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1

�àññìàòðèâàåòñÿ çàäà÷à óêëîíåíèÿ óáåãàþùåãî îò ãðóïïû ïðåñëåäîâàòåëåé â êîíå÷íîìåðíîì åâêëèäî-

âîì ïðîñòðàíñòâå. Äâèæåíèå îïèñûâàåòñÿ ëèíåéíîé ñèñòåìîé äðîáíîãî ïîðÿäêà âèäà

(

CDα

0+zi
)

= Azi + ui − v,

ãäå

CDα
0+f � ïðîèçâîäíàÿ ïî Êàïóòî ïîðÿäêà α ∈ (0, 1) �óíêöèè f , A � ïðîñòàÿ ìàòðèöà. Â íà-

÷àëüíûé ìîìåíò âðåìåíè çàäàíû íà÷àëüíûå óñëîâèÿ. Óïðàâëåíèÿ èãðîêîâ îãðàíè÷åíû îäíèì è òåì

æå âûïóêëûì êîìïàêòîì. Óáåãàþùèé äîïîëíèòåëüíî ñòåñíåí �àçîâûìè îãðàíè÷åíèÿìè � âûïóêëûì

ìíîãîãðàííûì ìíîæåñòâîì 
 íåïóñòîé âíóòðåííîñòüþ. Â òåðìèíàõ íà÷àëüíûõ ïîçèöèé è ïàðàìåòðîâ

èãðû ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è óêëîíåíèÿ.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíûå èãðû, ïðîèçâîäíàÿ ïî Êàïóòî, óêëîíåíèå, ïðîñòàÿ ìàòðèöà.
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Ââåäåíèå

Âàæíîå íàïðàâëåíèå ðàçâèòèÿ ñîâðåìåííîé òåîðèè äè��åðåíöèàëüíûõ èãð ñâÿçàíî ñ ðàçðà-

áîòêîé ìåòîäîâ ðåøåíèÿ èãðîâûõ çàäà÷ ïðåñëåäîâàíèÿ�óêëîíåíèÿ ñ ó÷àñòèåì íåñêîëüêèõ îáú-

åêòîâ [1�3℄, ïðè÷åì, êðîìå óãëóáëåíèÿ êëàññè÷åñêèõ ìåòîäîâ ðåøåíèÿ, àêòèâíî âåäåòñÿ ïîèñê

íîâûõ çàäà÷, ê êîòîðûì ïðèìåíèìû óæå ðàçðàáîòàííûå ìåòîäû. Â ÷àñòíîñòè, â ðàáîòàõ [4�7℄

ðàññìàòðèâàëèñü çàäà÷è ïðåñëåäîâàíèÿ äâóõ ëèö, îïèñûâàåìûå óðàâíåíèÿìè ñ äðîáíûìè ïðî-

èçâîäíûìè, ãäå áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïîèìêè.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ îäíà çàäà÷à ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòå-

ëåé îäíîãî óáåãàþùåãî ïðè óñëîâèè, ÷òî äâèæåíèå âñåõ ó÷àñòíèêîâ îïèñûâàåòñÿ ëèíåéíûìè

óðàâíåíèÿìè ñ äðîáíûìè ïî Êàïóòî ïðîèçâîäíûìè, ìàòðèöà ñèñòåìû � ïðîñòàÿ, à óáåãàþùèé

â ïðîöåññå èãðû íå ïîêèäàåò ïðåäåëû âûïóêëîãî ìíîãîãðàííîãî ìíîæåñòâà. Ïîëó÷åíû äîñòà-

òî÷íûå óñëîâèÿ óêëîíåíèÿ, âûðàæåííûå â òåðìèíàõ íà÷àëüíûõ ïîçèöèé è ïàðàìåòðîâ èãðû.

�àáîòà ïðîäîëæàåò èññëåäîâàíèÿ [8℄.

Îïðåäåëåíèå 1 (ñì. [9, 
. 97℄). Ïóñòü f : [0,∞) → R
k
� àáñîëþòíî íåïðåðûíàÿ �óíêöèÿ

è α ∈ (0, 1). Ïðîèçâîäíîé ïî Êàïóòî ïîðÿäêà α �óíêöèè f íàçûâàåòñÿ �óíêöèÿ

CDα
0+f âèäà

(

CDα
0+f

)

(t) =
1

Γ(1− α)

∫ t

0

f ′(τ)

(t− τ)α
ds.

Â ïðîñòðàíñòâå R
k
(k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà n + 1 ëèö: n ïðåñëå-

äîâàòåëåé Pi, i = 1, . . . , n, è óáåãàþùåãî E. Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi

èìååò âèä

(

CDα
0+xi

)

(t) = axi(t) + ui(t), xi(0) = x0i , ui ∈ Q. (0.1)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò �16�01�000346-à).
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Çàêîí äâèæåíèÿ óáåãàþùåãî èìååò âèä

(

CDα
0+y

)

(t) = ay(t) + v(t), y(0) = y0, v ∈ Q. (0.2)

Çäåñü α ∈ (0, 1), xi, y, ui, v ∈ R
k
, Q � âûïóêëûé êîìïàêò â R

k
, a � âåùåñòâåííîå ÷èñëî.

Ñ÷èòàåì, ÷òî x0i 6= y0 äëÿ âñåõ i. Äîïîëíèòåëüíî ïðåäïîëàãàåòñÿ, ÷òî óáåãàþùèé E â ïðîöåññå

èãðû íå ïîêèäàåò ïðåäåëû âûïóêëîãî ìíîãîãðàííîãî ìíîæåñòâà Ω ñ íåïóñòîé âíóòðåííîñòüþ

âèäà

Ω =
{

ξ ∈ R
k
∣

∣

∣
〈pj , ξ〉 6 µj, j = 1, . . . , r, r > 0

}

,

ãäå pj , j = 1, . . . , r, � åäèíè÷íûå âåêòîðû R
k
, µj , j = 1, . . . , r, � âåùåñòâåííûå ÷èñëà, òàêèå,

÷òî int Ω 6= 0; ïðè r = 0 ñ÷èòàåì, ÷òî Ω = R
k
.

Âìåñòî ñèñòåì (0.1), (0.2) ðàññìîòðèì ñèñòåìû

(

CDα
0+zi

)

(t) = azi(t) + ui(t)− v(t), zi(0) = z0i = x0i − y0, ui, v ∈ Q. (0.3)

Ïóñòü T > 0 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî, σ = {0 = t0 < t1 < . . . < ts+1=T } �

êîíå÷íîå ðàçáèåíèå îòðåçêà [0, T ].

Îïðåäåëåíèå 2. Êóñî÷íî-ïðîãðàììíîé ñòðàòåãèåé SE óáåãàþùåãî E, çàäàííîé íà [0, T ],
ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, íàçûâàåòñÿ ñåìåéñòâî îòîáðàæåíèé bl, l = 0, . . . , s, ñòàâÿùèõ
â ñîîòâåòñòâèå âåëè÷èíàì (tl, z1(tl), . . . , zn(tl)) èçìåðèìóþ �óíêöèþ vl(t), îïðåäåëåííóþ äëÿ

t ∈ [tl, tl+1) è òàêóþ, ÷òî vl(t) ∈ Q, y(t) ∈ Ω äëÿ âñåõ t ∈ [tl, tl+1].

Îïðåäåëåíèå 3. Êóñî÷íî-ïðîãðàììíîé êîíòðñòðàòåãèåé CSPi
ïðåñëåäîâàòåëÿ Pi, çàäàí-

íîé íà [0, T ], ñîîòâåòñòâóþùåé ðàçáèåíèþ σ, íàçûâàåòñÿ ñåìåéñòâî îòîáðàæåíèé cl, l = 0, . . . , s,
ñòàâÿùèõ â ñîîòâåòñòâèå âåëè÷èíàì (tl, z1(tl), . . . , zn(tl)) è óïðàâëåíèþ vl(t), t ∈ [tl, tl+1), èç-
ìåðèìóþ �óíêöèþ uil(t), îïðåäåëåííóþ äëÿ t ∈ [tl, tl+1) è òàêóþ, ÷òî uil(t) ∈ Q äëÿ âñåõ

t ∈ [tl, tl+1].

Îïðåäåëåíèå 4. Â äè��åðåíöèàëüíîé èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è, åñëè äëÿ

ëþáîãî T > 0 ñóùåñòâóþò ðàçáèåíèå σ îòðåçêà [0, T ] è ñòðàòåãèÿ SE óáåãàþùåãî E òàêèå, ÷òî

äëÿ ëþáûõ òðàåêòîðèé xi(t) ïðåñëåäîâàòåëåé Pi âûïîëíåíî

xi(t) 6= y(t), t ∈ [0, T ].

Ïóñòü äàëåå IntA è coA � âíóòðåííîñòü è âûïóêëàÿ îáîëî÷êà ìíîæåñòâà A ñîîòâåòñòâåííî,

I(l) = {1, 2, . . . , n+ l}, Eρ(z;µ) =
∞
∑

k=0

zk

Γ(µ+ k/ρ)
� îáîáùåííàÿ �óíêöèÿ Ìèòòàã-Ëå��ëåðà,

λi(v) = max
{

λ > 0
∣

∣−λz0i ∈ Q− v
}

, i ∈ I(0), λn+j(v) = 〈pj, v〉, j = 1, . . . , r,

δr = min
v∈Q

max
l∈I(r)

λl(v).

� 1. Äîñòàòî÷íûå óñëîâèÿ óêëîíåíèÿ îò âñòðå÷è

Òåîðåìà 1. Ïóñòü r = 0 (Ω = R
k), δ0 = 0. Òîãäà â äè��åðåíöèàëüíîé èãðå ïðîèñõîäèò

óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò v0 ∈ Q òàêîé, ÷òî

λi(v0) = 0 äëÿ âñåõ i ∈ I(0).
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Ïóñòü T > 0 � ïðîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî. Çàäàäèì ñòðàòåãèþ óáåãàþùåãî E,
ïîëàãàÿ

σ = {0, T}, v(t) = v0 äëÿ âñåõ t ∈ [0, T ].

Ïóñòü ui(t) � ïðîèçâîëüíîå äîïóñòèìîå óïðàâëåíèå ïðåñëåäîâàòåëÿ Pi. Òîãäà ðåøåíèÿ ñè-

ñòåì (0.3) ïðåäñòàâèìû â âèäå

zi(t) = E1/α(at
α; 1)z0i +

∫ t

0
(t− τ)α−1E1/α(a(t− τ)α;α)(ui(τ)− v0) dτ =

= E1/α(at
α; 1)z0i + tαE1/α(at

α;α+ 1)(ūi
t − v0),

ãäå

ūi
t =

∫ t

0
(t− τ)α−1E1/α(a(t− τ)α;α)ui(τ) dτ

tαE1/α(atα;α+ 1)
∈ Q.

Äåéñòâèòåëüíî, èç òåîðåìû 4.1.1 [10, 
. 101℄ ñëåäóåò, ÷òî ïðè 0 < α < 1 �óíêöèè E1/α(z; 1)
è E1/α(z;α+1) ïîëîæèòåëüíû ïðè âñåõ z ∈ R

1
, ïîýòîìó ïðè ëþáîì çíà÷åíèè a è ïðè âñåõ t > 0

ūi
t ∈ Q â ñèëó âûïóêëîñòè Q.
Ïîêàæåì, ÷òî zi(t) 6= 0 äëÿ ëþáîãî i = 1, . . . , n ïðè âñåõ 0 < t 6 T . �àññóæäàåì îò ïðîòèâ-

íîãî. Åñëè áû äëÿ íåêîòîðîãî i0 íàøåëñÿ ìîìåíò âðåìåíè t∗ òàêîé, ÷òî áûëî áû âûïîëíåíî

ðàâåíñòâî zi0(t
∗) = 0, ýòî îçíà÷àëî áû, ÷òî ūi0

t∗ = v0 −
E1/α(at

α; 1)

tαE1/α(atα;α+ 1)
z0i . Â ñèëó îïðåäå-

ëåíèÿ λi0 ýòî îçíà÷àëî áû, ÷òî λi0(v0) >
E1/α(a(t

∗)α; 1)

tαE1/α(a(t∗)α;α+ 1)
> 0, ÷òî ïðîòèâîðå÷èò óñëîâèþ

òåîðåìû. Òåì ñàìûì òåîðåìà 1 äîêàçàíà. �

Ñëåäñòâèå 1. Ïóñòü r = 0 (Ω = R
k), V � âûïóêëûé ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé

ãðàíèöåé è

0 /∈ Int co
{

z01 , . . . , z
0
n

}

.

Òîãäà â äè��åðåíöèàëüíîé èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèé ñëåäñòâèÿ è [1, 
. 15℄ âûòåêàåò, ÷òî δ0 = 0, ò. å. â äè��å-
ðåíöèàëüíîé èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è â ñèëó òåîðåìû 1. �

Òåîðåìà 2. Ïóñòü r = 1, δ1 = 0 è aµ1 6 0. Òîãäà â äè��åðåíöèàëüíîé èãðå ïðîèñõîäèò

óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò v0 ∈ Q òàêîé, ÷òî

λi(v0) = 0 äëÿ âñåõ i ∈ I(0), λn+1(v0) = 〈p1, v0〉 6 0.

Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëè äëÿ ïðîèçâîëüíîãî T > 0 âçÿòü ðàçáèåíèå σ = {0, T} è v(t) = v0,
òî íè îäèí èç ïðåñëåäîâàòåëåé Pi íå äîãîíèò óáåãàþùåãî E, òàê êàê ðàâåíñòâî zi(t) = 0 íåâîç-
ìîæíî â ñèëó λi(v0) = 0, i ∈ I(0). Îñòàëîñü ëèøü óáåäèòüñÿ, ÷òî óáåãàþùèé íå ïîêèäàåò

ïðåäåëû ìíîæåñòâà Ω. �àññìîòðèì ñêàëÿðíîå ïðîèçâåäåíèå 〈p1, y(t)〉:

〈p1, y(t)〉 = E1/α(at
α; 1)〈p1, y

0〉+ tαE1/α(at
α;α+ 1)〈p1, v0〉 6 E1/α(at

α; 1)〈p1, y
0〉.

Ïðè a < 0 �óíêöèÿ E1/α(at
α; 1) ìîíîòîííî óáûâàåò íà îòðåçêå [0, T ] îò E1/α(0; 1) = 1 äî

E1/α(aT
α; 1) > 0, òàê êàê åå ïðîèçâîäíàÿ

d
dtE1/α(at

α; 1) = atα−1E1/α(at
α;α) < 0 ïðè âñåõ t > 0.

Ïîýòîìó ïðè µ1 > 0 è ïðè âñåõ t > 0

〈p1, y(t)〉 6 E1/α(at
α; 1)〈p1, y

0〉 6 µ1.
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Ïðè a = 0 E1/α(at
α; 1) = E1/α(0; 1) = 1, ïîýòîìó äëÿ ëþáîãî µ1 è ïðè âñåõ t > 0

〈p1, y(t)〉 6 E1/α(0; 1)〈p1, y
0〉 6 µ1.

Ïðè a > 0 �óíêöèÿ E1/α(at
α; 1) ìîíîòîííî âîçðàñòàåò íà îòðåçêå [0, T ] îò E1/α(0; 1) = 1 äî

E1/α(aT
α; 1) > 1. Ïîýòîìó ïðè µ1 6 0 è ïðè âñåõ t > 0

〈p1, y(t)〉 6 E1/α(at
α; 1)〈p1, y

0〉 6 µ1.

Çíà÷èò, ïðè âûïîëíåíèè óñëîâèé òåîðåìû óïðàâëåíèå v(t) = v0 îñòàâëÿåò óáåãàþùåãî â ïðå-
äåëàõ ìíîæåñòâà Ω. Òåîðåìà äîêàçàíà. �

Òåîðåìà 3 (óêëîíåíèå â êîíóñå). Ïóñòü r > 1, δr = 0 è µj = 0, j = 1, . . . , r (Ω � âûïóêëûé

êîíóñ). Òîãäà â äè��åðåíöèàëüíîé èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ òåîðåìû ñëåäóåò, ÷òî ñóùåñòâóåò v0 ∈ Q òàêîé, ÷òî

λi(v0) = 0 äëÿ âñåõ i ∈ I(0),

λn+j(v0) = 〈pj, v0〉 6 0, j = 1, . . . , r.

Èç òåîðåìû 1 ñëåäóåò, ÷òî åñëè äëÿ ïðîèçâîëüíîãî T > 0 âçÿòü ðàçáèåíèå σ = {0, T}
è v(t) = v0, òî íè îäèí èç ïðåñëåäîâàòåëåé Pi íå äîãîíèò óáåãàþùåãî E, òàê êàê ðàâåíñòâî

zi(t) = 0 íåâîçìîæíî â ñèëó λi(v0) = 0, i ∈ I(0). Èç òåîðåìû 2 ñëåäóåò, ÷òî óáåãàþùèé íå

ïîêèäàåò ïðåäåëû ìíîæåñòâà Ω, òàê êàê ïðè ëþáîì çíà÷åíèè a è äëÿ ëþáîãî j = 1, . . . , r
ñïðàâåäëèâû ñëåäóþùèå íåðàâåíñòâà:

〈pj, y(t)〉 = E1/α(at
α; 1)〈pj , y

0〉+tαE1/α(at
α;α+1)〈pj , v0〉 6 E1/α(at

α; 1)〈pj , y
0〉 6 µj = 0. (1.1)

Çíà÷èò, ïðè âûïîëíåíèè óñëîâèé òåîðåìû óïðàâëåíèå v(t) = v0 îñòàâëÿåò óáåãàþùåãî â ïðåäå-
ëàõ âûïóêëîãî êîíóñà Ω. Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 2. Ïóñòü r > 0, δr = 0 è aµj 6 0 äëÿ âñåõ j = 1, . . . , r. Òîãäà â äè��åðåíöèàëü-

íîé èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèÿ δr = 0 è òåîðåìû 1 ñëåäóåò, ÷òî åñëè äëÿ ïðîèçâîëüíîãî

T > 0 âçÿòü ðàçáèåíèå σ = {0, T} è v(t) = v0, òî íè îäèí èç ïðåñëåäîâàòåëåé Pi íå äîãîíèò óáå-

ãàþùåãî E, òàê êàê ðàâåíñòâî zi(t) = 0 íåâîçìîæíî â ñèëó λi(v0) = 0, i ∈ I(0). Óñëîâèÿ aµj 6 0,
j = 1, . . . , r, îáåñïå÷èâàþò âûïîëíåíèå íåðàâåíñòâ (1.1), êîòîðûå, â ñâîþ î÷åðåäü, îçíà÷àþò, ÷òî

óáåãàþùèé íå ïîêèäàåò ïðåäåëû ìíîæåñòâà Ω ïðè âñåõ t > 0. Çíà÷èò, â äè��åðåíöèàëüíîé

èãðå ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è. �
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The paper deals with the problem of avoiding a group of pursuers in the �nite-dimensional Eu
lidean spa
e.

The motion is des
ribed by the linear system of fra
tional order

(

CDα

0+zi
)

= Azi + ui − v,

where

CDα
0+f is the Caputo derivative of order α ∈ (0, 1) of the fun
tion f and A is a simple matrix. The

initial positions are given at the initial time. The set of admissible 
ontrols of all players is a 
onvex 
ompa
t.

It is further assumed that the evader does not leave the 
onvex polyhedron with nonempty interior. In terms

of the initial positions and the parameters of the game, su�
ient 
onditions for the solvability of the evasion

problem are obtained.
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