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ÏÎ ÂÛÕÎÄÓ

1

�àññìàòðèâàåòñÿ óïðàâëÿåìàÿ ñèñòåìà, çàäàííàÿ ëèíåéíîé ñòàöèîíàðíîé ñèñòåìîé äè��åðåíöèàëüíûõ

óðàâíåíèé ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè â ñîñòîÿíèè

ẋ(t) = Ax(t) +

s∑

j=1

Ajx(t− jh) +Bu(t), y(t) = C∗x(t), t > 0. (1)

Óïðàâëåíèå â ñèñòåìå (1) ñòðîèòñÿ â âèäå ëèíåéíîé îáðàòíîé ñâÿçè ïî âûõîäó u(t) =
θ∑

ρ=0

Qρy(t − ρh).

Èññëåäóåòñÿ çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà äëÿ çàìêíóòîé ñèñòåìû: òðåáóåòñÿ îïðåäåëèòü

÷èñëî θ è ïîñòðîèòü ìàòðèöûQρ, ρ = 0, . . . , θ, îáðàòíîé ñâÿçè òàêèì îáðàçîì, ÷òîáû õàðàêòåðèñòè÷åñêàÿ

�óíêöèÿ çàìêíóòîé ñèñòåìû ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè îáðàùàëàñü â êâàçèïîëèíîì ñ ïðîèç-

âîëüíûìè íàïåðåä çàäàííûìè êîý��èöèåíòàìè. Ïîëó÷åíû óñëîâèÿ íà êîý��èöèåíòû ñèñòåìû (1), ïðè
êîòîðûõ íàéäåí êðèòåðèé ðàçðåøèìîñòè äàííîé çàäà÷è íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà. Ïîëó÷åíû

ñëåäñòâèÿ î ñòàáèëèçàöèè ñèñòåìû (1) ïîñðåäñòâîì ëèíåéíîé ñòàòè÷åñêîé îáðàòíîé ñâÿçè ïî âûõîäó

ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè. �àññìîòðåí èëëþñòðèðóþùèé ïðèìåð.

Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû ñ ïîñëåäåéñòâèåì, ñîèçìåðèìûå çàïàçäûâàíèÿ, çàäà÷à íàçíà÷åíèÿ

ñïåêòðà, ñòàáèëèçàöèÿ, ñòàòè÷åñêàÿ îáðàòíàÿ ñâÿçü ïî âûõîäó.

DOI: 10.20537/vm170303

Ïóñòü K = C èëè K = R; K
n = {x = col (x1, . . . , xn) : xi ∈ K} � ëèíåéíîå n-ìåðíîå ïðîñòðàíñòâî

âåêòîðîâ-ñòîëáöîâ íàä ïîëåìK;Mm,n(K)� ïðîñòðàíñòâîm×n-ìàòðèö ñ ýëåìåíòàìè èç ïîëÿK;

Mn(K) := Mn,n(K); I ∈ Mn(K) � åäèíè÷íàÿ ìàòðèöà; T � îïåðàöèÿ òðàíñïîíèðîâàíèÿ âåêòîðà

èëè ìàòðèöû; ∗ � îïåðàöèÿ ýðìèòîâà ñîïðÿæåíèÿ âåêòîðà èëè ìàòðèöû, ò. å. A∗ = A
T
.

�àññìîòðèì ëèíåéíóþ ñòàöèîíàðíóþ äè��åðåíöèàëüíóþ ñèñòåìó ñ íåñêîëüêèìè ñîèçìå-

ðèìûìè çàïàçäûâàíèÿìè â ñîñòîÿíèè

ẋ(t) = Ax(t) +

s∑

j=1

Ajx(t− jh) +Bu(t), t > 0, (1)

y(t) = C∗x(t) (2)

ñ íà÷àëüíûìè óñëîâèÿìè x(τ) = µ(τ), τ ∈ [−sh, 0]; çäåñü A,Aj ∈ Mn(K), j = 1, s; B ∈ Mn,m(K),
C ∈ Mn,k(K); h > 0 � ïîñòîÿííîå çàïàçäûâàíèå, µ : [−sh, 0] → K

n
� íåïðåðûâíàÿ �óíêöèÿ;

x ∈ K
n
� �àçîâûé âåêòîð, u ∈ K

m
� âåêòîð óïðàâëÿþùåãî âîçäåéñòâèÿ, y ∈ K

k
� âåêòîð

âûõîäíûõ âåëè÷èí.

Çàäà÷àì àñèìïòîòè÷åñêîé (ýêñïîíåíöèàëüíîé) ñòàáèëèçàöèè è íàçíà÷åíèÿ ñïåêòðà äëÿ ñè-

ñòåì ñ çàïàçäûâàíèåì âèäà (1) è äëÿ ñèñòåì áîëåå îáùåãî âèäà ïîñðåäñòâîì îáðàòíîé ñâÿçè ïî

ñîñòîÿíèþ ïîñâÿùåíî îãðîìíîå êîëè÷åñòâî ðàáîò (ñì., ê ïðèìåðó, îáçîðû [1�5℄). Â [6℄ ïîëó÷åíû

äîñòàòî÷íûå óñëîâèÿ ñòàáèëèçàöèè, íåçàâèñèìîé îò çàïàçäûâàíèÿ, ïîñðåäñòâîì ñòàòè÷åñêîé

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò � 16�01�00346-à) è Ìèíèñòåðñòâà îáðàçîâàíèÿ

è íàóêè �Ô â ðàìêàõ áàçîâîé ÷àñòè ãîñçàäàíèÿ â ñ�åðå íàóêè (ïðîåêò 1.5211.2017/8.9).

http://dx.doi.org/10.20537/vm170303
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îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ. Çàäà÷à íàçíà÷åíèÿ ñïåêòðà ïîñðåäñòâîì ñòàòè÷åñêîé ïîëíîé îá-

ðàòíîé ñâÿçè èññëåäîâàëàñü â ðàáîòàõ [7�12℄. �àáîòû [13�22℄ ïîñâÿùåíû çàäà÷àì íàçíà÷åíèÿ

êîíå÷íîãî ñïåêòðà. Â ðàáîòàõ [23�25℄ áûëè ïîëó÷åíû óñëîâèÿ ñïåêòðàëüíîé óïðàâëÿåìîñòè

ñèñòåì ñ çàïàçäûâàíèåì. Çàäà÷è ñòàáèëèçàöèè ñèñòåì ñ çàïàçäûâàíèåì ïî âûõîäó ðàññìàòðè-

âàëèñü â ðàáîòàõ [26�28℄.

Íàñòîÿùàÿ ðàáîòà ïðîäîëæàåò èññëåäîâàíèÿ [29℄. Â ðàáîòå [29℄ áûëà èññëåäîâàíà çàäà÷à

íàçíà÷åíèÿ êîíå÷íîãî ñïåêòðà äëÿ ëèíåéíîé ñèñòåìû ñ çàïàçäûâàíèåì

ẋ(t) = Ax(t) +A1x(t− h) +Bu(t), y(t) = C∗x(t), t > 0, (3)

ïîñðåäñòâîì ëèíåéíîé ñòàòè÷åñêîé îáðàòíîé ñâÿçè ïî âûõîäó ñ çàïàçäûâàíèåì u(t) = Q0y(t)+
+Q1y(t− h). Â ýòîé çàäà÷å òðåáóåòñÿ ïîñòðîèòü êîý��èöèåíòû Q0, Q1 îáðàòíîé ñâÿçè òàêèì

îáðàçîì, ÷òîáû õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì çàìêíóòîé ñèñòåìû îáðàùàëñÿ â ïîëèíîì

ñ ïðîèçâîëüíûìè íàïåðåä çàäàííûìè êîý��èöèåíòàìè. Â [29℄ áûëè ïîëó÷åíû óñëîâèÿ íà êîý�-

�èöèåíòû ñèñòåìû (3), ïðè êîòîðûõ íàéäåí êðèòåðèé ðàçðåøèìîñòè äàííîé çàäà÷è íàçíà÷åíèÿ

êîíå÷íîãî ñïåêòðà. Ïîëó÷åííûå ðåçóëüòàòû áûëè ðàñïðîñòðàíåíû íà ñèñòåìû ñ íåñêîëüêèìè

çàïàçäûâàíèÿìè. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ áîëåå îáùàÿ çàäà÷à � çàäà÷à íàçíà÷å-

íèÿ ïðîèçâîëüíîãî ñïåêòðà. Â ýòîé çàäà÷å òðåáóåòñÿ ñ ïîìîùüþ ëèíåéíîé ñòàòè÷åñêîé îáðàòíîé

ñâÿçè ïî âûõîäó ïðèâåñòè õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì çàìêíóòîé ñèñòåìû ê ïðîèçâîëü-

íîìó íàïåðåä çàäàííîìó êâàçèïîëèíîìó (à íå òîëüêî ê êâàçèïîëèíîìó, èìåþùåìó êîíå÷íûé

ñïåêòð). Â íàñòîÿùåé ðàáîòå ðåçóëüòàòû [29℄ ðàñïðîñòðàíÿþòñÿ íà çàäà÷ó íàçíà÷åíèÿ ïðîèç-

âîëüíîãî ñïåêòðà.

Áóäåì îáîçíà÷àòü ÷åðåç χ(Q;λ) è SpQ ñîîòâåòñòâåííî õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí

è ñëåä ìàòðèöû Q ∈ Mn(K); ÷åðåç vec : Mm,n(K) → K
mn

� îòîáðàæåíèå, êîòîðîå ¾ðàçâîðà÷èâà-

åò¿ ìàòðèöó H = {hij} ïî ñòðîêàì â âåêòîð-ñòîëáåö vecH = col (h11, . . . , h1n, . . . , hm1, . . . , hmn).

Ïóñòü óïðàâëåíèå â ñèñòåìå (1), (2) ñòðîèòñÿ â âèäå ëèíåéíîé ñòàòè÷åñêîé îáðàòíîé ñâÿçè

ïî âûõîäó ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè

u(t) =

θ∑

ρ=0

Qρy(t− ρh), t > 0, y(τ) = 0, τ < −sh. (4)

Çäåñü θ > 0 � íåêîòîðîå öåëîå ÷èñëî, Qρ ∈ Mm,k(K), ρ = 0, θ, � ïîñòîÿííûå ìàòðèöû. Çàìêíó-

òàÿ ñèñòåìà (1), (2), (4) ïðèíèìàåò âèä

ẋ(t) = (A+BQ0C
∗)x(t) +

s∑

j=1

Ajx(t− jh) +

θ∑

ρ=1

BQρC
∗x(t− ρh). (5)

Îáîçíà÷èì ÷åðåç ϕ(λ, e−λh) = det
[
λI−

(
(A+BQ0C

∗)+
s∑

j=1

e−λhjAj +
θ∑

ρ=1

e−λhρBQρC
∗

)]
õàðàê-

òåðèñòè÷åñêèé êâàçèïîëèíîì çàìêíóòîé ñèñòåìû (5).

Îïðåäåëåíèå 1. Äëÿ ñèñòåìû (1), (2) ðàçðåøèìà çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåê-

òðà ïîñðåäñòâîì ðåãóëÿòîðà (4), åñëè äëÿ ëþáîãî öåëîãî ℓ > 0 è äëÿ ëþáûõ íàïåðåä çàäàííûõ
δij ∈ K, i = 1, n, j = 0, ℓ, íàéäóòñÿ ÷èñëî θ > 0 è ìàòðèöû Q0, . . . , Qθ ∈ Mm,k(K) òàêèå, ÷òî
õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì ϕ(λ, e−λh) çàìêíóòîé ñèñòåìû (5) óäîâëåòâîðÿåò ðàâåíñòâó

ϕ(λ, e−λh) = λn +

n∑

i=1

ℓ∑

j=0

δijλ
n−ie−λhj.

Ïóñòü êîý��èöèåíòû A,B,C ñèñòåìû (1), (2) èìåþò ñëåäóþùèé ñïåöèàëüíûé âèä (ñì. [30℄):

ìàòðèöà A èìååò �îðìó Õåññåíáåðãà; ïåðâûå p− 1 ñòðîê ìàòðèöû B è ïîñëåäíèå n− p ñòðîê
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ìàòðèöû C ðàâíû íóëþ, òî åñòü

A =

∥∥∥∥∥∥∥∥∥∥

a11 a12 0 . . . 0
a21 a22 a23 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
an−1,1 an−1,2 . . . . . . . . an−1,n

an1 an2 . . . . . . . . ann

∥∥∥∥∥∥∥∥∥∥

, ai,i+1 6= 0, i = 1, n− 1; (6)

B =

∥∥∥∥
O1

L

∥∥∥∥ , C =

∥∥∥∥
N
O2

∥∥∥∥ , O1 = 0 ∈ Mp−1,m(K), L ∈ Mn−p+1,m(K),

N ∈ Mp,k(K), O2 = 0 ∈ Mn−p,k(K), p ∈ {1, . . . , n}.

(7)

Áóäåì ïðåäïîëàãàòü, ÷òî ìàòðèöû Aj , j = 1, s, ñèñòåìû (1) òàêæå èìåþò ñïåöèàëüíûé âèä

(ñì. [31, 32℄): ïåðâûå p− 1 ñòðîê è ïîñëåäíèå n− p ñòîëáöîâ ìàòðèö Aj ðàâíû íóëþ, òî åñòü

Aj =

∥∥∥∥
0 0

Âj 0

∥∥∥∥ , Âj ∈ Mn−p+1,p(K), j = 1, s, p ∈ {1, . . . , n}. (8)

Çäåñü ÷èñëî p òî æå ñàìîå, ÷òî è â (7).

Ïóñòü χ(A;λ) = λn+α1λ
n−1+ . . .+αn. Ïîëîæèì α0 := 1. Ïîñòðîèì ïî ìàòðèöå A ìàòðèöû

Fν = α0A
ν + α1A

ν−1 + . . . + ανI, ν = 0, n− 1. (9)

Â äàëüíåéøåì èñïîëüçóåòñÿ ñëåäóþùàÿ ëåììà (ñì. [29, ëåììà 1℄).

Ëåììà 1. Ïóñòü ìàòðèöà A èìååò âèä (6), à ìàòðèöà D ∈ Mn(K) èìååò ñëåäóþùèé

âèä:

D =

∥∥∥∥
0 0
D1 0

∥∥∥∥ , D1 ∈ Mn−p+1,p(K), p ∈ {1, . . . , n}. (10)

Ïóñòü χ(A+D;λ) = λn + γ1λ
n−1 + . . .+ γn. Òîãäà γi = αi − Sp (DFi−1) äëÿ âñåõ i = 1, . . . , n.

Òåîðåìà 1. Ïóñòü ìàòðèöû A, B, C, Aj , j = 1, s, ñèñòåìû (1), (2) èìåþò ñïåöèàëüíûé

âèä (6), (7), (8). Òîãäà ðàâíîñèëüíû ñëåäóþùèå óòâåðæäåíèÿ.

1. Ìàòðèöû

C∗B, C∗AB, . . . , C∗An−1B (11)

ëèíåéíî íåçàâèñèìû.

2. Äëÿ ñèñòåìû (1), (2) ðàçðåøèìà çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà ïîñðåäñòâîì

ðåãóëÿòîðà (4).

Ä î ê à ç à ò å ë ü ñ ò â î. Ïðåäïîëîæèì, ÷òî ìàòðèöû A, B, C, Aj , j = 1, s, ñèñòåìû (1),

(2) èìåþò ñïåöèàëüíûé âèä (6), (7), (8). �àññìîòðèì çàäà÷ó íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà

ñèñòåìû (1), (2) ïîñðåäñòâîì ðåãóëÿòîðà (4). Ïóñòü çàäàíû ÷èñëî ℓ > 0 è êâàçèìíîãî÷ëåí

q(λ, e−λh) = λn +

n∑

i=1

ℓ∑

j=0

δijλ
n−ie−λhj, (12)

δij ∈ K. Òðåáóåòñÿ íàéòè öåëîå ÷èñëî θ > 0 è ïîñòðîèòü ìàòðèöû Q0, . . . , Qθ ∈ Mm,k(K)
òàê, ÷òîáû õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì ϕ(λ, e−λh) çàìêíóòîé ñèñòåìû (5) óäîâëåòâîðÿë

ðàâåíñòâó

ϕ(λ, e−λh) = q(λ, e−λh). (13)
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Îáîçíà÷èì

D = BQ0C
∗ +

s∑

j=1

e−λhjAj +
θ∑

ρ=1

e−λhρBQρC
∗. (14)

Èìååì

ϕ(λ, e−λh) = det
(
λI − (A+D)

)
= χ(A+D;λ). (15)

Èç óñëîâèé (7), (8) ñëåäóåò, ÷òî ìàòðèöà (14) èìååò âèä (10), ãäå

D1 = LQ0N
∗ +

s∑

j=1

e−λhjÂj +

θ∑

ρ=1

e−λhρLQρN
∗.

Ó÷èòûâàÿ ðàâåíñòâà (15), (13), (12), óñëîâèå (6) è ïðèìåíÿÿ ëåììó 1, ïîëó÷àåì, ÷òî äëÿ ñèñòåìû

(1), (2) ðàçðåøèìà çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà ïîñðåäñòâîì ðåãóëÿòîðà (4) òîãäà

è òîëüêî òîãäà, êîãäà íàéäóòñÿ ÷èñëî θ > 0 è ìàòðèöû Q0, . . . , Qθ òàêèå, ÷òî äëÿ âñåõ i = 1, n
âûïîëíåíû ðàâåíñòâà

ℓ∑

j=0

δije
−λhj = αi − Sp (BQ0C

∗Fi−1)−

s∑

j=1

e−λhjSp (AjFi−1)−

θ∑

ρ=1

e−λhρSp (BQρC
∗Fi−1). (16)

Ïîëîæèì θ = max{ℓ, s}. Îáîçíà÷èì η = min{ℓ, s}. �àññìîòðèì äâà ñëó÷àÿ: ℓ 6 s è ℓ > s.
Åñëè ℓ 6 s, òî θ = s, è ðàâåíñòâà (16) ïðèíèìàþò âèä

ℓ∑

j=0

δije
−λhj = αi − Sp (BQ0C

∗Fi−1)−
( ℓ∑

j=1

e−λhjSp
(
(Aj +BQjC

∗)Fi−1

)
+

+

s∑

j=ℓ+1

e−λhjSp
(
(Aj +BQjC

∗)Fi−1

))
. (17)

Åñëè ℓ > s, òî θ = ℓ, è ðàâåíñòâà (16) ïðèíèìàþò âèä

ℓ∑

j=0

δije
−λhj = αi − Sp (BQ0C

∗Fi−1)−
( s∑

j=1

e−λhjSp
(
(Aj +BQjC

∗)Fi−1

)
+

+

ℓ∑

j=s+1

e−λhjSp (BQjC
∗Fi−1)

)
. (18)

�àâåíñòâà (17), (18) èìåþò ìåñòî äëÿ âñåõ i = 1, n òîãäà è òîëüêî òîãäà, êîãäà äëÿ âñåõ i = 1, n
âûïîëíåíû ðàâåíñòâà

δi0 = αi − Sp (BQ0C
∗Fi−1),

δij = −Sp
((

Aj +BQjC
∗
)
Fi−1

)
, j = 1, η,

0 = −Sp
((

Aj +BQjC
∗
)
Fi−1

)
, j = ℓ+ 1, s, åñëè ℓ 6 s,

δij = −Sp (BQjC
∗Fi−1), j = s+ 1, ℓ, åñëè ℓ > s.

(19)

Èìååì

Sp (BQjC
∗Fi−1) = Sp (QjC

∗Fi−1B) =

i−1∑

r=0

αi−1−rSp (QjC
∗ArB), j = 0, θ, i = 1, n.
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Ïîýòîìó ðàâåíñòâà (19) ðàâíîñèëüíû (1 + θ) ñèñòåìàì ëèíåéíûõ óðàâíåíèé (i = 1, n)

δi0 = αi −

i−1∑

r=0

αi−1−rSp (Q0C
∗ArB),

δij = −Sp (AjFi−1)−

i−1∑

r=0

αi−1−rSp (QjC
∗ArB), j = 1, η,

0 = −Sp (AjFi−1)−

i−1∑

r=0

αi−1−rSp (QjC
∗ArB), j = ℓ+ 1, s, åñëè ℓ 6 s,

δij = −

i−1∑

r=0

αi−1−rSp (QjC
∗ArB), j = s+ 1, ℓ, åñëè ℓ > s.

(20)

Êàæäàÿ j-ÿ ñèñòåìà â (20) ñîñòîèò èç n óðàâíåíèé ñmk íåèçâåñòíûìè ýëåìåíòàìè ìàòðèöû Qj ,

j = 0, θ. Ïåðåïèøåì ñèñòåìû (20) â âåêòîðíîì âèäå. Äëÿ ýòîãî âîñïîëüçóåìñÿ ðàâåíñòâîì

Sp (XY ) = (vec Y )T · (vecXT ). Ïðèìåíèì ýòî ðàâåíñòâî ê ìàòðèöàì Y = C∗ArB, r = 0, n− 1,
X = Qj , j = 0, θ. Ïîñòðîèì ìàòðèöû G ∈ Mn(K), P ∈ Mmk,n(K) (ñì. [32℄):

G :=

∥∥∥∥∥∥∥∥∥∥

1 0 0 . . . 0
α1 1 0 . . . 0
α2 α1 1 . . . 0
. . . . . . . . . . . . . . .
αn−1 αn−2 αn−3 . . . 1

∥∥∥∥∥∥∥∥∥∥

, P := [vec (C∗B), vec (C∗AB), . . . , vec (C∗An−1B)]. (21)

Îáîçíà÷èì vj := vec (QT
j ) ∈ K

mk
, j = 0, θ,

w0 := col (α1 − δ10, . . . , αn − δn0) ∈ K
n,

wj := col (−δ1j − Sp (AjF0), . . . ,−δnj − Sp (AjFn−1)) ∈ K
n, j = 1, η,

wj := col (−Sp (AjF0), . . . ,−Sp (AjFn−1)) ∈ K
n, j = ℓ+ 1, s, åñëè ℓ 6 s,

wj := col (−δ1j , . . . ,−δnj) ∈ K
n, j = s+ 1, ℓ, åñëè ℓ > s.

Òîãäà ñèñòåìû (20) ìîæíî çàïèñàòü â âåêòîðíîì âèäå GP T vj = wj , j = 0, θ, èëè, ÷òî ðàâíî-

ñèëüíî, â ìàòðè÷íîì âèäå

GP TV = W, (22)

ãäå V = [v0, . . . , vθ] ∈ Mmk,1+θ(K), W = [w0, . . . , wθ] ∈ Mn,1+θ(K).
Ïóñòü ìàòðèöû (11) ëèíåéíî íåçàâèñèìû. Òîãäà rank P = n è ñèñòåìà (22) ðàçðåøèìà

îòíîñèòåëüíî V äëÿ ëþáîãî íàáîðà δij ∈ K, i = 1, n, j = 0, ℓ. Â ÷àñòíîñòè, ñèñòåìà (22) èìååò

ðåøåíèå vj = P (P TP )−1G−1wj , j = 0, θ. Ñëåäîâàòåëüíî, äëÿ ñèñòåìû (1), (2) ðàçðåøèìà çàäà÷à

íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà ïîñðåäñòâîì ðåãóëÿòîðà (4). Èñêîìûå ìàòðèöû Q0, . . . , Qθ

íàõîäÿòñÿ èç ðàâåíñòâ Qj = (vec−1vj)
T
, j = 0, θ.

Åñëè ìàòðèöû (11) ëèíåéíî çàâèñèìû, òî rank P < n è äëÿ δij ∈ K òàêèõ, ÷òî wj /∈ Im (GP T )
äëÿ íåêîòîðîãî j ∈ {0, ℓ}, ñèñòåìà (22) íåðàçðåøèìà (çäåñü Im � ýòî îáðàç ìàòðè÷íîãî îïåðà-

òîðà). Ñëåäîâàòåëüíî, çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî ñïåêòðà ñèñòåìû (1), (2) ïîñðåäñòâîì

ðåãóëÿòîðà (4) íåðàçðåøèìà. �

Çàìå÷àíèå 1. Òåîðåìà 1 îáîáùàåò òåîðåìó 1 [32℄ íà ñèñòåìû ñ çàïàçäûâàíèåì. �

�àññìîòðèì çàäà÷ó ñòàáèëèçàöèè ñèñòåìû (1), (2) ïîñðåäñòâîì îáðàòíîé ñâÿçè (4): òðå-

áóåòñÿ ïîñòðîèòü θ > 0 è Qρ, ρ = 0, θ, òàê, ÷òîáû çàìêíóòàÿ ñèñòåìà áûëà àñèìïòîòè÷åñêè

óñòîé÷èâîé. Ñèñòåìà (5) ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâîé, åñëè ñïåêòð σ ñèñòåìû (5) ëå-

æèò â ëåâîé ïîëóïëîñêîñòè ω = {λ ∈ C : Reλ < 0}. Åñëè çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî
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ñïåêòðà ðàçðåøèìà, òî, âûáèðàÿ êâàçèìíîãî÷ëåí (12) òàê, ÷òî åãî êîðíè ëåæàò â îáëàñòè ω,
ìîæíî äîáèòüñÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè çàìêíóòîé ñèñòåìû. Òàêèì îáðàçîì, èç òåîðå-

ìû 1 âûòåêàåò î÷åâèäíîå ñëåäñòâèå.

Ñëåäñòâèå 1. Ïóñòü ìàòðèöû A, B, C, Aj, j = 1, s, ñèñòåìû (1), (2) èìåþò ñïåöèàëüíûé

âèä (6), (7), (8) è ìàòðèöû (11) ëèíåéíî íåçàâèñèìû. Òîãäà ñèñòåìà (1), (2) ñòàáèëèçèðóåìà

ïîñðåäñòâîì îáðàòíîé ñâÿçè (4).

Ïðèìåð 1. �àññìîòðèì ïðèìåð, èëëþñòðèðóþùèé ïðèìåíåíèå òåîðåìû 1. Ïóñòü K = C,

n = 4, m = 2, k = 2, s = 2, è êîý��èöèåíòû ñèñòåìû (1), (2) èìåþò ñëåäóþùèé âèä:

A =

∥∥∥∥∥∥∥∥

1 1 0 0
−1 0 1 0
1 0 0 1
−1 0 0 0

∥∥∥∥∥∥∥∥
, A1 =

∥∥∥∥∥∥∥∥

0 0 0 0
1 1 0 0
−1 1 0 0
1 0 0 0

∥∥∥∥∥∥∥∥
, A2 =

∥∥∥∥∥∥∥∥

0 0 0 0
1 −1 0 0
−1 0 0 0
0 1 0 0

∥∥∥∥∥∥∥∥
,

B =

∥∥∥∥∥∥∥∥

0 0
1 i
−i 1
i 0

∥∥∥∥∥∥∥∥
, C =

∥∥∥∥∥∥∥∥

1 1
−i 0
0 0
0 0

∥∥∥∥∥∥∥∥
.

Êîý��èöèåíòû ñèñòåìû óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1, òî åñòü èìåþò ñïåöèàëüíûé âèä

(6), (7), (8), ãäå p = 2. Èìååì α1 = −1, α2 = 1, α3 = −1, α4 = 1. Ïîñòðîèì ìàòðèöû (11):

C∗B =

∥∥∥∥
i −1
0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
2 2i
1 i

∥∥∥∥ , C∗A2B =

∥∥∥∥
−2i 2 + i
1− i 1 + i

∥∥∥∥ , C∗A3B =

∥∥∥∥
−1 1− i
0 1

∥∥∥∥ . (23)

Ïîñòðîèì ìàòðèöû (21):

G =

∥∥∥∥∥∥∥∥

1 0 0 0
−1 1 0 0
1 −1 1 0
−1 1 −1 1

∥∥∥∥∥∥∥∥
, P =

∥∥∥∥∥∥∥∥

i 2 −2i −1
−1 2i 2 + i 1− i
0 1 1− i 0
0 i 1 + i 1

∥∥∥∥∥∥∥∥
.

Èìååì det P = 1. Çíà÷èò, rank P = 4 = n, ñëåäîâàòåëüíî, ìàòðèöû (23) ëèíåéíî íåçàâèñèìû.

Òàêèì îáðàçîì, ïî òåîðåìå 1 äëÿ ñèñòåìû (1), (2) ðàçðåøèìà çàäà÷à íàçíà÷åíèÿ ïðîèçâîëüíîãî

ñïåêòðà ïîñðåäñòâîì ðåãóëÿòîðà (4). Ïîñòðîèì òàêîé ðåãóëÿòîð. Ïóñòü, ê ïðèìåðó,

q(λ, e−λh) = (λ+1)(λ+e−λh)3 = λ4+λ3+3λ3e−λh+3λ2e−λh+3λ2e−2λh+3λe−2λh+λe−3λh+e−3λh.

Òîãäà ℓ = 3, ℓ > s,

δ10 = 1, δ11 = 3, δ12 = 0, δ13 = 0, δ20 = 0, δ21 = 3, δ22 = 3, δ23 = 0,

δ30 = 0, δ31 = 0, δ32 = 3, δ33 = 1, δ40 = 0, δ41 = 0, δ42 = 0, δ43 = 1.

Èñïîëüçóÿ äîêàçàòåëüñòâî òåîðåìû 1, ïîëó÷àåì θ = 3, η = 2. Âû÷èñëèì ìàòðèöû F0, F1, F2,

F3 ïî �îðìóëå (9), ïîëó÷èì F0 = I,

F1 =

∥∥∥∥∥∥∥∥

0 1 0 0
−1 −1 1 0
1 0 −1 1
−1 0 0 −1

∥∥∥∥∥∥∥∥
, F2 =

∥∥∥∥∥∥∥∥

0 0 1 0
1 0 −1 1
−1 1 1 −1
0 −1 0 1

∥∥∥∥∥∥∥∥
, F3 =

∥∥∥∥∥∥∥∥

0 0 0 1
−1 0 0 −1
0 −1 0 1
0 0 −1 −1

∥∥∥∥∥∥∥∥
.

Äàëåå, âû÷èñëèì

Sp (A1F0) = 1, Sp (A1F1) = 1, Sp (A1F2) = −2, Sp (A1F3) = 1,

Sp (A2F0) = −1, Sp (A2F1) = 2, Sp (A2F2) = 0, Sp (A2F3) = −1.
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Äàëåå íàõîäèì

w0 = col (α1 − δ10, α2 − δ20, α3 − δ30, α4 − δ40) = col (−2, 1,−1, 1),

w1 = col
(
− δ11 − Sp (A1F0),−δ21 − Sp (A1F1),−δ31 − Sp (A1F2),−δ41 − Sp (A1F3)

)
=

= col (−4,−4, 2,−1),

w2 = col
(
− δ12 − Sp (A2F0),−δ22 − Sp (A2F1),−δ32 − Sp (A2F2),−δ42 − Sp (A2F3)

)
=

= col (1,−5,−3, 1),

w3 = col (−δ13,−δ23,−δ33,−δ43) = col (0, 0,−1,−1).

Âû÷èñëÿÿ vj ïî �îðìóëàì vj = P (P TP )−1G−1wj , j = 0, 3, ïîëó÷àåì

v0 = col (−1− i, 3 − i, 2− i,−3 + 3i), v1 = col (−6 + 4i,−6i, 2 − 9i, 1 + 10i),

v2 = col (4 + 5i,−6 + 4i,−9 − 2i, 4 − 5i), v3 = col (1, i,−1 + 2i,−2 − i).

Îòñþäà íàõîäèì

Q0 =

∥∥∥∥
−1− i 2− i
3− i −3 + 3i

∥∥∥∥ , Q1 =

∥∥∥∥
−6 + 4i 2− 9i
−6i 1 + 10i

∥∥∥∥ , (24)

Q2 =

∥∥∥∥
4 + 5i −9− 2i
−6 + 4i 4− 5i

∥∥∥∥ , Q3 =

∥∥∥∥
1 −1 + 2i
i −2− i

∥∥∥∥ . (25)

Ñèñòåìà (1), (2), çàìêíóòàÿ óïðàâëåíèåì (4) ñ ìàòðèöàìè (24), (25), ïðèíèìàåò âèä

ẋ(t) =

∥∥∥∥∥∥∥∥

1 1 0 0
−2− 2i −2 1 0
−1 + i 2i 0 1
1 + i 1 + i 0 0

∥∥∥∥∥∥∥∥
x(t) +

∥∥∥∥∥∥∥∥

0 0 0 0
−7− 4i −3 0 0
−5 + 8i 1 + 4i 0 0
6− 4i 6− 4i 0 0

∥∥∥∥∥∥∥∥
x(t− h) +

+

∥∥∥∥∥∥∥∥

0 0 0 0
−3 + i 0 0 0

4i −i 0 0
−3− 5i −3− 5i 0 0

∥∥∥∥∥∥∥∥
x(t− 2h) +

∥∥∥∥∥∥∥∥

0 0 0 0
0 0 0 0
0 0 0 0
−2 −1 0 0

∥∥∥∥∥∥∥∥
x(t− 3h). (26)

Âû÷èñëÿÿ õàðàêòåðèñòè÷åñêóþ �óíêöèþ ϕ(λ, e−λh) çàìêíóòîé ñèñòåìû (26), ïîëó÷àåì, ÷òî

ϕ(λ, e−λh) = (λ + 1)(λ + e−λh)3. Â ÷àñòíîñòè, ñèñòåìà (26) ýêñïîíåíöèàëüíî óñòîé÷èâà, åñëè

h < π/2 (ñì., ê ïðèìåðó, [33℄).
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We 
onsider a 
ontrol system de�ned by a linear time-invariant system of di�erential equations with 
om-

mensurate delays in state

ẋ(t) = Ax(t) +

s∑

j=1

Ajx(t− jh) +Bu(t), y(t) = C∗x(t), t > 0. (1)

We 
onstru
t a 
ontroller for the system (1) as linear stati
 output feedba
k u(t) =
θ∑

ρ=0

Qρy(t − ρh). We

study an arbitrary spe
trum assignment problem for the 
losed-loop system. One needs to de�ne a θ and

to 
onstru
t gain matri
es Qρ, ρ = 0, . . . , θ, su
h that the 
hara
teristi
 fun
tion of the 
losed-loop system

with 
ommensurate delays be
omes a quasipolynomial with arbitrary preassigned 
oe�
ients. We obtain


onditions on 
oe�
ients of the system (1) under whi
h the 
riterion is found for solvability of the prob-

lem of arbitrary spe
trum assignment. Corollaries on stabilization by linear stati
 output feedba
k with


ommensurate delays are obtained for the system (1). An illustrative example is 
onsidered.
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