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�# "( �� !��� *���#��' ! �",��!' ! � �"�* ����"-' ��� .�&� /	� 0"��
 	� �� 12 � $�$"� 0#�3�)
��& 4�5� �� !���� ���"� ��#�! � � �"�* ����"-' ��(6 '�7�����&
6 �",��!'
6 ��"���'� � � &
���"� � &' 0 &�#'
�� 6 # % �7,��'
 .�&� /	� 0"��
 �� �2 � $�$"� 0#�3�) ��& 4�5� ���4�
�7,��'
 �� !���� 8��6 ��"���' � &�#� ����6 � �"�* ����"-' ��(6 . /	� 0"��� �2� /�9�25� � �"�+
* ����"-' ��(6 m97�����&
6 �",��!'
6 ��"���' .�&� /�25� � �"�* ����"-' ��(6 � #�7"�*� !
� �� *� � #�$ ��6 /�2 � /�2 �7,��"��- #���#�*�"�'�( �#�&�'� * � (�"�'�( ��#�� � :��� ��#� +
�� � *�,&( � �� ('�(&�� � ���4� #���#�*�"�'�( #(*� *#,0�6 �",��!'
6 ��"���'� ��(7�''
6
� & &�'��&� � (�"�'�( ��#�! � ��� ! � �"�* ����"-' ���� � #�$ ��6 /
��2 '�!*�' � �' � #��+
�#�*�"�'�� ����" ��#�! � &�#� ��� ! �",��!' ! � �"�* ����"-' ��� � *�,&( � �#�&( � �� (+
'�(&� �"( ���"�* ��'�( � 8��6 � #(*� *#,0�6 #�$ � ��� "-7,���( �#��&� � �� (;�! � � &� �� 
6�#����#������ ��6 *' ! � �"�* ����"-' ��� �
#�4�)��( ��#�7 6�#����#������ :��� ��#� +
�� ���:��"-' 0 ��*� .�&� ���4� /125� � #�$ �� /�2 � ",��'
  :�'�� �� # ��� �6 *�& ��� *"(
#���#�*�"�'�( ����" � (�"�'�! ��#�! � ���:� '�#' !  *' # *' ! &�#� ��� ! :��� � �" 4' +
&, �,��� ' ��� &, #���#�*�"�'�)� � #�$ �� /�2 * ��7�'� &' 0 &�#'�( �� #�&� <,��� '� *"(
����" � (�"�'�! ��#�! 7�*�''
6 *"�' � � �"�* ����"-' ��� m97�����&
6 �",��!'
6 ��"�+
��' �  :�'��&� �� # ��� �6 *�& ���� � #�$ �� /12 � ",��'
 � �'
� 7'���'�( �  :�'�� *"(
3,'�:�� #���#�*�"�'�( ���"� � (���%�6�( :�� ��� ���:��"-' 0 ��*� $�7 ��& ��#�����'�!
� � �"�* ����"-' ��� '�7�����&
6 �",��!'
6 ��"���' � � :��� ��#� ���
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� � �"�*'�� �#�&(  � $
! �'��#�� �#�*����"(�� �'�"�7 �� !��� ��#
�
6 :���! ��#� ��
� ��(7� � #�%�'��& �#��"�*'
6 7�*��� ����6 ��� #��� 7'���'��  $#�7 �� &�%�'' �  $,��+
'��� �'�"�7� ������ � �� *� .�&� /�� 	�2� /		� 0"��
 	�� 		2� /	�� 0"��
 �� �25� =�' �'
� �� !����
����6 & *�"�! � *# $'  ����'
 � �'�0� /	�� 0"��
 	9�2� �'��#��'
& �#�*����"(���( � �# �
 �#��'�'�� �� !��� #���#�*�"�'�! ����" ��#�!� � � & ���"� &' 0 &�#'
6� � � �"�* ����"-+
' ��(6 '�7�����&
6 �",��!'
6 ��"���' �"� � &�#� ����6 �",��!'
6 � �"�* ����"-' ��(6 �
� � �"�* ����"-' ���� �#�*����"();�! ��#
�,) &�#� ���,) :��-�

� '��� (;�! #�$ �� &
 #���& �#�&  *', & *�3���:�) ��#
� ! &�#� ��� ! :���� � �&�'+
' � � "�' &��"-',) � �"�* ����"-' ��-� ,�#��"(�&,) :��-) ��#� ��� ����( � �"�* ����"-+
' ��- & 4�� �#��� ���-�( ��� � �"�* ����"-' ��-� � ",��''�( ,�#,�'�'��& � �� ('�! &�#+
� ��� ! :���� � ��� ��#
��( &�#� ����( :��- .�&� /	�� 0"��� 	25� ����( & *�3�:�# ��''�(
� �"�* ����"-' ��- #���&��#���"��- � /	�2� 0*� $
" �7,��' �#�*�"-' � #���#�*�"�'�� *"(
����" ��# � ����%�6 7'�� ��

>��� (;�( #�$ �� � ��(;�'� �7,��'�) ���&�� �������6 �� !��� #���#�*�"�'�! ���"� ��+
#�! � ,�#��"(�& ! :��-) ��#� �� �",��!' ! � �"�* ����"-' ����

� �� ����� !��"#! �$%� &'('�"

>��'�& � $ "�� �# �� ! � ���' ��� 7�*���� <,��- �",��!'
� ��"���'
 Y1, . . . , YT , . . . '�7�+
����&
 � �#�'�&�)� 7'���'�( �7 &' 4����� AN = {1, . . . , N}� �#���&

P{Yj = k} = p
(j)
k , k ∈ AN , j ∈ {1, . . . ,M},

� '�$ #
 {p(j)k } �#� ��4* & j ,* �"��� #()� ,�" ��)
∑

k∈AN

p
(j)
k = 1.

<,��- s � 1, ν̃at = I{Yt−1 �= a, Yt = . . . = Yt+s−1 = a} ? �'*���� # �",��!' 0 � $
��(�
� �� (;�0 � � &� �� � & &�'� t '���"��- ��#�( �7 7'�� � a *"�'
 '� &�'-%� s .*"( �#��� ���
$,*�& �����- a+��#�(5�

ς̃as =

T∑
t=1

ν̃at

? ���" a+��#�! *"�'
 '� &�'-%� s � '���" & � � �"�* ����"-' ��� Y0, . . . , YT . �� &���&���+
���� �  4�*�'��  �#�*�"(���( 3 #&," !

Eς̃as =
T∑
t=1

Eν̃at =
T∑
t=1

(1− p(t−1)
a )

t+s−1∏
j=t

p(j)a . .	�	5

>��'�& � ���"�* ��'�( ���&�� �������6 �� !��� #���#�*�"�'�! �",��!'
6 ��"���' ς̃as �

@,*�& ��� "-7 ���-  $ 7'���'�( L(X) *"( 7�� '� #���#�*�"�'�( �",��!' ! ��"���'
 X
� ABCD(μ) *"( #���#�*�"�'�( <,��� '� � ��#�&��# & μ.

E���� ('�� � ��#��:�� ρTV .�&� /	�� 0"��� �� F �25 &�4*, #���#�*�"�'�(&� �",��!'
6 ��+
"���' η1 � η2� �#�'�&�);�6 7'���'�( � &' 4����� '� �#�:���"-'
6 :�"
6 ����"� �
#�4����(
3 #&," !

ρTV (L(η1),L(η2)) = 1

2

∞∑
k=0

|P{η1 = k} −P{η2 = k}|.

�$��( �� ��� T � s � 1 �����	
	� ��
	
�

ρTV (L(ς̃as ),ABCD(Eς̃as )) � (2s+ 1)(1 − pa∗)(p∗a)
s, .	��5

��
 p∗a = max
1�j�T

{p(j)a }, pa∗ = min
1�j�T

{p(j)a }, a ∈ AN .
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< ",��''�(  :�'�� � 7� "(�� �
����� �7����'
� �� #�&
 *"( ���"� ��#�! � � "�' &��"-+
' ! �",��!' ! � �"�* ����"-' ���� =:�'�� .	��5 7������ � "-�  � &����&�"-' ! � &�'�&�"-+
' ! ��# (�' ���! � (�"�'�! 7'��� a *"( ���6 � 7& 4'
6 #���#�*�"�'�!� � 8� &,  '� � *�"-+
'�!%�& $,*�� ��� "-7 ��'� �#� �
� *� �'�" 0��' !  :�'�� � � �"�* ����"-' ���� ,�#��"(�+
& ! :��-) ��#� ��� � � #�( $,*�� #���& �#�'� '�4�� � ��7���"-��� "�&&
 	 $,*�� �#���+
*�' � '���"� ��#�0#�3� ��

����#- ��#�!*�& � 7�*���  $ ,�#��"(�& ! � �"�* ����"-' ���� <,��- Z = (Z0, Z1, Z2, . . .) ?
 *' # *'�( '���#� *������( '�#�7" 4�&�( :��- ��#� �� � &' 4���� & � �� ('�! EM =
= {1, . . . ,M}�

πk(t) = P{Zt = k}, π
(m)
kl = P{Zt+m = l|Zt = k}, k, l ∈ EM ,

'� &' 4����� AN = {1, . . . , N} 7�*�'
 M ��# (�' ��'
6 #���#�*�"�'�! {p(j)a }, a ∈ AN , j =
= 1, . . . ,M.

�7����' .�&� /	
� ����- �� F �25� �� �,;����,�� �*�'����'' � ���:� '�#' � #���#�*�"�'��
π̃k = lim

n→∞πk(n), k = 1, . . . ,M, � � '���'�
 C,α > 0� �#� � � #
6

max
k,l∈EM

|π(n)
lk − π̃k| � Cπ̃ke

−αn, max
k,l∈EM

|πk(n)− π̃k| � Cπ̃ke
−αn. .	��5

E���& �#�& � �"�* ����"-' ��- �",��!'
6 ��"���' X0,X1, . . . ,XT , . . .� �#�'�&�);�6 7'�+
��'�( �7 &' 4����� AN � ��# (�' ��(&�

P{Xj = k} = p
(Zj)
k , k ∈ AN , j ∈ N.

< �"�* ����"-' ��- X0, . . . ,XT , . . . �#� 3����# ��'' ! � �"�* ����"-' ��� Z �&��� ��� �
4� #���#�*�"�'��� ��� #���& �#�''�( �
%� � �"�* ����"-' ��- Y1, . . . , YT , . . .� �#� � *6 *(;�&

�
$ #� '�$ # � ��# (�' ���! {p(j)k }. ��!������"-' � �#� 3����# ��'' & 7'���'�� Z = z

P{Xj = k} = p
(zj)
k = P{Yj = k},

��"� {p(j)k } = {p(zj)k }.
<,��- s � 1 ? 3����# ��'' � ���" � νat = I{Xt−1 �= a,Xt = . . . = Xt+s−1 = a},

ςas =

T∑
t=1

νat .	��5

? ���" a+��#�! *"�'
 '� &�'-%� s � '���" & � � �"�* ����"-' ��� X0, . . . ,XT .
����&������� �  4�*�'�� �",��!' ! ��"���'
 ςas .�&� .	��55  �#�*�"(���( 3 #&," !

Eςas = Eλa
s(Z),

0*�

λa
s(Z) = E(ςas |Z) =

T∑
t=1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a . .	��5

�$��( )� ����� T, s → ∞, a ∈ AN � ��
������		�� �	�
� �����

Eςas = λa
s

(
1 +O(T−1)

)
, .	�
5

��


λa
s = T

∑
k0,...,ks∈EM

(1− p(k0)a )π̃k0

s∏
j=1

p
(kj)
a πkj−1kj . .	��5



= �#�*�"-' & #���#�*�"�'�� ���"� ��#�! � � "�' &��"-' ! � �"�* ����"-' ��� ���

���������� ��	
� �� �
� �
�� �

*(�$+(,!$ �� ��"� '���"-' � #���#�*�"�'�� :��� ��#� �� � ���*��� � ���:� '�#'
&�
� 3 #&,"� .	�
5 �
� "'(���( � 3 #&� � �' 0 #���'����G Eςas = λa

s .

<�#�!*�& � 7�*���  � ��*�'�� #���#�*�"�'�( �",��!' ! ��"���'
 ςas �#� 3����# ��'' &
M � T, s → ∞�

�$��$�( �� ����� ����� M ��
������	�� a ∈ AN � ��
������		�� �	�
� T, s → ∞� �����

ρTV (L(ςas ),ABCD(λa
s)) = O (s(p∗a)

s) . .	�15

*(�$+(,!$ )� ��"� :��- Z ���:� '�#'�� � .	�15 �&��� ��*

ρTV (L(ςas ),ABCD(λa
s)) � (2s + 1)(1 − pa∗)(p∗a)

s +
2Cλa

s

T (eα − 1)
. .	��5

� $-.'"!$ �� ����� ����� M ��
������	�� a ∈ AN � ��
������		�� �	�
� p∗a ∈ (0, 1),
� �����
��� s, T → ∞ ��
� ��� Eςas → λa > 0� �����

L(ςas ) → ABCD(λa).

� $-.'"!$ )� ����� ����� M ��
������	�� a ∈ AN � ��
������		�� �	�
� p∗a ∈ (0, 1)�
� �����
��� s, T → ∞ ��
� ��� Eςas → ∞� �����

L
(
ςas −Eςas√

Dςas

)
→ N (0, 1).

<,��- ξa ? *"�'� '��$ "-%�! a+��#�� � '���" & � � �"�* ����"-' ��� Y0, . . . , YT . E���'��� 

P{ξa < s} = P{ςas = 0}
� 7� "(�� * ��7��- �"�*,);�! #�7,"-����

� $-.'"!$ /� ����� ����� M ��
������	�� a ∈ AN � ��
������		�� �	�
� p∗a ∈ (0, 1),
� �����
��� s, T → ∞� ����� ∣∣P{ξa < s} − e−Eςas

∣∣ = O (s(p∗a)
s) .

� )� ��#(%('$ &.'"(

�  � � 7 � � � " - � � �  " � & & 
 1� >�  0#�'�����(  $;' ��� $,*�& ������-� �� a = 1�
M = 2. �"( ��4* 0 t ∈ {1, . . . , T}  �#�*�"�& &' 4���� O(t) #���'��� &

O(t) = {t′ ∈ {1, . . . , T} : |t′ − t| � s}.
� 0*� �",��!'
! �'*���� # ν̃1t � '�$ # �",��!'
6 �'*���� # �

(
ν̃1t′
)
, t′ /∈ O(t), '�7�����&
�

� 0"��' �� #�&� 	 #�$ �
 /	�2� #���� ('�� � ��#��:�� &�4*, #���#�*�"�'��& �",��!' !
��"���'
 ς̃1s � � �# � 4*�);�& �,��� ' ����& #���#�*�"�'��& ABCD(Eς̃1s )  :�'������( ���

ρTV (L(ς̃1s ),ABCD(Eς̃1s )) �
1− e−Eς̃1s

Eς̃1s
(S1 + S2), .��	5

S1 =
∑

1�t�T

∑
t′∈O(t)

Eν̃1tEν̃1t′ , S2 =
∑

1�t�T

∑
t′∈O(t)\{t}

Eν̃1t ν̃
1
t′ .

>��'�& �  :�'���'�( ��#� ! �,&&
 S1G

S1 =
∑

1�t�T

Eν̃1t
∑

t′∈O(t)

Eν̃1t′ =
∑

1�t�T

Eν̃1t
∑

t′∈O(t)

(1− p
(t′−1)
1 )

t′+s−1∏
j=t′

p
(j)
1 �
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�
∑

1�t�T

Eν̃1t
∑

t′∈O(t)

(1− p1∗)(p∗1)
s � (2s + 1)(1− p1∗)(p∗1)

s
∑

1�t�T

Eν̃1t =

= (2s + 1)(1− p1∗)(p∗1)
sEς̃1s . .���5
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����#- ��#�!*�& �  :�'���'�) S2� H�&���&� �� � $
��(� �  �������,);�� �",��!'
&
�'*���� #�& ν̃1t � ν̃1t′ , t

′ ∈ O(t)\{t}, '�� �&���'
� ��!������"-' � �#� t+1 � t′ � t+ s � $
���
{ν̃1t = ν̃1t′ = 1}  7'������ �� �&���� * "4'
 �# �7 !�� *�� :�� ��� #���'��� {Xt−1 �= a,Xt =
. . . = Xt+s−1 = a} � {Xt′−1 �= a,Xt′ = . . . = Xt′+s−1 = a}. I� '�� 7& 4' � ��� ��� � ��#� !
:�� ��� Xt′−1 = a� � � �� # ! ? Xt′−1 �= a. H'����� P{ν̃1t = ν̃1t′ = 1} = 0. �'�" 0��' �#�
t− s � t′ � t− 1. < 8� &, S2 = 0�
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ρTV (L(ς̃1s ),ABCD(Eς̃1s )) � (2s+ 1)(1 − p1∗)(p∗1)
s.
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ρTV (L(ςas ),ABCD(λa
s)) � ρTV

(L(ςas ),ABCD(λa
s(Z))

)
+ ρTV

(
ABCD(λa

s(Z)),ABCD(Eςas )
)
+

+ ρTV

(
ABCD(Eςas ),ABCD(λ

a
s)
)
. .���5

>�& � '�* $���( �"�*,);�� ,���#4*�'���

�$��( /� ����� T, s → ∞� �����

ρTV

(
ABCD(λa

s(Z)),ABCD(Eςas )
)
= O

(
s(p∗a)

s). .���5
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P{X = n} =
∑
λ∈E

λn

n!
e−λP{Λ = λ}.
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ρTV

(L(ςas ),ABCD(λa
s(Z))

)
� (2s + 1)(1 − pa∗)(p∗a)

s. .���5

�"(  :�'�� � �"�*'�0 �"�0��& 0 � .���5 � �� "-7,�&�( ��#�
& ,���#4*�'��& �� #�&
 	��
�'�0� /	�� 0"��� 	� K� 	�2� � 0"��' � � # &,

ρTV

(
ABCD(Eςas ),ABCD(λ

a
s)
)
� min

{
1,

1√
λa
s

}
|Eςas − λa

s |.
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Eςas − λa
s = O

(
T−1λa

s

)
= O

(
(p∗a)

s),
ρTV (ABCD(Eςas ),ABCD(λ

a
s)) = O

(
(p∗a)

s). .��
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Eςas = Eλa
s(Z) = E

T∑
t=1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a =
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=
∑

k0,...,ks∈EM

T∑
t=1

(1− p(k0)a )
s∏

j=1

p
(kj)
a P{Zt−1 = k0, Zt = k1, . . . , Zt+s−1 = ks} =

=
∑

k0,...,ks∈EM

T∑
t=1

(1− p(k0)a )πk0(t− 1)

s∏
j=1

p
(kj)
a πkj−1kj .

�7 � �"�*'�! 3 #&,"
 � �7 .	��5 � ",���&

Eςas − λa
s =

∑
k0,...,ks∈EM

T∑
t=1

(1− p(k0)a )πk0(t− 1)

s∏
j=1

p
(kj)
a πkj−1kj −

− T
∑

k0,...,ks∈EM

(1− p(k0)a )π̃k0

s∏
j=1

p
(kj)
a πkj−1kj

=

=
∑

k0,...,ks∈EM

T∑
t=1

(1− p(k0)a )(πk0(t− 1)− π̃k0)

s∏
j=1

p
(kj)
a πkj−1kj .
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|Eςas − λa
s | �

∑
k0,...,ks∈EM

T∑
t=1

(1− p(k0)a )Cπ̃k0e
−α(t−1)

s∏
j=1

p
(kj)
a πkj−1kj .
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T∑
t=1

e−α(t−1) =
eα(1− e−αT )

eα − 1
� eα

eα − 1
,

� 

|Eςas − λa
s | � C

eα

eα − 1

∑
k0,...,ks∈EM

(1 − p(k0)a )π̃k0

s∏
j=1

p
(kj)
a πkj−1kj = C

eα

eα − 1
λa
sT

−1 = O
(
λa
sT

−1
)
.
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ρTV

(
ABCD(λa

s(Z)),ABCD(Eςas )
)
� 1− e−Eςas

Eςas
Dλa

s(Z). .���5
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E(λa
s(Z))

2 = E

⎛
⎝ T∑

t=1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a

⎞
⎠

2

=

= E

T∑
t=1

T∑
t′=1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a . .��15
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D1 = E

T∑
t=1

(1− p(Zt−1)
a )

2
t+s−1∏
j=t

(p
(Zj)
a )

2
,

D2 = E

T∑
t=1

∑
t′: 0<|t′−t|�s

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′)
a ,
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D3 = E
T∑
t=1

∑
t+s+1�t′�T

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a ,

D4 = E
T∑
t=1

∑
1�t′�t−s−1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a .
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E(λa
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2 =

4∑
j=1

Dj.
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D1 = E

T∑
t=1

(1− p(Zt−1)
a )

2
t+s−1∏
j=t

(p
(Zj)
a )

2
� (1− pa∗)(p∗a)

sE

T∑
t=1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a =

= (1− pa∗)(p∗a)
sEςas . .���5

<,��- 0 < |t′ − t| � s� E���& �#�&  �*�"-'  *' �7 �"�0��&
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E(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a � E(1− p(Zt−1)

a )

t+s−1∏
j=t

p
(Zj)
a (1− pa∗)(p∗a)

s.
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D2 � 2s
T∑
t=1

E(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− pa∗)(p∗a)

s = 2s(1− pa∗)(p∗a)
sEςas . .��	�5

����#- ��#�!*�& � D3� <#� t′ � t+ s+ 1 �&��&

E(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a =

=
∑

k0,...,ks∈EM

∑
l0,...,ls∈EM

P{Zt−1 = k0, . . . , Zt+s−1 = ks, Zt′−1 = l0 . . . , Zt′+s−1 = ls} ·

· (1− p(k0)a )

s∏
j=1

p
(kj)
a (1− p(l0)a )

s∏
j′=1

p
(lj′ )
a =

=
∑

k0,...,ks∈EM

πk0(t− 1)(1 − p(k0)a )

s∏
j=1

p
(kj)
a πkj−1kj

∑
l0,...,ls∈EM

(1− p(l0)a )π
(t′−t−s)
ksl0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ .
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(1 + Ce−α(t−1))(1 + Ce−α(t′−t−s))
∑

k0,...,ks∈EM

π̃k0(1− p(k0)a )

s∏
j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ . .��		5
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∑
t+s+1�t′�T

(1 + Ce−α(t−1))(1 + Ce−α(t′−t−s))
∑

k0,...,ks∈EM

π̃k0(1− p(k0)a )
s∏

j=1

p
(kj)
a πkj−1kj ·
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·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ . .��	�5
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T∑
t=1

∑
t+s+1�t′�T

(1 + Ce−α(t−1))(1 + Ce−α(t′−t−s)) =
1

2
T (T − 2s− 1) +O(T ),
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D3 =

(
1

2
T (T − 2s− 1) +O(T )

)⎛⎝ ∑
k0,...,ks∈EM

π̃k0(1− p(k0)a )
s∏

j=1

p
(kj)
a πkj−1kj

⎞
⎠

2

=

= λa
s

(
1

2
λa
s +O(λa

sT
−1)

)
. .��	�5
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E(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a =

=
∑

k0,...,ks∈EM

∑
l0,...,ls∈EM

P{Zt′−1 = k0, . . . , Zt′+s−1 = ks, Zt−1 = l0 . . . , Zt+s−1 = ls} ·

· (1− p(k0)a )

s∏
j=1

p
(kj)
a (1− p(l0)a )

s∏
j′=1

p
(lj′ )
a =

=
∑

k0,...,ks∈EM

πk0(t
′ − 1)(1 − p(k0)a )

s∏
j=1

p
(kj)
a πkj−1kj

∑
l0,...,ls∈EM

(1− p(l0)a )π
(t−t′−s)
ksl0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ �

� (1 + Ce−α(t′−1))(1 + Ce−α(t−t′−s))
∑

k0,...,ks∈EM

π̃k0(1− p(k0)a )
s∏

j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ .
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t=1

∑
1�t′�t−s−1

(1 +Ce−α(t′−1))(1 + Ce−α(t−t′−s))
∑

k0,...,ks∈EM

π̃k0(1− p(l0)a )

s∏
j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ .
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T∑

t′=1

∑
t′+s+1�t�T

(1 + Ce−α(t′−1))(1 + Ce−α(t−t′−s))
∑

k0,...,ks∈EM

π̃k0(1− p(l0)a )
s∏

j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ .
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2
λa
s +O(λa
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−1)

)
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E(λa
s(Z))

2 � Eςas
(
(2s+ 1)(1 − pa∗)(p∗a)

s + λa
s

(
1 +O(T−1)

))
,

Dλa
s(Z) = Eςas

(
(2s+ 1)(1 − pa∗)(p∗a)

s +O(λa
sT

−1)
)
.
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λa
s � T

∑
k0,...,ks∈EM

(1− pa∗)π̃k0
s∏

j=1

p∗aπkj−1kj = T (1− pa∗)(p∗a)
s.

H'����

Dλa
s(Z) = Eςas (1− pa∗)O (s(p∗a)
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E

T∑
t=1

T∑
t′=t+s+1

(1− p(Zt−1)
a )

t+s−1∏
j=t

p
(Zj)
a (1− p

(Zt′−1)
a )

t′+s−1∏
j′=t′

p
(Zj′ )
a =

=

T∑
t=1

T∑
t′=t+s+1

∑
k0,...,ks∈EM

π̃k0(1− p(k0)a )

s∏
j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0(1 + Ce−α(t′−t−s))

s∏
j′=1

p
(lj′ )
a πlj′−1lj′ .
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T∑
t=1

∑
k0,...,ks∈EM

π̃k0(1− p(k0)a )

s∏
j=1

p
(kj)
a πkj−1kj ·

·
∑

l0,...,ls∈EM

(1− p(l0)a )π̃l0

(
T − t− s+

C

eα − 1

) s∏
j′=1

p
(lj′ )
a πlj′−1lj′ = (λa

s)
2

(
1

2
+

C

T (eα − 1)

)

�

Dλa
s(Z) = λa

s

(
(2s + 1)(1 − pa∗)(p∗a)

s +
2Cλa

s

T (eα − 1)

)
.
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The present paper is devoted to studying the asymptotic properties of a number of runs in the sequence
of discrete random variables controlled by Markov chain with a finite number of states. A chain state at
each step determines the law of characters distribution in the controlled sequence at this step. This random
sequence represents a model of hidden Markov chain. Using Chen–Stein method we estimate the total
variation distance between the distribution of the number of runs with length not less than predetermined
length in the random sequence controlled by Markov chain and the accompanying Poisson distribution. For
this purpose we first consider the sequence of independent inhomogeneous polynomial random variables,
and then we use an approach which allows to get the estimate for total variation distance between mixed
Poisson distribution and Poisson distribution with the parameter which equals to an average number of runs
with length not less than predetermined. The estimate is based on both the variance of the mixed Poisson
distribution parameter and the estimate obtained earlier for the total variation distance for the polynomial
scheme. Separately we consider the case of a stationary Markov chain. Using derived estimates we investigate
Poisson and normal limit theorems for the number of runs with length not less than predetermined, as well
as the limit distribution for the maximal run length in a controlled sequence.
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