VESTNIK UDMURTSKOGO UNIVERSITETA. MATEMATIKA. MEKHANIKA. KOMP UTERNYE NAUKI
MATHEMATICS 2020. Vol. 30. Issue 3. Pp. 385-395.

MSC2010: 34K10, 34K30, 34K35, 91B74

© V. P. Maksimov

ON A CLASS OF LINEAR CONTINUOUS-DISCRETE SYSTEMS WITH DISCRETE
MEMORY

A class of linear functional differential systems with continuous and discrete times and discrete memory is
considered. An explicit representation of the principal components to the general solution representation
such as the fundamental matrix and the Cauchy operator is derived. The obtained representation is given
in terms of the system parameters and opens a way towards efficient studying general linear boundary
value problems and control problems with respect to a fixed collection of linear on-target functionals. In
the study of the problems mentioned above outside the class under consideration, the systems with discrete
memory can be employed as model or approximating ones. This can be useful as applied to systems with
aftereffect under studying rough properties that hold under small perturbations of the parameters.
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Introduction

Here we continue the study of linear continuous-discrete systems with aftereffect in the frame
of an approach developed in the previous works [3,5,6,8]. For a class of linear systems with
continuous and discrete times and discrete memory, we derive an explicit representation of the
principal components to the general solution representation such as the fundamental matrix and
the Cauchy operator. The obtained representation opens a way towards efficient studying general
linear boundary value problems and control problems with respect to a fixed collection of on-
target functionals [3]. In the study of the problems mentioned above outside the class under
consideration, the systems can be employed as model or approximating ones. It can be useful
under studying rough properties that hold under small perturbances of the parameters, see, for
instance, [7] and references therein.

The system under consideration includes two types of variables simultaneously, namely, the
state variables depending on the continuous time, ¢ € [0, 7], and the variables with dependence
on the discrete time, ¢t € {0,t1,...,¢,}. As for the term “continuous-discrete systems”, we follow
the author of [1,2]. It should be noted that, in the above works, the detailed motivation for the
study of certain classes of continuous—discrete systems as well as some examples of the urgent
applied problems such as stabilization, observability, and controllability problems are presented.
For further results on the problems mentioned we refer to [10-12] and the references therein.
A special feature of the systems under consideration is that the memory of the system operators
is discrete and located at the points ¢; strictly preceding the current instant ¢ (¢; < t). Some
applications of such systems in economic dynamics problems are presented in [9, 13].

§ 1. The system description

Let us introduce the Banach spaces where the operators and the equations are considered and
describe the main subject. Fix a segment [0,7] C R. We denote by L™ = L"[0,7] the space of
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T
summable functions v: [0, 7] — R" with the norm ||v|| p» = |v(s)|, ds, where ||, (or |-| for

short if the dimension value is clear) stands for the norm in Ig’”; AC™ = AC™[0,T] is the space
of absolutely continuous functions z: [0,7] — R™ with the norm ||z|| acn = [2(0)|, + [|Z|| £~
Next we fix the set J = {to,t1,...,t,}, 0 =t < t; < ... < t, = T. Let FD"(u) =
= F'D"{to,t1,...,t,} be the space of functions z: J — R” under the norm

m
Il ey = Y 2(t)o-
=0

We consider the system

@(t) = 'Z Aj(t)z(t;) + 42 Bj(t)z(t;) + f(t), t€[0,T], (1.1)
2(t) = Z Dyjx(t;) + ZHijz(tj) +gt), i=1,... L (1.2)

Here the columns of (n x n)-matrices A; and (n X v)-matrices B, belong to the space L", f € L";
(v x n)-matrices D;; and (v X v)-matrices H;; have constant elements, g: J — R”.

The system (1.1)—(1.2) is a special case of the general continuous-discrete system considered
in detail in [8]. Theorem 1 [8] gives the representation of the general solution in the form

<§):y<§§8)+c(§> (1.3)

where z = col (2(t1),...,2(t,), g = col (g(t1), ..., 9(tu),
(Y e

V= ( Vo Vo )
_ [ Cu Cio

€= ( Cor Can )

is the Cauchy operator. Here the block components V;;, C;;, 4,7 = 1,2, are operators acting as
follows:

is the fundamental matrix,

ynl R" — AC”, ylgl R — AC”, ygli R" — Ry‘u; yggl RV — Ru,u;
Cii: L" — AC™; Cig: R"™" — AC™; C(Cy1: L™ — R"™; (Cy: R — R"M.

It should be noted that, with respect to the continuous time component z (), we restrict ourself
to the case € AC™ and so ignore the impulsive component of the solution [8§].

Our aim is to give the explicit representation of ) and C in terms of the system matrix
parameters.

§ 2. The fundamental matrix and the Cauchy operator

A principal point of the consideration is to obtain a linear algebraic system with respect to the
vector (x,z) = col (z(t1),...,2(t,),2(t1),...,2(t,)). The inverse to the matrix of the system
will give the desired representation. In doing so we execute the following steps.
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1. Integrate the two sides of (1.1) from 0 to ;.

ti

+Z/ s)x;(s)dsx(t +Z/ s)ds z(t;) + ; f(s)ds.

Here (s) stands for the characteristic function of (¢;, 7.
2. In the sequel, it will be convenient to use the following notation.

ti
0
A(s)xj(s)ds if j <i, A;; =0 otherwise;

/

tj
Bz’j:/ Bj(s)x;(s)ds ifj <i, B;j; =0 otherwise;

0

D

.;=D;; ifj<i, D;;=0 otherwise;
Hij=H;; ifj <, H;; =0 otherwise.

3. With this notation we rewrite (1.1)—(1.2) in the form

z; = x(0) + Aoz(0) +ZAW%+8102 +ZB’LJZJ+¢’L7 i=1.n

7=1
Zz:Dlo-T ‘I'ZD”-T] +7'l102 +ZHZJ’Z]+¢Z7 7;:1,...,,&,
Jj=1 j=1
or
1 E, +.»410 Bio
xu _ E + AMO B}LO i l'(O) +
21 DlO HlO Z(O)
Z‘# DNO HMO
2.1)
Ay o Ay By -+ By, 7 o1
+ A o Ay B o By | Tu + Du
Dy -+ Dy Hu - Hu 21 P |7
Dy -+ Dy Hu - Hu Z'M ?D'u

where E,, is the identity (n X n)-matrix.
4. With the natural block form of the matrices we can write (2.1) as follows:

()= (Ep B () e (A5 (2)+ (2) e

5. Let us continue the notation:

C(E4A BN .« (ABY o
P (p0 ) - (pR) emmow
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It should be noted that the invertibility of (E — A) follows from its structure which is due to the
construction given by the definition of the all elements. Moreover, the inverse Q is of the same
structure. To illustrate this remark, we give an example forn =2, v =1, p = 3:

Od0cdoodoe =
O0coc0O0doodr~ o
Jdooc o +~—oo
ool oo o
COoOo0OoO OO OO
cCoOOoOR OO0 OO
OO0~ 0000<e<
Or~rocd0d0ocococo
_HO OO 000 OO

where [ stands for a real number, all 1 and 0 are presented immediately.
6. Solving (2.2) with respect to col (x, z), we obtain

(:>:QP(§8>+Q(z>- (23)

It is reasonable to note here that the first term in the right-hand side of (2.3) is responsible for
the dependence of the solution on the initial state of the system and other describes the impact of
the free term. We shall use (2.3) to give the final representation of the solution to (1.1)—(1.2). In
doing so we denote by Y the product QP and employ for Y and Q the following block forms:

_ Yin Yo . _ Qu Q2
Y—(Ym YQQ)’ Q_(Qm sz)I

Thus we have

x = Y112(0) 4+ Y122(0) + Q110 + @117, (2.4)
2 = Y912(0) + Y222(0) + Q210 + Q20v (2.5)
and
v = Y2(0) + Y5h2(0) + Q1o+ Q1v,  j=1,....p, (2.6)
2 = Y32(0) + Y5h2(0) + Qo + Qhvr,  j=1,...,p4, (2.7)

where ij1 is the j-th group of n-rows to Y;;, & = 1,2, and ij2 is the j-th group of v-rows
to Yi2, k = 1,2. The matrices Q). ,, k, ¢ = 1,2, are defined in perfect analogy.
7. Note that (2.4) and (2.5) give the complete description for the component 2 of the solution.

As for z, let us recall that x; = x(¢;), j = 1..., 1, and we need to get the representation
t

of x(t). To do this, we have to return to (1.1) and calculate z(t) as z(¢t) = z(0) + / x(s) ds.

0
Therewith we understand that 4 (s) should be replaced by the right-hand side of (1.1) with taking
into account (2.6) and (2.7). To do this in a quite short form, we shall use the following notation:

Ay(t) = / Ay(s)x(s) ds: By(t) = / By(s);(s)ds;  (t) = / £(s) ds.
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Thus we have

(t) = 2(0) + Ao (t)z(0) + > A;(t) [Yz(0) + YHhz(0) ] + > A1) [Q110 + Qv ] +

j=1 j=1

+Box(0)+ 3 Bi() [Yaz(0) + Y=(0)] + 3 Bi(t) [@ue + Qhv'] + (1),

or

z(t) = | En + Ao(t) + Z Y1]1+ZB 2]1

J=1

o
+&®+Z&®%+Z&®%z0+
=1 j=1
Z-A '2"‘283'(15) %2] Y.
j=1

{L‘

m

2&@a+i@@

=1

+ ¢+ o(t)

For the component z = col (21, ..., 2,), we can rewrite (2.7) in the form
z = Y212(0) + Y222(0) + Q210 + Q1.

8. Therefore, for all components of (1.3), we obtain the following representations:

Vi = B, + Alt) +ZA m+26 Yy (2.8)
Vis = By(t) + Z A ()Y, + Z B;(t)Yiy; (2.9)
y?l _}/21; y22 _}/227 (210)

Cu f [ZA %+ZB<@

¢+/f

where ¢ = col (/Otlf(s) ds,...,/otuf(s) ds).

Let us give this representation in a more explicit form:

(€ )(8) /{E+Z[AZ BMW@mmﬂﬁmm®%®%,

2.11)

where Q /% is the k-th group of n-columns to @}, Q%If is the k-th group of n-columns to Q.
The expression inside of {- - - } is the Cauchy matrix C1;(¢, s).

Next
(Crag)(t [ZA QJQ+ZB ] ;
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where ¢ = col (¢(t1), ..., g(t,)); or, in a more explicit form,
(Cr29)(t) = /0 {Z > (A5(5) @1z + By (s) Qég)X(tj,T](S)] g(tj)} ds,  (2.12)
k=1 Lj=1

where Q7% is the k-th group of v-columns to Q?,, Q%) is the k-th group of v-columns to QJ,.

Cglf:Q21C01<A1f(8>d8,...,Auf(S)dS>, Ca2g = Qa2 col (g(t1),...,g(t,)). (2.13)

Thus, we can formulate the main result.

Theorem 1. The general solution of the continuous—discrete system (1.1)—(1.2) has the repre-
sentation (1.3) where YV, and Cyy, i,k = 1,2, are defined by the equalities (2.8)—(2.13).

§3. An example

Consider the system

i(t) = 0.52(0) + 0.5sin(t)x (1,4 (H)z(1) + 0.1 exp(—0.18) x (2.4 ()z(2) + 0.1*x(3.4(t)z(3) +

2(1) = 0.42(0) 4+ 0.5x 1,4 (1)@ (1) + 0.4x (2,4 (1) (2) + 0.3x(3,4(4)x(3) + 0.22(0) +
+ O~2X(1,4] (2)2(1) + 0.3)((2’4} (Z)Z(’L) + 0.15)((3’4} (Z)Z(?)) + g(i), 1=1,...,4.

In this case, we have A = (Ay,A;),

0 0 0 0
0.708073418 0 0 0
0.994996248 0.259181779 0 0
A, = 0.826821810 0.329679954 2.133333333 0
0 0 0 0 |’
0.5 0 0 0
0 0 0 0
0.5 0.4 0.3 0
0 0 0 0
0.400000000 0 0 0
0.600000000 0.899999999 0 0
0.800000000 2.133333333 0.6000000000 0O
A2 = )
0 0 0 0
0.2 0 0 0
0 1 0 0
0.2 0.3 0.4 0

Q=(E-A)" = (QuQ),
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1 0 0 0
0.708073418 1 0 0
1.628515977 0.259181779 1 0
_ | 6.161031126 1.122601083 2.133333333 1

Qu = 0 0 0 K
0.500000000 0 0 0
0.933229367 0.400000000 0 0
1.795075907 0.637754534 0.300000000 0
0 0 0 0
0.400000000 0 0 0.
0.883672712  0.899999999 0 0
3.495707100 4.233333332 0.600000000 0

Qe = 1 0 0 e
0.200000000 1 0 0
0.420000000  0.300000000 1 0
0.853101814 0.690000000 0.400000000 1

(Ciuf)(t) = /Ot{1+

t
+ / [0.5sin(7) x (1.4 (7) + (0.05000000072 + 0.0708073418 exp(—0.17)) x (2.4 (7) +

+ (0.139984405 + 0.16285159872) x (3,41 (T)] X10.11 (5) +
+ (0.1 exp(—0.17) x (2.4 (1) + (0.060000000 + 0.02591817872) x (3.1 (T)] X 10,21 (5) +

+ 1017 (7) X0 (5) | dr () ds,

t
(Cr2 9)(t) = / {[0.2)((174](3)+(O.O4OOOOOOOeXp(—O.18)+O.02000000052)X(2,4](5)+
0

+ (0.630000000 4 0.0883672715%) x(3.41(s)]g(1) + [0.1000000005x (2,41 (5) +
+ (0.045000000 + 0.0899999995%) x (3.41(5)]9(2) + [0.150000000 (341 (5)] g(3)} ds,

0
. d
05/0f(s) s

1 2
0.933229367 / f(s)ds+0.4 / f(s)ds ’
0 0

1 2 3
1.795075907 / f(s)ds + 0.637754534 / £(s) ds + 0.300000000 / f(s)ds
0 0 0

Cof =

g9(1)
C B 0.2¢(1) + 1g(2)
29 = 1 0.420000000 g(1) + 0.3 g(2) + 1¢(3)
0.853101814 g(1) + 0.690000000 g(2) + 0.4 g(3) + 1g(4)

All results of calculations are displayed to the ninth decimal place.
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§ 4. Conclusive remarks

In conclusion it should be noted that a more general case of (1.1) with a Volterra functional
differential operator £: AC™[0,T] — L"[0,T] instead of d/dt in the left-hand side can be reduced
to (1.1) if £ has the Cauchy matrix C(¢, s) [4]. Namely, let us recall that the general solution to
Lx = r has the representation

W=MM+KWW@% (4.1)

and we have
B(t) = X(t)a + /O t Cl(t, s)r(s)ds + (). (4.2)

As applied to
(Lz)(t) = ;tAj(t)x(tj) + ;t B;(t)z(t;) + f(t), t € [0, T, (4.3)

(4.2) means that (4.3) can be rewritten in the form

wt) = Y Ai)a(t;)+ Y Bi(t)a(ty) + f(1), t € [0,T], (4.4)

Jiti<t Jiti<t

where the new coefficients A;(t), B;(t) and the new free term f(t) are calculated with the use of
C!(t,s) and X (t).

Thus the Cauchy matrix takes the responsibility for the memory of £ and the new discrete
memory in (4.4). The complete description of a class of operators with the Cauchy matrix such
that (4.2) follows from (4.1) is given in [4].

Funding. The research was supported by the Russian Foundation for Basic Research (project no.
18-01-00332).
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B. II. Makcumoe
00 onHoM KJ1acce JUHEHHBIX HEMPEePLIBHO-TUCKPETHBIX CHCTEM € TMCKPETHOI MaMATBLIO

Kniouesvie crnosa: nuHelHBIE CHCTEMBI C MOCIENCHCTBHEM, HENMPEPHIBHO-IUCKPETHBIE (YHKIMOHAIBHO-
muddepeHraIbHbIE CUCTEMBI, TIPEJICTaBlIeHIE pemieHuil, oneparop Komm.

YIK 517.929
DOI: 10.35634/vm200303

B crarpe paccmarpuBaeTcs Kiacc JHMHEHHBIX CHCTEM (YHKIMOHAIBHO-TU((EPEeHINATBHBIX YpaBHEHUH
C HENPEPbIBHBIM U AUCKPETHBIM BPEMEHEM U IUCKPETHOH MaMsIThi0. B pamkax 3Toro kiacca npemjiaraercs
SBHOE TPENICTABJICHUE JIUIsI OCHOBHBIX COCTABIISIOMINX MPEICTaBIEHIS 00IIero pemeHust — GyHIaMeHTab-
HOM Marpuusl u omneparopa Komwu. [lomyuenHsle npencraBneHus AalOTCS B TEPMHHAX IapaMeTpOB pac-
CMaTpUBAEMON CHCTEMBI U OTKPBIBAIOT BOBMOXKHOCTE 3()(heKTHBHOTO MCCIIEIOBaHUS OOIIMX KPaeBbIX 3a1aq
U 3aJad yNpaBieHUs OTHOCUTEIbHO 33aJaHHON KOHEYHOH CHUCTEMBI JIMHEHHBIX LIEJIEBBIX (YHKLIHNOHAJIOB.
[Ipu uccnenoBaHnM yHOMSHYTBIX 3a[a4 Ul CHCTEM 3a MpeAerIaMH M3ydaeMoro Kjacca paccMaTpHUBaeMble
B pabOTe CHCTEMBI C AUCKPETHOH HaMAThIO MOT'YT UI'PaTh POJIb MOJCIBHBIX MM AIPOKCUMUPYIOIIUX CH-
CTEM M OKa3aTbCsl MMOJIE3HBIMH IIPU U3yUYEHUH IPYOBIX CBOMCTB CUCTEM C MOCIEACHCTBUEM, COXPAHSIOIUXCS
IIPH MaJIBIX BO3MYIIICHUSAX TTapaMeTPOB.

®dunancuposanue. Pabora nognepxana Poccuiickum GoHIoM QyHIaMEHTaIBHBIX UCCICAOBAHUI, TPOEKT
Ne 18-01-00332.
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