = |22| = 2% + o)

and therefore, 7,/ (r) is the disc in the complex plane.

Consequently,
2
L = 1- 22— ) Papdy=—1"
: //( vy =

2 +y2<r?
So, for n = 1 the lemma is proved.
For n > 2 we set z = x + iy, where x and y are real vectors. Inequality (5) has the form

r? —xx —yy > 2\/:Ex’yy’ — (zy)>. (6)

Hence,

: B
I, = / (7’2 —xx — yy/ . 2\/:cx’yy’ _ (xy,)Q) <T2 o yy’ N 2\/xx/yy/ - (xy/>2) x'y’

m7y

where the integral is taken on the domain described by inequality (6). For every fixed x we can
find an orthogonal matrix H with determinant 1 such that

TH = (\/xx’, 0,..., 0).

We set yH = (£, w), where & is some real number, and w is an (n — 1)-dimensional vector. Using
the last substitution, inequality (6) can be written in the form:

r? —xr’ — €2 —ww' > 2y/xa! (€2 + ww') — 2’ €2 = 2V ' ww. (7
Consequently, after the substitution, the integral transforms to

a B
I, = / (7»2 — & —za' —wu' — 2\/:cx’ww’> (7*2 — & — ' —ww' + 2va::c’ww’> d§wi,

£7w7l:

where the integral is taken by the domain described by inequality (7). Furthermore, making the

substitutions
x=u\r2—=&%, w=uv\r?2—&2,
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we obtain
,

I, = / (7"2 _ 5,2)0{4’64’117% dé, %

-7
o B
X / (1 —uu — v — 2\/uu’vv’> (1 —uu —vv' + 2V uu’vv’) w =
1—uu —vv’ >2vV uu'vv’

W%TQ(a—i—B—i—n)QQn—lF (a +B8+n+ %)

- T(a+B+n+1) - ®

where

a B
J = / (1 —uu' — v — 2V uu’vv’) (1 —uu' — v + 2V uu’vv’) uo

1—uu’ —vv >2\/uu v’

uy >0, vy >

Now we set n? = uu’, (> = vv’. Then we obtain

J = // (1= (40D (1= (g — %) dnd
n+¢<1
o] g

n>0,¢>0
u2+ +u2<n
(dvs ... dv,
/ /\/C B B — ©)

U, >0
vt . +v<(?
v, >0

Let us use the fact that

/ / ndus ... du, B
VR —ud— . —ul

n
uy 24 +u2 <77
u, >0

/ / d dun R 7'('%
\/1—u2 ...—u2_n on—1T (1)’

uZ+ .. +uZ<1 "
u, >0

From the formula (9) it follows that

2(%3)7 N8 n_1,n-2
J— @) + () 1—(m—<) "M dn d¢ =
@ // n+0%)" (1—(n ) n n

<1
n>0,(>0

2n37T N8B p—2,.n-2
FEDT (@) // +¢")" (1=m=¢7")"n (n+¢)dn

n+¢<1
0<n< (¢
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By setting ( —n =171, (+1n=o0,

J—2 (2n=3) gn— // 1_7_2)5 o+7\" " (o—7 nizgdadT_
T (zhr(g) 2 2 2

0<7r<o<1

1

2Mn® a n—
= T n / /(1—02) (02—7'2) ? o do.
5 0 T
, o? — 72 Sl
Making the substitution w = T2 in the inside integral, we have

1

—(4n—5)
J— 7T / oz+ﬁ+n 1d /(1 . w)a wn72 dw —

0 0

W (a4 B+4n) T(a+1)T(n—1)
(BT (2) T(a+B+n+1i) F(a+n)

Substituting this formula into (8), we obtain

At 9—(4n—3) I'(a+p+n) [(e+1)I'(n-1)

I — p2latbin) . —
" F(=HT(2) T(a+B+n+1) I(a+n)

,n.n

B 2l (a+ B +n)(n—1)!

The lemma is proved. l

By applying this lemma for « = 3 = 0, we obtain the formula for the volume of a Lie ball
v (1)

. p2latptn)

n,.2n
" "
4 (éRlV (T) ) - on—1pl"
This proves Theorem 3.
Notice, that for » = 1, Theorem 3 completely coincides with Theorem 2.5.1 from [1].
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Y. C. Paxmonos, K. III. A6oynnaes
00 o0beMax MATPUYHOIO IIAPA TPEThero TUNA U 00001IeHHbIX WapoB Jin

Kniouegvie cnoga: knaccuueckue o0NacTH, MaTPUYHBIN MIap MEPBOTO THITA, MATPHYHBII AP BTOPOTO THIIA,
MaTpPUYHBINA Iap TPETbEro Tuma, 0000ImeH b map JIu.

YIK 517.55
DOI: 10.20537/vm190406

Marpu4HbIii IIap TPEThero TUMNA U 0000IIeHHBIH wap JIu, CBA3aHHBIE C KIAaCCHYECKUMH 00JacTsIMHU, Urpa-
IOT BXXHYIO pOJIb B TeOpHH (YHKIWH MHOTHMX KOMIUIEKCHBIX TIEpEeMEHHBIX. B manHOi#l pabore BBIYHCICHBI
00beMBI MaTPUYHOTO Iapa TpeThero Tuna u oboOmenHoro mapa Jlu. [lonaHble 00BeMBl 3THX oOnacTel
HEOOXOMUMBI /ISl HAXOXKACHUS SIep WHTETPabHBIX (hopMyn ans 3tux obmacter (sapa beprmana, Komm—
Ceré, Ilyaccona u T. 1.). Kpome Toro, oH Mcmosib3yercsi Uil MHTETPalIbHOTO MPEACTaBICHUs (YHKINH,
roioMop(hHOI Ha 3TUX 00JacTAX, B TEOpEMe O CpeHEM 3Ha4eHUH U JAPYTHX BAXHBIX MOHATHAX. Pe3ymbsra-
TBI, TOJYYEHHBIC B 3TOH CTaThe, SIBISIOTCA OOLIMM CIy4aeM pe3yabTaroB Xya Jlo-keHa, H ero pe3yiabTaThl
B YaCTHBIX CIy4asx COBMAJAIOT C HAIIUMH pe3yIbTaTaMu.
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