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�àññìàòðèâàåòñÿ ñèñòåìà Ball and Beam ñ íåëèíåéíîé ãåîìåòðè÷åñêîé ñâÿçüþ. Èç ïîëíîãî óðàâíåíèÿ

ýòîé ñâÿçè îïðåäåëÿþòñÿ äâà âîçìîæíûõ ïîëîæåíèÿ ðàâíîâåñèÿ ñèñòåìû. Ïðîâåäåí ñðàâíèòåëüíûé

àíàëèç ñòðóêòóð óðàâíåíèé âîçìóùåííîãî äâèæåíèÿ â îêðåñòíîñòè îáîèõ ïîëîæåíèé ðàâíîâåñèÿ, èñõî-

äÿ èç óðàâíåíèé áåç ìíîæèòåëåé ñâÿçåé â �îðìå Ì.Ô. Øóëüãèíà. Íà ýòîé îñíîâå îáñóæäàåòñÿ âîïðîñ

î äîïóñòèìîñòè ëèíåàðèçàöèè ãåîìåòðè÷åñêèõ ñâÿçåé. Äàíû ðåøåíèÿ çàäà÷ ñòàáèëèçàöèè äëÿ êàæäîãî

ðàâíîâåñèÿ ïðè äâóõ âàðèàíòàõ âûáîðà èçáûòî÷íîé êîîðäèíàòû. Ñòàáèëèçèðóþùåå óïðàâëåíèå (íàïðÿ-

æåíèå íà ÿêîðíîé îáìîòêå ïðèâîäíîãî äâèãàòåëÿ) îïðåäåëÿåòñÿ ðåøåíèåì ìåòîäîì Í.Í. Êðàñîâñêî-

ãî ëèíåéíî-êâàäðàòè÷íûõ çàäà÷ äëÿ ñîîòâåòñòâóþùèõ óïðàâëÿåìûõ ïîäñèñòåì. Ïîêàçàíî ñîâïàäåíèå

óïðàâëåíèé êàê �óíêöèé âðåìåíè äëÿ îäíîãî è òîãî æå ðàâíîâåñèÿ ïðè ðàçíîì âûáîðå èçáûòî÷íîé

êîîðäèíàòû, ïðè÷åì ñòàáèëèçèðóþùèå óïðàâëåíèÿ ÿâëÿþòñÿ ïðè ýòîì ëèíåéíûìè �óíêöèÿìè ðàçíûõ

�àçîâûõ ïåðåìåííûõ. Ïðèâåäåíû ãðà�èêè ïåðåõîäíûõ ïðîöåññîâ â çàìêíóòûõ íàéäåííûìè óïðàâëå-

íèÿìè ñèñòåìàõ. Àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü îáîèõ ïîëîæåíèé ðàâíîâåñèÿ â ïîëíîé íåëèíåéíîé

çàìêíóòîé ñèñòåìå ñëåäóåò èç ðàíåå äîêàçàííîé òåîðåìû îá àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ïðè íàëè-

÷èè íóëåâûõ êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, ñîîòâåòñòâóþùèõ èçáûòî÷íûì êîîðäèíàòàì.

Êëþ÷åâûå ñëîâà: ãåîìåòðè÷åñêèå ñâÿçè, èçáûòî÷íûå êîîðäèíàòû, óðàâíåíèÿ Ì.Ô. Øóëüãèíà, Ball and

Beam, óñòîé÷èâîñòü, ñòàáèëèçàöèÿ, ïîëîæåíèå ðàâíîâåñèÿ.
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Ââåäåíèå

Ñèñòåìû Ball and Beam ÷àñòî èñïîëüçóþòñÿ [1�9℄ äëÿ èçó÷åíèÿ â ðåàëüíîì âðåìåíè äèíàìè-

êè íåëèíåéíûõ óïðàâëÿåìûõ îáúåêòîâ. Â ñîñòàâå ýòèõ ñèñòåì èìååòñÿ ìåõàíè÷åñêèé êîìïîíåíò,

âêëþ÷àþùèé øàð, äâèæóùèéñÿ ïî æåëîáó, íàêëîí êîòîðîãî èçìåíÿåòñÿ ýëåêòðîïðèâîäîì. Ñó-

ùåñòâóþò ðàçíûå êîíñòðóêöèè ñèñòåìû Ball and Beam. Â ðàáîòàõ [1, 8, 9℄ ðàññìàòðèâàþòñÿ

ñèñòåìû, ãäå æåëîá íåïîñðåäñòâåííî ñâÿçàí ñ âàëîì ðåäóêòîðà ýëåêòðîïðèâîäà. Äëÿ íèõ ìîæ-

íî ïðèìåíÿòü óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà. À â ñòàòüÿõ [2�7℄ èçó÷àþòñÿ ñèñòåìû äðóãîé

êîíñòðóêöèè, â êîòîðûõ íàêëîí æåëîáà èçìåíÿåòñÿ ñ ïîìîùüþ ñòåðæíÿ ïîñòîÿííîé äëèíû, ñâÿ-

çàííîãî ñ êîëåñîì ðåäóêòîðà ýëåêòðîïðèâîäà. Â òàêîì ñëó÷àå â ñèñòåìå èìååòñÿ íåëèíåéíàÿ

ãåîìåòðè÷åñêàÿ ñâÿçü, îïðåäåëÿþùàÿ çàâèñèìîñòü ìåæäó óãëàìè íàêëîíà æåëîáà è ïîâîðî-

òà ïðèâîäíîãî êîëåñà. Âûðàçèòü îäèí óãîë ÷åðåç äðóãîé â óäîáíîé �îðìå íå óäàåòñÿ. Òîãäà

óðàâíåíèÿ Ëàãðàíæà âòîðîãî ðîäà â îáùåì ñëó÷àå íåïðèìåíèìû [10�12℄, ïîòîìó ÷òî èñïîëü-

çóåìûå êîîðäèíàòû íå ÿâëÿþòñÿ íåçàâèñèìûìè. Â áîëüøèíñòâå ðàáîò [2�6℄ ïðè ìîäåëèðîâà-

íèè ñèñòåìû âìåñòî íåëèíåéíîé ãåîìåòðè÷åñêîé ñâÿçè ðàññìàòðèâàåòñÿ ëèíåéíàÿ çàâèñèìîñòü

è ñîâåðøàåòñÿ ïåðåõîä ê ìîäåëè ìåíüøåé ðàçìåðíîñòè, ïîëó÷åííîé äëÿ íåçàâèñèìûõ êîîð-

äèíàò. Òàêèå ìàòåìàòè÷åñêèå ìîäåëè ÿâëÿþòñÿ íåîáîñíîâàííûìè, ÷òî èìååò ïðèíöèïèàëüíîå

çíà÷åíèå, îñîáåííî â çàäà÷àõ óñòîé÷èâîñòè è ñòàáèëèçàöèè. Ñëåäóåò ðàññìàòðèâàòü ïîëíîå

íåëèíåéíîå óðàâíåíèå ñâÿçè, ïðè÷åì ìîæíî íàéòè äðóãîå, ðàíåå íå èññëåäîâàííîå, ïîëîæåíèå

ðàâíîâåñèÿ ñèñòåìû � äëÿ íåíóëåâîãî çíà÷åíèÿ óãëà ïîâîðîòà ïðèâîäíîãî êîëåñà.

Òàêèì îáðàçîì, ñèñòåìà Ball and Beam ñ íåëèíåéíîé ãåîìåòðè÷åñêîé ñâÿçüþ òðåáóåò äàëü-

íåéøåãî ðàññìîòðåíèÿ ñ öåëüþ ïîâûøåíèÿ ñòðîãîñòè ìîäåëèðîâàíèÿ åå ìåõàíè÷åñêîãî êîìïî-

íåíòà è ïðîâåäåíèÿ íà ýòîé îñíîâå áîëåå ïîëíîãî èññëåäîâàíèÿ åå äèíàìèêè. Ball and Beam,

êàê è ëþáóþ ñèñòåìó ñî ñëîæíûìè ãåîìåòðè÷åñêèìè ñâÿçÿìè (êîòîðûå íå äàþò âîçìîæíîñòè
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èñêëþ÷åíèÿ çàâèñèìûõ êîîðäèíàò), ïðåäëàãàåòñÿ ðàññìàòðèâàòü êàê ñèñòåìó ñ èçáûòî÷íûìè

êîîðäèíàòàìè. Äëÿ îïèñàíèÿ äèíàìèêè òàêèõ ñèñòåì ñëåäóåò èñïîëüçîâàòü óðàâíåíèÿ ñ ìíî-

æèòåëÿìè ñâÿçåé (÷òî óâåëè÷èâàåò ðàçìåðíîñòü çàäà÷è) èëè ñâîáîäíûå îò ýòèõ ìíîæèòåëåé

óðàâíåíèÿ â �îðìå Ì.Ô. Øóëüãèíà [13℄ â èçáûòî÷íûõ êîîðäèíàòàõ.

Ñèñòåìû ñ èçáûòî÷íûìè êîîðäèíàòàìè (êàê è íåãîëîíîìíûå ñèñòåìû) îòëè÷àþòñÿ îò ñè-

ñòåì ñ íåçàâèñèìûìè êîîðäèíàòàìè òåì, ÷òî íåêîòîðûå èç ëèíåéíûõ êîý��èöèåíòîâ ðàçëîæå-

íèÿ ïîòåíöèàëüíîé ýíåðãèè (â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ) â îáùåì ñëó÷àå îòëè÷íû îò

íóëÿ. Êðîìå òîãî, ìîãóò áûòü íå ðàâíû íóëþ è íåêîíñåðâàòèâíûå ïîçèöèîííûå ñèëû, êîòîðûå

íóæíî ïðèëîæèòü äëÿ ñóùåñòâîâàíèÿ ïîëîæåíèÿ ðàâíîâåñèÿ. Ïåðâîå ïðèáëèæåíèå óðàâíå-

íèé âîçìóùåííîãî äâèæåíèÿ â îêðåñòíîñòè ïîëîæåíèÿ ðàâíîâåñèÿ [11,12℄ òàêèõ ñèñòåì ìîæåò

ñîäåðæàòü ïðîèçâåäåíèÿ ïîñòîÿííûõ ïîçèöèîííûõ ñèë è êâàäðàòè÷íûõ ÷ëåíîâ ðàçëîæåíèÿ

ãåîìåòðè÷åñêèõ ñâÿçåé (èëè ëèíåéíûõ ÷ëåíîâ ðàçëîæåíèÿ êîý��èöèåíòîâ ñîîòâåòñòâóþùèõ

êèíåìàòè÷åñêèõ ñâÿçåé).

Çàìåòèì, ÷òî åùå �àóñ [14, ñ. 57�60℄, ïðèìåíÿÿ óðàâíåíèÿ ñ ìíîæèòåëÿìè Ëàãðàíæà äëÿ

ñèñòåì ñ ãåîìåòðè÷åñêèìè ñâÿçÿìè, ïîä÷åðêèâàë, ÷òî â ñëó÷àå çàâèñèìûõ êîîðäèíàò ëèíåé-

íûå ÷ëåíû ðàçëîæåíèÿ ïîòåíöèàëüíîé ýíåðãèè ìîãóò íå îáðàùàòüñÿ â íóëü äëÿ ïîëîæåíèÿ

ðàâíîâåñèÿ. Ïîýòîìó â îêðåñòíîñòÿõ òàêîãî ðàâíîâåñèÿ õàðàêòåðèñòè÷åñêîå óðàâíåíèå (ñèñòå-

ìû óðàâíåíèé ñ ìíîæèòåëÿìè ñâÿçåé) ìîæåò çàâèñåòü îò êâàäðàòè÷íûõ ÷ëåíîâ â ðàçëîæåíèè

óðàâíåíèé ãåîìåòðè÷åñêèõ ñâÿçåé.

Â íàñòîÿùåé ðàáîòå äëÿ ïîñòðîåíèÿ ìîäåëè ìåõàíè÷åñêîé ÷àñòè Ball and Beam èñïîëüçó-

þòñÿ óðàâíåíèÿ â �îðìå Ì.Ô. Øóëüãèíà [13℄ â èçáûòî÷íûõ êîîðäèíàòàõ. Ïðèìåíåíèå òàêîé

�îðìû óðàâíåíèé � îäèí èç ñïîñîáîâ, ïîçâîëÿþùèõ ïîëó÷àòü íåëèíåéíûå ìàòåìàòè÷åñêèå

ìîäåëè äèíàìèêè ñèñòåì ñ ãåîìåòðè÷åñêèìè ñâÿçÿìè [10�12, 15�18℄.

Â ìíîãî÷èñëåííûõ àêòóàëüíûõ òåõíè÷åñêèõ çàäà÷àõ, â ÷àñòíîñòè óïðàâëåíèÿ ìíîãîçâåí-

íûìè ìàíèïóëÿòîðàìè è äðóãèìè ìåõàòðîííûìè ñèñòåìàìè [10�13, 19, 20℄, êîí�èãóðàöèþ ìå-

õàíè÷åñêîé ñèñòåìû öåëåñîîáðàçíî çàäàâàòü ïàðàìåòðàìè q1, . . . , qn+m, âçÿòûìè â ÷èñëå, áîëü-

øåì n � ÷èñëà ñòåïåíåé ñâîáîäû ñèñòåìû.

Ïóñòü ñóùåñòâóþùèå ìåæäó ïàðàìåòðàìè q1, . . . , qn+m ñâÿçè îïèñûâàþòñÿm íåçàâèñèìûìè

ñîîòíîøåíèÿìè

Fk(q1, . . . , qn+m) = 0, k = 1,m; rank
∂(F1, . . . , Fm)

∂(q1, . . . , qn+m)
= m. (0.1)

Äëÿ óäîáñòâà äàëüíåéøåãî èçëîæåíèÿ îáîçíà÷èì q′ = (q1, . . . , qn+m), r′ = (q1, . . . , qn) �
âåêòîð íåçàâèñèìûõ êîîðäèíàò, s′ = (qn+1, . . . , qn+m) � âåêòîð çàâèñèìûõ êîîðäèíàò è F ′ =
= (F1, . . . , Fm). Èç ãåîìåòðè÷åñêèõ ñâÿçåé (0.1) âûòåêàþò êèíåìàòè÷åñêèå (ãîëîíîìíûå) ñâÿçè

âèäà

(

∂F

∂r

)

· ṙ +
(

∂F

∂s

)

· ṡ = 0. (0.2)

Åñëè det
[

∂F
∂s

]

6= 0, ìîæíî ïðåäñòàâèòü ñâÿçè (0.2) â �îðìå

ṡ = B(q)ṙ, B(q) = −
(

∂F

∂s

)

−1(∂F

∂r

)

. (0.3)

Óðàâíåíèÿ äâèæåíèÿ ñèñòåìû â èçáûòî÷íûõ êîîðäèíàòàõ â �îðìå Ì.Ô. Øóëüãèíà

(ñì. [13℄) èìåþò âèä

d

dt

∂L∗

∂ṙ
− ∂L∗

∂r
= Q∗

r +B
′

(q)

(

∂L∗

∂s
+Q∗

s

)

, (0.4)

ãäå L∗ = T ∗(q, ṙ)−Π(q) � �óíêöèÿ Ëàãðàíæà, T ∗(q, ṙ), Q∗

r è Q∗

s � âûðàæåíèÿ äëÿ êèíåòè÷å-

ñêîé ýíåðãèè ñèñòåìû è íåêîíñåðâàòèâíûõ ñèë ïîñëå èñêëþ÷åíèÿ çàâèñèìûõ ñêîðîñòåé. Óðàâ-

íåíèÿ (0.4) íå ñîäåðæàò ìíîæèòåëåé ñâÿçåé, èõ ÷èñëî ðàâíî ÷èñëó ñòåïåíåé ñâîáîäû ñèñòåìû.
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Äâèãàòåëü ïîñòîÿííîãî òîêà

�èñ. 1. Ñõåìà ñèñòåìû Ball and Beam

Çàìå÷àíèå 1. Óðàâíåíèÿ (0.4) ìîãóò ðàññìàòðèâàòüñÿ êàê ÷àñòíûé ñëó÷àé óðàâíåíèé äâè-

æåíèÿ íåãîëîíîìíûõ ñèñòåì ñ îäíîðîäíûìè ñâÿçÿìè â �îðìå Âîðîíöà, ïðè èíòåãðèðóåìîñòè

êèíåìàòè÷åñêèõ ñâÿçåé (0.3). Íî êðîìå áîëåå ïðîñòîé ñòðóêòóðû ýòè óðàâíåíèÿ èìåþò è äðóãèå

îñîáåííîñòè, êîòîðûå òðåáóþò äåòàëüíîãî èçó÷åíèÿ. Â îòëè÷èå îò íåãîëîíîìíûõ ñèñòåì, êðîìå

ñâÿçåé â ïðîäè��åðåíöèðîâàííîé �îðìå (0.3) íóæíî ó÷èòûâàòü è êîíå÷íûå ñîîòíîøåíèÿ (0.1),

ñâÿçûâàþùèå íà÷àëüíûå âîçìóùåíèÿ çàâèñèìûõ è íåçàâèñèìûõ êîîðäèíàò.

Ñèñòåìà óðàâíåíèé (0.1), (0.3), (0.4) ÿâëÿåòñÿ òî÷íîé íåëèíåéíîé ìàòåìàòè÷åñêîé ìîäåëüþ

äèíàìèêè ìåõàíè÷åñêèõ ñèñòåì ñ ãåîìåòðè÷åñêèìè ñâÿçÿìè, êîòîðàÿ áóäåò èñïîëüçîâàíà äëÿ

ìîäåëèðîâàíèÿ Ball and Beam.

� 1. Ïîñòàíîâêà çàäà÷è. Îïèñàíèå ïðåäëàãàåìîãî ïîäõîäà

Óñòðîéñòâî Ball and Beam (ðèñ. 1) ñîñòîèò èç ìåõàíè÷åñêîé ÷àñòè è óïðàâëÿåìîãî ýëåêòðî-

ïðèâîäà. Ïîëîæåíèå øàðèêà r(t) ðåãóëèðóåòñÿ çà ñ÷åò óãëà α(t) íàêëîíà æåëîáà è ñòàáèëèçè-

ðóåòñÿ â íåêîòîðîì íàïåðåä çàäàííîì ïîëîæåíèè r0. Óãîë ïîâîðîòà êîëåñà ïðèâîäà îáîçíà÷èì
êàê θ(t). Óïðàâëåíèå ïðèâîäîì ðåàëèçóåòñÿ èçìåíåíèåì íàïðÿæåíèÿ íà ÿêîðå äâèãàòåëÿ.

Êàê âèäíî èç ðèñóíêà, íà ñèñòåìó íàëîæåíà ãåîìåòðè÷åñêàÿ ñâÿçü: ðàññòîÿíèå ìåæäó òî÷-

êàìè A(xA, yA) è B(xB , yB) ïîñòîÿííî. Óðàâíåíèå íåëèíåéíîé ñâÿçè [10�12℄ èìååò âèä

(L(cosα− 1) + d(1− cos θ))2 + (L sinα+ l − d sin θ)2 = l2, (1.1)

ãäå L = OA � äëèíà æåëîáà, l = AB � äëèíà ðû÷àãà, d � ðàäèóñ êîëåñà. Çà èçáûòî÷íóþ

êîîðäèíàòó ìîæíî ïðèíèìàòü êàê óãîë íàêëîíà æåëîáà α(t), òàê è óãîë ïîâîðîòà êîëåñà θ(t).

Çàìå÷àíèå 2. Â áîëüøèíñòâå ðàáîò ïî èññëåäîâàíèþ äèíàìèêè ñòåíäà Ball and Beam ñ ãåî-

ìåòðè÷åñêîé ñâÿçüþ ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè ñðàçó îñóùåñòâëÿåòñÿ ïåðåõîä

ê ëèíåéíîé çàâèñèìîñòè α = d
l θ [2�6℄. Ñâÿçü â âèäå (1.1) ó÷òåíà òîëüêî â ðàáîòå [7℄.

Î÷åâèäíî, ïîëîæåíèå ðàâíîâåñèÿ âîçìîæíî òîëüêî ïðè α = 0, êîãäà æåëîá ðàñïîëîæåí

ãîðèçîíòàëüíî. Ïîëîæèâ α = α0 = 0 è ïîëàãàÿ, ÷òî 0 6 θ 6 2π, ïîëó÷èì çíà÷åíèÿ óãëà θ,
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PSfrag repla
ements

O
X

Y

θ0 = 0 PSfrag repla
ements

O X

Y

θ1

�èñ. 2. Íóëåâîå ïîëîæåíèå ðàâíîâåñèÿ

ñèñòåìû Ball and Beam

�èñ. 3. Íåíóëåâîå ïîëîæåíèå ðàâíîâåñèÿ

ñèñòåìû Ball and Beam

ñîîòâåòñòâóþùèå âñåì ïîëîæåíèÿì ðàâíîâåñèÿ ñèñòåìû:

θ0 = 0, θ1 = 2arcsin

(

l√
l2 + d2

)

.

Ñîîòâåòñòâóþùèå êîí�èãóðàöèè ïðåäñòàâëåíû íà ðèñ. 2 è ðèñ. 3.

Îòìåòèì, ÷òî áåç ïðèëîæåíèÿ ïîñòîÿííîãî ìîìåíòà, ñîçäàâàåìîãî ïðèâîäíûì äâèãàòåëåì,

â ðàññìàòðèâàåìîé çäåñü êîíñòðóêöèè Ball and Beam ðàâíîâåñèÿ íå ñóùåñòâóåò. Ïîñòîÿííûé

ìîìåíò äëÿ çàäàííîãî ïîëîæåíèÿ ðàâíîâåñèÿ ÿâëÿåòñÿ îòëè÷íîé îò íóëÿ íåêîíñåðâàòèâíîé

ïîçèöèîííîé ñèëîé, ïðè÷åì íåíóëåâàÿ ïîñòîÿííàÿ ñîäåðæèòñÿ è â ïîòåíöèàëüíîé ñèëå. Ñëåäî-

âàòåëüíî, â óðàâíåíèÿõ â �îðìå Ì.Ô. Øóëüãèíà ñëåäóåò âûäåëèòü êîìïîíåíòû, çàâèñÿùèå îò

ëèíåéíûõ ÷ëåíîâ ðàçëîæåíèÿ êîý��èöèåíòà êèíåìàòè÷åñêîé ñâÿçè, è ñðàâíèòü èõ äëÿ äâóõ

ðàçíûõ ïîëîæåíèé ðàâíîâåñèÿ. Óêàçàííûå êîìïîíåíòû îáðàùàþòñÿ â íóëü äëÿ èçâåñòíîãî ïî-

ëîæåíèÿ ðàâíîâåñèÿ, êîãäà óãîë ïîâîðîòà ïðèâîäíîãî êîëåñà ðàâåí íóëþ. Òîãäà ìîæíî ïîëü-

çîâàòüñÿ (ñì. [10, ñ. 179�183℄, áîëåå ïîäðîáíî [15, 16℄) óðàâíåíèÿìè Ëàãðàíæà âòîðîãî ðîäà,

èñêëþ÷àÿ çàâèñèìûå êîîðäèíàòó è ñêîðîñòü ñ ïîìîùüþ ëèíåàðèçîâàííîé ñâÿçè. Íåîáõîäèìî

òåïåðü óñòàíîâèòü çíà÷åíèÿ ýòèõ êîìïîíåíòîâ äëÿ ðàíåå íå èçâåñòíîãî ïîëîæåíèÿ ðàâíîâåñèÿ

ñèñòåìû Ball and Beam è ïîêàçàòü íåêîððåêòíîñòü ëèíåàðèçàöèè ñâÿçè äëÿ èññëåäîâàíèÿ ýòîãî

ïîëîæåíèÿ ðàâíîâåñèÿ. Äëÿ ðàçíûõ ïîëîæåíèé ðàâíîâåñèÿ ñòðóêòóðà óðàâíåíèé âîçìóùåííîãî

äâèæåíèÿ áóäåò ðàçíîé.

Êðîìå òîãî, äëÿ ñèñòåì ñ ãåîìåòðè÷åñêèìè ñâÿçÿìè, êàê è â ñèñòåìå Ball and Beam, çàâè-

ñèìûå êîîðäèíàòû ìîæíî âûáðàòü ðàçëè÷íûìè ñïîñîáàìè. Ìîäåëè ñèñòåìû ïðè ýòîì áóäóò

ðàçëè÷àòüñÿ. Â ñèñòåìå Ball and Beam èçáûòî÷íóþ êîîðäèíàòó ìîæíî âûáðàòü äâóìÿ ñïîñîáà-

ìè, è ïðè ýòîì óðàâíåíèÿ Øóëüãèíà áóäóò èìåòü ðàçíûé âèä. Äëÿ ïîëó÷åíèÿ îäíîãî è òîãî æå

íà÷àëüíîãî âîçìóùåííîãî ñîñòîÿíèÿ ïðè ðàçíîì âûáîðå çàâèñèìîé êîîðäèíàòû è ñðàâíåíèÿ ðå-

çóëüòàòîâ óïðàâëåíèÿ (äëÿ îäíîãî è òîãî æå ðàâíîâåñèÿ) íåîáõîäèìî ñîãëàñîâàíèå íà÷àëüíûõ

âîçìóùåíèé óãëîâûõ ïåðåìåííûõ èç-çà íàëè÷èÿ ñâÿçè (1.1).

Öåëü íàñòîÿùåé ðàáîòû � ïîñòðîåíèå íåëèíåéíîé ìîäåëè ñèñòåìû Ball and Beam, ïðîâåäå-

íèå ñðàâíèòåëüíîãî àíàëèçà ñòðóêòóðû óðàâíåíèé ïåðâîãî ïðèáëèæåíèÿ äëÿ äâóõ ïîëîæåíèé

ðàâíîâåñèÿ è äâóõ âàðèàíòîâ âûáîðà èçáûòî÷íîé êîîðäèíàòû è ðåøåíèå, èñõîäÿ èç ýòîãî, çàäà÷

ñòàáèëèçàöèè è ñðàâíåíèå óïðàâëÿþùèõ âîçäåéñòâèé êàê �óíêöèé âðåìåíè äëÿ îáîèõ ïîëîæå-

íèé ðàâíîâåñèÿ.

Äëÿ ïîñòðîåíèÿ ïîëíîé ìîäåëè Ball and Beam êàê ìåõàòðîííîé ñèñòåìû íåîáõîäèìî äî-

áàâèòü óðàâíåíèå óïðàâëÿåìîãî ýëåêòðîïðèâîäà ñ èñïîëíèòåëüíûì êîëëåêòîðíûì äâèãàòåëåì
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ïîñòîÿííîãî òîêà ñ íåçàâèñèìûì âîçáóæäåíèåì. Óïðàâëÿþùèì âîçäåéñòâèåì ÿâëÿåòñÿ äîïîë-

íèòåëüíîå íàïðÿæåíèå íà ÿêîðíîé îáìîòêå ïðèâîäíîãî äâèãàòåëÿ. Ïðè âûáðàííîì ñïîñîáå

ðåàëèçàöèè óïðàâëÿþùèõ âîçäåéñòâèé ìàòåìàòè÷åñêàÿ ìîäåëü îáúåêòà ïðåäñòàâëÿåò ñîáîé

ñèñòåìó íåïðÿìîãî óïðàâëåíèÿ, ÷òî, êàê èçâåñòíî [21℄, çíà÷èòåëüíî ðàñøèðÿåò âîçìîæíîñòè

ñèñòåìû óïðàâëåíèÿ. Â ïðåäëàãàåìîì ìåòîäå ñòàáèëèçàöèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ

âîçìóùåííîãî äâèæåíèÿ îáÿçàòåëüíî èìååò íóëåâûå êîðíè â ÷èñëå, ðàâíîì ÷èñëó ãåîìåòðè-

÷åñêèõ ñâÿçåé. Åñëè äåéñòâèòåëüíûå ÷àñòè îñòàëüíûõ åãî êîðíåé îòðèöàòåëüíû, òî äëÿ ëþáî-

ãî ñïîñîáà óïðàâëåíèÿ èìååò ìåñòî êðèòè÷åñêèé ñëó÷àé. Òîãäà, ñîãëàñíî òåîðèè êðèòè÷åñêèõ

ñëó÷àåâ [22,23℄, â óðàâíåíèÿõ âîçìóùåííîãî äâèæåíèÿ íåîáõîäèìî âûïîëíèòü ëèíåéíóþ çàìå-

íó [11, 12℄, âûäåëÿþùóþ ïåðåìåííûå � èçáûòî÷íûå êîîðäèíàòû, êîòîðûì ñîîòâåòñòâóþò ýòè

íóëåâûå êîðíè. Ýòî ïðåîáðàçîâàíèå â îáùåì ñëó÷àå èçìåíÿåò ñòðóêòóðó ëèíåéíûõ ïîçèöèîí-

íûõ ñèë â ïåðâîì ïðèáëèæåíèè óðàâíåíèé âîçìóùåííîãî äâèæåíèÿ.

Ëèíåéíàÿ óïðàâëÿåìàÿ ïîäñèñòåìà (ñì. [17℄) íå âêëþ÷àåò êðèòè÷åñêóþ ïåðåìåííóþ è ñóùå-

ñòâåííî çàâèñèò îò âûáîðà èçáûòî÷íîé êîîðäèíàòû. Óïðàâëÿþùåå âîçäåéñòâèå êàê ëèíåéíàÿ

�óíêöèÿ �àçîâûõ ïåðåìåííûõ çàâèñèò îò ïåðåìåííûõ âûáðàííîé ïîäñèñòåìû. Åãî êîý��è-

öèåíòû áóäóò îïðåäåëÿòüñÿ ðåøåíèåì ìåòîäîì Í.Í. Êðàñîâñêîãî [23, ñ. 475�515℄ ñîîòâåòñòâó-

þùèõ ëèíåéíî-êâàäðàòè÷íûõ çàäà÷. Äîñòàòî÷íûì óñëîâèåì ðàçðåøèìîñòè çàäà÷è ñòàáèëè-

çàöèè äëÿ âûäåëåííîé ëèíåéíîé óïðàâëÿåìîé ïîäñèñòåìû ÿâëÿåòñÿ óñëîâèå óïðàâëÿåìîñòè

(â ñèëó òåîðåìû Í.Í. Êðàñîâñêîãî î ñòàáèëèçàöèè ïî ïåðâîìó ïðèáëèæåíèþ [23, 
. 509℄).

Â ïîëíîé íåëèíåéíîé ñèñòåìå, çàìêíóòîé ëèíåéíûì óïðàâëåíèåì, íàéäåííûì äëÿ âûäåëåí-

íîé óïðàâëÿåìîé ïîäñèñòåìû, áóäåò îáåñïå÷åíà àñèìïòîòè÷åñêàÿ ñòàáèëèçàöèÿ ïî âñåì ïå-

ðåìåííûì, âêëþ÷àÿ èçáûòî÷íóþ êîîðäèíàòó, êîòîðîé ñîîòâåòñòâóåò íóëåâîé êîðåíü (ñîãëàñ-

íî òåîðåìå 1 â [11, 17℄). ×èñëåííîå ðåøåíèå ïðîâîäèòñÿ ñ ïðèìåíåíèåì ïðîöåäóðû �åïèíà�

Òðåòüÿêîâà [23, ñ. 475�515℄. Äëÿ ýòîãî íåîáõîäèìî íàïèñàòü ïðîãðàììó, â êîòîðîé (â îòëè÷èå

îò [24℄) ââîäèòñÿ äîïîëíèòåëüíûé ìîäóëü, ó÷èòûâàþùèé ñîãëàñîâàíèå íà÷àëüíûõ âîçìóùåíèé

çàâèñèìûõ è íåçàâèñèìûõ êîîðäèíàò èç-çà íàëè÷èÿ óðàâíåíèÿ ãåîìåòðè÷åñêîé ñâÿçè â âè-

äå (0.1), à òàêæå ïðåäïîëàãàþùèé ðàçëè÷íûé âûáîð èçáûòî÷íîé êîîðäèíàòû. Â ïðîãðàììíîì

ïðîäóêòå [24℄ íå ðàññìàòðèâàëèñü ñèñòåìû ñ èçáûòî÷íûìè êîîðäèíàòàìè. Ïðè íàïèñàíèè ïðî-

ãðàììû â íàñòîÿùåé ðàáîòå ïðåäóñìàòðèâàåòñÿ ïîñòðîåíèå ãðà�èêîâ ïåðåõîäíûõ ïðîöåññîâ

äëÿ äâóõ ñëó÷àåâ âûáîðà èçáûòî÷íîé êîîðäèíàòû è ñðàâíåíèå óïðàâëÿþùèõ âîçäåéñòâèé êàê

�óíêöèé âðåìåíè äëÿ îáîèõ ïîëîæåíèé ðàâíîâåñèÿ.

� 2. Ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ñèñòåìû Ball and Beam

Êèíåòè÷åñêóþ è ïîòåíöèàëüíóþ ýíåðãèþ ìåõàíè÷åñêîé ÷àñòè ñèñòåìû, âêëþ÷àþùåé øàð

è ðîòîð äâèãàòåëÿ ñ ðåäóêòîðîì, âîçüìåì â âèäå (ñì. [12℄):

T =
1

2

(

m(rα̇)2 +m
(rṙ)2

r2 −R2
− 2mR

rṙα̇√
r2 −R2

+ J

(

rṙ

R
√
r2 −R2

− α̇

)2

+ J0θ̇
2

)

, (2.1)

Π = mg
(
√

r2 −R2 sinα+R cosα
)

,

ãäå R � ðàäèóñ øàðà, m � åãî ìàññà, J � åãî ìîìåíò èíåðöèè, J0 � ìîìåíò èíåðöèè âñåé ñè-

ñòåìû, ïðèâåäåííûé ê äâèãàòåëþ. Âûðàæåíèÿ êèíåòè÷åñêîé è ïîòåíöèàëüíîé ýíåðãèé ñîñòàâ-

ëåíû ñ ó÷åòîì ðàçìåðîâ øàðà, êîòîðûé íåîáõîäèì, åñëè ðàññìàòðèâàòü ðàâíîâåñèå è äâèæåíèå

âáëèçè íà÷àëà êîîðäèíàò. Äèíàìèêó êîëëåêòîðíîãî äâèãàòåëÿ ïîñòîÿííîãî òîêà ñ íåçàâèñèìûì

âîçáóæäåíèåì îïèñûâàåò óðàâíåíèå Êèðõãî�à (ñì. [20℄):

La
dia
dt

+Raia + k3
dθ

dt
= k1eν , eb = k3

dθ

dt
, (2.2)

ãäå eν � íàïðÿæåíèå íà âûõîäå óñèëèòåëÿ, ïîäàþùåãî ïèòàíèå íà ÿêîðíóþ îáìîòêó äâèãàòåëÿ,

eb � íàïðÿæåíèå ïðîòèâî-ÝÄÑ, k1 � êîý��èöèåíò ïðåîáðàçîâàòåëÿ ïèòàíèÿ, k3 � ïîñòîÿííàÿ

äâèãàòåëÿ, La � èíäóêòèâíîñòü îáìîòêè ÿêîðÿ, Ra � åãî ñîïðîòèâëåíèå, ia � òîê â öåïè ÿêîðÿ.



Î ìîäåëèðîâàíèè äèíàìèêè ñèñòåìû Ball and Beam 419

ÌÅÕÀÍÈÊÀ 2017. Ò. 27. Âûï. 3

Ïî êîîðäèíàòàì α è r íà ñèñòåìó äåéñòâóþò òîëüêî ïîòåíöèàëüíûå ñèëû:

Qr = − mgr√
r2 −R2

sinα, Qα = −mg
(
√

r2 −R2 cosα−R sinα
)

.

À ïî êîîðäèíàòå θ ïðèëîæåíà òîëüêî íåïîòåíöèàëüíàÿ ñèëà (ñì. [12℄) Qθ = k2ia − b0θ̇, ãäå b0 �
êîý��èöèåíò ñîïðîòèâëåíèÿ âðàùåíèþ, ïðèâåäåííûé ê äâèãàòåëþ, k2 � ýëåêòðîìåõàíè÷åñêàÿ

ïîñòîÿííàÿ äâèãàòåëÿ.

Ïðîäè��åðåíöèðîâàâ óðàâíåíèå ñâÿçè (1.1) ïî âðåìåíè, ìû ïîëó÷àåì óðàâíåíèÿ êèíåìà-

òè÷åñêîé ñâÿçè. Èç ýòîãî óðàâíåíèÿ ìîæíî âûðàçèòü ñêîðîñòü α̇ èëè θ̇, â çàâèñèìîñòè îò òîãî,

êàêîé âàðèàíò çàâèñèìîé êîîðäèíàòû ìû ðàññìàòðèâàåì. Óðàâíåíèå ñâÿçè áóäåì áðàòü â âèäå

α̇ = BI(α, θ) · θ̇, BI(α, θ) =
d

L

(L sin(α− θ) + (L− d) sin θ + l cos θ)

(d sin(α− θ) + (L− d) sinα+ l cosα)
(2.3)

èëè

θ̇ = BII(α, θ) · α̇, BII(α, θ) = 1/BI(α, θ). (2.4)

Çàïèøåì óðàâíåíèÿ Øóëüãèíà äëÿ ñèñòåìû Ball and Beam â äâóõ ñëó÷àÿõ. Â ïåðâîì áóäåì

ñ÷èòàòü çàâèñèìîé êîîðäèíàòîé óãîë íàêëîíà æåëîáà α. Âî âòîðîì ñëó÷àå çàâèñèìîé êîîð-

äèíàòîé áóäåò óãîë θ ïîâîðîòà êîëåñà. Óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ â ðàçíûõ ñëó÷àÿõ

áóäóò ðàçëè÷àòüñÿ.

Çàìå÷àíèå 3. Äàëåå áóäåì íàçûâàòü íóëåâûì ïîëîæåíèå ðàâíîâåñèÿ, êîòîðîìó ñîîòâåò-

ñòâóþò çíà÷åíèÿ êîîðäèíàò r = r0 = const, α = α0 = 0, θ = θ0 = 0. Âòîðîå ïîëîæåíèå

(r = r0 = const, α = α0 = 0, θ = θ1) íàçîâåì íåíóëåâûì. Èç ïîñòàíîâêè çàäà÷è ñëåäóåò, ÷òî

0 < r0 < L.

Çàìå÷àíèå 4. Åñëè èñïîëüçîâàòü óïðîùåííûé ïîäõîä è âìåñòî íåëèíåéíîãî óðàâíåíèÿ

(1.1) èñïîëüçîâàòü ëèíåàðèçîâàííîå óðàâíåíèå α = d
Lθ, òî âòîðîå (íåíóëåâîå) ïîëîæåíèå ðàâ-

íîâåñèÿ òåðÿåòñÿ.

Çàìå÷àíèå 5. Êîý��èöèåíòû óïðàâëåíèé äëÿ îäíîãî è òîãî æå ïîëîæåíèÿ ðàâíîâåñèÿ

ïðè ðàçíîì âûáîðå èçáûòî÷íîé êîîðäèíàòû áóäóò ðàçëè÷íû, ïîñêîëüêó, ñîîòâåòñòâåííî ââå-

äåííîé èçáûòî÷íîé êîîðäèíàòå, íàáîðû êîìïîíåíò �àçîâîãî âåêòîðà, âõîäÿùèå â óïðàâëÿåìûå

ïîäñèñòåìû, ÿâëÿþòñÿ ðàçíûìè. Òàêèì îáðàçîì, âñåãî ïîëó÷àåì ÷åòûðå ðàçëè÷íûå çàäà÷è ñòà-

áèëèçàöèè: äëÿ äâóõ ðàâíîâåñèé ïî äâà âàðèàíòà ââåäåíèÿ èçáûòî÷íîé êîîðäèíàòû.

Ñëó÷àé I. Çàâèñèìàÿ êîîðäèíàòà α

Èñïîëüçóåì (2.3) äëÿ èñêëþ÷åíèÿ çàâèñèìîé ñêîðîñòè α̇ èç êèíåòè÷åñêîé ýíåðãèè (2.1).

Óðàâíåíèÿ Øóëüãèíà, ñ ó÷åòîì äåéñòâóþùèõ íà ñèñòåìó ñèë, â ýòîì ñëó÷àå çàïèøóòñÿ â âèäå















d

dt

∂LI∗

∂ṙ
− ∂LI∗

∂r
= 0,

d

dt

∂LI∗

∂θ̇
− ∂LI∗

∂θ
= Q∗

θ +BI(α, θ)
∂LI∗

∂α
.

Ê ýòèì óðàâíåíèÿì íåîáõîäèìî äîáàâèòü åùå óðàâíåíèå äâèãàòåëÿ (2.2), à òàêæå ó÷åñòü

ïðîäè��åðåíöèðîâàííîå óðàâíåíèå ñâÿçè (2.3). Ïîëó÷èì ñèñòåìó
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









































































































(

m+
J

R2

)(

r2

r2 −R2
r̈ −R

rBI

√
r2 −R2

θ̈ − R2r

(r2 −R2)2
ṙ2
)

−

−



R

(

m+
J

R2

) r
(

∂BI

∂α BI + ∂BI

∂θ

)

√
r2 −R2

+mrBI2



 θ̇2 = −mgr sinα√
r2 −R2

,

(

(

mr2 + J
)

BI2 + J0

)

θ̈ −R

(

m+
J

R2

)

rBI

√
r2 −R2

r̈ + 2mrBI2ṙθ̇ +

+
(

mr2 + J
)

BI

(

∂BI

∂α
BI +

∂BI

∂θ

)

θ̇2 +R3

(

m+
J

R2

)

BI

(r2 −R2)3/2
ṙ2 =

= k2ia − b0θ̇ −mgBI
(
√

r2 −R2 cosα−R sinα
)

,

La
dia
dt

+Raia + k3θ̇ = k1eν ,

α̇ = BI (α, θ).

(2.5)

Çíà÷åíèå ïàðàìåòðîâ ñèñòåìû (2.5) â ïîëîæåíèè ðàâíîâåñèÿ (r0, α = 0, θ = θi):

i0a =
mgBI(0, θi)

√

r20 −R2

k2
, e0ν =

Rai
0
a

k1
=

mgRaB
I(0, θi)

√

r20 −R2

k1k2
.

Ââåäåì âîçìóùåíèÿ:

r = r0 + x1, ṙ = x2, θ = θi + xI3, θ̇ = xI4, ia = i0a + x5, α = xI6, eν = e0ν + uIi .

Çäåñü uIi � óïðàâëåíèå. Íèæíèé èíäåêñ ïðè θ è u îáîçíà÷àåò ïîëîæåíèå ðàâíîâåñèÿ, âåðõíèé �
âàðèàíò âûáîðà çàâèñèìîé êîîðäèíàòû.

Çàìå÷àíèå 6. Ïðè ðàçíîì âûáîðå èçáûòî÷íîé êîîðäèíàòû áóäóò ðàçëè÷íûìè íå òîëüêî

óðàâíåíèÿ äâèæåíèÿ, íî è íåêîòîðûå êîìïîíåíòû �àçîâûõ âåêòîðîâ. Äëÿ çàâèñèìîé êîîðäè-

íàòû α áóäåì îáîçíà÷àòü ïðèðàùåíèÿ ýòèõ êîîðäèíàò âåðõíèì èíäåêñîì I, à â ñëó÷àå çàâèñèìîé

êîîðäèíàòû θ � èíäåêñîì II. Âûäåëèâ â ñèñòåìå óðàâíåíèé (2.5) ïåðâîå ïðèáëèæåíèå, çàïèøåì

åå â íîðìàëüíîì âèäå:

ẋI = HI
i x

I + SuIi +XI (2), (2.6)

ãäå xI = (x1, x2, x
I
3, x

I
4, x5, x

I
6)

′
� �àçîâûé âåêòîð, HI

i � ìàòðèöà, íåíóëåâûå ýëåìåíòû êîòîðîé

ðàññ÷èòûâàþòñÿ ïî �îðìóëàì

h21 = −mg
RBI2

m
(

r20 −R2
)

BI2 + J0
, h23 = −mg

r0

RBI
(

r20 −R2
)

(

m
(

r20 −R2
)

BI2 + J0

)

∂BI

∂θ
,

h24 = − b0RBI
√

r20 −R2

r0

(

m
(

r20 −R2
)

BI2 + J0

) , h25 =
k2RBI

√

r20 −R2

r0

(

m
(

r20 −R2
)

BI2 + J0

) ,

h26 = −mg

√

r20 −R2
(

m
(

r20 −R2
)

BI2 + J0 +RBI
√

r20 −R2
(

m+ J
R2

)

∂BI

∂α

)

(

m+ J
R2

)

r0

(

m
(

r20 −R2
)

BI2 + J0

) ; h12 = h34 = 1;

h41 =
−mg

√

r20 −R2

BIr0
(

m
(

r20 −R2
)

BI2 + J0

) , h43 =
−mg

√

r20 −R2
(

m
(

r20 −R2
)

BI2 + J0

)

∂BI

∂θ
,
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h44 =
−b0

(

m
(

r20 −R2
)

BI2 + J0

) , h45 =
k2

(

m
(

r20 −R2
)

BI2 + J0

) ,

h46 =
−mg

√

r20 −R2
(

m
(

r20 −R2
)

BI2 + J0

)

∂BI

∂α
, h54 = − k3

La
, h55 = −Ra

La
, h64 = BI .

BI = BI (0, θi),
∂BI

∂α
=

∂BI

∂α

∣

∣

∣

∣

(0,θi)

,
∂BI

∂θ
=

∂BI

∂θ

∣

∣

∣

∣

(0,θi)

,

S = (0, 0, 0, 0, s, 0)
′

, s =
k1
La

.

XI (2)
� âåêòîð, ñîäåðæàùèé ÷ëåíû âòîðîãî ïîðÿäêà è âûøå.

Â ñèñòåìå (2.6) ýëåìåíòû ìàòðèö çàâèñÿò îò ïðîèçâîäíûõ êîý��èöèåíòîâ êèíåìàòè÷åñêèõ

ñâÿçåé (2.3), âû÷èñëåííûõ äëÿ ðàçíûõ ïîëîæåíèé ðàâíîâåñèÿ.

Äëÿ âûäåëåíèÿ ïåðåìåííûõ, êîòîðûì ñîîòâåòñòâóþò íóëåâûå êîðíè õàðàêòåðèñòè÷åñêîãî

óðàâíåíèÿ, ïðèìåíèì (ñîãëàñíî òåîðèè êðèòè÷åñêèõ ñëó÷àåâ) ëèíåéíóþ çàìåíó [11, 12℄:

xI6 = BIxI3 + zI . (2.7)

Òîãäà ïðîäè��åðåíöèðîâàííîå óðàâíåíèå ñâÿçè (2.3), âõîäÿùåå â ñèñòåìó (2.5), â ïåðâîì ïðè-

áëèæåíèè ïðèìåò âèä żI = 0, à êîý��èöèåíòû ïðè ïåðåìåííîé xI3 èçìåíÿòñÿ ñëåäóþùèì

îáðàçîì:

h
′

23 = h23 + h26B
I =

= −mg

r0

BI
√

r20 −R2
(

m
(

r20 −R2
)

BI2 + J0 +R
√

r20 −R2
(

m+ J
R2

)

(

∂BI

∂α BI + ∂BI

∂θ

))

(

m+ J
R2

)

(

m
(

r20 −R2
)

BI2 + J0

) ;

h
′

43 = h43 + h46B
I = − mg

√

r20 −R2

m
(

r20 −R2
)

BI2 + J0

(

∂BI

∂α
BI +

∂BI

∂θ

)

.

Òåïåðü çà óïðàâëÿåìóþ ïîäñèñòåìó, ñîãëàñíî [17℄, ìîæíî âûáðàòü ïîäñèñòåìó

ẇI = M I
i w

I +NuIi , (2.8)

M I
i =













0 1 0 0 0
h21 0 h′23 h24 h25
0 0 0 1 0
h41 0 h′43 h44 h45
0 0 0 h54 h55













, N =













0
0
0
0
s













,

íå ñîäåðæàùóþ êðèòè÷åñêóþ ïåðåìåííóþ zI , ãäå wI =
(

x1, x2, x
I
3, x

I
4, x5

)

� �àçîâûé âåêòîð.

Óñëîâèå óïðàâëÿåìîñòè (ñì. [23, ñ. 475�515℄) äëÿ ñèñòåìû (2.8)

rank

(

N M I
i ·N

(

M I
i

)2 ·N
(

M I
i

)3 ·N
(

M I
i

)4 ·N
)

= 5

âûïîëíåíî. Ïî ìåòîäó Í.Í. Êðàñîâñêîãî (ñì. [23, ñ. 475�515℄) êîý��èöèåíòû ñòàáèëèçèðóþ-

ùåãî óïðàâëåíèÿ uIi = KI
i w

I
íàõîäÿòñÿ ïîñðåäñòâîì ðåøåíèÿ ëèíåéíî-êâàäðàòè÷íîé çàäà÷è

ñòàáèëèçàöèè, ïðè÷åì ïîäûíòåãðàëüíàÿ �óíêöèÿ êðèòåðèÿ êà÷åñòâà âûáèðàåòñÿ â âèäå

ωI = (x1)
2 + (x2)

2 +
(

xI3
)2

+
(

xI4
)2

+ (x5)
2 +

(

uIi
)2

. (2.9)
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Çàìå÷àíèå 7. Ïåðâîå ïðèáëèæåíèå óðàâíåíèé (2.6) çàâèñèò îò êâàäðàòè÷íûõ ÷ëåíîâ ðàç-

ëîæåíèÿ óðàâíåíèÿ ãåîìåòðè÷åñêîé ñâÿçè (èëè ëèíåéíûõ ÷ëåíîâ ðàçëîæåíèÿ êèíåìàòè÷åñêîé

ñâÿçè), êîòîðûå ìîãóò îêàçûâàòü âëèÿíèå íà óñòîé÷èâîñòü ïîëîæåíèÿ ðàâíîâåñèÿ. Óñëîâèåì

äîïóñòèìîñòè ïåðåõîäà ê ëèíåàðèçîâàííûì ñâÿçÿì ÿâëÿåòñÿ îáðàùåíèå â íóëü â ðàññìàòðèâà-

åìîì ïîëîæåíèè ðàâíîâåñèÿ óêàçàííûõ ÷ëåíîâ. Äëÿ ñèñòåìû Ball and Beam, ÷àñòíûå ïðîèç-

âîäíûå

∂BI

∂α , ∂BI

∂θ , ∂BII

∂α , ∂BII

∂θ èìåþò çíà÷åíèÿ, ïðåäñòàâëåííûå â òàáëèöå.

Çàâèñèìàÿ êîîðäèíàòà α Çàâèñèìàÿ êîîðäèíàòà θ

BI(0, 0) =
d

L
,

∂BI

∂α

∣

∣

∣

∣

(0,0)

=
∂BI

∂θ

∣

∣

∣

∣

(0,0)

= 0

BII(0, 0) =
L

d
,

∂BII

∂α

∣

∣

∣

∣

(0,0)

=
∂BII

∂θ

∣

∣

∣

∣

(0,0)

= 0

BI(0, θ1) =
d

L
· l

2 + d2

d2 − l2
,

∂BI

∂α

∣

∣

∣

∣

(0,θ1)

=
2d2l

L
·
(

2dL− d2 − l2
)

(l2 − d2)2
,

∂BI

∂θ

∣

∣

∣

∣

(0,θ1)

= 0

BII(α1, θ1) =
L

d
· d

2 − l2

l2 + d2
,

∂BII

∂α

∣

∣

∣

∣

(0,θ1)

= −2Ll ·
(

2dl − d2 − l2
)

(l2 + d2)2
,

∂BII

∂θ

∣

∣

∣

∣

(0,θ1)

= 0

Ñëåäîâàòåëüíî, ëèíåàðèçàöèÿ óðàâíåíèé ãåîìåòðè÷åñêèõ ñâÿçåé äîïóñòèìà òîëüêî ïðè èñ-

ñëåäîâàíèè íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ, à ïðè èññëåäîâàíèè óñòîé÷èâîñòè ñèñòåìû â íåíó-

ëåâîì ïîëîæåíèè íåîáõîäèì ó÷åò êâàäðàòè÷íûõ ÷ëåíîâ.

�åçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ïðèâåäåíû íèæå.

Ñëó÷àé II. Çàâèñèìàÿ êîîðäèíàòà θ

Â ýòîì ñëó÷àå âñå âûêëàäêè ïðîâîäÿòñÿ àíàëîãè÷íî, ïîýòîìó ïðèâåäåì òîëüêî îñíîâíûå

�îðìóëû è ðåçóëüòàòû.

Óðàâíåíèÿ Øóëüãèíà çàïèøóòñÿ â âèäå























d

dt

∂LII∗

∂ṙ
− ∂LII∗

∂r
= 0,

d

dt

∂LII∗

∂α̇
− ∂LII∗

∂α
= BII(α, θ)

(

∂LII∗

∂θ
+Q∗

θ

)

.

Â ïîëíîé ìàòåìàòè÷åñêîé ìîäåëè ó÷èòûâàþòñÿ óðàâíåíèå ñâÿçåé (2.4) è óðàâíåíèå (2.2),

îïèñûâàþùåå äèíàìèêó ýëåêòðîïðèâîäà.

Çíà÷åíèå ïàðàìåòðîâ â ïîëîæåíèè ðàâíîâåñèÿ (r0, α = 0, θ = θi):

i0a =
mg
√

r20 −R2

k2BII(0, θi)
, e0ν =

mgRa

√

r20 −R2

k1k2BII(0, θi)
.

Ââåäåì âîçìóùåíèÿ:

r = r0 + x1, ṙ = x2, α = xII3 , α̇ = xII4 , ia = i0a + x5, θ = θi + xII6 , eν = e0ν + uIIi .

Âèä ïåðâîãî ïðèáëèæåíèÿ ñèñòåìû â íîðìàëüíîé �îðìå àíàëîãè÷åí (2.6):

ẋII = HII
i xII + SuIIi +XII(2) .
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Îáðàòèì âíèìàíèå, ÷òî çäåñü, â îòëè÷èå îò (2.6), ÷àñòü êîìïîíåíò �àçîâîãî âåêòîðà xII =
= (x1, x2, xII3 , xII4 , x5, xII6 )′ ñîîòâåòñòâóåò äðóãèì êîîðäèíàòàì. Ïðè ýòîì êîý��èöèåíòû

ìàòðèöû HII
i ñëåäóþùèå:

h21 =
−mgR

(

m
(

r20 −R2
)

+ J0BII2
) , h24 =

−b0RBII2
√

r20 −R2

r0

(

m
(

r20 −R2
)

+ J0BII2
) ,

h23 = −mg
√

r20 −R2
m(r20 −R2) + J0B

II2 −R
√

r20 −R2
(

m+ J
R2

)

∂BII

∂α
1

BII

r0
(

m+ J
R2

)

(

m
(

r20 −R2
)

+ J0BII2
) ,

h25 =
k2RBII

√

r20 −R2

r0

(

m
(

r20 −R2
)

+ J0BII2
) ; h26 =

mgR
(

r20 −R2
)

r0

(

m
(

r20 −R2
)

+ J0BII2
)

1

BII

∂BII

∂θ
,

h41 =
−mgr0

√

r20 −R2
(

m
(

r20 −R2
)

+ J0BII2
) , h44 =

−b0B
II

m
(

r20 −R2
)

+ J0BII2
, h12 = h34 = 1,

h43 =
mg
√

r20 −R2
(

m
(

r20 −R2
)

+ J0BII2
)

1

BII

∂BII

∂α
, h45 =

BIIk2

m
(

r20 −R2
)

+ J0BII2
,

h46 =
mg
√

r20 −R2
(

m
(

r20 −R2
)

+ J0BII2
)

∂BII

∂θ
, h54 = −k3

BII

La
, h55 = −Ra

La
.

Ïîñëå ëèíåéíîé çàìåíû, àíàëîãè÷íîé (2.7) (äëÿ âûäåëåíèÿ êðèòè÷åñêîé ïåðåìåííîé), èç-

ìåíÿòñÿ êîý��èöèåíòû ïðè xII3 :

h
′

23 = h23 + h26B
II = −mg

√

r20 −R2 ×

×
m
(

r20 −R2
)

+ J0B
II2 −R

(

m+ J
R2

)
√

r20 −R2
(

1
BII

∂BII

∂α + ∂BII

∂θ

)

r0
(

m+ J
R2

)

(

m
(

r20 −R2
)

+ J0BII2
) ,

h
′

43 = h43 + h46B
II =

mg
√

r20 −R2
(

m
(

r20 −R2
)

+ J0BII2
) ·
(

1

BII

∂BII

∂α
+

∂BII

∂θ

)

.

Óïðàâëÿåìóþ ïîäñèñòåìó ìîæíî çàïèñàòü â âèäå, àíàëîãè÷íîì (2.8):

ẇII = M II
i wII +NuIIi . (2.10)

Îòëè÷íûìè îêàçûâàþòñÿ êîìïîíåíòû âåêòîðà wII = (x1, x2, x
II
3 , xII4 , x5) è êîìïîíåíòû ìàòðè-

öû M II
i . Äëÿ (2.10) òàêæå áóäåò âûïîëíåíî óñëîâèå óïðàâëÿåìîñòè [23, ñ. 475�515℄:

rank

(

N M II
i ·N

(

M II
i

)2 ·N
(

M II
i

)3 ·N
(

M II
i

)4 ·N
)

= 5.

Êîý��èöèåíòû ñòàáèëèçèðóþùåãî óïðàâëåíèÿ uIIi = KII
i wII

îïðåäåëÿþòñÿ ïîñðåäñòâîì

ðåøåíèÿ ëèíåéíî-êâàäðàòè÷íîé çàäà÷è ñòàáèëèçàöèè, ïðè÷åì ïîäûíòåãðàëüíàÿ �óíêöèÿ â êðè-

òåðèè êà÷åñòâà àíàëîãè÷íà (2.9):

ωII = (x1)
2 + (x2)

2 +
(

xII3
)2

+
(

xII4
)2

+ (x5)
2 +

(

uIIi
)2

.

� 3. ×èñëåííîå íàõîæäåíèå çàêîíîâ óïðàâëåíèÿ

Äëÿ ÷èñëåííûõ ðàñ÷åòîâ âîçüìåì ñëåäóþùèå çíà÷åíèÿ ïàðàìåòðîâ:

m = 0.064êã . . . ìàññà øàðèêà; R = 0.0254ì . . . . . . . . . ðàäèóñ øàðèêà;

L = 0.425ì . . . äëèíà æåëîáà; l = 0.34ì . . . . . . . . . . . . äëèíà ïëå÷à;

d = 0.12ì . . . . . . ðàäèóñ êîëåñà ïðèâîäà.
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Êîý��èöèåíòû ñòàáèëèçèðóþùåãî óïðàâëåíèÿ âû÷èñëÿþòñÿ ìåòîäîì Í.Í. Êðàñîâñêî-

ãî [23, ñ. 475�515℄ äëÿ êàæäîãî ïîëîæåíèÿ ðàâíîâåñèÿ ïðè äâóõ âûáîðàõ çàâèñèìîé êîîðäè-

íàòû. Äëÿ ïîëó÷åíèÿ ãðà�èêîâ ïåðåõîäíûõ ïðîöåññîâ ðåøàåòñÿ ñèñòåìà äè��åðåíöèàëüíûõ

óðàâíåíèé, îïèñûâàþùèõ äâèæåíèå ñèñòåìû, çàìêíóòîé íàéäåííûì óïðàâëåíèåì.

Çàìå÷àíèå 8. Íà÷àëüíûå âîçìóùåíèÿ óãëîâ α è θ, âîîáùå ãîâîðÿ, íå ÿâëÿþòñÿ ñâîáîä-

íûìè è äîëæíû óäîâëåòâîðÿòü ãåîìåòðè÷åñêîé ñâÿçè (1.1). ×òîáû â ðàçíûõ ìàòåìàòè÷åñêèõ

ìîäåëÿõ ïîñòðîèòü ãðà�èêè îäíîãî è òîãî æå ïðîöåññà ñòàáèëèçàöèè, íåîáõîäèìî ó÷èòûâàòü

ñâÿçü íà÷àëüíûõ âîçìóùåíèé. Íà÷àëüíûå âîçìóùåíèÿ îñòàëüíûõ êîîðäèíàò áûëè âûáðàíû

ïðîèçâîëüíî è èñïîëüçîâàëèñü äëÿ âñåõ ãðà�èêîâ.

Çàìå÷àíèå 9. Â ñèëó òîãî, ÷òî ìîäåëèðóåòñÿ ïðîöåññ ñòàáèëèçàöèè äëÿ îäíîé è òîé æå

ìåõàòðîííîé ñèñòåìû ïðè ñîîòâåòñòâóþùèõ íà÷àëüíûõ âîçìóùåíèÿõ, ãðà�èêè èçìåíåíèé êî-

îðäèíàò ïîëîæåíèÿ øàðèêà, åãî ñêîðîñòè è òîêà îêàçûâàþòñÿ èäåíòè÷íûìè äëÿ îäíîãî è òîãî

æå ïîëîæåíèÿ ðàâíîâåñèÿ è íå çàâèñÿò îò âûáîðà çàâèñèìîé êîîðäèíàòû. Â òî æå âðåìÿ óïðàâ-

ëåíèå, êàê �óíêöèÿ âðåìåíè, òàêæå íå çàâèñèò îò âûáîðà èçáûòî÷íîé êîîðäèíàòû è èçìåíÿåòñÿ

òîëüêî â çàâèñèìîñòè îò ïîëîæåíèÿ ðàâíîâåñèÿ.

Ñëó÷àé íóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ

1. Çàâèñèìàÿ êîîðäèíàòà � óãîë α.

�àññ÷èòàííîå îïòèìàëüíîå óïðàâëåíèå:

uI0 = −1435 · x1 − 720 · x2 + 708 · xI3 + 22 · xI4 + 84.5 · x5.

�ðà�èêè íåñêîëüêèõ ïåðåõîäíûõ ïðîöåññîâ ïðåäñòàâëåíû íà ðèñ. 4�8.

2. Çàâèñèìîé êîîðäèíàòîé âûáðàí óãîë θ.

�àññ÷èòàííîå îïòèìàëüíîå óïðàâëåíèå:

uII0 = −1434.4 · x1 − 720 · x2 + 2508.3 · xII3 + 79.2 · xII4 + 84.5 · x5.

�ðà�èêè ïåðåõîäíûõ ïðîöåññîâ ïî 3-é è 4-é êîîðäèíàòàì (èçìåíåíèå óãëà α è åãî ñêîðîñòè)

ïðåäñòàâëåíû íà ðèñ. 9�10. �ðà�èêè ïåðåõîäíûõ ïðîöåññîâ ïî äðóãèì êîîðäèíàòàì èäåíòè÷íû

äëÿ îáåèõ ìàòåìàòè÷åñêèõ ìîäåëåé.

Ñëó÷àé íåíóëåâîãî ïîëîæåíèÿ ðàâíîâåñèÿ

1. Çàâèñèìîé êîîðäèíàòîé âûáðàí óãîë α.

�àññ÷èòàííîå îïòèìàëüíîå óïðàâëåíèå:

uI1 = 1993 · x1 + 817 · x2 + 898 · xI3 + 32 · xI4 + 99 · x5.

�ðà�èêè ïåðåõîäíûõ ïðîöåññîâ ïðåäñòàâëåíû íà ðèñ. 11�15.

2. Çàâèñèìîé êîîðäèíàòîé âûáðàí óãîë θ.

�àññ÷èòàííîå îïòèìàëüíîå óïðàâëåíèå:

uII1 = 1986 · x1 + 857 · x2 − 2451.5 · xII3 − 88.4 · xII4 + 98 · x5.

�ðà�èêè ïåðåõîäíûõ ïðîöåññîâ ïî 3-é è 4-é êîîðäèíàòàì (èçìåíåíèå óãëà α è åãî ñêîðîñòè)

ïðåäñòàâëåíû íà ðèñ. 16�17.

� 4. Çàêëþ÷åíèå

(1) Íà îñíîâå óðàâíåíèé äâèæåíèÿ â �îðìå Ì.Ô.Øóëüãèíà ïîñòðîåíà ïîëíàÿ ìîäåëü ñèñòå-

ìû Ball and Beam êàê ñèñòåìû ñ èçáûòî÷íûìè êîîðäèíàòàìè ñ ó÷åòîì íåëèíåéíîãî óðàâíåíèÿ

ãåîìåòðè÷åñêîé ñâÿçè. Ïîëó÷åííûå ðåçóëüòàòû äåìîíñòðèðóþò âàæíîñòü ó÷åòà êâàäðàòè÷íûõ

÷ëåíîâ â ðàçëîæåíèè óðàâíåíèé ãåîìåòðè÷åñêèõ ñâÿçåé ïðè ïîñòðîåíèè ìàòåìàòè÷åñêîé ìîäåëè
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ñèñòåì ñ èçáûòî÷íûìè êîîðäèíàòàìè. Óêàçàíû óñëîâèÿ, ïðè êîòîðûõ äîïóñòèìà ëèíåàðèçàöèÿ

ñâÿçåé.

(2) Ïîêàçàíî ïðèíöèïèàëüíîå îòëè÷èå óðàâíåíèé ïåðâîãî ïðèáëèæåíèÿ âîçìóùåííîãî äâè-

æåíèÿ â îêðåñòíîñòè èçâåñòíîãî è íîâîãî, ðàíåå íåèññëåäîâàííîãî, ïîëîæåíèé ðàâíîâåñèÿ.

Äëÿ îáîèõ ïîëîæåíèé ðàâíîâåñèÿ â äâóõ ñëó÷àÿõ âûáîðà èçáûòî÷íîé êîîðäèíàòû ìåòîäîì

Í.Í. Êðàñîâñêîãî (ñì. [23, ñ. 475�515℄) ðåøåíà çàäà÷à ñòàáèëèçàöèè.

(3) Ñîñòàâëåíà ïðîãðàììà äëÿ ïîëó÷åíèÿ çàêîíîâ óïðàâëåíèÿ è ãðà�èêîâ ïåðåõîäíûõ ïðî-

öåññîâ â ñîîòâåòñòâóþùèõ çàìêíóòûõ ñèñòåìàõ. Â ïðîãðàììå ó÷èòûâàåòñÿ ñîãëàñîâàíèå íà-

÷àëüíûõ âîçìóùåíèé êîîðäèíàò èç-çà íàëè÷èÿ ãåîìåòðè÷åñêîé ñâÿçè è ðàçíîãî âûáîðà èçáû-

òî÷íîé êîîðäèíàòû.

(4) Ïîêàçàíî, ÷òî óïðàâëåíèå, êàê �óíêöèÿ âðåìåíè, íå çàâèñèò îò èçáûòî÷íîé ïåðåìåí-

íîé, õîòÿ äëÿ ðàçíûõ çàâèñèìûõ êîîðäèíàò óïðàâëåíèå ÿâëÿåòñÿ �óíêöèåé ðàçíûõ �àçîâûõ

ïåðåìåííûõ.

Íåêîòîðûå ðåçóëüòàòû ðàáîòû äîêëàäûâàëèñü íà êîí�åðåíöèÿõ (ñì. [16�19℄).
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of disturbed motion are analyzed in a neighborhood of the equilibrium positions, using equations without

Lagrange multipliers in the form of M.F. Shul'gin. The possibility of linearization of the 
onstraint equation

is dis
ussed. The stabilization problem is solved for every equilibrium position and two possible variants

of the redundant 
oordinate. Stabilizing 
ontrol (voltage at the armature of the drive motor) is 
al
ulated

via solving linear-quadrati
 problems by N.N. Krasovsky's method for 
orresponding 
ontrol subsystems.

The 
oin
iden
e of 
ontrols as time fun
tions for the same equilibrium is shown for di�erent 
hoi
es of the

redundant 
oordinate, and the stabilizing 
ontrols are linear fun
tions of di�erent phase variables. The graphs

of transient pro
esses in systems 
losed by the obtained 
ontrols are given. The asymptoti
 stability of both

equilibrium positions in a 
omplete nonlinear 
losed system follows from the previously proved theorem on

asymptoti
 stability in the presen
e of zero roots of the 
hara
teristi
 equation 
orresponding to redundant


oordinates.
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