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CERTAIN CLASS OF HARMONIC MULTIVALENT FUNCTIONS

Making use of the generalized derivative operator, we introduce a new subclass of harmonic multivalent
functions. We obtain the coefficient bounds, distortion inequalities and inclusion relationships involving the
neighborhoods of subclasses of harmonic multivalent functions.
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§ 1. Introduction

A continuous complex-valued function f = u+iv defined in a simply-connected complex domain
D is said to be harmonic in D if both functions u and v are real harmonic in D. Such functions can
be expressed as

f = h+ g, (1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f .
A necessary and sufficient condition for f to be locally univalent and sense-preserving in D is that
|h(z)| > |g(z)| for all z in D (see [1]). Many researcher introduced and studied certain classes
of harmonic univalent functions (see [2–8]). For p > 1, n ∈ N , denote by SH(n, p) the class
of functions of the form (1) that are harmonic multivalent and sense-preserving in the unit disk
U = {z : |z| < 1}, where h and g are defined by

h(z) = zp +

∞
∑

k=n+p

akz
k, g(z) =

∞
∑

k=n+p−1

bkz
k, z ∈ U, |bn + p− 1| < 1, (2)

which are analytic and multivalent functions in U .
Now we introduce a generalized derivative operator

Dm
p,λf

(q) = Dm
p,λh

(q) + (−1)mDm
p,λg

(q).

The derivative operator Dm
p,λf

(q) of p-valent functions was introduced and studied by Eljamal and
Darus in [9], where

Dm
p,λh

(q) =
p!

(p − q)!
zp−q +

∞
∑

k=n+p

k!

(k − q)!

(

k + λ− q

p+ λ− q

)m

akz
k−q,

Dm
p,λg

(q) =
∞
∑

k=n+p−1

k!

(k − q)!

(

k + λ− q

p + λ− q

)m

bkz
k−q, m ∈ N0, z ∈ U.

For q = λ = 0, p = k = 1, the differential operator Dmf (q) was introduced by Salagean [10] for the
class A of analytic functions and modified for the class SH(1, 1) by Jahangiri et. al [11].

Let

F (z) = (1− ℓ)Dm
p,λf

(q)(z) + ℓDm+1
p,λ f (q)(z) = H(z) +G(z), f(z) ∈ SH(n, p), 0 6 ℓ 6 1,

where H and G are of the form

H(z) = (1− ℓ+ ℓ(p + λ− q))
(p+ λ− q)m

(p− q)!
p!zp−q +
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+

∞
∑

k=n+p

(1− ℓ+ ℓ(k + λ− q))
(k + λ− q)m

(k − q)!
k!zk−qakz

k−q, (3)

G(z) = (−1)m
∞
∑

k=n+p−1

(1− ℓ+ ℓ(k + λ− q))
(k + λ− q)m

(k − q)!
k!zk−qbkz

k−q. (4)

Also, let SHm,n
p,λ (q, ℓ, α) denote the subclass of SH(n, p) consisting of functions f defined in (1)

that satisfy the following condition:

Re

{

zH ′(z)− zG′(z)

H(z) +G(z)

}

> α(p + λ− q) (0 6 α < 1, p > q, p ∈ N, q ∈ N0, z ∈ U), (5)

where H(z) and G(z) are given by (3) and (4) respectively.

Denote by SH(n, p) the subclass of SH(n, p) consisting of harmonic functions fm = h + gm,
where h and gm are of the form

h(z) = zp −

∞
∑

k=n+p

akz
k, gm(z) = (−1)m

∞
∑

k=n+p−1

bkz
k, bk > 0. (6)

Define SH
m,n

p,λ (q, ℓ, α) = SH
m,n
p,λ (q, ℓ, α) ∩ SH(n, p).

The classes SHm,n
p,λ (q, ℓ, α) and SH

m,n

p,λ (q, ℓ, α) include well-known subclasses of SH(n, p). For
example:

(i) SH0,1
1,0 (0, 0, 0) ≡ SH∗ is the class of sense-preserving, harmonic univalent functions f which

are starlike in U (see [12,13]);

(ii) SH
0,1
1,0(0, 0, α) ≡ SH∗(α) is the class of sense-preserving, harmonic univalent functions f

which are starlike of order α in U (see [14]);

(iii) SH
1,1
1,0(0, 0, α) ≡ HK(α) is the class of sense-preserving, harmonic univalent functions f

which are convex of order α in U (see [12]);

(iv) SH
0,1
1,p(0, 0, 0) ≡ SH∗(p) is the class of sense-preserving, harmonic multivalent functions

which are starlike in U (see [15]);

(v) SH
m,n

p,0 (q, ℓ, α) ≡ SH
m,n

p (q, ℓ, α) is the class of sense-preserving, harmonic multivalent func-
tions in U (see [16]).

To prove our main results we need the following lemma.

Lemma 1. Let fm = h+ gm be of the form (6). Then fm ∈ SH(n, p) if and only if

∞
∑

k=n+p

kak +

∞
∑

k=n+p−1

kbk 6 p (p > 1, n ∈ N). (7)

§ 2. Main Result

We begin deriving a coefficient sufficient condition for the function f to belong to the class
SH

m,n
p,λ (q, ℓ, α). This result is contained in the following.
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Theorem 1. Let f = h+ g be given by (1). Furthermore, let

∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

[((1 − α)(p + λ− q) + 1)− |(1 − α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))

qmp

qmk
|ak|+ (8)

+
∞
∑

k=n+p−1

(k + λ− q − α(p + λ− q))|(1− ℓ− ℓ(k + λ− q))|

[((1− α)(p + λ− q) + 1)− |(1− α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))

qmp

qmk
|bk| 6

1

2
,

where qmp = (p+λ−q)m

(p−q)! p!, qmk = (k+λ−q)m

(k−q)! k!, and (0 6 α < 1, p > q, p ∈ N , q ∈ N0, z ∈ U). Then f

is sense-preserving, harmonic multivalent functions in U , and f ∈ SH
m,n
p,λ (q, ℓ, α).

P r o o f. We first show that if the inequality (8) holds for the coefficients of f = h+ g, then the
required condition (7) is sense preserving and harmonic multivalent in U . In view of (5), we need
to prove that Re {w} > 0, where

w =
zH ′(z)− zG′(z)− α(p + λ− q)[H(z) +G(z)]

H(z) +G(z)
=
A(z)

B(z)
.

By using the fact that Re {w} > 0 ⇔ |1 + w| > |1 − w|, it suffices to show that |A(z) + B(z)| −
− |A(z)−B(z)| > 0, therefore we obtain |A(z) +B(z)| − |A(z) −B(z)| >

> [((1− α)(p + λ− q) + 1)− |(1− α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))qmp |z|p−q −

−
∞
∑

k=n+p

2(k + λ− q − α(p + λ− q))(1 − ℓ+ ℓ(k + λ− q))qmk |ak||z|
k−q −

−
∞
∑

k=n+p

2(k + λ− q − α(p + λ− q))|(1 − ℓ+ ℓ(k + λ− q))|qmk |bk||z|
k−q >

> [((1− α)(p + λ− q) + 1)− |(1− α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))qmp |z|p−q ×

×
{

1−

∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

[((1− α)(p + λ− q) + 1)− |(1 − α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))

qmk
qmp

|ak| −

−

∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

[((1− α)(p + λ− q) + 1)− |(1− α)(p + λ− q)− 1|](1 − ℓ+ ℓ(p+ λ− q))

qmk
qmp

|bk|
}

. �

Theorem 2. Let fm = h + gm be given by (6). Also, suppose that λ <
1

n+ p+ λ− q
and

α > 1−
1

p+ λ− q
. Then fm ∈ SH

m,n

p,λ (q, ℓ, α) if and only if

∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(p+ λ− q))

qmk
qmp

|ak|+

+

∞
∑

k=n+p−1

(k + λ− q − α(p + λ− q))(1− ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(p+ λ− q))

qmk
qmp

|bk| 6 1. (9)
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P r o o f. Since SH
m,n

p,λ (q, ℓ, α) ⊂ SH
m,n
p,λ (q, ℓ, α), we only need to prove the necessary part of

the theorem. Assume that fm ∈ SH
m,n

p,λ (q, ℓ, α), then by virtue of (8) and (7), we obtain

Re

{

(1− α)(p + λ− q)zp−q −
∑

∞

k=n+p(k + λ− q − α(p + λ− q)) (1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akz

k−q

zp−q −
∑

∞

k=n+p
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akzk−q + (−1)2m

∑

∞

k=n+p−1
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
bkzk−q

×

×
−(−1)2m

∑

∞

k=n+p−1(k + λ− q + α(p + λ− q)) (1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm+1

k

qmp
bkzk−q

zp−q −
∑

∞

k=n+p
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akz

k−q + (−1)2m
∑

∞

k=n+p
(1−ℓ−ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
bkz

k−q

}

> 0. (10)

The above condition must hold for all values of z, |z| = r < 1. Upon choosing the values of z on the
positive real axis where 0 6 z = r < 1 we have

(1− α)(p + λ− q)−
∑

∞

k=n+p(k + λ− q − α(p + λ− q)) (1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akr

k−q

1−
∑

∞

k=n+p
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akrk−p +

∑

∞

k=n+p−1
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
bkrk−p

×

×
−
∑

∞

k=n+p−1(k + λ− q − α(p + λ− q)) (1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm+1

k

qmp
bkr

k−q

1−
∑

∞

k=n+p
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
akrk−q +

∑

∞

k=n+p−1
(1−ℓ+ℓ(k+λ−q))
(1−ℓ+ℓ(p+λ−q))

qm
k

qmp
bkrk−q

> 0. (11)

If (9) does not hold, then the numerator in (11) is negative for r sufficiently close to 1. Therefore,
there exists a point z0 = r0 in (0, 1) for which the quotient in (11) is negative. This contradicts
our assumption that fm ∈ SH

m,n

p,λ (q, ℓ, α). We thus conclude that it is both necessary and sufficient

that the coefficient bound inequality (9) holds true when fm ∈ SH
m,n

p,λ (q, ℓ, α). �

Theorem 3. The class SH
m,n

p,λ (q, ℓ, α) is closed under convex combinations.

P r o o f. Let ℓ <
1

p+ λ− q
, α > 1 −

1

p+ λ− q
and fmi ∈ SH

m,n

p,λ (q, ℓ, α) for i = 1, 2, . . . ,

where fmi is given by

fmi(z) = zp −

∞
∑

k=n+p

akiz
k + (−1)m

∞
∑

k=n+p−1

bkizk.

Then by (9),
∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

aki +

+

∞
∑

k=n+p−1

(k + λ− q − α(p + λ− q))(1 − ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

bki 6 (1− α(p + λ− q)). (12)

For
∑

∞

i=1 ti, 0 6 ti 6 1, the convex combination of fmi may be written as

∞
∑

i=1

tifmi(z) = zp −

∞
∑

k=n+p

(

∞
∑

i=1

tiaki)z
k + (−1)m

∞
∑

k=n+p−1

(

∞
∑

i=1

tibki)zk.

Then by (12),

∞
∑

k=n+p

(k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

(

∞
∑

i=1

tiaki) +

+
∞
∑

k=n+p−1

(k + λ− q − α(p + λ− q))(1− ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

(
∞
∑

i=1

tibki) =
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=

∞
∑

i=1

ti

{

∞
∑

k=n+p

(k + λ− q − α(p+ λ− q))(1 − ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

aki +

+

∞
∑

k=n+p−1

(k + λ− q − α(p + λ− q))(1− ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))

qmk
qmp

bki

}

6

6 (1− α)(p + λ− q)

∞
∑

i=1

= (1− α)(p + λ− q).

This is the condition required by (10) so
∑

∞

i=1 tifmi(z) ∈ SH
m,n

p,λ (q, ℓ, α). �

Theorem 4. Let ℓ <
1

p+ λ− q
and α1 > 1−

1

p+ λ− q
. For α1 < α2,

SH
m,n

p,λ (q, ℓ, α2) ⊂ SH
m,n

p,λ (q, ℓ, α1).

P r o o f. Let ℓ <
1

p+ λ− q
, α1 > 1−

1

p+ λ− q
, and fm(z) ∈ SH

m,n

p,λ (q, ℓ, α2).

∞
∑

k=n+p

(k + λ− q − α1(p+ λ− q))(1 − ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))(1− α1)

qmk

qm+1
p

|ak|+

+

∞
∑

k=n+p−1

(k + λ− q − α1(p+ λ− q))(1 − ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))(1− α1)

qmk

qm+1
p

|bk| 6

6

∞
∑

k=n+p

(k + λ− q − α2(p+ λ− q))(1 − ℓ+ ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))(1− α2)

qmk

qm+1
p

|ak|+

+
∞
∑

k=n+p−1

(k + λ− q − α2(p+ λ− q))(1 − ℓ− ℓ(k + λ− q))

(1− ℓ+ ℓ(k + λ− q))(1− α2)

qmk

qm+1
p

|bk| 6 1,

then fm(z) ∈ SH
m,n

p,λ (q, ℓ, α1). �

Following Goodman [17] and Ruscheweyh [18] we refer to the neighborhood of f = h + g ∈
SH(n, p),

N δ
n,p,λ(f

(q)
m , g(q)m ) = {gm ∈ SH(n, p) :

gm(z) = zp −

∞
∑

k=n+p

Akz
k + (−1)m

∞
∑

k=n+p−1

Bkz
k, Ak, Bk > 0, Bn+p−1 < 1, and (13)

∞
∑

k=n+p

k!

(k + λ− q)!
k(|ak −Ak|+ |bk −Bk|) +

(n+ p− 1)!(n + p− 1)

(n + p− 1 + λ− q)!
|bn+p−1 −Bn+p−1| 6 δ, δ > 0}.

In particular, for the function h(z) = zp we have

N δ
n,p,λ(h

(q), g(q)m ) = {gm ∈ SH(n, p) :

gm(z) = zp −

∞
∑

k=n+p

Akz
k + (−1)m

∞
∑

k=n+p−1

Bkz
k, Ak, Bk > 0, Bn+p−1 < 1, and (14)

∞
∑

k=n+p

k!

(k − q)!
k(Ak +Bk) +

(n+ p− 1)!(n + p− 1)

(n+ p− 1− q)!
|Bn+p−1| 6 δ, δ > 0}.
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Theorem 5. Let ℓ <
1

p+ λ− q
and α > 1−

1

p+ λ− q
. If gm ∈ SH

m,n

p,λ (q, ℓ, α), then

SH
m,n

p,λ (q, ℓ, α) ⊂ N δ
n,p,λ(h

(q), g(q)m ),

where h(z) and gm(z) are given by (14),

δ =
(n + p)(1 − α)(p + λ− q)

(n+ (1− α)(p + λ− q))ψ
−

−

(

(n + p)(n − 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− 1− q))

(n+ (1− α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− q))(n+ p+ λ− q)m
−

−
(n+ p− 1)!(n + p− 1)

(n+ p− 1− q)!

)

Bn+p−1,

and

ψ =

(

(1− ℓ− ℓ(n+ p+ λ− q))(n+ p+ λ− q)m

((1− ℓ) + ℓ(p+ λ− q))qmn+p−1

)

,

where qmn+p−1 =
(p+λ−q)m

(n+p−1−q)!(n+ p− 1)!.

P r o o f. Let fm ∈ SH
m,n

p,λ (q, ℓ, α). We need to show that gm(z) ∈ N δ
n,p,λ(h

(q), g
(q)
m ). It suffices

to show that gm satisfies the condition (14). In view of Theorem 2, we have

ψ





∞
∑

k=n+p

(k + λ− q − α(p + λ− q))
k!

(k − q)!
Ak +

∞
∑

k=n+p

(k + λ− q − α(p+ λ− q))
k!

(k − q)!
Bk



 6

6 (1− α)(p + λ− q)−
(n− 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− 1− q))qmn+p−1

((1− ℓ) + ℓ(p+ λ− q))qmp
Bn+p−1.

Then
∞
∑

k=n+p

(

k!

(k − q)!
k

)

(Ak +Bk) 6
(1− α)(p + λ− q)

ψ
−

−
(n− 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− 1− q))qmn+p−1

ψ((1 − ℓ) + ℓ(p+ λ− q))qmp
Bn+p−1 +

+ (q + α(p + λ− q))

∞
∑

k=n+p

k!

(k − q)!
k(Ak +Bk) 6

(1− α)(p + λ− q)

ψ
−

−
(n− 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− 1− q))qmn+p−1

ψ((1− ℓ)− ℓ(p+ λ− q))(n + p+ λ− q)m
Bn+p−1 +

+
(q + α(p + λ− q))

n+ p

∞
∑

k=n+p

k!

(k − q)!
k(Ak +Bk),

so that,
∞
∑

k=n+p

k!

(k − q)!
k(Ak +Bk) 6

(n+ p)(1− α)(p + λ− q)

ψ(n + ((1− α)(p + λ− q)))
−

−
(n+ p)(n− 1 + (1 + α)(p + λ− q))(1− ℓ− ℓ(n+ p+ λ− 1− q))qmn+p−1

(n+ (1− α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− q))(n + p+ λ− q)m
Bn+p−1 =

= δ −
(n + p− 1)!(n + p− 1)

(n+ p− 1− q)!
Bn+p−1,

which, in view of definition (14), completes the proof. �
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Theorem 6. Let ℓ <
1

p+ λ− q
and α > 1−

1

p+ λ− q
. If gm ∈ SH

m,n

p,λ (q, ℓ, α), then

N δ
n,p,λ(h

(q), g(q)m ) ⊂ SH∗(n, p),

where h(z) and gm(z) are given by (14),

δ 6
(n+ p− 1)!

(n+ p− 1− q)!
p− χ(1− α)(p − q) +

+

(

(n+ p− q)!(n − 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ)(n+ p+ λ− 1− q)qmn+p−1

(n+ (1− α)(p + λ− q))(1 − ℓ− ℓ(n+ p+ λ− q))(n+ p+ λ− q)m(n+ p− 1)!
−

− (n+ p− 1)

)

bn+p−1,

and

χ =
(1− ℓ+ ℓ(n+ p+ λ− q))(n + p− q)!qmp

((1− ℓ)− ℓ(p+ λ− q))(n + p+ λ− q)m(n+ p− 1)!
.

P r o o f. Suppose that fm(z) ∈ SH
m,n

p,λ (q, ℓ, α) and gm(z) ∈ N δ
n,p,λ(h

(q), g
(q)
m ). We need to show

that gm satisfies the condition (7). We have
∞
∑

k=n+p

k(Ak+Bk)+(n+p−1)Bn+p−1 6

∞
∑

k=n+p

k[|ak−Ak|+ |bk−Bk|]+(n+p−1)|bn+p−1−Bn+p−1|+

+

∞
∑

k=n+p

k(ak + bk) + (n+ p− 1)bn+p−1 6

6
(n+ p− 1− q)!

(n+ p− 1)!

[ ∞
∑

k=n+p

k!

(k − q)!
k
[

|ak −Ak|+ |bk −Bk|
]

+

+
(n+ p− 1)!(n + p− 1)

(n+ p− 1− q)!|bn+p−1 −Bn+p−1|

]

+ (n+ p− 1)bn+p−1

χ

( ∞
∑

k=n+p

((k + λ− q − α(p + λ− q))(1− ℓ+ ℓ(k + λ− q))
qm
k

qmp
ak

(1− ℓ+ ℓ(p + λ− q))
+

+
(k + λ− q − α(p + λ− q))(1− ℓ− ℓ(k + λ− q))

qm
k

qmp
bk

(1− ℓ+ ℓ(p+ λ− q))

))

6

6
(n+ p− 1− q)!

(n + p− 1)!
δ + (n+ p− 1)bn+p−1 +

+χ
(

(1−α)(p+λ− q)−
(n − 1 + (1 + α)(p + λ− q))(1 − ℓ− ℓ(n+ p− 1 + λ− q))

(1 − ℓ+ ℓ(p + λ− q))qmp

qmn+p−1

qmp
bn+p−1

)

.

This expression is never greater than p provided that

δ 6
(n+ p− 1)!

(n+ p− 1− q)!

[

p− χ(1− α)(p − q) +

+
(n+ p− q)!(n− 1 + (1 + α)(p + λ− q))(1− ℓ− ℓ(n+ p− 1 + λ− q))qmn+p−1

(n+ (1− α)(p + λ− q))(1− ℓ− ℓ(n+ p+ λ− q))(n + p+ λ− q)m(n+ p− 1)!
−

− (n+ p− 1))bn+p−1

]

.

The proof of the other case is similar and so is omitted. �

Remarks. Different type of results involving the harmonic functions can be read in [2–8].
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Îá îäíîì êëàññå ãàðìîíè÷åñêèõ ìíîãîëèñòíûõ �óíêöèé

Êëþ÷åâûå ñëîâà: ãàðìîíè÷åñêèå ìíîãîëèñòíûå �óíêöèè, îïåðàòîð ïðîèçâîäíîé, îêðåñòíîñòü.
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Ñ ïîìîùüþ îáîáùåííîãî îïåðàòîðà ïðîèçâîäíîé ââîäèòñÿ íîâûé ïîäêëàññ â êëàññå ãàðìîíè÷åñêèõ

ìíîãîëèñòíûõ �óíêöèé. Óñòàíîâëåíû îöåíêè íà êîý��èöèåíòû, íåðàâåíñòâà èñêàæåíèÿ è âêëþ÷åíèÿ

ñ îêðåñòíîñòÿìè äëÿ ðàçëè÷íûõ ïîäêëàññîâ â êëàññå ãàðìîíè÷åñêèõ ìíîãîëèñòíûõ �óíêöèé.
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