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ÇÀÄÀ× ÄËß ÈÍÒÅ��Î-ÄÈÔÔÅ�ÅÍÖÈÀËÜÍÛÕ Ó�ÀÂÍÅÍÈÉ

Â ñòàòüå èññëåäóþòñÿ âîïðîñû óñòîé÷èâîñòè ðåøåíèé îáðàòíûõ çàäà÷ äëÿ äâóõ èíòåãðî-äè��åðåíöè-

àëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé ýòèõ

çàäà÷, â ìàëîì, áûëè ïîëó÷åíû è îïóáëèêîâàíû àâòîðîì ðàíåå. Ïîýòîìó â äàííîé ðàáîòå ðàññìàòðèâà-

þòñÿ èñêëþ÷èòåëüíî âîïðîñû óñòîé÷èâîñòè ýòèõ ðåøåíèé. Â òåîðåìå 1 äîêàçûâàåòñÿ óñëîâíàÿ óñòîé-

÷èâîñòü ðåøåíèÿ îáðàòíîé çàäà÷è îá îïðåäåëåíèè ÿäðà èíòåãðàëà äëÿ èíòåãðî-äè��åðåíöèàëüíîãî

óðàâíåíèÿ

utt = uxx −

∫ t

0

k(τ)u(x, t − τ) dτ, (x, t) ∈ R× R+,

ñ íà÷àëüíûìè äàííûìè u
∣∣
t=0

= 0, ut
∣∣
t=0

= δ(x) è ïî äîïîëíèòåëüíîé èí�îðìàöèè î ðåøåíèè ïðÿìîé çà-
äà÷è u(0, t) = f1(t), ux(0, t) = f2(t). Ñ ýòîé öåëüþ îáðàòíàÿ çàäà÷à çàìåíÿåòñÿ ýêâèâàëåíòíîé ñèñòåìîé

èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ �óíêöèé. Äëÿ äîêàçàòåëüñòâà òåîðåìû ïðèìåíÿåò-

ñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Äàëåå, èñïîëüçóþòñÿ ìåòîä îöåíîê èíòåãðàëüíûõ óðàâíåíèé

è íåðàâåíñòâî �ðîíóîëëà. Àíàëîãè÷íî äîêàçûâàåìàÿ òåîðåìà 2 ïîñâÿùàåòñÿ îöåíêå óñëîâíîé óñòîé÷èâî-

ñòè ðåøåíèÿ îáðàòíîé çàäà÷è îá îïðåäåëåíèè ÿäðà èíòåãðàëà äëÿ òîãî æå èíòåãðî-äè��åðåíöèàëüíîãî

óðàâíåíèÿ, â îãðàíè÷åííîé ïî x îáëàñòè x ∈ (0, l), ñ íà÷àëüíûìè u
∣∣
t=0

= 0, ut
∣∣
t=0

= δ′(x) è ãðàíè÷íûìè

óñëîâèÿìè (ux − hu)
∣∣
x=0

= 0, (ux +Hu)
∣∣
x=l

= 0, t > 0. Â ýòîì ñëó÷àå äîïîëíèòåëüíàÿ èí�îðìàöèÿ

î ðåøåíèè ïðÿìîé çàäà÷è çàäàåòñÿ â âèäå u(0, t) = f(t), t > 0. Çäåñü h,H � âåùåñòâåííûå è êîíå÷íûå

÷èñëà.

Êëþ÷åâûå ñëîâà: èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå, îáðàòíàÿ çàäà÷à, óñòîé÷èâîñòü, äåëüòà-�óíê-

öèÿ, ÿäðî.

Ââåäåíèå

Ñõåìà èññëåäîâàíèÿ îáðàòíûõ çàäà÷ äëÿ äè��åðåíöèàëüíûõ óðàâíåíèé, êàê ïðàâèëî,

âêëþ÷àåò äâà ýòàïà. Íà ïåðâîì ýòàïå èññëåäóþòñÿ ñâîéñòâà ðåøåíèÿ ïðÿìîé çàäà÷è, à íà

âòîðîì ýòàïå ïðîâîäèòñÿ èññëåäîâàíèå ñàìîé îáðàòíîé çàäà÷è, âêëþ÷àþùåå äîêàçàòåëüñòâà

òåîðåì ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ îáðàòíîé çàäà÷è

â ñîîòâåòñòâóþùèõ �óíêöèîíàëüíûõ ïðîñòðàíñòâàõ, îïèñàíèå óñëîâèé ñîãëàñîâàíèÿ äàííûõ

îáðàòíîé çàäà÷è.

Îñíîâíàÿ öåëü, äëÿ êîòîðîé ðåøàþòñÿ ìàòåìàòè÷åñêèå çàäà÷è, çàêëþ÷àåòñÿ â ìàòåìàòè-

÷åñêîì îïèñàíèè �èçè÷åñêèõ ïðîöåññîâ. ×òîáû ìàòåìàòè÷åñêàÿ ìîäåëü îïèñûâàëà ðåàëüíûé

�èçè÷åñêèé ïðîöåññ, ê çàäà÷å íåîáõîäèìî ïðåäúÿâèòü íåêîòîðûå òðåáîâàíèÿ, êîòîðûå îòðà-

æàþò �èçè÷åñêèé �àêò ìàëîãî èçìåíåíèÿ ðåøåíèÿ ïðè ìàëîì èçìåíåíèè äàííûõ çàäà÷è, èëè,

äðóãèìè ñëîâàìè, óñòîé÷èâîñòè ðåøåíèÿ ê ìàëûì èçìåíåíèÿì âõîäíûõ äàííûõ. Âîïðîñàìè

óñòîé÷èâîñòè ðåøåíèé îáðàòíûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ðàçëè÷íîé ïîñòàíîâêè

ìîæíî îçíàêîìèòüñÿ â [1℄ (ñì. òàêæå áèáëèîãðà�èþ â [1℄). Îáðàòíûå çàäà÷è äëÿ èíòåãðî-

äè��åðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà � ñðàâíèòåëüíî ìîëîäîå íàïðàâëåíèå

â òåîðèè îáðàòíûõ çàäà÷, âîçíèêøåå â êîíöå 80-ûõ ãîäîâ ïðîøëîãî ñòîëåòèÿ. Îáðàòíûå çàäà-

÷è îäíîçíà÷íîãî îïðåäåëåíèÿ ÿäðà èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî

òèïà èçó÷àëèñü â ðàáîòàõ [2�6℄. Îñíîâíûå óðàâíåíèÿ, ðàññìàòðèâàåìûå çäåñü, îïèñûâàþò òàê

íàçûâàåìîå ÿâëåíèå ñ ¾ïðåäûñòîðèåé¿, èëè ¾ïàìÿòüþ¿. Îäíî èç ïðèìåíåíèé óðàâíåíèé ñ ¾ïà-

ìÿòüþ¿ âîçíèêàåò â ãåî�èçèêå, êîãäà ñâîéñòâà ñðåäû èññëåäóþòñÿ ïðè ïîìîùè ñåéñìè÷åñêèõ

âîëí. Ôàêòè÷åñêè, ñîãëàñíî ïðåäïîëîæåíèÿì î ãëàäêîñòè, ñèñòåìà óðàâíåíèé äëÿ íåóïðóãîé
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ìîäåëè Áîëüöìàíà (îäíîé èç íàèáîëåå îáùèõ ìîäåëåé äëÿ ëèíåéíîé íåóïðóãîé ñðåäû) â îä-

íîìåðíîì ñëó÷àå ñâîäèòñÿ ê ðàññìîòðåííûì â ýòîé ñòàòüå èíòåãðî-äè��åðåíöèàëüíûì óðàâ-

íåíèÿì. Çäåñü â êà÷åñòâå èñòî÷íèêà âîçìóùåíèÿ âîëí èñïîëüçóåòñÿ äåëüòàîáðàçíûå �óíêöèè,

ñîñðåäîòî÷åííûå â îêðåñòíîñòè �èêñèðîâàííîé òî÷êè.

Ý��åêòèâíûì ìåòîäîì èññëåäîâàíèÿ äèíàìè÷åñêèõ îáðàòíûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ

óðàâíåíèé ÿâëÿåòñÿ ìåòîä îïåðàòîðíûõ óðàâíåíèé Âîëüòåððà (�îðìóëà Äàëàìáåðà, ìåòîä õà-

ðàêòåðèñòèê, �îðìóëà Êèðõãî�à, ìåòîä Ñ.Ë. Ñîáîëåâà, ìåòîä øêàë áàíàõîâûõ ïðîñòðàíñòâ

àíàëèòè÷åñêèõ �óíêöèé). Îñíîâíàÿ èäåÿ ýòîãî ìåòîäà çàêëþ÷àåòñÿ â òîì, ÷òî äëÿ ìíîãèõ ãè-

ïåðáîëè÷åñêèõ óðàâíåíèé èçâåñòíû ïðåäñòàâëåíèÿ ðåøåíèé â âèäå èíòåãðàëüíûõ óðàâíåíèé

Âîëüòåððà. Èñïîëüçóÿ ýòè ïðåäñòàâëåíèÿ, à òàêæå äîïîëíèòåëüíóþ èí�îðìàöèþ î ðåøåíèè

ïðÿìîé çàäà÷è, ìîæíî ïîëó÷èòü îïåðàòîðíîå óðàâíåíèå Âîëüòåððà èëè ñèñòåìó óðàâíåíèé îò-

íîñèòåëüíî èñêîìûõ �óíêöèé. Îïåðàòîðíûå óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà îòíîñèòåëüíî

èñêîìûõ �óíêöèé ïîëó÷åíû äëÿ øèðîêîãî êðóãà êàê îäíîìåðíûõ, òàê è ìíîãîìåðíûõ äèíà-

ìè÷åñêèõ îáðàòíûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Â ðàáîòàõ [7, 8℄ èññëåäóþòñÿ âîïðîñû ëîêàëüíîé ðàçðåøèìîñòè äâóõ îáðàòíûõ çàäà÷ äëÿ

èíòåãðî-äè�åðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Â ïåðâîé èç íèõ ïðÿìàÿ çàäà÷à

ðàññìàòðèâàåòñÿ â áåñêîíå÷íîé, âî âòîðîé � â îãðàíè÷åííîé ïî x îáëàñòè. Â ýòèõ ðàáîòàõ äî-

êàçàíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé îáðàòíûõ çàäà÷, ñîîòâåòñòâóþùèõ

ïðÿìûì çàäà÷àì. Äàííàÿ ðàáîòà ïîñâÿùåíà îöåíêàì óñòîé÷èâîñòè ýòèõ ðåøåíèé. Ýòè îöåíêè

óñòîé÷èâîñòè âàæíû êàê ñàìè ïî ñåáå, òàê êàê õàðàêòåðèçóþò ñòåïåíü óñòîé÷èâîñòè ðåøå-

íèÿ çàäà÷, òàê è äëÿ ïîñòðîåíèÿ ÷èñëåííûõ àëãîðèòìîâ ðåøåíèÿ îáðàòíûõ çàäà÷. Ïîýòîìó

â äàëüíåéøåì ðå÷ü áóäåò èäòè òîëüêî îá óñòîé÷èâîñòè ýòèõ ðåøåíèé.

� 1. Ïåðâàÿ çàäà÷à

�àññìîòðèì ïðÿìóþ çàäà÷ó Êîøè ñ ñîñðåäîòî÷åííûì èñòî÷íèêîì, ñîñòîÿùóþ â íàõîæäåíèè

îáîáùåííîãî ðåøåíèÿ u(x, t) óðàâíåíèÿ

utt = uxx −

∫ t

0
k(τ)u(x, t − τ) dτ, (x, t) ∈ R× R+, (1)

ñ íà÷àëüíûìè óñëîâèÿìè

u
∣∣
t=0

= 0, ut
∣∣
t=0

= δ(x), (2)

ãäå R+ = {t ∈ R | t > 0}, δ(x)− äåëüòà-�óíêöèÿ Äèðàêà.

Â îáðàòíîé çàäà÷å òðåáóåòñÿ âîññòàíîâèòü íåïðåðûâíóþ �óíêöèþ k(t), t > 0, ïî äîïîëíè-
òåëüíîé èí�îðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è (1)�(2):

u(0, t) = f1(t), ux(0, t) = f2(t) t > 0. (3)

Â óïîìÿíóòîé ðàáîòå [7] äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (1)�(3) äëÿ
äîñòàòî÷íî ìàëûõ T0 ∈ [0, T ] â êëàññå k(t) ∈ C[0, T ].

Îáîçíà÷èì ÷åðåçK(k0) ìíîæåñòâî �óíêöèé k(t) ∈ C[0, T ], óäîâëåòâîðÿþùèõ ïðè íåêîòîðîì
T > 0 óñëîâèþ

‖k‖C[0,T ] 6 k0

ñ ïîñòîÿííîé k0 > 0.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà óñëîâíîé óñòîé÷èâîñòè.

Òåîðåìà 1. Ïóñòü k1(t) ∈ K(k0), k
2(t) ∈ K(k0) � äâà ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(3)

ñ äàííûìè (f11 , f
1
2 ), (f

2
1 , f

2
2 ) ñîîòâåòñòâåííî. Òîãäà íàéäåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî C =

= C(k0, T ), ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

||k1(t)− k2(t)||C[0,T ] 6 C(||f11 − f21 ||C3[0,T ] + ||f12 − f22 ||C2[0,T ]). (4)
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç �îðìóëû Äàëàìáåðà ñëåäóåò, ÷òî â îáëàñòè DT = {(x, t) :
|x| < t < T − |x|}

u(x, t) =
1

2
−

1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
k(α)u(ξ, τ − α) dα dτ dξ. (5)

Âûïèøåì íåñêîëüêî ÷àñòíûõ ïðîèçâîäíûõ �óíêöèè u(x, t) â DT . Îíè èìåþò âèä

ut(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
k(α)u(ξ, t − |x− ξ| − α) dα dξ, (6)

ux(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
k(α)u(ξ, t − |x− ξ| − α) sign (ξ − x) dα dξ, (7)

uxt(x, t) = −
1

4

∫ x+t

2

x−t

2

k(t− |x− ξ| − |ξ|) sign (ξ − x) dξ −

−
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
k(α)ut(t− |x− ξ| − α) sign (ξ − x) dα dξ, (8)

utt(x, t) = −
1

4

∫ x+t

2

x−t

2

k(t− |x− ξ| − |ξ|) dξ −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
k(α)ut(t− |x− ξ| − α) dα dξ, (9)

k(t) = −4(f ′′2 (t) + f ′′′1 (t))− 2

∫ t

0
k(τ)f ′1(t− τ) dτ −

−

∫ t

0

∫ ξ

0
k(α)(utt + utx)

(
t− ξ

2
,
t+ ξ

2
− α

)
dα dξ. (10)

Òàêèì îáðàçîì, ìû ïîëó÷èëè çàìêíóòóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé â îáëàñòè DT =
= {(x, t) : |x| < t < T − |x|} îòíîñèòåëüíî øåñòè �óíêöèé u, ut, ux, utt, uxt, k.

Ïðåäñòàâèì u(x, t) â âèäå

u(x, t) = u0(x, t) +

∞∑

n=1

un(x, t), (11)

â êîòîðîì u0(x, t) =
1
2 , à �óíêöèè un(x, t), n > 1, îïðåäåëåíû ðåêóððåíòíûìè ñîîòíîøåíèÿìè

un(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
k(α)un−1(ξ, τ − α) dα dτ dξ.

Îòñþäà ñëåäóåò, ÷òî

u1(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
k(α)u0(ξ, τ − α) dα dτ dξ =

= −
1

4

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
k(α) dα dτ dξ.

Èç óñëîâèÿ k(t) ∈ C[0, T ] ñëåäóåò, ÷òî un(x, t) ÿâëÿþòñÿ íåïðåðûâíûìè �óíêöèÿìè â Ω âìåñòå

ñ ïåðâûìè è âòîðûìè ïðîèçâîäíûìè ïî x, t äëÿ âñåõ n > 1, ãäå Ω(x, t) = {(ξ, τ) : |ξ| 6 τ 6

6 t− |x− ξ|}.
Òîãäà äëÿ (x, t) ∈ Ω èìååì, ÷òî

|u1(x, t)| 6
1

2

k0T

2
t2, |u2(x, t)| 6

1

2

(
k0T

2

)2
t4

1 · 3
, |u3(x, t)| 6

1

2

(
k0T

2

)3
t6

1 · 3 · 5
.
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Ïðîäîëæàÿ ïîäîáíûå âû÷èñëåíèÿ, ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè íàéäåì, ÷òî

|un(x, t)| 6
1

2

(
k0T

2

)n
t2n

(2n− 1)!!
6

1

2(2n − 1)!!

(
k0T

3

2

)n

.

Ïîýòîìó ðÿä â (11) ñõîäèòñÿ ðàâíîìåðíî è åãî ñóììà ÿâëÿåòñÿ íåïðåðûâíîé �óíêöèåé â Ω.
Áîëåå òîãî, èìååò ìåñòî îöåíêà

|u(x, t)| 6

∞∑

n=0

|un(x, t)| 6
1

2

∞∑

n=0

1

(2n − 1)!!

(
k0T

3

2

)n

=: µ0. (12)

Îáîçíà÷èì ÷åðåç u1, u2 ðåøåíèÿ çàäà÷è (1)�(3), îòâå÷àþùèå �óíêöèÿì k1, k2, è â äàëü-

íåéøåì áóäåì îáîçíà÷àòü ðàçíîñòü äâóõ �óíêöèé, íàèìåíîâàíèå êîòîðûõ îòëè÷àåòñÿ òîëüêî

öè�ðîé ñâåðõó, òîé æå ñàìîé áóêâîé ñî çíàêîì ∼ . Íàïðèìåð ũ = u1 − u2, k̃ = k1 − k2 è òàê

äàëåå. Òîãäà èç óðàâíåíèé (5)�(10) íåòðóäíî ïîëó÷èòü ñëåäóþùóþ ñèñòåìó:

ũ(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
[k1(α)ũ(ξ, τ − α) + k̃(α)u2(ξ, τ − α)] dα dτ dξ, (13)

ũt(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
[k1(α)ũ(ξ, t− |x− ξ| − α) + k̃(α)u2(ξ, t− |x− ξ| − α)] dα dξ, (14)

ũx(x, t) = −
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
[k1(α)ũ(ξ, t− |x− ξ| − α) +

+ k̃(α)u2(ξ, t− |x− ξ| − α)] sign (ξ − x) dα dξ, (15)

ũxt(x, t) = −
1

4

∫ x+t

2

x−t

2

k̃(t− |x− ξ| − |ξ|) sign (ξ − x) dξ −

−
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
[k1(α)ũt(t− |x− ξ| − α) + k̃(α)u2t (t− |x− ξ| − α)] sign (ξ − x) dα dξ, (16)

ũtt(x, t) = −
1

4

∫ x+t

2

x−t

2

k̃(t− |x− ξ| − |ξ|) dξ −

−
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|−|ξ|

0
[k1(α)ũt(t− |x− ξ| − α) + k̃(α)u2t (t− |x− ξ| − α)] dα dξ, (17)

k̃(t) = −4(f̃ ′′2 (t) + f̃ ′′′1 (t))− 2

∫ t

0
[k1(τ)f̃ ′1(t− τ) + k̃(τ)f ′21 (t− τ)] dτ −

−

∫ t

0

∫ ξ

0

[
k1(α)(ũtt + ũtx)

( t− ξ

2
,
t+ ξ

2
− α

)
+ k̃(α)(u2tt + u2tx)

( t− ξ

2
,
t+ ξ

2
− α

)]
dα dξ. (18)

Ïóñòü

ψ(t) = max
[

max
−T

2
6x6T

2

|ũ(x, t)|, max
−T

2
6x6T

2

|ũt(x, t)|, max
−T

2
6x6T

2

|ũx(x, t)|,

max
−T

2
6x6T

2

|ũtx(x, t)|, max
−T

2
6x6T

2

|ũtt(x, t)|, |k̃(t)|
]
, t ∈ [0, T ].

Èñïîëüçóÿ óðàâíåíèÿ (13)�(18), ïîëó÷èì

|ũ(x, t)| =

∣∣∣∣
1

2

∫ x+t

2

x−t

2

∫ t−|x−ξ|

|ξ|

∫ τ−|ξ|

0
(µ0 + k0)ψ(α) dα dτ dξ

∣∣∣∣ 6
µ0 + k0

2
T 2

∫ t

0
ψ(α) dα,
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|ũt(x, t)| 6
µ0 + k0

2
T

∫ t

0
ψ(α) dα, |ũx(x, t)| 6

µ0 + k0

2
T

∫ t

0
ψ(α) dα,

|ũxt(x, t)| 6

(
1

4
+
µ0 + k0

2
T

)∫ t

0
ψ(α) dα, |ũtt(x, t)| 6

(
1

4
+
µ0 + k0

2
T

)∫ t

0
ψ(α) dα,

|k̃(t)| 6 4
(
‖f̃2(t)‖C2[0,T ] + ‖f̃1(t)‖C3[0,T ]

)
+ 2‖f̃1(t)‖C3[0,T ]k0T +

+ 2‖f1(t)‖C3[0,T ]

∫ t

0
ψ(α) dα + 2(µ0 + k0)(1 + T )

∫ t

0
ψ(α) dα 6

6 (4 + 2k0T )
(
‖f̃2(t)‖C2[0,T ] + ‖f̃1(t)‖C3[0,T ]

)
+ 2

(
(µ0 + k0)(1 + T ) +

+ ‖f1(t)‖C3[0,T ]

)∫ t

0
ψ(α) dα.

Èç ýòèõ ñîîòíîøåíèé ñëåäóåò, ÷òî ψ(t) óäîâëåòâîðÿåò èíòåãðàëüíîìó íåðàâåíñòâó

|ψ(t)| 6 (4 + 2k0T )
(
‖f̃2(t)‖C2[0,T ] + ‖f̃1(t)‖C3[0,T ]

)
+ µ1

∫ t

0
ψ(α) dα,

â êîòîðîì µ1 := max
{

1
4+(µ0+k0)

T
2 , 2

(
(µ0+k0)(1+T )+‖f1(t)‖C3[0,T ]

)}
. Èñïîëüçóÿ íåðàâåíñòâî

�ðîíóîëëà, ïîëó÷àåì îöåíêó

|ψ(t)| 6 4
(
‖f̃2(t)‖C2[0,T ] + ‖f̃1(t)‖C3[0,T ]

)
exp(µ1t), t ∈ (0, T ). (19)

Åñëè â (19) âçÿòü C = 4exp(µ1T ), òî ïîëó÷èì íåðàâåíñòâî (4). Òåîðåìà 1 äîêàçàíà. �

� 2. Çàäà÷à äëÿ îãðàíè÷åííîãî îòðåçêà

Ñ òî÷êè çðåíèÿ ïðèëîæåíèé îáðàòíûå çàäà÷è, çàäàííûå â îãðàíè÷åííîé ïî x îáëàñòè, ÿâ-

ëÿþòñÿ íàèáîëåå èíòåðåñíûìè çàäà÷àìè.

�àññìîòðèì èíòåãðî-äè��åðåíöèàëüíîå óðàâíåíèå

utt − uxx =

∫ t

0
k(α)u(x, t − α) dα, x ∈ (0, l), t > 0, (20)

ñ íà÷àëüíûìè

u|t=0 = 0, ut|t=0 = δ′(x) (21)

è ãðàíè÷íûìè

(ux − hu)|x=0 = 0, (ux +Hu)|u=l = 0, t > 0, (22)

óñëîâèÿìè; çäåñü h,H � âåùåñòâåííûå è êîíå÷íûå ÷èñëà, δ′(x) � ïðîèçâîäíàÿ äåëüòà-�óíêöèè

Äèðàêà. Â ïðåäïîëîæåíèè k(t) ∈ C(0,∞) òðåáóåòñÿ îïðåäåëèòü �óíêöèþ k(t) èç óñëîâèÿ

u(0, t) = f(t), t > 0. (23)

Â ðàáîòå [8℄ èññëåäîâàíà çàäà÷à îïðåäåëåíèÿ ïîäûíòåãðàëüíîé �óíêöèè èç óðàâíåíèÿ (20)

â îãðàíè÷åííîé ïî x îáëàñòè D = {(x, t) : 0 < x < l, t > 0} è ïîëó÷åíà çàìêíóòàÿ ñèñòåìà

èíòåãðàëüíûõ óðàâíåíèé îòíîñèòåëüíî v(x, t), k(t), vt(x, t):

v(x, t) = heh(x−t) −

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0
k(τ − 2ξ) dξ dτ −

−

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0

∫ τ−ξ

0
k(α)v(ξ,−ξ + τ − α) dα dξ dτ +
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+

∫ t

t−x

∫ 2τ−t+x

2

τ−t+x

k(2τ − t+ x− 2ξ) dξ dτ −

−

∫ t

t−x

∫ 2τ−t+x

2

τ−t+x

∫ −ξ+2τ−t+x

0
k(α)v(ξ,−ξ + 2τ − t+ x− α) dα dξ dτ,

k(t) = 2f ′′0 (t)− 2h3e−ht + h

∫ t

0
k(ξ) dξ − h2

∫ t

0
eh(t−τ)

∫ τ

0
k(ξ) dξ dτ +

+

∫ t

2

0
k(α)v

( t
2
,
t

2
− α

)
dα+ 2

∫ t

2

0

∫ t−ξ

0
k(α)vt(ξ,−ξ + t− α) dα dξ −

− 2h

∫ t

2

0

∫ t−ξ

0
k(α)v(ξ,−ξ + t− α) dα dξ + 2h2

∫ t

0
eh(τ−t)

∫ τ

2

0

∫ τ−ξ

0
k(α)v(ξ,−ξ + τ − α) dα dξ dτ,

vt(x, t) = −h2eh(x−t) +

∫ t−x

2

0
k(t− x− 2ξ) dξ −

− h

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0
k(τ − 2ξ) dξ dτ −

∫ t−x

2

0

∫ t−x−ξ

0
k(α)v(ξ,−ξ + t− x− α) dα dξ +

+ h

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0

∫ τ−ξ

0
k(α)v(ξ,−ξ + t− α) dα dξ dτ +

1

2
xK(t− x)−

−

∫ t+x

2

x

∫ −ξ+t+x

0
k(α)v(ξ,−ξ + t+ x− α) dα dξ +

∫ t

2

0

∫ −ξ+t+x

0
k(α)v(ξ,−ξ + t+ x− α) dα dξ +

+
1

2

∫ t

t−x

∫ 2τ+x−t

2

0
k(α)v

(2τ − t+ x

2
,
2τ + x− t

2
−α

)
dξ dτ −

∫ t

t−x

∫ τ

0
k(α)v(τ − t+x, τ −α) dα dτ +

+

∫ t

t−x

∫ 2τ−t+x

2

τ−t+x

∫ −ξ+2τ−t+x

0
k(α)vt(ξ,−ξ + 2τ − t+ x− α) dα dξ dτ,

ãäå v(x, t) = u(x, t) + δ(t− x) è f(t) = −δ(t) + θ(t)f0(t).
Äîêàçàíî ñóùåñòâîâàíèå åäèíñòâåííîãî ðåøåíèÿ îáðàòíîé çàäà÷è (20)�(23) äëÿ äîñòàòî÷íî

ìàëûõ T0 ∈ [0, 2l], â êëàññå k(t) ∈ [0, 2l].

Ïåðåéäåì ê ïîñòðîåíèþ îöåíêè óñëîâíîé óñòîé÷èâîñòè ðåøåíèÿ îáðàòíîé çàäà÷è.

Ïóñòü K(k0) � ìíîæåñòâî �óíêöèé k(t) ∈ C[0, 2l], óäîâëåòâîðÿþùèõ ïðè íåêîòîðîì l > 0
óñëîâèþ

‖k‖C[0,2l] 6 k0

ñ ïîñòîÿííîé k0 > 0.

Òåîðåìà 2. Ïóñòü k1(t) ∈ K(k0), k
2(t) ∈ K(k0) � äâà ðåøåíèÿ îáðàòíîé çàäà÷è (20)�

(23) ñ äàííûìè f1, f2 ñîîòâåòñòâåííî. Òîãäà íàéäåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî C =
= C(k0,M, l, h), ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

‖k1(t)− k2(t)‖C[0,2l] 6 C‖f1 − f2‖C2[0,2l]. (24)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïîñòðîèì äëÿ v(x, t) ïðîöåññ ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ïî
ñëåäóþùåé ñõåìå:

v(x, t) = v0(x, t) +

∞∑

n=1

vn(x, t), (25)

ãäå

v0(x, t) = heh(x−t) −

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0
k(τ − 2ξ) dξ dτ +

∫ t

t−x

∫ 2τ−t+x

2

τ−t+x

k(2τ − t+ x− 2ξ) dξ dτ,
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vn(x, t) = −

∫ t−x

0
eh(τ−t+x)

∫ τ

2

0

∫ τ−ξ

0
k(α)vn−1(ξ,−ξ + τ − α) dα dξ dτ −

−

∫ t

t−x

∫ 2τ−t+x

2

τ−t+x

∫ −ξ+2τ−t+x

0
k(α)vn−1(ξ,−ξ + 2τ − t+ x− α) dα dξ dτ, n > 1.

Äàëåå, ïîñëå âûïîëíåíèÿ íåñëîæíûõ âû÷èñëåíèé íàõîäèì, ÷òî

|vn(x, t)| 6
1

2
·
M

2n!!

(
(1 + lh)k0l

2

h

)n

,

ãäå M =M(h, l) � êîíå÷íîå âåùåñòâåííîå ÷èñëî.

Ïîýòîìó ðÿä â (25) ñõîäèòñÿ ðàâíîìåðíî. Êðîìå òîãî, èìååò ìåñòî îöåíêà

|v(x, t)| 6
∞∑

n=0

|vn(x, t)| 6
M

2

∞∑

n=0

1

2n!!

(
(1 + lh)k0l

2

h

)n

=: µ0.

Ââåäåì â ðàññìîòðåíèå �óíêöèè ṽ(x, t) = v1(x, t) − v2(x, t), ṽt(x, t) = v1t (x, t) − v2t (x, t), k̃(t) =
= k1(t)− k2(t). Êàê è ïðè äîêàçàòåëüñòâå òåîðåìû 1, îöåíèâàÿ çíà÷åíèÿ ýòèõ �óíêöèé è ïðè-

ìåíÿÿ íåðàâåíñòâî �ðîíóîëëà, ïîëó÷èì îöåíêó (24). Òåîðåìà 2 äîêàçàíà. �
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The paper investigates the stability of inverse problems solutions for two integro-di�erential hyperboli


equations. Theorems of existen
e and uniqueness of these solutions (in the small) have been obtained and

published earlier by author. Thus only stability problems of these solutions are 
onsidered in this paper.

In Theorem 1 we prove 
onditional stability of the solution of the following inverse problem: determine the

kernel of the integral for integro-di�erential equation

utt = uxx −

∫ t

0

k(τ)u(x, t − τ) dτ, (x, t) ∈ R× R+,

with initial data u
∣∣
t=0

= 0, ut
∣∣
t=0

= δ(x), and additional information about the dire
t problem solution

u(0, t) = f1(t), ux(0, t) = f2(t). The inverse problem is repla
ed by an equivalent system of integral equations

for the unknown fun
tions. To prove the theorem the method of su

essive approximations is used. Next, the

method of estimating the integral equations and Gronwall's inequality are used.

In a similar manner we prove Theorem 2. It is devoted to estimating the 
onditional stability of the

solution of kernel determination problem for the same integro-di�erential equation in a bounded domain with

respe
t to x, x ∈ (0, l), with initial data u
∣∣
t=0

= 0, ut
∣∣
t=0

= δ′(x), and boundary 
onditions (ux−hu)
∣∣
x=0

= 0,

(ux +Hu)
∣∣
x=l

= 0, t > 0. In this 
ase the additional information about the dire
t problem solution is given

as u(0, t) = f(t), t > 0. Here h and H are �nite real numbers.
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