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Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ äè��åðåíöèàëüíàÿ èãðà (îáîáùåííûé

ïðèìåð Ë.Ñ. Ïîíòðÿãèíà) ñ n ïðåñëåäîâàòåëÿìè è îäíèì óáåãàþùèì ïðè îäèíàêîâûõ äèíàìè÷åñêèõ

è èíåðöèîííûõ âîçìîæíîñòÿõ âñåõ èãðîêîâ, îïèñûâàåìàÿ ñèñòåìîé âèäà

Lzi = z
(l)
i

+ a1(t)z
(l−1)
i

+ · · ·+ al(t)zi = ui − v, ui, v ∈ V,

z
(s)
i

(t0) = z0is, i = 1, 2, . . . , n, s = 0, 1, . . . , l − 1.

Ìíîæåñòâî çíà÷åíèé äîïóñòèìûõ óïðàâëåíèé èãðîêîâ V � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíè-

öåé, a1(t), . . . , al(t) � íåïðåðûâíûå íà [t0,∞) �óíêöèè, òåðìèíàëüíûå ìíîæåñòâà � íà÷àëî êîîðäèíàò.

Ïðåñëåäîâàòåëè èñïîëüçóþò êâàçèñòðàòåãèè. Ïðåäïîëàãàåòñÿ, ÷òî �óíêöèè ξi(t), ÿâëÿþùèåñÿ ðåøåíè-
åì çàäà÷è Êîøè

Lzi = 0, z
(s)
i

(t0) = z0
is
,

ÿâëÿþòñÿ ðåêóððåíòíûìè. Ïðèâîäÿòñÿ ñâîéñòâà ðåêóððåíòíûõ �óíêöèé. Â òåðìèíàõ íà÷àëüíûõ ïîçè-

öèé è ïàðàìåòðîâ èãðû ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâàíèÿ. Äîêàçà-

òåëüñòâî ïðîâîäèòñÿ ñ èñïîëüçîâàíèåì ìåòîäà ðàçðåøàþùèõ �óíêöèé. Ïðèâåäåí ïðèìåð, èëëþñòðèðó-

þùèé ïîëó÷åííûå óñëîâèÿ.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå, çàäà÷à ïîèìêè, ïðèìåð Ë.Ñ. Ïîíò-

ðÿãèíà, ðåêóððåíòíàÿ �óíêöèÿ.

Ââåäåíèå

�àññìàòðèâàåòñÿ íåñòàöèîíàðíàÿ äè��åðåíöèàëüíàÿ èãðà (îáîáùåííûé íåñòàöèîíàðíûé

ïðèìåð Ë.Ñ. Ïîíòðÿãèíà [1�4℄) ñ n ïðåñëåäîâàòåëÿìè è îäíèì óáåãàþùèì ïðè îäèíàêîâûõ

äèíàìè÷åñêèõ è èíåðöèîííûõ âîçìîæíîñòÿõ âñåõ èãðîêîâ:

Lzi = z
(l)
i + a1(t)z

(l−1)
i + · · ·+ al(t)zi = ui − v, ui, v ∈ V,

z
(s)
i (t0) = z0is, i = 1, 2, . . . , n, s = 0, 1, . . . , l − 1.

Çàäà÷à ïðîñòîãî ãðóïïîâîãî ïðåñëåäîâàíèÿ ñ ðàâíûìè âîçìîæíîñòÿìè âñåõ ó÷àñòíèêîâ ðàñ-

ñìàòðèâàëàñü â ðàáîòàõ [5�8℄. Ñòàöèîíàðíûé ïðèìåð Ë.Ñ. Ïîíòðÿãèíà ðàññìàòðèâàëñÿ â ðà-

áîòàõ [9, 10℄, ãäå áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâà-

íèÿ. Íåñòàöèîíàðíûé ïðèìåð Ë.Ñ. Ïîíòðÿãèíà ïðè äðóãèõ ïðåäïîëîæåíèÿõ ðàññìàòðèâàëñÿ,

â ÷àñòíîñòè, â ðàáîòàõ [11�14℄.

Â äàííîé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëåäîâàíèÿ

â îáîáùåííîì íåñòàöèîíàðíîì ïðèìåðå Ë.Ñ. Ïîíòðÿãèíà ïðè óñëîâèè ðåêóððåíòíîñòè �óíê-

öèé ξi(t), ÿâëÿþùèõñÿ ðåøåíèåì çàäà÷è Êîøè Lzi = 0, z
(s)
i (t0) = z0is.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà n + 1 ëèö: n ïðåñëå-

äîâàòåëåé P1, . . . , Pn è óáåãàþùåãî E.
Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä

x
(l)
i + a1(t)x

(l−1)
i + · · ·+ al(t)xi = ui, ui ∈ V. (1)
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Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

y(l) + a1(t)y
(l−1) + · · ·+ al(t)y = v, v ∈ V. (2)

Çäåñü è äàëåå xi, y, ui, v ∈ R
k, i ∈ I = {1, 2, . . . , n}, a1(t), . . . , al(t) � íåïðåðûâíûå íà [t0,∞)

�óíêöèè, V � ñòðîãî âûïóêëûé êîìïàêò â R
k
ñ ãëàäêîé ãðàíèöåé.

Ïðè t = t0 çàäàíû íà÷àëüíûå óñëîâèÿ

xi(t0) = x0i0, ẋi(t0) = x0i1, . . . , xl−1
i (t0) = x0i,l−1, (3)

y(t0) = y00 , ẏ(t0) = y01, . . . , yl−1(t0) = y0l−1, (4)

ïðè÷åì x0i0 6= y00 äëÿ âñåõ i = 1, 2, . . . , n.
Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ.
Âìåñòî ñèñòåì (1), (2), (3), (4) ðàññìîòðèì ñèñòåìó

z
(l)
i + a1(t)z

(l−1)
i + · · ·+ al(t)zi = ui − v, ui, v ∈ V, (5)

zi(t0) = z0i0 := x0i0 − y00, . . . , zl−1
i (t0) = z0i,l−1 := x0i,l−1 − y0l−1. (6)

Ïóñòü z0 = {z0iα, α = 0, . . . , l − 1, i = 1, 2, . . . , n}.
Íàçîâåì ïðåäûñòîðèåé óïðàâëåíèÿ v(t) óáåãàþùåãî E â ìîìåíò t, t ∈ [t0,∞), ìíîæåñòâî

vt(·) = {v(s) : v(s) ∈ V, s ∈ [t0, t]}.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî çàäàíà êâàçèñòðàòåãèÿ Ui ïðåñëåäîâàòåëÿ Pi, åñ-
ëè îïðåäåëåíî îòîáðàæåíèå Ui(t, z

0, vt(·)), ñòàâÿùåå â ñîîòâåòñòâèå íà÷àëüíîìó ñîñòîÿíèþ

z0 = (z01 , . . . , z
0
n), ìîìåíòó t è ïðîèçâîëüíîé ïðåäûñòîðèè óïðàâëåíèÿ vt(·) óáåãàþùåãî E

èçìåðèìóþ �óíêöèþ ui(t) = Ui(t, z
0, vt(·)) ñî çíà÷åíèÿìè â V.

Îïðåäåëåíèå 2. Â èãðå Γ ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò ìîìåíò T0 = T (z0) è êâà-

çèñòðàòåãèè U1(t, z
0, vt(·)), . . . ,Un(t, z

0, vt(·)) ïðåñëåäîâàòåëåé P1, . . . , Pn òàêèå, ÷òî äëÿ ëþáîé

èçìåðèìîé �óíêöèè v(·), v(t) ∈ V , t ∈ [t0, T (z
0)] íàéäóòñÿ íîìåð q ∈ {1, . . . , n} è ìîìåíò

τ ∈ [t0, T (z
0)] òàêèå, ÷òî zq(τ) = 0.

Îáîçíà÷èì ÷åðåç ϕp(t, s), p = 0, . . . , l − 1 (t > s > t0) ðåøåíèÿ óðàâíåíèÿ

ω(l) + a1(t)ω
(l−1) + · · ·+ al(t)ω = 0

ñ íà÷àëüíûìè óñëîâèÿìè

ω(j)(s) = 0, j = 0, . . . , p− 1, p + 1 . . . , l − 1, ω(p)(s) = 1.

Ïóñòü, äàëåå,

ξi(t) = ϕ0(t, t0)z
0
i0 + ϕ1(t, t0)z

0
i1 + · · · + ϕl−1(t, t0)z

0
i,l−1.

Îáîçíà÷èì Hi = {ξi(t), t ∈ [t0,∞)}.

� 2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Îïðåäåëåíèå 3 (ñì. [15℄). Ôóíêöèÿ f : R1 → R
n
íàçûâàåòñÿ ðåêóððåíòíîé, åñëè äëÿ ëþ-

áîãî ε > 0 ñóùåñòâóåò T (ε) > 0 òàêîå, ÷òî äëÿ ëþáûõ t, a ∈ R
1
ñóùåñòâóåò τ(ε) ∈ [a, a+ T (ε)],

äëÿ êîòîðûõ âûïîëíåíî íåðàâåíñòâî

|f(t+ τ(t))− f(t)| < ε.

Îïðåäåëåíèå 4. Ôóíêöèÿ f : R1 → R
n
íàçûâàåòñÿ ðåêóððåíòíîé íà [t0,∞), åñëè ñóùå-

ñòâóåò ðåêóððåíòíàÿ �óíêöèÿ F : R1 → R
n
òàêàÿ, ÷òî f(t) = F (t) äëÿ âñåõ t ∈ [t0,∞).
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Ëåììà 1. Ïóñòü äëÿ âñåõ i ∈ I = {1, 2, . . . , n} ñóùåñòâóþò h0i ∈ Hi, h0i 6= 0 òàêèå, ÷òî

0 ∈ Intco {h0i } è �óíêöèè ξi(t) ÿâëÿþòñÿ ðåêóððåíòíûìè. Òîãäà ñóùåñòâóþò ε > 0 è T (ε)
òàêèå, ÷òî ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

(1) 0 /∈ Dε(h
0
i ) è äëÿ ëþáûõ hi ∈ Dε(h

0
i ) âûïîëíåíî 0 ∈ Intco {hi}, ãäå Dε(a) = {z : ‖z − a‖ 6 ε};

(2) äëÿ âñåõ t > t0 íàéäóòñÿ òàêèå ìîìåíòû τi ∈ [t, t+ T (ε)], ÷òî |ξi(τi)− h0i | < ε.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìíîæåñòâî co {h0i } ÿâëÿåòñÿ âûïóêëûì ìíîãîãðàííèêîì ñ âåðøè-

íàìè â òî÷êàõ h0j , j ∈ K ⊂ I. Èç óñëîâèÿ ëåììû ñëåäóåò, ÷òî 0 ∈ Intco {h0j}. Ìíîæåñòâî

0 ∈ Intco {h0j} îòêðûòî. Ñëåäîâàòåëüíî, ñóùåñòâóåò ε > 0 òàêîå, ÷òî äëÿ ëþáûõ hj ∈ Dε(h
0
j )

ñïðàâåäëèâî 0 ∈ Intco {h0j}. Òàê êàê Intco {h0j} ⊂ Intco {h0i }, òî ïîëó÷àåì óòâåðæäåíèå 1 ëåììû.

Òàê êàê ξi(t) ÿâëÿþòñÿ ðåêóððåíòíûìè, òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò T (ε) > 0 òàêîå,

÷òî äëÿ âñåõ t > t0 íàéäóòñÿ òàêèå ìîìåíòû τi ∈ [t, t+ T (ε)], ÷òî |ξi(τi)− h0i | < ε. �

Â äàëüíåéøåì ñ÷èòàåì, ÷òî ε > 0 è T âûáðàíî â ñîîòâåòñòâèè ñ óñëîâèÿìè ëåììû 1.

Îïðåäåëèì �óíêöèè

r(t, s) =

{

1, åñëè ϕl−1(t, s) > 0,
−1, èíà÷å,

λi(v, r, hi) = sup{λ : λ > 0, v − λrhi ∈ V },

Ji(v, r, hi) =

∫ t

t0

|ϕl−1(t, s)|λ(v(s), r(t, s), hi) ds.

Ïîëàãàåì, äàëåå,

h = (h1, h2, . . . , hn), D = Dε(h
0
1)× Dε(h

0
2)× · · · × Dε(h

0
n).

Ëåììà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(1) �óíêöèè ξi(t) ðåêóððåíòíû íà [t0,∞);

(2) lim
t→∞

∫ t

t0

|ϕl−1(t, s)| ds = +∞;

(3) äëÿ âñåõ i ∈ I = {1, 2, . . . , n} ñóùåñòâóþò h0i ∈ Hi, h0i 6= 0 òàêèå, ÷òî 0 ∈ Intco {h0i }.

Òîãäà ñóùåñòâóåò ìîìåíò T1 òàêîé, ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâëåíèÿ v(t) è äëÿ

ëþáîãî h ∈ D ñóùåñòâóåò α ∈ I òàêîå, ÷òî Jα(T1, hα) > 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç óñëîâèé ëåììû ñëåäóåò, ÷òî äëÿ ëþáîãî h ∈ D ñïðàâåäëèâî íåðà-

âåíñòâî

δ±1(h) = min
v∈V

max
i∈I

λi(v,±1, hi) > 0.

Ïî ëåììå 1.3.13 [2℄, �óíêöèÿ λ íåïðåðûâíà íà êàæäîì èç ìíîæåñòâ V × {±1} × Dε(h
0
i ),

ïîýòîìó

lim
d∗→d

δ±1(d
∗) = lim

d∗→d
min
v∈V

max
i∈I

λi(v,±1, h∗i ) = min
v∈V

max
i∈I

λi(v,±1, hi) = δ±1(d),

ñëåäîâàòåëüíî, è �óíêöèè δ±1 ÿâëÿþòñÿ íåïðåðûâíûìè íà D. Ó÷èòûâàÿ, ÷òî ìíîæåñòâî D �

êîìïàêò, ïîëó÷èì

δ = min
h∈D

min
r∈{−1,1}

min
v∈V

max
i∈I

λi(v, r, hi) = min
h∈D

{δ+1(h), δ−1(h)} > 0.

Äàëåå,

max
i∈I

Ji(t, hi) = max
i∈I

∫ t

t0

|ϕl−1(t, s)| λi(v(s), r(t, s), hi) ds >
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>
1

n

∫ t

t0

|ϕl−1(t, s)|
∑

i∈I

λi(v(s), r(t, s), hi) ds >
δ

n

∫ t

t0

|ϕl−1(t, s)| ds.

Òàêèì îáðàçîì, äëÿ ìîìåíòà T1, îïðåäåëÿåìîãî èç óñëîâèÿ
δ

n

∫ T1

t0

|ϕl−1(T1, s)| ds > 1, è íåêîòî-

ðîãî α ∈ I âûïîëíåíî íåðàâåíñòâî Jα(T1, hα) > 1. Ëåììà äîêàçàíà. �

Ïóñòü

T (z0) = min{t > 0 : inf
v(·)

min
h∈D

max
i∈I

Ji(t, hi) > 1}.

Â ñèëó ëåììû 2 âûïîëíåíî íåðàâåíñòâî T (z0) < ∞.

� 3. Ïîèìêà îäíîãî óáåãàþùåãî â ðåêóððåíòíîì ïðèìåðå Ë.Ñ. Ïîíòðÿãèíà

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(1) �óíêöèè ξi(t) ðåêóððåíòíû íà [t0,∞);

(2) ñóùåñòâóþò h0i ∈ Hi, h0i 6= 0 òàêèå, ÷òî 0 ∈ Intco {h01, h
0
2, . . . , h

0
n};

(3) ñóùåñòâóþò ìîìåíòû τi > T (z0) òàêèå, ÷òî

(a) ξi(τi) ∈ Dε(h
0
i ),

(b) inf
v(·)

max
i

Ji(τi, ξi(τi)) > 1.

Òîãäà â èãðå Γ ïðîèñõîäèò ïîèìêà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî �îðìóëå Êîøè ðåøåíèå çàäà÷è (4) ïðè ëþáûõ äîïóñòèìûõ

óïðàâëåíèÿõ èìååò âèä

zi(t) = ξi(t) +

∫ t

t0

ϕl−1(t, s)(ui(s)− v(s)) ds.

Ïóñòü τi � ìîìåíòû, óäîâëåòâîðÿþùèå óñëîâèþ òåîðåìû, v(s), s ∈ [t0, T0] � ïðîèçâîëüíîå

äîïóñòèìîå óïðàâëåíèå óáåãàþùåãî E, ãäå T0 = max
i

τi.

�àññìîòðèì �óíêöèþ

f(t) = 1−max
i∈I

∫ t

t0

|ϕl−1(τi, s)| λi(v(s), r(τi, s), ξi(τi)) ds.

Îáîçíà÷èì ÷åðåç t1 > t0 íàèìåíüøèé êîðåíü äàííîé �óíêöèè. Îòìåòèì, ÷òî ìîìåíò t1 ñóùå-
ñòâóåò â ñèëó óñëîâèÿ (3) òåîðåìû è t1 6 τi ïî êðàéíåé ìåðå äëÿ îäíîãî i.

Êðîìå òîãî, ñóùåñòâóåò íîìåð l ∈ I òàêîé, ÷òî

1−

∫ t1

t0

|ϕl−1(τl, s)| λl(v(s), r(τl, s), ξl(τl)) ds = 0.

Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðàçîì:

ui(t) = v(t)− λi(v(t), r(τi, t), ξi(τi)) r(τi, t) ξi(τi) äëÿ âñåõ t ∈ [t0, t1],

ãäå ñ÷èòàåì, ÷òî λi(v(t), r(τi, t), ξi(τi)) = 0 ïðè t ∈ [t1, T0].
Òîãäà, ñ ó÷åòîì �îðìóëû Êîøè, èìååì

zi(τi) = ξi(τi)

(

1−

∫ t1

t0

|ϕl−1(τi, s)| λi(v(s), r(τi, s), ξi(τi)) ds

)

.

Â ñèëó îïðåäåëåíèÿ t1 äëÿ íîìåðà l ∈ I âûðàæåíèå â ñêîáêàõ îáðàùàåòñÿ â íîëü, ïîýòîìó

zl(τl) = 0. Òåîðåìà äîêàçàíà. �
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Ñëåäñòâèå 1. Ïóñòü íà÷àëüíûå ïîçèöèè ó÷àñòíèêîâ òàêîâû, ÷òî âûïîëíåíû ñëåäóþùèå

óñëîâèÿ: 0 ∈ Intco {z0i0} è �óíêöèè ξi(t) ðåêóððåíòíû íà [t0,∞). Òîãäà â èãðå Γ ïðîèñõîäèò

ïîèìêà.

Ïðèìåð 1. Ïóñòü ñèñòåìà (4) èìååò âèä

żi + a(t)zi = ui − v, ui, v ∈ V,

ãäå

a(t) =

{

0, åñëè t ∈ [0, π],
sin t, åñëè t /∈ [0, π].

Äîêàæåì, ÷òî �óíêöèÿ a(t) ðåêóððåíòíà. Äëÿ ëþáîãî ε > 0 âîçüìåì T (ε) = 4π. �àññìîòðèì
äâà ñëó÷àÿ.

1. t /∈ [0, π]. Òîãäà äëÿ ëþáîãî a ∈ R
1
ñóùåñòâóåò k ∈ N òàêîå, ÷òî τ(t) = 2kπ ∈ [a, a + 4π],

äëÿ êîòîðûõ âûïîëíåíî

|a(t+ τ(t))− a(t)| = | sin(t+ 2kπ)− sin(t)| = 0 < ε.

2. t ∈ [0, π]. Òîãäà äëÿ ëþáîãî a ∈ R
1
ñóùåñòâóåò k ∈ N òàêîå, ÷òî kπ ∈ [a, a + 4π],

à kπ + π /∈ [a, a + 4π] è ñóùåñòâóåò τ(t) = kπ − t, τ(t) ∈ [a, a + 4π], äëÿ êîòîðûõ âû-

ïîëíåíî

|a(t+ τ(t))− a(t)| = |a(kπ)) − a(t)| = 0 < ε.

Ïóñòü t0 = 0. Òîãäà ξi(t) = g(t)z0i0, ãäå

g(t) =

{

1, åñëè t ∈ [0, π],
e− cos t−1, åñëè t ∈ (π,∞).

Ôóíêöèÿ g ÿâëÿåòñÿ ðåêóððåíòíîé íà [0,∞), è ïîýòîìó �óíêöèÿ ξi(t) ðåêóððåíòíà.

Ïðåäëîæåíèå 1. Ïóñòü 0 ∈ Intco {z01 , . . . , z
0
n}. Òîãäà â èãðå ïðîèñõîäèò ïîèìêà.
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A non-stationary di�erential game (a generalized example of L. S. Pontryagin) with n pursuers and one evader
is 
onsidered in the spa
e R

k (k > 2). All players have equal dynami
 and inertial 
apabilities. The game is

des
ribed by a system of the form

Lzi = z
(l)
i

+ a1(t)z
(l−1)
i

+ · · ·+ al(t)zi = ui − v, ui, v ∈ V,

z
(s)
i

(t0) = z0
is
, i = 1, 2, . . . , n, s = 0, 1, . . . , l − 1.

The set V of admissible player 
ontrols is stri
tly 
onvex 
ompa
t set with smooth boundary, a1(t), . . . , al(t)
are 
ontinuous on [t0,∞) fun
tions, the terminal sets are the origin of 
oordinates. Pursuers use quasi-

strategies. It is assumed that fun
tions ξi(t) being the solution of Cau
hy problem

Lzi = 0, z
(s)
i

(t0) = z0is,

are re
urrent. Properties of re
urrent fun
tions are given. In terms of initial positions and game parameters

the su�
ient 
onditions of the pursuit problem solvability are obtained. The proof is 
arried out using the

method of resolving fun
tions. An example illustrating the obtained 
onditions is given.
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