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OB OTHOM ITOJIXOAE K PEIITEHUIO HEOJTHOPOJIHBIX YPABHEHUI
B YACTHBIX ITPOU3BOTHBIX!

[IpemytoxkeH MOIXOT K MOIYYEHUIO0 TOUYHBIX PEIeHN HEOTHOPOIHBIX Arud hepeHnraabHbIX YPABHEHWH B 4aCT-
HBIX TPOU3BOAHBIX. [[0KA3aHO, YTO ecu npaBasi 9acTh YPABHEHUS 33/a€T IOBEPXHOCTh YPOBHS JIJIs PEIeHust
YPaBHEHUS, TO B PAMKAX ITOTO MOIX0/IA MOUCK PEIeHUil PACCMATPUBAEMOTO HEOTHOPOIHOTO YPABHEHUST CBO-
IUTCS K pemieHnio obbikHOBeHHOro auddepennumanbaoro ypasuenus (OLY). B nporuBHOM ciiydae HmOMCK
perenwit ypasuenusi mpuBoautT K pemtenuio cucrembl QLY. Iomyuenne cucremsr OLY onupaercs Ha, HAJU-
qre B pACCMaTPUBAEMOM YPABHEHUH TIEPBHIX MPOU3BOJIHBIX OT UCKOMON (byHKInu. [j1sT ypaBHEeHWI B 9aCTHBIX
MTPOM3BOIHBIX, KOTOPBIE STBHO HE COIEPYKAT MEPBBIE MPOU3BOAHBIE UCKOMON (DYHKIINU, MPEITOKEHA TOICTA~
HOBKA, TIO3BOJISIIOIIAS IOy YUTh TAKUE YWIEHBI B yPABHEHWH. 1TOOBI CBECTU UCXOTHOE YPABHEHUE, COMEPIKAIIEE
mepBbIe TPOU3BOHBIE OT UCKOMOI (yukmuu, K cucreme OV, paccMarpuBaeTcst CBsi3aHHAS C HAM CHCTEMa
JIBYX YPABHEHUI B YaCTHBIX MPOU3BOIHBIX. [lepBOe ypaBHEHUE CHCTEMBI COJEPKUT B JIEBON YaCTH YACTHBHIE
MTPOM3BOIHBIE TOJHKO TEPBOTO MOPSIKA, BHIOPAHHBIE M3 MCXOJHOTO YPABHEHWs, B MPABOW YAaCTH — MTPOU3-
BOJIbHYIO (DYHKIIMIO, aPTYMEHTOM KOTODOI sIBJIsieTcst nckoMasi (pyHKIus. BTropoe ypaBHEHHE CONEPIKUT djTe-
HBI UCXOJHOTO YPABHEHUS, HE BOIIEIINNE B IEPBOE YPABHEHUE CUCTEMBI, U TIPABYIO0 YaCTh IEPBOTO YPABHEHUST
dopmupyemoii cucrembl. PeriieHne ncxomHoro ypaBHeHHsI CBOIUTCS K MTOWCKY DPENIeHUs MEPBOTO yPABHEHUS
TOJIy9€HHOI CHCTEMbl YPABHEHUN B 9aCTHBIX MPOU3BOAHBIX, OOPAIIAIONIEr0 B TOXKIECTBO BTOPOE yPABHEHUE
cucrembl. Takoe perrenue yaaeTcs HalTH, UCTOJIb3Y sl PACIITHPEHHYO CHCTEMY YPABHEHMIT XapaKTEPUCTHUK JIJIsT
MEPBOrO YPABHEHUS U MPOU3BOJI B BBIOOPE (DYHKIINN W3 MPABOIl YacTh 3TOr0 ypaBHeHus. ONUCAHHBIA MOIXO]T
MPUMEHEH sl IOy YeHnsl HEKOTOPBIX TOYHBIX pelienuii ypasHenusi [lyaccona, ypasueruss Momxa—Amnepa
¥ ypaBHEHNS KOHBEeKIUH—IudPy3umn.

Karuesvie cao6a: HEOTHOPOIHBIE YPABHEHUS B YACTHBIX MPOU3BOMHBIX, TOUYHBIe pemenus, OJLY, cucre-

mbr OZ1Y.
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BBenenune

I/IBBeCTHO JOCTaTOYHO MHOTO HpI/I6JII/I}I{eHHEIX " TOYHBIX METOJO0B PEmeHudA OTIACJIHHBIX KJIacC-
COB HEOJHOPOJHBIX YPABHEHWiI B YACTHBIX MPOU3BOAHBIX (CM., Hampumep, [1-4]). B namuoii crarne
JJIA Ppermenmns HeOJHOPOIHBIX ypaBHeHI/Iﬁ B 9aCTHBIX TTPOM3BOAHBIX MUCHOJIB3YETCA FeOMeTpI/IquKI/Iﬁ
METOJT UCCJIeOBAHNS HEJTMHEHHBIX YPABHEHH U CHCTEM B YaCTHBIX MPOU3BOIHBIX, PA3BUBAEMBIN aB-
Topamu [5—9|, KOTOpBIii TO3BOJISET B PsJjie CIyIaeB MOIYYATh TOUYHBIE DEIIeHUs TAKUX yPaBHEHUI
W CHCTeM, PeraTh HEKOTOPble KPaeBble 33/1a491 1 33/[a9i O MPUMBIKAHWN Tedennii pasHoro turma [10].

B ocHoBy MeToma MO0XkKeH BBIOOP TAKMX HE3aBUCHMBIX MEPEMEHHBIX, UCIOJb30BAHNE KOTOPBIX
TTO3BOJIAET YPAaBHEHUA B YaCTHBIX MPOU3BOAHBIX TIOPsAKa BBIIE MEPBOTO CBECTHU K CUCTEME O6BIK-
HOBeHHBIX jnddepennnanbubix ypasuennii (O/1Y). B HOBBIX HE3aBUCHMBIX MEPEMEHHBIX DEIEHIE
HeJIMHEeHHOTO YpaBHEHUA B YaCTHBIX TTPONU3BOAHBIX BBIPAZKACTCA TOJJIBKO 9Y€pe3 OAHY HE3aBUCHUMYIO
epeMeHHy0, KOTopasl, eCTeCTBEHHO, 3a/1aeT MOBEPXHOCTh YPOBHS pernenus. VIHOrIa MOXKHO HE WC-
KaTh TTOBEPXHOCTH YPOBHS PEIeHNsI, & BEIONPATH B KAYECTBE MOBEPXHOCTH YPOBHSI M3BECTHBIE (DYHK-
mn [7].

Hanpuwmep, mycrs 3a1a00 HenmHeiiHOE HEOAHOPOAHOE M bepeHraIbHOe YPABHEHNE B YACTHBIX
MTPOU3BOIHBIX

F(i,u,ul,...,un,uij,...,uil,i%___,im) :f((f') (Z,j = 1,...,n). (0.1)

!PaBora BoimonHena npu nomgepxkke KoMiuieKcHOM nporpaMubl (yHiaMeHTanbHbIX uccaeosarmii YpO PAH,
mpoekT 15-16-1-10.
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Bueck T = (x1,...,%y), T; — HE3ABUCHMBIE NepeMeHHble, u(Z) — Hem3BecTHast (QYHKIHsI, HIKHIE
HHJIEKCHI YKa3bIBAIOT Ha JAnuddepeHupoBanie M0 COOTBETCTBYIONINM EPEMEHHBIM.
[Monarast, aro u = u(f(Z)), TPUXOIUM K 3aBUCHMOCTH

k
Z Al(u’ u,, u”a cee ,UH'",)Bl(J_T, fi’ fl]’ s afil,iQ,...,im) = f(a_:)a (02)
=1

rae mrTpux obo3nadaer audpepeHnupoBanme mo f.
Ecmm

Bi(z, fi, fijs - s firsioyim) = 91(f)s (0.3)

To pemenne ypasuenus (0.2) ceogures k pemennto OJLY

k

ZAl(u,u/,u” " Na(f) = f,

=1

perenne ypasuenus (0.1) mosydaercst mocsae moacTaHoBKu B ero pemtenne u = u(f) dynkuun f
= f(Z). 3aech, B oTIMUme ot 00IIEro Cayvasi, He TpedyeTcst JoKa3biBaTh COBMECTHOCTE cucremb (0.
MOCKOJIbKY OH& COBMECTHA TIO CIIOCODY ee Oy YeHN .

B mepsoit wactu paboThl TaHHBIN MTOAXO JEMOHCTPUPYETCS LI MOIYy9IEHUsS] TOYHBIX PerreHwit
HEKOTOPBIX HEOJHOPOJHBLIX YPABHEHHMIA.

Bo Bropoit gactr paboThl TpeIaraeTcsi MeTOL CBEIEHUST UCXOIHOTO ypasHeHus K cucreme OV
JTST IOJTY9eHUsT €r0 PeIIennii, Korjaa Jijis MpaBoil YacTu ypaBHEHUs He BHIMOMHAIOTCs yeaosust (0.3).

5,

§1. CBemenmne HEOOHOPOAHOI'O0 yPaBHEHUHA B YACTHBIX IIPOU3BOAHBIX K OJ1Y

PaccmarpuBaem ypasaenune Ilyaccona
Uzy + Uyy + Uz = f(2,Y, 2). (1.1)

Monaraem, uto u = u(f(x,y, 2)), Toraa Uz = v’ f2 4+ o, Uyy = u”fg 1 fyyy ez = U f2 40 frs
31ech u jgasiee B 3ToM maparpade mrpux obo3Hadaer auddepeHnupoBaHue o MepeMeHHol f, HiK-
HUE WHJIEKCHI yKa3bIBAIOT Ha auddepeHnnpoBanne mo COOTBETCTRYIONNM mepemeHHbIiM. [lomcraBun
oIy deHHbIe BrIpaskenns B ypapmenne (1.1), meen u”(f2 + f; + [2) 4+ (fox+ fyy+ f22) = f. Ecm
f:g + fg? + f,g - fl(f)7 Joz + fyy + for = f2(f)7 0, penms OJIY

u'fi+d fo=f (1.2)
u nofcrasuB B ero pemenvie u( f) dyukunio f(z,y, z), moayaum pemenne ypasaerns (1.1).
Ormernm, uro f1(f), fo(f) — wm3BecTHBIE (DYHKIMM, KOTOPBIE MOJYYAOTCS TPHU MOJCTAHOBKE

bynkuE f B cooTReTCTRYyIOMIE BhIpaskerwst (f2 -+ fy2+ 2 v (fox+ fyy+ fez)- Eme pas noguepkuew,
9TO, TIOCKOJIBKY B 008 BbIpAKeHUsl MOJICTABIACTCA OJIHA U Ta ¥Ke (DYHKIUI, a TOCTIe MOJCTAHOBKA f
B JIAHHbBIE BBIPAKEHUS TOJIyHUAIOTCS HEKOTOPbIe (DYHKINW, 3aBUCAIIME TOJBLKO OT f, BOPOC O COB-
MECTHOCTH CHCTEMBI HE CTOHT.

Mpumep 1. Tycrs f(z,y,2) = 2 + 4 + 22, 1038 fi(f) = f2+ 2+ 12 = 4f, fo(f) = fuo +
+ fyy + f2» = 6. Tlogcrasss stn Beipaxkenust fi(f) n fo(f) B ypasnenne (1.2), mpugem x OLY
4" f + 6u' = f, pemas xKoropoe momyudaem u = f2/20 — 2nf("1/2) n = const. B pesymsrate,
KaK HETPYHO TpOBepuTh, permenne ypapuenwus (1.1), ecmw f(z,y,2) = 22 + y? + 2%, umeer Bup

u= (22 + 9%+ 22)2/20 — 2n//x2 + 2 + 22.

Ipumep 2. Iycrs f = sin (ax + by + cz), Toraa fi(f) = (a®+b* + ) (1 — f?), f2(f) = —(a® +
+ b2 + c?)f. Pemmaem ypasuerne (a® + b2 + ¢?)(u”(1 — f?) — fu') = f. Iocre mogcTanoskn f =
= sin (ax + by + cz) B perenye 3TOro ypaBHeHUs T10Jdy4aeM TOYHOe pertenne ypapuenns (1.1):

u = n(ax + by + cz) — sin (azx + by + c2)/(a® + b* + ¢?), 1 = const.



006 oIHOM TIOAXOIE K PENTeHUI0 HEOTHOPOIHBIX YPaBHEHMIT 357

MATEMATUKA 2017. T.27. Beim. 3

Paccmarpusaem ypasrenne Morxxa—Awmrepa [11]
Wy — Waaltyy = f(2,y). (1.3)

[onaraem, aro w = w(f), Toraa wy = W' fr, Wy = W' fy, Wey = W fofy +0' fry, Waz = W' f2 40" fr,
Wyy =" f; + W' fyy. HoncraBngas stu BeIpakenus B ypasuenne (1.3), momydaem

w”wl(zfxfyfmy - fﬁfm - fz2fyy) - w/Q( :gy - fmmfyy) = f.

Ecan

2fxfyfmy_fy2fmm_f:3fyy:fl(f)7 :gy_fmﬁfyy:f?(f)a (1-4)

To permenne ypasuenus (1.3) CBOAUTCS K PEIIEHUIO yPABHEHUST

w'w' fy —w?fo = f (1.5)
u mozcranoBke B w( f) m3secrroit byukunn f(x,y).

IMpumep 3. AHATOTMYHO TPEIBIAYIIEMY TTOJyYrM perterne ypasaenus (1.3) mus cayvas, Korga
f = zy (cm. [12]). Toacrasus Takyio dyakmuio f B cucremy (1.4), moayuaem f1 = 2f, fo = 1,
u ypasrenue (1.5) npusomures K Buay 2fw’w’ — w'? = f. Tlocie ero pemeHus: u MOACTAHOBKM

f = xy maxogum pemenne ypasnenus (1.3):

w:/\/(nf—i—flnf)df—i—M, f=xy, mn=const, M = const.

PaccmarpuBaem ypaBHenue (puibTpalun
1 2
Pt — ;px — PPaa = f(z,1).

Bneck v — nokazarens agmabarer. Hycrs p = p(f), Torma py = p'fi, pe = b fo, Pex = D" f2 + D' foo-
[TofcraBisasa JaHHBIE BEIPDAYKCHUS B ypaBHEHNE (DHILTPAIINH, HOIYyYAeM YDPABHEHNE

P fe — o0 faw — (%p/z + pp"> f2 = flz,0).

Ecmm fi = g(f), fo = 91(f), fox = 92(f), TO pemenne ypasHernsi dbuibrpamnny CBOAUTCS K perie-
oo O1Y

1
P'g—ppge — (;p/z + pp"> i

U TIOJICTAHOBKE B TOJIyUYeHHOe Bbipaxkenwe p = p(f) wmssecrnoit dyukmun f. Ilycts, Hampuwmep,
f(x,t) = exp (kx +nt), k = const, n = const. Torna fi = nf, fo = kf, fex = k*f, m pemenue
ypasHeHus pUIbTpanuu ceoguTcsa K pertenuto OJ1Y

1
p'n —pplkz _ (51)/2 +pp//> ka - 1.

§ 2. CBegeHne HEOOHOPOIHOI'O YPaBHEHMs B YaCTHBIX MPOM3BOAHBIX K cucreme OJ1Y

ITyctr npasas wacts ypasuenus (0.1) we ynosnersopsier coornomernio (0.3). Bosmoxubr aBa
cllydast: ypaBHEHUE COJIEPKUT MePBbIe POU3BO/IHBIE OT HEM3BECTHON (DYHKIMN THOO0 HE COMEPIKUT WX.

B ciywae ecim ypaBHeHWe He COJEPYKUT TMEPBBIX MPOU3BOIHBIX OT HEU3BECTHON (DyHKIWMH U,
clesaeM B ypaBHeHWH 3aMenHy u = af, viae f — mpaBag dacth ypasaenus (0.1), ecam oHa mmeer
OTJIMYHBIE OT HyJsl MTPOM3BOJHBIE TOTO K€ MOPSIIKA, KAKOW MOPSIIOK MCXOJHOrO yPABHEHWs, WJIN,
B IPOTHUBHOM CJIydae, u = ag, rje (byHKINS g UMeeT TaKue MPOU3BOJHbIe. B pesyibrare mosrydum
yPaBHEHUE JIst onpeenennst QyHKIMN @, KOTOPOE COAEPKUT MPOM3BOIHBIE TIEPBOTO TOPSIKA.
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Taxnm 06pa30M, MOKHO CINTATH, 9TO MBI IMEEM yPaBHEHNE B 9aACTHBIX TIPOU3BOIAHBIX, COIEPIKa-
Iee YJIeHbl, 3aBUCSINNE TOJIBKO OT MPOMU3BOJAHBIX MEPBOTO MOPsAIKa. B 3TOM ciaydae mocTymaeM Tax.
PaccMoTpuM CBA3AHHYIO C MCXOIHBIM YPABHEHWEM CHCTEMY JABYX YPaBHEHWH B YaCTHBIX TTPOMW3BOI-
HBIX, TTOCTPOEHHYIO CIEAYIOmMM 00pasoM. B meproe ypasHeHNe CHCTEMbI BBIIEINM 9IeHBI HCXOIHOTO
yPaBHEHHS, COEPIKAIINE TOJTHKO MPON3BOIHBIE TIEPBOTO TOPSIIKA, U MPUPABHAEM UX K TPOU3BOILHOMN
dbyHKIWN, 3aBucsieit or permenusi ypasHenusi [7]. OcraBimecs: 4ieHbl CHCTEMBI OTHECEM KO BTOPO-
MY YPaBHEHHIO. 3aTeM TOJYIUM YCJIOBHE COBMECTHOCTH TIOJIYYEHHOMN MepeoTpee/leHHON CHCTEeMbI
W TTONCK PeIennii MCXOIHOTO YPABHEHWS CBEJeM K OTBICKaHmio perrenwii cncrembl OJIY.

YTo0BI TTOIYyIUTH YCIOBAE COBMECTHOCTH CHCTEMBI, BBITUIIEM CUCTEMY yPaBHEHWUil XapaKTepu-
CTHK JIJIsi TIEPBOTO yYPABHEHUS CHCTEMBI, KOTOPOE MO CIOCODY MOIYYEHHs] SABJISeTCS ypaBHEHHeM
B YaCTHBIX TPOM3BOAHBIX MEPBOTO MOPAAKa. [ToaydnmM IIst HEro PaciMpeHHyo CUCTEMY XapaKTe-
PHCTHUK, COAEPYKAILYI0 HAMBLICIINE MPOM3BOAHBIE TAKOTO MOPAAKA, KAKOB MOPSIOK MCXOJIHOTO yPaB-
wennst (0.1) [5,6, 11]. TTorpeGyem, aTobbl BTOpOE ypaBHEHHE CHCTEMbI ObLIO TTEPBBIM MHTEPAIOM
PaCIIMPEnRHOi CHCTEeMBI yPaBHEHUT XapaKTEePUCTUK. JTO TPEOOBAHWE MBI CMOYKEM BBITIOJHATDH, TaK
KaK B CHCTEMY BKJIIOUEHA HOBag Hem3BecTHas byHkIwms [9].

[TponTIOCTPUPYEM BBIMIEN3IOKEHHOE Ha MPUMEpax.

PaccmorpuM 3a1a4y ¢ HAYaIbHBIMEU JTAHHBIMA JJIsI YpaBHEHUsT (DUILTPAITIN:

1
D — ;pi — ppes = fz,t),  p(0,z) =0. (2.1)

Yreepxkaeune 1. Pewenue zadauu (2.1) moocho noayuumsv ceedenuem ypasherus Puibmpa-
yuu x cucmeme OY.

HJokasarenncTso. PaccMorpum CBa3annyio ¢ ypasuenuem (2.1) cucremy ypasrenuii

P — ipi —b(0)f. ppes = F(t)(b(p) — 1), (22)

Baeck b(p) — noka npoussosbHast dbyrkust. OuenHo, perenne cucrembl (2.2) obpainaer B ToX/1e-
crBo ypasuenue (2.1). Bomummewm quddepeHnuanbHbie CieJCTBIS TIEPBOr0 YPABHEHUS CUCTEMBI (2.2),
BBIPA3UM TIPOU3BOIHYIO Py W3 BTOPOTO ypaBHEHUs cucteMbl (2.2). B pesynsrare moayanm

Paz = f(b=1)/p, pat =V [Pz +2fpa(b—1)/(pY) + bfa,

pu = fpo/y +4fpa(b—1)/(p7*) + 2bfapa/y + Y frr + bfs, (2.3)

rie mTpux obo3nadaer audpepeHnupoBaHmie mo p.

Brimiiiem paciuimpeHHyio CUCTeMY ypaBHEHU XapaKTEPUCTUK s MePBOTO ypPAaBHEHWS CUCTe-
MBI (2.2), BRIOpAB p B KQ4EeCTBE MapaMeTpa, N3MEHSIIOMIEr0Cst BI0Ib XapaKTEPUCTUKH, U MOTpedyeMm,
9TOOBI BTOPOE YpaBHEHUE CUCTeMBbI (2.2) OBLIO MepBBLIM WHTErPAIOM BBITUCAHHON CHCTEMBI:

dx 2Pz a1 dpy V' fps +bfs

dp — ~N(2bf —p) dp  2of —p; dp  2bf —p;

@_b/fpt"i_bft dpa:a:__p (d_(L’) —p <@> +<blfpx+bfx>
dp  2bf —py = dp w\dp), "\dp), 2f —pe ),

dpxt =—p (d_.%') —p (@) + (b/fpx+bfx>
dp “\dp), "\dp), 2bf —pr ),
dpw _ _(deN _ (dy) Vfpe+bfs

dp = Dzt dt . Dt dp . 7% — . s

db dx dt dpry
Zh -0 fo—+ fi—) = poa — =0, 2bf —p #0.
fdp+( )<f dp+ftdp> D 4 dp f—pt#
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[Monyunnn 3amkuyryio cucremy OJY mas onpegpenennst dbyukuunit z(p), t(p), pz(p), pe(p), Pza(p),
P2t(P), Pee(p), b(p). HToOBI MOTYUIUTH MOBEPXHOCTH, HA KOTOPOU JIEYKAT XaPAKTEPUCTUKU U KOTOPAas
YZIOBJIETBOPSIET HavaJbHBIM yCaoBusiM, 3ajgamum npu p = 0 ¢(0,s) = 0, 2(0,s) = s. Bamernm, 9T0
coornorenne p = p(z(p, s),t(p, s)) mo/KHO TIpH 3agaHHbIX Z(D, S), t(p, S) 0OPAIATHCS B TOXKIECTBO:
1 = pyp + pitp, Pots + pits = 0. [lepBoe U3 STUX COOTHOIIEHMUI BBIIOIHSIETCS TOXKIECCTBEHHO B CHILY
BBITTNCAaHBIX ypaBHeHI/Iﬁ XapaKTEepuCTnK, BTOPOE 6y,£l;eT BBITIOJTHATHCA TOXKICCTBECHHO Ha HaYaJIHBHOM
muOroo6pasun, ecau p,(0,s) = 0. [omarast, aro py(0,s) = f(s,0), pzz(0,5) =0, pi(0,5) = f.(s,0),
(0, 8) = fi(s,0), b(0) =1 (cremoarensho, b'(0) = 0), Gyaem mMeTh Ha HATATIHLHOM MHOrO0Opasnn
BBITIOJTHEHNE yeioBuit (2.2), (2.3). Pemus pacimmpenuyio cucreMy ypaBHEHU XapaKTePUCTHK BMECTe
C yCcJI0BHeM, 00eCTIednBaoIM COBMECTHOCTh cucrembl (2.2), onpegesnm z(p, s), t(p, s) [12]. Uckio-
YMB § W3 ITUX COOTHOINEHWH, HaiimeMm perterne p = p(z,t) ypasuenus (2.1), aro u Tpe6GoBasoCh
JIOKa3aTh. O

Pacemorpum ypasuenne Ilyaccona g, + uyy = f(2,y).

DT0 ypaBHeHne He COAEPKUT MPOU3BOJHBIX MEPBOTO MOPSIJIKA, MOITOMY TTOJOXKUM, 9T u(Z,y) =
= f(z,y)a(z,y), n noncrasum B ypasuenne [lyaccona. [Tomygaem

f(aa:a: + ayy) + a(fxx + fyy) + Q(fxax + fyay) = f (2-4)

Hapsiny ¢ ypaBueruem (2.4) pacCMOTPUM CHCTEMY ypPaBHEHUil

a(fxx + fyy) + Q(fxax + fyay) = B(a)f, gz + Qyy = 1- B(a)- (2-5)

[Monyuaem mnddepeHnnanbHbe CIECTBAS TEPBOTO yPABHEHWs CHCTeMBI (2.5) M mpucoeamHsgeM
K HUM BTOPOe ypaBHEeHHe crucreMbl (2.5):

2(f:vazz + fyay:v) = _Q(fzzaz + fy:vay) + Bf:z: + B/azf - a:v(f:m + fyy) - a(fzzz + fyy:v)a

2(fotuy + fyayy) = —2(fayas + fyyay) + Bfy + Blayf = ay(foz + fyy) — a(faay + Fyyy)s
Uy + ayy =1 — B(a).

W3 mosydeHHO# cUCTEMBI JIMHEHHBIX aJrefpanvdecKux ypaBHEHUI HAXOIUM BTOPBIE TPOU3BOIHBIE
dbyukiyn a(z,y) n TpebyemM paBeHCTBA TPETHUX CMENTaHHBIX MPOU3BOAHBIX. TakuM 06pa3oM ToJIy-
JaeM yCJIOBHsI COBMECTHOCTH cucTeMbl (2.5). Pemenne ypasuenus [TyaccoHa CBOAMTCS K PEIIEHWIO
YpaBHEHUYA B YaCTHBIX TPOU3BOHLIX TEPBOTO TMOPAKa, & MMEHHO — TEePBOTO0 ypPpaBHEHUA CHUCTE-
MBI (2.5).

DT0 SKBUBAJEHTHO PEIIEHUI0 PACITUPEHHON CUCTEMBI XapaKTEePUCTHUK JIJIsi TIEPBOTO yPABHEHWST
cucteMsl (2.5) IpH yCJIOBUM, UTO BTOPOE YPaBHEHNE CUCTEMBI (2.5) SBISETCS €€ IePBBIM HHTErPATIOM.

IIpumep 4. Paccmorpum npumvep, korma f(x,y) = xy. Torga cucrema (2.5) umeer Bum 2(ya, +
+ zay) = Bay, g5 + ayy = 1 — B. Beimumem quddepenimaibabie CIEACTBAS TEPBOTO YPABHEHST
n BTOpOE ypasHerne. [Togyanum CucTemMy I OTPEAETIEHNsT BTOPHIX MPON3BOIHBIX:

2(yazy + vay, = —2ay + By + B'ayzy,  2(yagy + zay,) = —2a, + Bx + B'ayay,

Upz + ayy = 1 — B. (2.6)
Orcrona
. B(y2 — xQ) + 2(za; — yay) + B'zy(ya, — Tay) + 23:2(1 — B)
_ B'zy(yay + za,) — 2xy — 2(ya, + xay)
- EE) |

" B(x? —y?) + 2(yay — zag) + B'xy(ray — yag) + 2y%(1 — B)
v 2(x2 + y?) '
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Boruncistis cMemannble TPOU3BO/HBIE U MPUPABHUBAS WX, MOJIy4aeM, aro cucrema (2.6) coBmect-
Ha, ecim B = 2/3. B sroMm ciiydae ypaBHEHHe MEepBOrO TOpsaKa B cucreme (2.5) wmMeer Bu
3(yay + xay) = xy. BeimnceiBaem 11t HEro CHCTEMy YpaBHEHWH XapaKTePHCTHK, BHIOPAB a B Ka-
YecTBe MapaMeTpa, M3MEHSIIOMIEroCsT BIOIb XapaKTePUCTUKHT

de 3 dy 3 2 492
—= =—, orcioma a= .

da 2’ da vy 12
B pesysbraTe HaxXoquM dYacTHOE pernerue ypasHenuws [lyaccoma c¢ mpasoit wacteio f(x,y) = zy,
mveromee B u = [xy(x? + y?)]/12.
§ 3. Pemrenne ypaBHeHust KOHBeKnun—auddy3un
Paccmorpum ypaBuenme
or+ (V1 — ke )pa + (V2 — ky)py + (v3 — k2) @z — k(ae + oy + ¢22) = fl2,y,2,1). (3.1)

Baeck (em. [13]) k(z,y, z) — koabdunment auddysun, f(z,y, z,t) — MIOTHOCTH KOHBEKTUBHOTO Ie-
penoca, v = {v1(x,y, z,t),v2(x,y, z,t),v3(x,y, 2,t)} — BEKTOP CKOPOCTH, YIOBIETBOPSIIOIINI YCIIO-
B0 (V1)z+(v2)y+(v3), = 0, ¢ — HemspecTras bynkmms. Hikmne 6yKBeHHble WHIEKCHT 0003HAYAIOT
b depeHIIPOBAHIE IO COOTBETCTBYIOIMIAM MTEPEMEHHBIM.

Momarast, aro ¢ = @(f), Gyaem mmers w, = @' fo, 0y = ¢'fy, 0. = ¢'fos 00 = @' fr,
Prz = @/Ifg? + ¢’ foz, Pyy = <P"f§ + (P/fyya Pzz = QOI/fZQ + ¢’ f.-. TloncraBms cooTBeTCTRYIOMIE BHIPA-
xkernus B (3.1), mpugeM K ypaBHEHWUIO

k" (f2+ fo + [2) + @ 1fe + (01 — ko) fo + (v2 — ky) fy +

+(U?,_kz)fz_k(fa:a:+fyy+fzz)] :f- (3-2)

3rech u gasiee mTpux obozHauaeT AuddepeHnupoBaHe Mo mepeMeHHoi f.
Ecmm

k(fz2+f5+f3):gl(f)’ ft+(v1_kz)fz+(v2_ky)fy+
+(v3_kz)fz_k(fxx+fyy+fzz) 292(f)’ (33)

TO ypaBHenue (3.2) MpejcTaBuTCs B BUJIE

g+ ¢ =, (3.4)

u pererne ypasuennus (3.1) cBegerca x pemrennto (3.4) u mojcraHoBke Bohipaxkenus f(x,y, z,t) BMe-
cro f.

IMpuwmep 5. Tycts k = (z+y+2)2/3, v1 = y/t, va = 2/t, v3 = x/t. Torma BeKTOP ¥ YIOBIETRO-
psieT BBIUCAHHOMY JIJisl HETO YCJIOBHIO. JAIWIeM JIJisi 9TOTO mpuMepa ypasuenue (3.1):

y 2@@+y+2) z 2r+y+2)
+<x 2(w+y+z)> C(z+y+2)?

p 3 3 (%Dzz + Qyy + szz) = f.

Ecm f = —(z +y + 2)/t, 70 g1 = f2, go = —2f (cm. (3.3)) m ypasnenwe (3.4) mvmeer Buj
O"f2 —2¢'f = f. Orcioma momyaaeM ¢ = nf3/3 — 0.5f + ¢, n = const, ( = const. IlogcTaBus
f=—(x+y+ 2)/t, naxoaum pemenne ypasaerns (3.1):

_rtytz nE+y+2)?
LA 313

e
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Ecau ycnosust (3.3) nist dysakunn f(z,y, z,t) He BBITOJHAIOTCS, PACCMOTPUM CUCTEMY yPaBHEHW
¢t + (01 — ka)pa + (v2 — ky)py + (v3 — k2 )z = g(),

k(zz + oy + @22) = g(p) — f. (3.5)

OueBnzHo, uTo pemenns cucreMmbl (3.5) GyayT pemennsvu ypasuenns (3.1). Bommummem st mep-
BOTO ypaBHEHWsI CUCTEMBI (3.5) PACIIMPEHHYIO0 CUCTEMY yPaBHEHWI XapaKTEPHCTHK, BHIOPAB ¢ 3a
mapaMeTp, U3MeHSONMUHACA BI0Ib XapaKTePUCTHKMA:

at. 1 dr v — kg @_vg—ky %_Ug—kz

do ¢’

dp ~ g ' dy g ' dp g

)

doe _ g'pr — (v1 — ka)ipw — (v2 — ky)roy — (U3 — k2 )ipe
de g

)

dp g

doww _ (ALY dey dyy
ng = —Puwt dg y Pwz dg y @wy dg y

dz Ay B
— Pwz (d_g>w+<w>w’ (w—x,y,z), 9#0

[Torpebyem, aTobBI BrOpoe ypasHenne cucrembl (3.5) G110 epBbIM nHTErpasioM cucrembr (3.6):

dSD:m: + dSDyy + dSDzz _ g—rf ‘
dy dy dy k o

dtpw _ g/(pw - (Ul - kx)w‘PJ: - (UQ - ky)w()py - (U?) - kz)w‘pz (3 6)

(3.7)

[Mogyunan 3aMKHYTYIO cucTeMy ypaBHenuii jist ompenenenus t(¢), w(e), ¢i(p), vw(®), pww(p),
9(p), (W =1z,y,2).

ITpumep 6. Ilycrs v =ve =v3=8/3, k =x+y+z, f = 18t(t+x+y+ z). st aroro npumepa
cucrema (3.6), (3.7) nmeer Bu

d 1 dw 5 dpr g dpw ¢

ST Ty 7 — 9 - 9 ()O7
dp g° de 3¢ dp g dp  g7"

doww ¢ o5 ¢ g—f\ 9" o o o 9 (9-Ff
d@—gsowgsoww, - w—g(sox+s0y+s0z)+g Tk

_ _ 2 20 52) = 22
Toria MOXKHO CHMTATh, 9TO BIOIH XapakTepuctukn w = 5t/3, t = [ (de/g), (v3 + @5 + ¢3) = c*g?,
e ¢ = const. YUUTBIBas BEIINCAHHBIE 3aBUCHMOCTH, [EPEIHIIeM COOTHOIeHne (3.7), Moy dnm

1 108 , , 108tg
Bl et i —
52 5y ¢ 5g

(3.8)
Permas ypasrenze (3.8) otHocuTensno g(p), ecu ¢ = 1/12, monyaaem g = 180%/3. Ipu Taxom g(¢p)
cucrema (3.6), (3.7) coBmectna, u perrenne ypasuenus (3.1) CBOAUTCS K PEIIEHUIO MEPBOTO ypaBHe-
mnst cucremel (3.5). st mammoro mpumepa 1o ypasHernne nveerT B ¢ + (5/3)(pz + @y + ¢2) =
= 18¢%/3. Ero pemenne ¢ = (t+z+y+2) 06paIrmaer B ToXKeCTBO ypaBHente (3.1) mpu 3aJaHHEX V1,
v2, U3, k.
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3akJiroueHue

B pabore mpuBemensr mpuMepbl, KOTOPBIE TIOKA3BIBAIOT, KAK OMUCAHHBIN METO MOXKHO HCIIOIb30-
BATH [IJI PENIeHns HEOTHOPOIHBIX HEINHEWHBIX YPABHEHWI B 9aCTHBIX MPON3BOAHBIX. MeTos mpume-
HUM K ypaBHeHusM J060T0 nopsaka. Cieayer OTMETUTD, UTO MPU CBEIEHUN YPABHEHUS B YACTHBIX
MPOW3BOAHBIX K 3aMKHYyTO# cucreme OY cucremy ypaBHEHUI XapaKTepPUCTUK HYYKHO PACIIAPSITH
JI0 TIPOM3BOHBIX TAKOTO MOPSIIKA, KAKON MOPSIOK PErraeMoro ypaBHeHUs.

Ecnmu ypaBHenwe mopsimka m He COMEPXKHUT MPOU3BOMHBIX MEPBOTO TMOPSIAKA, & MpaBas YaCTh
ypaBHeHUs f He WMeeT OTJIMYHBIX OT HYJ/sS TPOU3BOMHBIX MOPSIIKA 7, TO B KadecTBe (PYHKIUU ¢
MOYKHO, HAaIIpUMep, 3a7aTb ¢ = 2" + 25" + ... + )",

BameTuM, UTO JAHHBIN TOIXO K PENIeHN0 HeOJHOPOIHBIX YPABHEHU MO3BOJISIET OIEHUTH POJIb
MpaBoil YaCTH yPABHEHWS B PA3BUTHUM MPOIECCOB, OMUCHLIBAEMBIX ypaBHeHWeM. Ecjn mpaBas 9acThb
YPABHEHUS SIBJISIETCSI TIOBEPXHOCTHIO YPOBHSI PEITeHusI, TO UMEHHO OHA 33,[aeT HAIIPAB/IeHIEe HAnboIee
MHTEHCUBHOTO PA3BUTHUS MTPOIECCA.
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An approach to obtaining exact solutions for nonhomogeneous partial differential equations (PDEs) is sug-
gested. It is shown that if the right-hand side of the equation specifies the level surface of a solution of the
equation, then, in this approach, the search of solutions of considered nonhomogeneous differential equations
is reduced to solving ordinary differential equation (ODE). Otherwise, searching for solutions of the equation
leads to solving the system of ODEs. Obtaining a system of ODEs relies on the presence of the first derivatives
of the sought function in the equation under consideration. For PDEs, which do not explicitly contain first
derivatives of the sought function, substitution providing such terms in the equation is proposed. In order to
reduce the original equation containing the first derivative of the sought function to the system of ODEs, the
associated system of two PDEs is considered. The first equation of the system contains in the left-hand side
only first order partial derivatives, selected from the original equation, and in the right-hand side it contains
an arbitrary function, the argument of which is the sought unknown function. The second equation contains
terms of the original equation that are not included in the first equation of the system and the right-hand side
of the first equation in the system created. Solving the original equation is reduced to finding the solutions
of the first equation of the resulting system of equations, which turns the second equation of the system into
identity. It has been possible to find such solution using extended system of equations for characteristics of
the first equation and the arbitrariness in the choice of function from the right-hand side of the equation.
The described approach is applied to obtain some exact solutions of the Poisson equation, Monge—Ampere
equation and convection—diffusion equation.
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