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CERTAIN CLASS OF HARMONIC MULTIVALENT FUNCTIONS

Making use of the generalized derivative operator, we introduce a new subclass of harmonic multivalent
functions. We obtain the coefficient bounds, distortion inequalities and inclusion relationships involving the
neighborhoods of subclasses of harmonic multivalent functions.
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§ 1. Introduction

A continuous complex-valued function f = u+iv defined in a simply-connected complex domain

D is said to be harmonic in D if both functions u and v are real harmonic in D. Such functions can
be expressed as

f=h+7 (1)

where h and g are analytic in D. We call h the analytic part and g the co-analytic part of f.

A necessary and sufficient condition for f to be locally univalent and sense-preserving in D is that

|h(2)| > |g(z)| for all z in D (see [1]). Many researcher introduced and studied certain classes

of harmonic univalent functions (see [2-8]). For p > 1, n € N, denote by SH(n,p) the class

of functions of the form (1) that are harmonic multivalent and sense-preserving in the unit disk
U ={z:]|z| <1}, where h and g are defined by

() 00
hz)=2"+ Y at, gz)= Y b zeU |hatp-1<1, (2)
k=n+p k=n+p—1

which are analytic and multivalent functions in U.
Now we introduce a generalized derivative operator

DD = D9 4 (=1)" D, g(a),

The derivative operator DZLA f@ of p-valent functions was introduced and studied by Eljamal and
Darus in [9], where

! > k! E+Xx—qg\™
m p(q) _ __P p—q q k—q
S P D DY ] ( > e

p—q) Pt P+A—q

> k! k+X—g\™. _
m gl0) = bz" 4 e N eU.
p7>\g k:nZ—l—p_l (k—q)' <p+)\_q> kZ 9 m 0 z

For g = A =0, p = k = 1, the differential operator D" f(@ was introduced by Salagean [10] for the
class A of analytic functions and modified for the class SH(1,1) by Jahangiri et. al [11].

Let

F(z) = (1 =)Dy f9(2) + LD f9(2) = H(z) + G(2),  f(2) € SH(n,p), 0<L<1,
where H and G are of the form

p+A—q"

H(z) =0 —L+Lp+X—q)) p—q)

pleP™1 +
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= k4+A—q)™
+ Z (I—l+Lk+X— q))%k!zkﬂakzk—q, (3)
k=n+p 9):
= k4 X—q)™
G(z)=(-1)" > (=4 Lk+ - q))(&fq)‘?k!z’f—%kzk—q. (4)
k=n+p—1 :

Also, let SH IT 1"(¢,¢, ) denote the subclass of SH(n,p) consisting of functions f defined in (1)
that satisfy the following condition:

H'(2) — 2G'(2)
Re{z (2) ZG(Z)}>a(p+)\—q) 0<a<l,p>q,peN, g€ Ny, z€U), (5)

H(z)+ G(2)

where H(z) and G(z) are given by (3) and (4) respectively.
Denote by SH(n,p) the subclass of SH(n,p) consisting of harmonic functions f,, = h + Gm,
where h and g, are of the form

h(z) = 2P — Z ar?®,  gm(z) = (=1)™ Z bpz®, bp > 0. (6)

Define S—HZ}\n(q,ﬁ, a) = SH;?/’\"(q,K, a)NSH(n,p).

m,n

The classes SH;?)’\n(q,E, a) and S—Hp)\ (¢,¢, ) include well-known subclasses of SH(n,p). For
example:

(1) SH ?”8(0, 0,0) = SH* is the class of sense-preserving, harmonic univalent functions f which
are starlike in U (see [12,13]);

(17) S—H(l):(l](0,0,a) = SH*(«) is the class of sense-preserving, harmonic univalent functions f
which are starlike of order v in U (see [14]));

(#31) S—Hté(0,0,a) = HK(«) is the class of sense-preserving, harmonic univalent functions f
which are convex of order a in U (see [12]);

iv) SHY. 0,0,0) = SH*(p) is the class of sense-preserving, harmonic multivalent functions
Lp
which are starlike in U (see [15]);

(v) S—H;%n(q, la) = S—H;n’n(q, ¢, ) is the class of sense-preserving, harmonic multivalent func-
tions in U (see [16]).

To prove our main results we need the following lemma.
Lemma 1. Let f,, = h +73,, be of the form (6). Then f,, € SH(n,p) if and only if

Zk‘ak+ Z kbp <p (p=1, neN). (7)
k=n+p k=n+p—1

§ 2. Main Result

We begin deriving a coefficient sufficient condition for the function f to belong to the class

SH ;n 3"(g, £, ). This result is contained in the following.
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Theorem 1. Let f = h+ g be given by (1). Furthermore, let

- (k+A—q—alp+A—q)A -+ L(k+X—q)) %'

2 [T—apti-grD-[1-ab+r—g-i-t+@mri-gg ™t
S (E+A—g—a(p+A— )1~ £~k + 2 —q)] %< |
iy (A=) +A=q)+1) = [1 - a)p+A—q) 1A~ L+ p+ A~ q)) g 2’

whereq;”:%p!,q?:%k.,and(o a<l,p>q,pe N,qe€ Ny, z€U). Then f

is sense-preserving, harmonic multivalent functions in U, and f € SH;%/\"(q,K, Q).

P r o o f. We first show that if the inequality (8) holds for the coefficients of f = h+7, then the
required condition (7) is sense preserving and harmonic multivalent in U. In view of (5), we need
to prove that Re {w} > 0, where

L 2H'() =36 —alp+ A~ g)[H() + G| _ AG)

H(z) + G(2) B(z)

By using the fact that Re{w} > 0 < |1 4+ w| > |1 — w|, it suffices to show that |A(z) + B(z)| —
—|A(z) — B(z)| > 0, therefore we obtain |A(z) + B(z)| — |A(z) — B(z)| >

>[(A-a)p+rA-—q@)+1) = [1-a)p+A—q) =11 = L+Lp+X—q)g, |27 -

- Z (k+X—q—al+XA—q)(1— L+ LK+ X—q)glagl|z|"9 —
k=n+p

- Z (k+A—q—alp+XA—a)|(1—L+Lk+X—q)lg |bx]|2[*~7 >
k=n-+p

>[(A-a)p+A=—q)+1) = [(1-a)p+rA—q) = 1A =L+ Lp+X—q))g]2[P77 x

X{l_ i (F+X—g—al+A—q)1 - L+ L(k+)—q)) Qk‘ ol
pon, (A=a)p+A=g) +1) = |1 —a)(p+ A —q) = 1L =L+ Lp+ A —q)) g
S (k+A—g—alp+A— )1~ L+ k+A—q) %)
(A=a)p+A=g)+1) = [1L-a)p+A—q) — (1 —L+Llp+A—q) g
Theorem 2. Let f,, = h + gn, be given by (6). Also, suppose that A < m and
>1- p++—q Then f,, € S—H;?}\n(q,ﬁ, «) if and only if
S (ktA—q—alp+A—)A—L+lk+X—q) g
k;p 1—€+lp+Xr—q)) ?'akH
— (k+A—g—alp+r—q)L—L—Lk+r—q) g
+ 2 1—C+Lp+Ar—q)) qu ' ¥

k=n+p—1
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Proof Since S—H;?}\n(q,ﬁ, a) C SH™ A "(q,4,a), we only need to prove the necessary part of
the theorem. Assume that f,, € SHP)\ (q,@, «), then by virtue of (8) and (7), we obtain

. { (L= a)p+ A=) = T,k + A =g~ alp+ A~ ) (Crmgaa-a) gross
¢ _ oo (1—+e(k+x 00 - X
T Lkmntp mqk Rzt (1) 30 El_é—i-égp-i-)\ Z;g e

(PR (kA — g+ alp+ A — ) A=) 5

i bkzk q }
X >0. (10)
- o (—l+ktr—q) 4f o0 (It r—q) O
P = S e S g0+ (<127 2, W) b 2

The above condition must hold for all values of z, |z] = r < 1. Upon choosing the values of z on the
positive real axis where 0 < z = r < 1 we have

I=—a)lp+A—q) =255,k +A—g—alp+ A —Q))%—awk “

(1—4+£(k+2—q)) 4} (A—+L(k+2—q)) 4"
L= Sy (At g + ity =Gl Okt

X

LYkt A—q—alp+ A q) IHED N Gy kg
>< k=n+p—1 (A—2+L(p+)2—q)) ap >0. (11)

A—ll(k42—q)) " . k— A—4+e(k+2—9) & 1 fo—
Zk =n+p 1 é+é(p+)\ Q)) o m Ak T q+zk n+p— lm mka q

If (9) does not hold, then the numerator in (11) is negative for r sufficiently close to 1. Therefore,
there exists a point zp = 79 in (0,1) for which the quotient in (11) is negative. This contradicts
our assumption that f,, € S—H;rf}\n(q, ¢, ). We thus conclude that it is both necessary and sufficient
that the coefficient bound inequality (9) holds true when f,, € S—H;rf}\n(q,ﬁ, Q). O

Theorem 3. The class SH V' (g, ¢, @) is closed under convex combinations.

1 1
Proof Let{ < —F—, a>1— —— and GSH A, a) for 1 = 1,2,.
P P — Fmi A (g, 4 )
where f,,,; is given by

fmz _z;n Z CL]“Z + Z bkzzk

k= n+p k= n+p— 1
Then by (9),
Xkt A—g—alp+ A=) =L+ Lk+X—q)) g
> (1—L+k+X—q)) gt
k=n+p 1 qp

o0

(k+A—qg—alp+r—q))A—L—Ll(k+X—
p> 0+t r—q)

9) ¢ i:b k<(I—alp+r—q). (12)
k=n+p—1 K

For >>7°, t;, 0 < t; < 1, the convex combination of f,,; may be written as

Ztifm,-(z):zp— Z Ztamz + ( Z thm
i=1

k=n+p =1 k=n+p—1 i=1

Then by (12),

o0

(ktA—g—alp+r—g)A -+ lk+A—a) g -
2 (1—C+L(k+X—q)) i(;tiaki)

k=n+p

o0

(k+A—g—a+A—q)(1—L—lk+X—q) g = )
! Z (1—C0+L4(k+X—q)) im(ztibki) =

k=n+p—1
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:i { i k+X—qg—ap+X—)A —L+Lk+X—q)) gl

(1—0+0k+A—q)) @akﬁ

i=1 k=n+p

i (k+/\—q—04(p+/\—Q))(1_E_E(k+/\_q»q£nbki}<

Al (1—l+4k+X—1q) qm
SA-a)p+r—q)> =(10-a)p+Ar-g).
i=1
This is the condition required by (10) so > 72, t; fmi(2) € SH Y (q, 0, ). O
1 1
Theorem 4. Let { < —— and oy 21— ——. For a1 < ag,
P+A—gq p+A—gq
S—H (g, 0, o) C SH (g, o).

Proof Let/< ! a; =1 ! andf()ESH Y(q, 4, az).

ro . — zl=—, m >
p_'_)\_qu 1 p+)\_q q 2

Wo (1—l+lk+X—q)(1—aq) m+1

o~ (ktA—g-aip+A—g)A -l lk+A—q) q
+k:n§+;_l A=+ ek +x—q)1—a1) qgl+1|bk|
—~ (k+tA—qg—ap+A—)A—L+lk+)X—q)) q
<k§+p (T— L+ 0k +A—q)(1 —as) qgmlakl +
o~ (ktA—g—ap+A—q)A—L—lk+r—q) q
+hg%4 1=+ ek +x—q)(1—az) %Hﬁbl
then f,(z) € S—H;'?;\n(q,ﬁ, ay). -

Following Goodman [17] and Ruscheweyh [18] we refer to the neighborhood of f = h+ 7 €
SH(n,p),

,p, A 79m)={g € SH(n,p) :

— Z Akzk—i-( Z BkZ A, B >0, Bn+p 1 <1, and (13)
k=n+p k=n+p—1
- k! (n+p—Dn+p—1)
—_— — A b, — B bnip—1 — Bn 4, 0 > 0}.
> gl — A+ I = Bil) e o bt~ Bupal < }

k=n+p

In particular, for the function h(z) = 2P we have

AP, gl = {g,, € SH(n,p) :

7p7

— Z Aka-i-( Z BkZ A, B >0, Bn+p 1 <1, and (14)
k=n+p k=n+p—1
> k! n+p—l(n+p—1)
> mk(flk + By) + ( (n+p)_(1 2 |Bnp-1| <6, 6> 0}

k=n+p
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Theorem 5. Let { < # andoe >1 — ————
p+A—q p+A—gq

Af gm € S—H;':L}\n(qj’ «), then
SH (q,6,0) € NJ, (WD, g9),
where h(z) and g, (z) are given by (14),

_ (n4p)A—a)p+Ar—q)
(n+(1-a)lp+A-q)¢

_( (m+p)n—1+1+a)lp+A-—g)(L—L—Ln+p+A—1—q))
m+Q-a)p+tA-q)A—L—Ln+tp+A—q)n+p+A—qg™m

_(n+p-Dln+p-1) B
(n+p_ 1_q)' n+p—1,

and

(=0 +Lp+ A=)y

+A—q)™
where q)', 1 = %(n +p—1)L

= ((1—ﬁ—ﬁ(n+p+A—Q))(n+p+A—Q)m>

Proof. Let f, € S—HZZL}\n(q,& a). We need to show that g,,(z) € N,f7p7/\(h(‘1),g,(g)). It suffices

to show that g,, satisfies the condition (14). In view of Theorem 2, we have

> k! > k!
0 L%p(ﬁcﬂqa(pﬂq))MAwan;p(kHqa(pmq))MBk

X

n=1+0+a)p+A-q)A—L—Llin+p+A—1-09))q"p 1
(=0 +Lp+A—q)gy

<(I-a)lp+r—q) - Bip1-

Then

> & (1-a)lp+r-q
k:zn:+p <(k‘ - Q)!k> (Ax + Br) < ;

(=14 0+)p+ A=) -l —lln+p+A- 1—Q))q7T+p-1B N
(L= 0 +p+X—q)gp e

Fatalpra-) Y kB < EEEEAZD

k=n+ ¢
ot
m=1+0+a)p+A=q)A—L—Lln+p+A—=1-9q)g7p 1

B V(1 =0 —Llp+A—q)(n+p+A—g™ Bpip-1+

(g+alp+A—q)
* n—+p

(e}

Z (k,ﬁi!q)!k?(/lk + By),

k=n+p

so that,
L (n+p)(1-a)p+r—q)
k; T TE (TR PR =)

(n+p)n—1+1+a)(p+A—q)AL—L—Lln+p+A—1-q)gl, B
T (=)0t —) -l —lntpFr—) it pFA—qr T
(nt+p—Dln+p-1)

(n+p—1-4q)!

which, in view of definition (14), completes the proof. O

—5—

Bn+p—l7
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Theorem 6. Let { < # andoe >1 — ————
p+A—q p+A—gq

Ng,p,)\(h’(q)agg)) C SH*(nap)y
where h(z) and g, (z) are given by (14),
< (n(i;fzi);)!p —x(1-a)p-q +
( (nt+p—@!n-1+0+a)p+A-q)A-L-OHn+p+A-1-9)a}p
m+1—-a)p+A-g)d—L—Lln+p+A-q)(n+p+A—qm(n+p—1)

Ifgm € S—H;?}\n(q,ﬁ, «), then

— (’I’L +p— 1)) bn+;n—17

and
(I—L+Llin+p+A—q)(n+p—aq)lg

YTt A=) pF A= g (n b p - D
(h(q),g,(nq)). We need to show

P r oo f. Suppose that f,(2) € S—H;?}\n(q,ﬁ, a) and g, (2) € Ng
that g, satisfies the condition (7). We have

DA

> k(Ap+Bi)+(n+p—1)Bnip1 < Y Kflag— Apl+1bx— Brll+ (n+p—1)|bpip—1— Brgpo1| +
k=n+p k=n-+p

+ > k(ag +bk) + (4 p— Dbpap <
k=n+p

n+p—1—9)! < k!
< k - A b, — B

(n+p—Dl(n+p—1)
(n+p—1- Q)!|bn+p—1 - Bn+p—1|

}+m+p—nmﬂ4

< e <%+A—q—a@+x—q»u—e+ak+x—wﬁ§%
X +
i (I—l+Lp+Ar—q))
(k4 A—q—alp+r—q)(1—L—k+r—q) kb,
. <
! A+ fp+r—q) >>
(n+p—1-9q)!
) — 1D)bpip_
n—1+0+)p+r—q)A—L—Ln+p—1+X—q) qip1
+x((1—a)(p+A—q)— bpip_1)-
X(( a g (I=L+Llp+A—q)gy g 1)
This expression is never greater than p provided that
(n+p—1)!
< (n+p_1_q)![p X1 =a)(p—q)+
+p-@!(n -1+ 0+a)p+A-)A-L—An+p-T1+A-q)gp1
m+1-a)p+A-g)A—L—Lln+p+A-q)(n+p+A—g)m(n+p—1)
(4 p = 1)butp1]-
The proof of the other case is similar and so is omitted. O

Remarks. Different type of results involving the harmonic functions can be read in [2-8].
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C momoIIp0 000OIEHHOIO OMepaToOpa MPOM3BOMHON BBOIMTCS HOBBIH IOIKJIACC B KJACCe TAPMOHMIECKHX
MHOT'OJIUCTHBIX (DYHKIKNA. YCTAHOBJIEHBL OLEHKHU HA KO3 DUIMEHTHI, HEPABEHCTBA MCKAKEHUA U BKJIIOYCHUS
C OKPECTHOCTAMMU AJIdA PA3JIMYHDIX IIOJIKJ/IACCOB B KJjlaCCe rapMOHMYECKHUX MHOI'OJIMCTHBIX (I)yHKH,I/Iﬁ
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