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1

Ïðåäñòàâëåíà ìåòîäèêà ìîäåëèðîâàíèÿ òóðáóëåíòíîãî òå÷åíèÿ âÿçêîãî ãàçà, îñíîâàííàÿ íà ñõåìå âûñî-

êîãî ïîðÿäêà àïïðîêñèìàöèè WENO (âçâåøåííàÿ ñóùåñòâåííî íåîñöèëëèðóþùàÿ ñõåìà). Äàííàÿ ñõå-

ìà õàðàêòåðèçóåòñÿ çíà÷èòåëüíîé óñòîé÷èâîñòüþ ïðè âûïîëíåíèè ðàñ÷åòîâ, òàê êàê WENO ïîçâîëÿåò

óñòðàíÿòü íå�èçè÷íûå îñöèëëÿöèè ÷èñëåííîãî ðåøåíèÿ, êîòîðûå ìîãóò âîçíèêíóòü â õîäå âû÷èñëåíèé.

Ïðèâåäåíà ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé, îïèñûâàþùàÿ ïîòîê âÿçêîãî ãàçà, îñíîâàííàÿ íà ñèñòå-

ìå óðàâíåíèé Íàâüå�Ñòîêñà. �àçðàáîòàíû è ðåàëèçîâàíû àëãîðèòìû 3-ãî è 5-ãî ïîðÿäêîâ òî÷íîñòè.

Ïðèâåäåíî îïèñàíèå ÷èñëåííûõ ìåòîäèê èñïîëüçîâàííûõ â ðàñ÷åòàõ ïîòîêà ãàçà. Ìîäåëèðîâàíèå òóð-

áóëåíòíîñòè ïðîèçâîäèëîñü ñ ïðèìåíåíèåì ìåòîäà êðóïíûõ âèõðåé. Ïðåäëîæåííûå àëãîðèòìû áûëè

èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ òå÷åíèÿ âÿçêîãî ãàçà â êàíàëå ñ îáðàòíûì óñòóïîì. ×èñëî �åéíîëüäñà

ïîòîêà ãàçà â êàíàëå ñîñòàâëÿëî Re=15 000. Ïðîâåäåíî ñðàâíåíèå ðåçóëüòàòîâ ÷èñëåííîãî ìîäåëèðî-

âàíèÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè.

Êëþ÷åâûå ñëîâà: ñõåìà WENO, ìåòîä êðóïíûõ âèõðåé, òóðáóëåíòíîñòü, âû÷èñëèòåëüíàÿ ãèäðîäèíà-

ìèêà.

DOI: 10.20537/vm170313

Èíòåðåñ ê èñïîëüçîâàíèþ àëãîðèòìîâ âûñîêîãî ïîðÿäêà àïïðîêñèìàöèè äëÿ ðåøåíèÿ çà-

äà÷ ãèäðîãàçîäèíàìèêè ñâÿçàí ñ âîçìîæíîñòüþ ïîâûøåíèÿ òî÷íîñòè ðåçóëüòàòîâ, ïîëó÷àå-

ìûõ ïðè ìîäåëèðîâàíèè òå÷åíèé ãàçà èëè æèäêîñòè. Îäíàêî ïðè óâåëè÷åíèè ïîðÿäêà òî÷íî-

ñòè àëãîðèòìà ïðîèñõîäèò ïîòåðÿ ìîíîòîííîñòè ÷èñëåííîãî ðåøåíèÿ, ÷òî ïðèâîäèò ê âîçíèê-

íîâåíèþ îñöèëëÿöèé âû÷èñëÿåìûõ ïàðàìåòðîâ òå÷åíèÿ. Ñõåìà WENO (Weighted Essentially

Non-Os
illatory, âçâåøåííàÿ ñóùåñòâåííî íåîñöèëëèðóþùàÿ ñõåìà, [1�4℄) ÿâëÿåòñÿ îäíèì èç

èçâåñòíûõ àëãîðèòìîâ, ïîçâîëÿþùèõ óñòðàíèòü îñöèëëÿöèè. Äëÿ ÷èñëåííîãî èññëåäîâàíèÿ

òóðáóëåíòíûõ òå÷åíèé âÿçêîãî ãàçà íà îñíîâå WENO ïðåäëîæåíû ìåòîäèêè 3-ãî è 5-ãî ïîðÿä-

êîâ àïïðîêñèìàöèè. Ìîäåëèðîâàíèå òóðáóëåíòíîñòè ïðîèçâîäèëîñü ñ èñïîëüçîâàíèåì ìåòîäà

êðóïíûõ âèõðåé (ñì. [5�7℄). �åàëèçîâàííûå ìåòîäèêè áûëè àïðîáèðîâàíû íà çàäà÷å ðàñ÷åòà

òå÷åíèÿ ãàçà â êàíàëå ñ îáðàòíûì óñòóïîì.

� 1. Îñíîâíûå óðàâíåíèÿ

Àëãîðèòì ìîäåëèðîâàíèÿ òå÷åíèé ãàçà îñíîâàí íà ÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû

óðàâíåíèé Íàâüå�Ñòîêñà, äîïîëíåííîé óðàâíåíèåì ýíåðãèè. Â âåêòîðíîì âèäå ñèñòåìà îñíîâ-

íûõ óðàâíåíèé çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì:

∂Q

∂t
+

∂Fx

∂x
+

∂Fy

∂y
=

∂Lx

∂x
+

∂Ly

∂y
, (1)

ãäå Q � âåêòîð ïåðåìåííûõ; Fx, Fy � âåêòîðû ïîòîêîâ êîíâåêòèâíûõ ÷ëåíîâ; Lx, Ly � âåêòîðû

ïîòîêîâ äè��óçèîííûõ ÷ëåíîâ; x, y � êîîðäèíàòû; t � âðåìÿ.

Îñíîâîé ìåòîäà êðóïíûõ âèõðåé ÿâëÿåòñÿ ïðîñòðàíñòâåííàÿ �èëüòðàöèÿ èñõîäíûõ óðàâ-

íåíèé. Â ðàáîòå �èëüòðàöèÿ âûïîëíÿåòñÿ íåÿâíî ïðè ïðîñòðàíñòâåííîé äèñêðåòèçàöèè èñõîä-

íîé ñèñòåìû óðàâíåíèé. Ñ èñïîëüçîâàíèåì âçâåøèâàíèÿ ïî Ôàâðó f̃ = ρf/ρ âåêòîðû â ñèñòåìå

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ïðîåêò �16�08�00110).
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óðàâíåíèé (1) áóäóò èìåòü âèä

Q =









ρ̄
ρ̄ũ
ρ̄ṽ
ρ̄ẽ









, Fx =









ρ̄ũ
ρ̄ũ2 + p̄
ρ̄ṽũ

ρ̄ũh̃









, Fy =









ρ̄ṽ
ρ̄ũṽ
ρ̄ṽ2 + p̄

ρ̄ṽh̃









, (2)

Lx =









0
τxx
τyx

ũτxx + ṽτxy









, Ly =









0
τyx
τyy

ũτyx + ṽτyy









. (3)

Çäåñü ũ, ṽ � êîìïîíåíòû âåêòîðà ñêîðîñòè, p̄ � äàâëåíèå, ρ̄ � ïëîòíîñòü, ẽ � ýíåðãèÿ, h̃ �

ýíòàëüïèÿ, τxx, τyy, τxy � êîìïîíåíòû òåíçîðà íàïðÿæåíèé. Èñïîëüçóåìûå äëÿ âû÷èñëåíèÿ

êîìïîíåíòîâ òåíçîðà íàïðÿæåíèé âûðàæåíèÿ çàïèñûâàþòñÿ òàê:

τxx = 2 (µ+ µsgs)
∂ũ

∂x
−

2

3
(µ+ µsgs)

(

∂ũ

∂x
+

∂ṽ

∂y

)

,

τyy = 2 (µ+ µsgs)
∂ṽ

∂y
−

2

3
(µ+ µsgs)

(

∂ũ

∂x
+

∂ṽ

∂y

)

,

τxy = (µ+ µsgs)

(

∂ũ

∂y
+

∂ṽ

∂x

)

,

(4)

ãäå µ � äèíàìè÷åñêàÿ âÿçêîñòü, µsgs � ïîäñåòî÷íàÿ âèõðåâàÿ âÿçêîñòü.

Äàâëåíèå, òåìïåðàòóðà è ïîëíàÿ ýíòàëüïèÿ ðàññ÷èòûâàëèñü ïî ñëåäóþùèì ñîîòíîøåíèÿì:

p̄ = ρ̄RT̃ , T̃ =

(

ẽ−
ũ2 + ṽ2

2

)

/Cv, h̃ =
ũ2 + ṽ2

2
+ CpT̃ . (5)

Çäåñü T̃ � òåìïåðàòóðà, R � óäåëüíàÿ ãàçîâàÿ ïîñòîÿííàÿ, CV � óäåëüíàÿ òåïëîåìêîñòü ãàçà

ïðè ïîñòîÿííîì îáúåìå, Cp � óäåëüíàÿ òåïëîåìêîñòü ãàçà ïðè ïîñòîÿííîì äàâëåíèè.

Îäíèì èç ïåðñïåêòèâíûõ ïîäõîäîâ, èñïîëüçóåìûõ äëÿ ìîäåëèðîâàíèÿ òóðáóëåíòíûõ òå÷å-

íèé, ÿâëÿåòñÿ ìåòîä êðóïíûõ âèõðåé. �àçëè÷íûå âàðèàíòû LES äîñòàòî÷íî øèðîêî ïðèìå-

íÿþòñÿ ïðè ðàçðàáîòêå ïðîãðàìì. Íàïðèìåð, äàííûé ìåòîä èñïîëüçîâàëñÿ â [8, 9℄. Äëÿ êîð-

ðåêòíîãî ìîäåëèðîâàíèÿ ïðèñòåíî÷íûõ òå÷åíèé â ïðåäëîæåííîì àëãîðèòìå èñïîëüçîâàëàñü

ëîêàëüíàÿ ìîäåëü âèõðåâîé âÿçêîñòè (Wall-Adapting Lo
al Eddy-vis
osity, WALE; [6℄).

� 2. Âû÷èñëèòåëüíûé àëãîðèòì

Äëÿ ÷èñëåííîãî èíòåãðèðîâàíèÿ ñèñòåìû îñíîâíûõ óðàâíåíèé (1) ïî ïðîñòðàíñòâó ïðèìå-

íÿëñÿ ìåòîä êîíå÷íûõ îáúåìîâ. Äèñêðåòèçàöèÿ óðàâíåíèé ñîõðàíåíèÿ ïðîâîäèëàñü ñ èñïîëüçî-

âàíèåì ñõåìû âûñîêîãî ïîðÿäêà àïïðîêñèìàöèè WENO. Äàííàÿ ñõåìà îòíîñèòñÿ ê êëàññó àë-

ãîðèòìîâ, èñïîëüçóþùèõ ïîäõîä �îäóíîâà (ñì. [4℄). Îñíîâíîé èäååé, ïðåäëîæåííîé �îäóíîâûì,

ÿâëÿåòñÿ ðàñùåïëåíèå âåêòîðîâ ïîòîêîâ íà äâå ÷àñòè [2�4℄. Â âû÷èñëèòåëüíîé ãàçîäèíàìèêå

ñóùåñòâóåò ìíîãî èçâåñòíûõ ñõåì, îñíîâàííûõ íà ïîäõîäå �îäóíîâà. Ýòîò ïîäõîä èñïîëüçó-

åòñÿ, íàïðèìåð, â [10�12℄. Îäíàêî ñðåäè íèõ îòñóòñòâóþò ìåòîäèêè, â êîòîðûõ ðåàëèçîâàí

âûñîêèé ïîðÿäîê àïïðîêñèìàöèè (ñì. [3℄). Âîçìîæíîñòü äèñêðåòèçàöèè óðàâíåíèé ñîõðàíåíèÿ

ñ âûñîêèì ïîðÿäêîì ðåàëèçîâàíà â ñõåìàõ ENO è WENO. Äëÿ äàííîãî êëàññà àëãîðèòìîâ

ðàñùåïëåíèå ïðîèçâîäèòñÿ ñëåäóþùèì îáðàçîì:

F (Q) = F+(Q) + F−(Q), (6)

ãäå

∂F+(Q)

∂Q
> 0,

∂F−(Q)

∂Q
6 0. (7)
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Ñ èñïîëüçîâàíèåì âûðàæåíèé (6) è (7) êàæäûé âåêòîð F (Q) ðàñùåïëÿåòñÿ íà äâå ÷àñòè.

Èñõîäÿ èç âûðàæåíèé (7), âåêòîð F+ (Q) �îðìèðóåòñÿ èç ïîëîæèòåëüíûõ ýëåìåíòîâ ÿêîáèà-

íà

∂F (Q)

∂Q
è, ñîîòâåòñòâåííî, âåêòîð F− (Q) �îðìèðóåòñÿ èç îòðèöàòåëüíûõ.

Äëÿ ðàñ÷åòà âåêòîðîâ ïîòîêîâ F−

i−1/2 (Q) è F+

i+1/2 (Q), ñîîòâåòñòâåííî íà ëåâîé è ïðàâîé ãðà-

íÿõ Ii-ãî êîíòðîëüíîãî îáúåìà (ñì. [2�4℄), íåîáõîäèìî îïðåäåëèòü âåêòîðû ïàðàìåòðîâ Q−

i−1/2

è Q+

i+1/2. Íà ðèñ. 1 ïîêàçàíû Ii-é êîíòðîëüíûé îáúåì è ïàðàìåòðû ïîòîêà ãàçà íà åãî ãðàíèöàõ.

PSfrag repla
ements

Q−

i−1/2 II Q+

i+1/2

�èñ. 1. Ïàðàìåòðû ïîòîêà ãàçà Q−

i−1/2 è Q+

i+1/2 íà ãðàíÿõ Ii-ãî êîíòðîëüíîãî îáúåìà

Âûñîêèé ïîðÿäîê àïïðîêñèìàöèè â ñõåìàõ ENO è WENO äîñòèãàåòñÿ ïóòåì èñïîëüçîâà-

íèÿ ïîëèíîìà äëÿ ðàñ÷åòà ïàðàìåòðîâ òå÷åíèÿ íà ãðàíÿõ ÿ÷ååê. Â [1�4℄ äëÿ èíòåðïîëÿöèè

ïàðàìåòðîâ íà ãðàíÿõ êîíå÷íûõ îáúåìîâ ïðèìåíÿëñÿ ïîëèíîì Ëàãðàíæà. Íà ðèñ. 2 ïîêàçàíû

øàáëîíû, èñïîëüçóåìûå â ñõåìå WENO 5-ãî ïîðÿäêà àïïðîêñèìàöèè è ñõåìå ENO 3-ãî ïîðÿä-

êà. Äëÿ ðàñ÷åòà ïàðàìåòðîâ òå÷åíèÿ Q−

i−1/2
è Q+

i+1/2
, íà ãðàíÿõ Ii-ãî êîíòðîëüíîãî îáúåìà,

â ENO 3-ãî ïîðÿäêà èç òðåõ øàáëîíîâ âûáèðàåòñÿ òîëüêî îäèí øàáëîí. Â àëãîðèòìå WENO

äëÿ èíòåðïîëÿöèè ïàðàìåòðîâ èñïîëüçóþòñÿ âñå òðè øàáëîíà. Èìåííî çà ñ÷åò èñïîëüçîâàíèÿ

ïÿòè ÿ÷ååê â WENO ðåàëèçóåòñÿ ñõåìà 5-ãî ïîðÿäêà àïðîêñèìàöèè [2℄.

PSfrag repla
ements

Øàáëîí 0

Øàáëîí 1

Øàáëîí 2

Ii−2

Ii−2

Ii−2

Ii−1

Ii−1

Ii−1

Ii

Ii

Ii

Ii+1

Ii+1

Ii+1

Ii+2

Ii+2

Ii+2

�èñ. 2. Øàáëîíû, èñïîëüçîâàííûå äëÿ ðàñ÷åòà ïàðàìåòðîâ òå÷åíèÿ Q−

i−1/2 è Q+

i+1/2

Íà ïðàâîé ãðàíè Ii-é ÿ÷åéêè çíà÷åíèÿ ïàðàìåòðîâ Q
+

i+1/2 âû÷èñëÿþòñÿ ñëåäóþùèì îáðàçîì:

Q+

i+1/2 = ω0q0(Qi−2, Qi−1, Qi) + ω1q1(Qi−1, Qi, Qi+1) + ω2q2(Qi, Qi+1, Qi+2),

ãäå q0, q1, q2 � çíà÷åíèÿ ïàðàìåòðîâ Q+

i+1/2, âû÷èñëåííûå ñ èñïîëüçîâàíèåì ñîîòâåòñòâóþùèõ

øàáëîíîâ; ω0, ω1, ω2 � âåñîâûå êîý��èöèåíòû. Âûðàæåíèÿ, ïðèìåíÿåìûå äëÿ âû÷èñëåíèÿ

äàííûõ âåëè÷èí, çàïèñûâàþòñÿ òàê (ñì. [2℄):

q0 =
1

3
Qi−2 −

7

6
Qi−1 +

11

6
Qi, q1 = −

1

6
Qi−1 +

5

6
Qi +

1

3
Qi+1, q2 =

1

3
Qi +

5

6
Qi+1 −

1

6
Qi+2,

ω0 =
α0

α0 + α1 + α2

, ω1 =
α1

α0 + α1 + α2

, ω2 =
α2

α0 + α1 + α2

α0 =
C0

(ε+ IS0)2
, α1 =

C1

(ε+ IS1)2
, α2 =

C2

(ε+ IS2)2
.
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Çäåñü C � îïòèìàëüíûå âåñîâûå êîý��èöèåíòû, IS � èíäèêàòîðû ãëàäêîñòè:

C0 = 1/10, C1 = 6/10, C2 = 3/10,

IS0 =
13

12
(Qi−2 − 2Qi−1 +Qi)

2 +
1

4
(Qi−2 − 4Qi−1 + 3Qi)

2,

IS1 =
13

12
(Qi−1 − 2Qi +Qi+1)

2 +
1

4
(Qi−1 +Qi+1)

2,

IS2 =
13

12
(Qi − 2Qi+1 +Qi+2)

2 +
1

4
(3Qi − 4Qi+1 +Qi+2)

2.

×èñëî ε ââîäèòñÿ äëÿ ïðåäîòâðàùåíèÿ äåëåíèÿ íà íîëü. Îáû÷íî îíî ïðèíèìàåòñÿ â äèàïà-

çîíå ε = 10−5 ÷ 10−7
[2℄. Àíàëîãè÷íî âû÷èñëÿþòñÿ çíà÷åíèÿ ïàðàìåòðîâ Q−

i−1/2 íà ëåâîé ãðàíè

Ii-é ÿ÷åéêè. Âûïîëíèâ äàííóþ ïðîöåäóðó äëÿ âñåõ i, îïðåäåëèì çíà÷åíèÿ âåêòîðîâ ïàðàìåò-

ðîâ Q−

i+1/2 è Q+

i+1/2 íà ëåâîé è ïðàâîé ãðàíÿõ âñåõ êîíòðîëüíûõ îáúåìîâ (ñì. [3℄).

Äëÿ ðàñ÷åòà ïîòîêîâ Fx (Q) è Fy (Q) èñïîëüçîâàëàñü ñõåìà Ñòèãåðà�Óîðìèíãà ([10℄, ñõåìà

ðàñùåïëåíèÿ âåêòîðîâ ïîòîêîâ). Óðàâíåíèå ñîñòîÿíèÿ (5) ìîæíî çàïèñàòü â âèäå

p̄ = ρ̄ (ν − 1)

(

ẽ−
ũ2 + ṽ2

2

)

, (8)

ãäå ν � ïîêàçàòåëü àäèàáàòû. Òîãäà, ïðèìåíÿÿ óðàâíåíèå (8), èç âûðàæåíèé äëÿ âåêòîðîâ

Fx (Q) è Fy (Q) (2) ìîæíî èñêëþ÷èòü äàâëåíèå [10℄:

Fx =













ρ̄ũ

ρ̄

(

(ν − 1) ẽ+
(3− ν) ũ2 − (ν − 1) ṽ2

2

)

ρ̄ṽũ

ρ̄ũh̃













,

Fy =













ρ̄ṽ
ρ̄ũṽ

ρ̄

(

(ν − 1) ẽ+
(3− ν) ṽ2 − (ν − 1) ũ2

2

)

ρ̄ṽh̃













.

(9)

Èçâåñòíî, ÷òî âåêòîðû Fx (Q) è Fy (Q) ìîãóò áûòü ïðåäñòàâëåíû â âèäå

Fx (Q) = AxQ, Fy (Q) = AyQ,

ãäå Ax =
∂Fx (Q)

∂Q
è Ay =

∂Fy (Q)

∂Q
� ìàòðèöû ßêîáè. Èñïîëüçóÿ âûðàæåíèÿ (9), ìàòðèöû Ax

è Ay çàïèøåì ñëåäóþùèì îáðàçîì (ñì. [10, 13℄):

Ax =













0 1 0 0

−
(3− ν) ũ2

2
+

(ν − 1) ṽ2

2
(3− ν) ũ − (ν − 1) ṽ ν − 1

−ũṽ ṽ ũ 0

0 h̃ 0 0













,

Ay =













0 0 1 0
−ũṽ ṽ ũ 0

−
(3− ν) ṽ2

2
+

(ν − 1) ũ2

2
− (ν − 1) ũ (3− ν) ṽ ν − 1

0 0 h̃ 0













.

(10)

Ñîáñòâåííûå ÷èñëà ìàòðèö Ax è Ay îïðåäåëÿþòñÿ âûðàæåíèÿìè (ñì. [10℄)

λx1 = ũ, λx2 = λx1, λx3 = ũ+ c̃, λx4 = ũ− c̃,
λy1 = ṽ, λy2 = λy1, λy3 = ṽ + c̃, λy4 = ṽ − c̃,

(11)
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ãäå c̃ = (νp̄/ρ̄)1/2 � ñêîðîñòü çâóêà.

Âåêòîðû Fx (Q) è Fy (Q) ìîãóò áûòü çàïèñàíû â ñëåäóþùåì âèäå (ñì. [10℄):

Fx (Q) = AxQ = GxΛxG
−1
x Q, Fy (Q) = AyQ = GyΛyG

−1
y Q, (12)

ãäå Gx, Gy � ìàòðèöû ïðàâûõ ñîáñòâåííûõ âåêòîðîâ ÿêîáèàíîâ Ax, Ay; G
−1
x , G−1

y � ìàòðèöû

ëåâûõ ñîáñòâåííûõ âåêòîðîâ. Ñîáñòâåííûå ÷èñëà (11) ÿâëÿþòñÿ äèàãîíàëüíûìè ýëåìåíòàìè

ìàòðèö Λx è Λy:

Λx =









ũ 0 0 0
0 ũ 0 0
0 0 ũ+ c̃ 0
0 0 0 ũ− c̃









, Λy =









ṽ 0 0 0
0 ṽ 0 0
0 0 ṽ + c̃ 0
0 0 0 ṽ − c̃









. (13)

Ìàòðèöû Λx è Λy ìîæíî ðàçëîæèòü àíàëîãè÷íî âûðàæåíèþ (6):

Λx = Λ+
x + Λ−

x , Λy = Λ+
y + Λ−

y . (14)

Âñå ñîáñòâåííûå ÷èñëà λ+
, λ−

, ÿâëÿþùååñÿ ýëåìåíòàìè ìàòðèö Λ+
x , Λ

−

x , Λ
+
y , Λ

−

y , îïðåäåëÿ-

þòñÿ òàê (ñì. [10℄):

λ+ =
λ+ |λ|

2
, λ− =

λ− |λ|

2
. (15)

Òîãäà âåêòîðû F+
x (Q), F−

x (Q), F+
y (Q), F−

y (Q), âõîäÿùèå â âûðàæåíèÿ (6) è (7), ïðèìóò âèä

F+
x (Q) =

(

G+
x

)

Λ+
x

(

G+
x

)

−1
Q+, F−

x (Q) =
(

G−

x

)

Λ−

x

(

G−

x

)

−1
Q−,

F+
y (Q) =

(

G+
y

)

Λ+
y

(

G+
y

)

−1
Q+, F−

y (Q) =
(

G−

y

)

Λ−

y

(

G−

y

)

−1
Q−.

(16)

Èñïîëüçóÿ (10), (12), (13), (14), (15), (16), âåêòîðû ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì

(ñì. [10℄):

F+
x =

ρ̄

2ν









2(ν − 1)λ+
x1 + λ+

x3 + λ+
x4

2(ν − 1)λ+
x1ũ

+ + λ+
x3 (ũ

+ + c̃+) + λ+
x4 (ũ

+ − c̃+)
2(ν − 1)λ+

x1ṽ
+ + λ+

x3ṽ
+ + λ+

x4ṽ
+

2(ν − 1)λ+

x1h̃
+ + λ+

x3h̃
+ + λ+

x4h̃
+









,

F−

x =
ρ̄

2ν









2(ν − 1)λ−

x1 + λ−

x3 + λ−

x4

2(ν − 1)λ−

x1ũ
− + λ−

x3 (ũ
− + c̃−) + λ−

x4 (ũ
− − c̃−)

2(ν − 1)λ−

x1ṽ
− + λ−

x3ṽ
− + λ−

x4ṽ
−

2(ν − 1)λ−

x1h̃
− + λ−

x3h̃
− + λ−

x4h̃
−









,

F+
y =

ρ̄

2ν









2(ν − 1)λ+
y1 + λ+

y3 + λ+
y4

2(ν − 1)λ+
y1ũ

+ + λ+
y3 (ũ

+ + c̃+) + λ+
y4 (ũ

+ − c̃+)

2(ν − 1)λ+
y1ṽ

+ + λ+
y3ṽ

+ + λ+
y4ṽ

+

2(ν − 1)λ+
y1h̃

+ + λ+
y3h̃

+ + λ+
y4h̃

+









,

F−

y =
ρ̄

2ν









2(ν − 1)λ−

y1 + λ−

y3 + λ−

y4

2(ν − 1)λ−

y1ũ
− + λ−

y3 (ũ
− + c̃−) + λ−

y4 (ũ
− − c̃−)

2(ν − 1)λ−

y1ṽ
− + λ−

y3ṽ
− + λ−

y4ṽ
−

2(ν − 1)λ−

y1h̃
− + λ−

y3h̃
− + λ−

y4h̃
−









.

(17)

Èñïîëüçóÿ âûðàæåíèÿ (6), (17), âû÷èñëÿåì çíà÷åíèÿ âåêòîðîâ ïîòîêîâ Fx, Fy. Äëÿ ðàñ÷å-

òà Lx, Ly èñïîëüçóåì âûðàæåíèÿ (3). Äàëåå ðàññ÷èòûâàåì ýëåìåíòû âåêòîðà ïåðåìåííûõ Q
è ñîîòâåòñòâåííî îïðåäåëÿåì âñå ïàðàìåòðû ïîòîêà.
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� 3. �åçóëüòàòû ðàñ÷åòîâ

Ñõåìà ðàñ÷åòíîé îáëàñòè è åå ãåîìåòðè÷åñêèå ðàçìåðû ïðèâåäåíû íà ðèñ. 3 (ñì. [14℄). Ïåðåä

îáðàòíûì óñòóïîì ðàñïîëîæåí ìèíèòóðáóëèçàòîð. Íà âõîäå â êàíàë çàäàâàëèñü ñêîðîñòü U0,

íîðìàëüíîå àòìîñ�åðíîå äàâëåíèå è òåìïåðàòóðà. Íà âûõîäå èç êàíàëà äëÿ âñåõ ïàðàìåòðîâ

èñïîëüçîâàëîñü ãðàíè÷íîå óñëîâèå íîðìàëüíîãî íóëåâîãî ãðàäèåíòà.

PSfrag repla
ements

H
=

9 h
1
=

3
03

40

600

1000

0
x

y

�èñ. 3. Ñõåìà ðàñ÷åòíîé îáëàñòè

Âåðè�èêàöèÿ ðàçðàáîòàííîãî àëãîðèòìà îñóùåñòâëÿëàñü ñ èñïîëüçîâàíèåì ýêñïåðèìåí-

òàëüíûõ äàííûõ ïî òå÷åíèþ âîçäóõà â êàíàëå, ïðåäñòàâëåííûõ â ðàáîòå [14℄. Ñêîðîñòü íà

âõîäå â êàíàë ðàâíÿëàñü U0 = 30ì/ñ, ÷èñëî �åéíîëüäñà Re=15 000. �àñ÷åòíàÿ ñåòêà èìåëà

ðàçìåðíîñòü 300× 120 ÿ÷ååê.
Íà ðèñ. 4 ïðèâåäåíû ëèíèè òîêà òå÷åíèÿ äëÿ òðåõ ðàçëè÷íûõ ìîìåíòîâ âðåìåíè. Ìîäåëèðî-

âàíèå áûëî ïðîâåäåíî ñ èñïîëüçîâàíèåì ñõåìû 5-ãî ïîðÿäêà. Íà ðèñ. 5 ïðåäñòàâëåíû ïðî�èëè

ñðåäíåé ïðîäîëüíîé ñêîðîñòè è âåëè÷èíû ñðåäíåêâàäðàòè÷íûõ ïóëüñàöèé ïðîäîëüíîé ñêîðîñòè

äëÿ îáåèõ ñõåì.
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�èñ. 4. Ëèíèè òîêà äëÿ ìîìåíòîâ âðåìåíè: (à) t = 1.150 ñ, (á) t = 1.151 ñ, (â) t = 1.152 ñ



466 À.À. Øóìèõèí, Ì.�. Êîðîëåâà, Ñ.Þ. Äàäèêèíà, À.È. Êàðïîâ

ÌÅÕÀÍÈÊÀ 2017. Ò. 27. Âûï. 3

PSfrag repla
ements

−4 −2 0 2 4 6 8

1.0

0.8

0.6

0.4

0.2

0.0

0 1

U/U0

y/h1

x/H

(à)
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�èñ. 5. Ïðî�èëè ñðåäíåé ïðîäîëüíîé ñêîðîñòè (a), ñðåäíåêâàäðàòè÷íûõ ïóëüñàöèé ïðîäîëüíîé ñêîðîñòè (á).

Ëèíèè: ïóíêòèðíàÿ � WENO 3-ãî ïîðÿäêà òî÷íîñòè; ïóíêòèðíàÿ ñ òî÷êàìè � WENO 5-ãî ïîðÿäêà òî÷íîñòè;

êâàäðàòû � ýêñïåðèìåíò (ñì. [14℄)

� 4. Çàêëþ÷åíèå

Íà îñíîâå ñõåìû âûñîêîãî ïîðÿäêà òî÷íîñòè WENO ïðåäëîæåíà è ðåàëèçîâàíà ìåòîäèêà

ìîäåëèðîâàíèÿ òóðáóëåíòíîãî ïîòîêà ãàçà. Ïðîâåäåíû ÷èñëåííûå èññëåäîâàíèÿ òå÷åíèÿ ãàçà

â êàíàëå ñ îáðàòíûì óñòóïîì. Èññëåäîâàíèÿ ïðîâîäèëèñü ñ èñïîëüçîâàíèåì ñõåì 3-ãî è 5-ãî

ïîðÿäêîâ òî÷íîñòè. Èç ãðà�èêà ñðåäíåêâàäðàòè÷íûõ ïóëüñàöèé ïðîäîëüíîé ñêîðîñòè âèäíî,

÷òî ñõåìà 3-ãî ïîðÿäêà äàåò çàíèæåííóþ âåëè÷èíó ïóëüñàöèé ïî ñðàâíåíèþ ñî ñõåìîé 5-ãî

ïîðÿäêà. Ýòî îáúÿñíÿåòñÿ áîëüøåé ñõåìíîé âÿçêîñòüþ àëãîðèòìà 3-ãî ïîðÿäêà. Òàêèì îáðàçîì,

äëÿ ìîäåëèðîâàíèÿ òóðáóëåíòíûõ òå÷åíèé áîëåå ïðåäïî÷òèòåëüíûì ÿâëÿåòñÿ èñïîëüçîâàíèå

ñõåìû 5-ãî ïîðÿäêà.
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Â öåëîì ñðàâíåíèå ðåçóëüòàòîâ ðàñ÷åòîâ, ïîëó÷åííûõ ñ ïðèìåíåíèåì îáåèõ ñõåì, ïîêàçàëî

äîñòàòî÷íî õîðîøåå ñîâïàäåíèå ñ ýêñïåðèìåíòàëüíûìè äàííûìè.
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The te
hnique of vis
ous gas turbulent �ow simulation based on high-order approximation WENO s
heme

(Weighted Essentially Non-os
illatory s
heme) is des
ribed. This s
heme is 
hara
terized by signi�
ant sta-

bility when 
al
ulations are performed, be
ause WENO allows to eliminate nonphysi
al os
illations of a

numeri
al solution whi
h 
an o

ur during 
al
ulations. The system of governing equations des
ribing the

�ow of vis
ous gas based on the Navier�Stokes equations is presented. The algorithms of 3-rd and 5-th a

u-

ra
y orders are developed and implemented. The numeri
al methods used in the 
al
ulations of gas �ow are

des
ribed. Turbulen
e modeling is 
arried out using the method of large vorti
es. The proposed algorithms

have been used to study the �ow of vis
ous gas in a 
hannel with ba
kward-fa
ing step. Reynolds number of

the �ow in the 
hannel was Re=15 000. Comparison of simulation results with experimental data has been

made.
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