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�àññìàòðèâàåòñÿ óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ ý��åêòîì íàñëåäñòâåííîñòè:

∂u(x, t)

∂t
+ a

∂u(x, t)

∂x
= f(x, t, u(x, t), ut(x, ·)), ut(x, ·) = {u(x, t+ s),−τ 6 s < 0}.

Äëÿ òàêîãî óðàâíåíèÿ, ñ ïîçèöèé ïðèíöèïà ðàçäåëåíèÿ êîíå÷íîìåðíîé è áåñêîíå÷íîìåðíîé ñîñòàâ-

ëÿþùèõ ñîñòîÿíèÿ, ñòðîÿòñÿ ñåòî÷íûå ìåòîäû: àíàëîã ñåìåéñòâà ñõåì áåãóùåãî ñ÷åòà, àíàëîã ñõåìû

Êðàíêà�Íèêîëñîí, ìåòîä àïïðîêñèìàöèè íà ñåðåäèíó êâàäðàòà. Äëÿ ó÷åòà ý��åêòà íàñëåäñòâåííîñòè

ïðèìåíÿþòñÿ îäíîìåðíàÿ è äâîéíàÿ êóñî÷íî-ëèíåéíàÿ èíòåðïîëÿöèè è ýêñòðàïîëÿöèÿ ïðîäîëæåíè-

åì. Äîêàçûâàåòñÿ, ÷òî ðàññìîòðåííûå ìåòîäû èìåþò ïîðÿäêè ëîêàëüíîé ïîãðåøíîñòè: ñîîòâåòñòâåííî

O(h+∆), O(h+∆2) è O(h2 +∆2), ãäå h � øàã äèñêðåòèçàöèè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, ∆ �

øàã äèñêðåòèçàöèè ïî âðåìåíí�îé ïåðåìåííîé. Èññëåäóþòñÿ ñâîéñòâà äâîéíîé êóñî÷íî-ëèíåéíîé èí-

òåðïîëÿöèè. Èñïîëüçóÿ ðåçóëüòàòû îáùåé òåîðèè ðàçíîñòíûõ ñõåì, óñòàíîâëåíû óñëîâèÿ óñòîé÷èâîñòè

ïðåäëîæåííûõ ìåòîäîâ. Ñ ïîìîùüþ âëîæåíèÿ â îáùóþ ñõåìó ÷èñëåííûõ ìåòîäîâ äëÿ �óíêöèîíàëüíî-

äè��åðåíöèàëüíûõ óðàâíåíèé ïîëó÷åíû òåîðåìû î ïîðÿäêàõ ñõîäèìîñòè ñêîíñòðóèðîâàííûõ àëãîðèò-

ìîâ. Ïðèâåäåíû òåñòîâûå ïðèìåðû ïî ñðàâíåíèþ ïîãðåøíîñòåé ìåòîäîâ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ïåðåíîñà, çàïàçäûâàíèå, ñåòî÷íûå ñõåìû, èíòåðïîëÿöèÿ, ýêñòðàïîëÿöèÿ,

óñòîé÷èâîñòü, ïîðÿäîê ñõîäèìîñòè.

Ââåäåíèå

Óðàâíåíèå ïåðåíîñà � óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, îïèñûâàþùåå

ïåðåíîñ ñîõðàíÿþùåéñÿ ñêàëÿðíîé âåëè÷èíû â ïðîñòðàíñòâå, îáóñëîâëåííûé äè��óçèåé. Â ìî-

äåëÿõ �èçèêè ýòî óðàâíåíèå ÷àñòî íàçûâàþò óðàâíåíèåì êîíâåêöèè, â ìîäåëÿõ áèîëîãèè �

óðàâíåíèåì àäâåêöèè. Âî ìíîãèõ ìîäåëÿõ ýòîò ý��åêò ìîæåò îñëîæíÿòüñÿ çàïàçäûâàíèåì

ðàçëè÷íûõ âèäîâ [1℄. Â ñèëó ñëîæíîñòè îáúåêòà íà ïåðâûé ïëàí âûõîäèò êîíñòðóèðîâàíèå ÷èñ-

ëåííûõ àëãîðèòìîâ ðåøåíèÿ òàêèõ óðàâíåíèé. ×èñëåííûå ìåòîäû ðåøåíèÿ óðàâíåíèÿ ïåðåíî-

ñà áåç çàïàçäûâàíèÿ äîñòàòî÷íî õîðîøî èçó÷åíû (íàïðèìåð, ñì. èçëîæåíèå â ó÷åáíèêàõ [2�4℄).

Îáùèå âîïðîñû äëÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

ïåðâîãî ïîðÿäêà ðàññìàòðèâàëèñü â ðÿäå ðàáîò, íàïðèìåð â [5℄. Â äàííîé ðàáîòå ÷èñëåííûå ìå-

òîäû êîíñòðóèðóþòñÿ ñ ïîçèöèè ïðèíöèïà ðàçäåëåíèÿ ñîñòîÿíèÿ ñèñòåìû íà êîíå÷íîìåðíóþ

è áåñêîíå÷íîìåðíóþ ñîñòàâëÿþùèå. Ïî êîíå÷íîìåðíîé ñîñòàâëÿþùåé êîíñòðóèðóþòñÿ àíàëî-

ãè ìåòîäîâ, èçâåñòíûõ äëÿ îáúåêòîâ áåç çàïàçäûâàíèÿ, à äëÿ ó÷åòà ïðåäûñòîðèè (áåñêîíå÷-

íîìåðíîé ñîñòàâëÿþùåé) èñïîëüçóåòñÿ èíòåðïîëÿöèÿ ñ çàäàííûìè ñâîéñòâàìè. Ýòîò ïîäõîä

ïîçâîëÿåò ý��åêòèâíî êîíñòðóèðîâàòü ìåòîäû è íà îñíîâå òàêèõ àëãîðèòìîâ ñîçäàâàòü ñî-

îòâåòñòâóþùåå ïðîãðàììíîå îáåñïå÷åíèå. Îòìåòèì, ÷òî ðàíåå ýòîò ïîäõîä ïðèìåíèòåëüíî ê

ïðîñòåéøèì ñåòî÷íûì àëãîðèòìàì áûë àíîíñèðîâàí â ðàáîòàõ [6, 7℄ è ðåàëèçîâàí äëÿ îäíîãî

ìåòîäà â [8℄. Äàííàÿ ðàáîòà ïðîäîëæàåò ýòè èññëåäîâàíèÿ, â íåé ïðåäëîæåíà îáùàÿ ìåòîäèêà

è ïðèâîäÿòñÿ äîêàçàòåëüñòâà òåîðåì î ïîðÿäêàõ ñõîäèìîñòè.

�àññìîòðèì óðàâíåíèå ïåðåíîñà ñ ý��åêòîì íàñëåäñòâåííîñòè:

∂u(x, t)

∂t
+ a

∂u(x, t)

∂x
= f(x, t, u(x, t), ut(x, ·)), (0.1)

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå Ïðîãðàììû ðàçâèòèÿ ÓðÔÓ (ñîãëàøåíèå �02.A03.21.0006

îò 27 àâãóñòà 2013 ã.) è �ÔÔÈ (ãðàíò 13�01�00089).
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0 6 t 6 T, 0 6 x 6 X,

ñ êðàåâûì óñëîâèåì

u(0, t) = γ(t), 0 6 t 6 T, (0.2)

è íà÷àëüíûì óñëîâèåì

u(x, s) = ϕ(x, s), 0 6 x 6 X, −τ 6 s 6 0. (0.3)

Çäåñü x, t � íåçàâèñèìûå ïåðåìåííûå, u(x, t) � èñêîìàÿ �óíêöèÿ, ut(x, ·) = {u(x, t + s),
−τ 6 s < 0} � �óíêöèÿ-ïðåäûñòîðèÿ èñêîìîé �óíêöèè ê ìîìåíòó t, τ > 0 � âåëè÷èíà

çàïàçäûâàíèÿ.

Ïðåäïîëàãàåòñÿ, ÷òî �óíêöèîíàë f , �óíêöèè γ(t), ϕ(x, s) è êîíñòàíòà a > 0 òàêîâû, ÷òî

çàäà÷à (0.1)�(0.3) èìååò åäèíñòâåííîå ðåøåíèå [1℄.

� 1. Äèñêðåòèçàöèÿ çàäà÷è

Ïóñòü øàã h ïî ïåðåìåííîé x òàêîé, ÷òî X/h = N , ãäå N � íàòóðàëüíîå; îáîçíà÷èì

xi = ih ∈ [0,X], i = 0, . . . , N . Ïóñòü øàã ∆ ïî ïåðåìåííîé t òàêîé, ÷òî τ/∆ = m, ãäå m �

íàòóðàëüíîå; ïóñòü M = ⌊T/∆⌋, îáîçíà÷èì tj = j∆ ∈ [−τ, T ], j = −m, . . . ,M . Ñåòêîé íàçîâåì

íàáîð ïàð {xi, tj}.

Ïðèáëèæåíèÿ �óíêöèè u(x, t) â óçëàõ ñåòêè áóäåì îáîçíà÷àòü uij . Äëÿ êàæäîãî �èêñè-

ðîâàííîãî i = 0, . . . , N ââåäåì äèñêðåòíóþ ïðåäûñòîðèþ ïî âðåìåíí�ûì óçëàì ê ìîìåíòó tj ,
j = 0, . . . ,M :

{uk}
i
j = {uik, j −m 6 k 6 j}.

Îïðåäåëåíèå 1 (ñì. [9, ñ. 104℄, [11℄ ). Îïåðàòîðîì èíòåðïîëÿöèè�ýêñòðàïîëÿöèè äèñêðåò-

íîé ïðåäûñòîðèè íàçîâåì îòîáðàæåíèå I : {uik}j → vij(·) ∈ Q[tj − τ, tj +∆].

Çäåñü Q[α, β] � ìíîæåñòâî �óíêöèé u(s), êóñî÷íî-íåïðåðûâíûõ íà [α, β], ñ êîíå÷íûì ÷èñëîì

òî÷åê ðàçðûâà ïåðâîãî ðîäà, â òî÷êàõ ðàçðûâà íåïðåðûâíûõ ñïðàâà. Îïðåäåëèì íîðìó �óíê-

öèé íà Q = Q[α, β] ñîîòíîøåíèåì

‖u(·)‖Q = max
s∈[α,β]

|u(s)|.

Áóäåì ïðåäïîëàãàòü, ÷òî, âî-ïåðâûõ, îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè ëèïøèöåâ, òî

åñòü íàéäåòñÿ òàêàÿ êîíñòàíòà LI , ÷òî äëÿ âñåõ ïðåäûñòîðèé äèñêðåòíîé ìîäåëè {uik}j è {yik}j
âûïîëíÿåòñÿ íåðàâåíñòâî

max
tj−τ6t6tj+∆

|vij(t)− wi
j(t)| 6 LI max

j−m6k6j
|uik − yik|,

ãäå vij(·) = I({uik}j), w
i
j(·) = I({yik}j).

Âî-âòîðûõ, áóäåì ïðåäïîëàãàòü, ÷òî îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè ñîãëàñîâàí, òî

åñòü

vij(tk) = uik, k = j −m, . . . , j.

Îïðåäåëåíèå 2 (ñì. [9, ñ. 104℄, [11℄ ). Áóäåì ãîâîðèòü, ÷òî îïåðàòîð èíòåðïîëÿöèè�ýêñ-

òðàïîëÿöèè èìååò ïîðÿäîê ïîãðåøíîñòè p íà òî÷íîì ðåøåíèè, åñëè ñóùåñòâóþò êîíñòàíòû

C1 è C2, òàêèå, ÷òî äëÿ âñåõ i, j è t ∈ [tj − τ, tj+1] âûïîëíÿåòñÿ íåðàâåíñòâî

|vij(t)− u(xi, t)| 6 C1 max
j−m6k6j

|uik − u(xi, tk)|+ C2∆
p. (1.1)
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Ïðîñòåéøèé ñïîñîá èíòåðïîëÿöèè � êóñî÷íî-ëèíåéíàÿ �óíêöèÿ, ïðîñòåéøèé ñïîñîá ýêñ-

òðàïîëÿöèè � ýêñòðàïîëÿöèÿ ïðîäîëæåíèåì (ñì. [9℄). Îáðàçîâàííûé òàêèì îáðàçîì îïåðàòîð

èíòåðïîëÿöèè�ýêñòðàïîëÿöèè ëèïøèöåâ ñ êîíñòàíòîé LI = 2, ñîãëàñîâàí è èìååò âòîðîé ïîðÿ-

äîê ïîãðåøíîñòè [9℄.

Äëÿ 0 6 s 6 1 ðàññìîòðèì ñåìåéñòâî ìåòîäîâ

uij+1 − uij
∆

+ a

(

s
uij+1 − ui−1

j+1

h
+ (1− s)

uij − ui−1
j

h

)

= F i
j (v

i
j(·)), (1.2)

i = 1, . . . , N, j = 0, . . . ,M − 1,

ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè,

ui0 = ϕ(xi, t0), i = 0, . . . , N,

vij(t) = ϕ(xi, t), t < t0, i = 0, . . . , N,

è ãðàíè÷íûìè,

u0j = γ(tj), j = 0, . . . ,M,

óñëîâèÿìè. Çäåñü vij(·)� ðåçóëüòàò äåéñòâèÿ çàäàííîãî îïåðàòîðà èíòåðïîëÿöèè�ýêñòðàïîëÿöèè

äèñêðåòíîé ïðåäûñòîðèè, F i
j (v(·)) � íåêîòîðûé �óíêöèîíàë, îïðåäåëåííûé íà Q[−τ,∆] è ñâÿ-

çàííûé ñ �óíêöèîíàëîì f(xi, tj , u
i
j , v(·)), ëèïøèöåâûé ïî ïåðåìåííîé v(·) ñ êîíñòàíòîé LF .

Ïðè âñåõ 0 6 s 6 1 èç (1.2) ìîæåò áûòü ÿâíî âûðàæåíî uij+1 â ñèëó óñëîâèÿ a > 0.

Îáîçíà÷èì ïîãðåøíîñòü ìåòîäà ÷åðåç εij = u(xi, tj)− uij , i = 0, . . . , N, j = 0, . . . ,M.

Îïðåäåëåíèå 3. Áóäåì ãîâîðèòü, ÷òî ìåòîä ñõîäèòñÿ, åñëè εij → 0 ïðè h → 0 è ∆ → 0
äëÿ âñåõ i = 0, . . . , N è j = 0, . . . ,M . Áóäåì ãîâîðèòü, ÷òî ìåòîä ñõîäèòñÿ ñ ïîðÿäêîì hp +∆q

,

åñëè ñóùåñòâóåò êîíñòàíòà c òàêàÿ, ÷òî âûïîëíÿåòñÿ |εij | 6 c(hp + ∆q) äëÿ âñåõ i = 0, . . . , N ,

j = 0, . . . ,M.

Ïîðÿäîê ñõîäèìîñòè ìåòîäà çàâèñèò ïðåæäå âñåãî îò ïîðÿäêà ëîêàëüíîé ïîãðåøíîñòè èëè

íåâÿçêè.

Îïðåäåëåíèå 4. Íåâÿçêîé ìåòîäà (1.2) íàçîâåì

ψi
j =

u(xi, tj+1)− u(xi, tj)

∆
+

+ a

(

s
u(xi, tj+1)− u(xi−1, tj+1)

h
+ (1− s)

u(xi, tj)− u(xi−1, tj)

h

)

− F i
j (utj (xi, ·)). (1.3)

Îïðåäåëåíèå 5. Áóäåì ãîâîðèòü, ÷òî íåâÿçêà èìååò ïîðÿäîê hp1 +∆p2
, åñëè ñóùåñòâóåò

êîíñòàíòà C, ÷òî |ψj
i | 6 C(hp1 +∆p2) äëÿ âñåõ i = 1, . . . N, j = 0, . . .M − 1.

� 2. Íåâÿçêà ñõåì áåãóùåãî ñ÷åòà

�àññìîòðèì ñåìåéñòâî ìåòîäîâ (1.2), â êîòîðûõ �óíêöèîíàë F i
j îïðåäåëÿåòñÿ ïðîñòåéøèì

ñïîñîáîì:

F i
j (v

i
j(·)) = f(tj, xi, u

i
j, v

i
j(·)). (2.1)

Ïî àíàëîãèè ñ òåðìèíîëîãèåé [3℄ áóäåì íàçûâàòü ýòè àëãîðèòìû ñõåìàìè áåãóùåãî ñ÷åòà. Çà-

ìåòèì, ÷òî â ýòîì ñëó÷àå ýêñòðàïîëÿöèÿ íå íóæíà, à íóæíà òîëüêî èíòåðïîëÿöèÿ. Â ñëó÷àå

ïîñòîÿííîãî ñîñðåäîòî÷åííîãî çàïàçäûâàíèÿ íå íóæíà òàêæå èíòåðïîëÿöèÿ. Ñðåäè âñåõ ñõåì

ýòîãî ñåìåéñòâà îòìåòèì ñõåìó ¾ïðàâûé âåðõíèé óãîëîê¿, ïîëó÷àþùóþñÿ ïðè s = 1.
Òåîðåìà 1. Åñëè äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 2-ãî ïîðÿäêà âêëþ÷èòåëüíî, òî äëÿ ëþáîãî 0 6 s 6 1 íåâÿçêà
ìåòîäà (1.2), (2.1) èìååò ïîðÿäîê h+∆.
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Ä î ê à ç à ò å ë ü ñ ò â î. �àçëîæèì çíà÷åíèÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3), âõîäÿ-

ùèå â îïðåäåëåíèå íåâÿçêè, ïî �îðìóëå Òåéëîðà â òî÷êå {xi, tj}:

u(xi, tj+1) = u(xi, tj) +
∂u

∂t
(xi, tj)∆ +O(∆2),

u(xi−1, tj) = u(xi, tj)−
∂u

∂x
(xi, tj)h+O(h2),

u(xi, tj+1)− u(xi−1, tj+1) =
∂u

∂x
(xi, tj)h+ h(O(h) +O(∆)).

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â îïðåäåëåíèå íåâÿçêè (1.3), ó÷èòûâàÿ (2.1) è òî, ÷òî u(xi, tj) �
òî÷íîå ðåøåíèå çàäà÷è (0.1)�(0.3) â òî÷êå {xi, tj}, ïîëó÷àåì

ψj
i = O(h) +O(∆).

�

� 3. Íåâÿçêà àíàëîãà ñõåìû Êðàíêà�Íèêîëñîí

Êàê ïîêàçûâàåò òåîðåìà 1, íåâÿçêà ñåìåéñòâà ìåòîäîâ (1.2) ñ óñëîâèåì (2.1) èìååò ïîðÿäîê

h+∆. Â ýòîì ðàçäåëå ñðåäè ìåòîäîâ âèäà (1.2) ñòðîèòñÿ ìåòîä ïîðÿäêà h+∆2
, êîòîðûé ìîæíî

íàçâàòü àíàëîãîì ìåòîäà Êðàíêà�Íèêîëñîí, òàê êàê â �îðìóëå (1.2) âûáåðåì âåñ

s =
1

2
. (3.1)

Â ýòîì ìåòîäå âìåñòî óñëîâèÿ (2.1) ïîëîæèì

F i
j (v

i
j(·)) = f(tj+1/2, xi, u

i
j+1/2, v

i
j+1/2(·)), (3.2)

ãäå tj+1/2 = tj + h/2 � ïîëóöåëàÿ òî÷êà, vij+1/2(·) � ðåçóëüòàò äåéñòâèÿ îïåðàòîðà êóñî÷íî-

ëèíåéíîé èíòåðïîëÿöèè ñ ýêñòðàïîëÿöèåé ïðîäîëæåíèåì â ýòîé òî÷êå (â îòëè÷èå îò (2.1) çäåñü

ýêñòðàïîëÿöèÿ íóæíà ïî ñóùåñòâó), uij+1/2 = vij(tj+1/2).

Òåîðåìà 2. Åñëè äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî, òî íåâÿçêà ìåòîäà (1.2), (3.1),
(3.2) èìååò ïîðÿäîê h+∆2

.

Ä î ê à ç à ò å ë ü ñ ò â î. Íåâÿçêà ìåòîäà îïðåäåëÿåòñÿ ñîîòíîøåíèåì

ψi
j =

u(xi, tj+1)− u(xi, tj)

∆
+

+
a

2

(

u(xi, tj+1)− u(xi−1, tj+1)

h
+
u(xi, tj)− u(xi−1, tj)

h

)

− f
i
j+1/2, (3.3)

ãäå f
i
j+1/2 = f(tj+1/2, xi, u(xi, tj+1/2), utj+1/2

(xi, ·)).

Ïîäñòàâèì â ïåðâóþ äðîáü (3.3) ðàçëîæåíèÿ

u(xi, tj+1) = u(xi, tj+1/2) +
∂u

∂t
(xi, tj+1/2)

∆

2
+
∂2u

∂t2
(xi, tj+1/2)

∆2

8
+O(∆3),

u(xi, tj) = u(xi, tj+1/2)−
∂u

∂t
(xi, tj+1/2)

∆

2
+
∂2u

∂t2
(xi, tj+1/2)

∆2

8
+O(∆3),

âî âòîðóþ è â òðåòüþ � ðàçëîæåíèÿ

u(xi−1, tj+1) = u(xi, tj+1)−
∂u

∂x
(xi, tj+1)h+O(h2),
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u(xi−1, tj) = u(xi, tj)−
∂u

∂x
(xi, tj)h+O(h2),

ïîëó÷èì

ψi
j =

∂u

∂t
(xi, tj+1/2) +O(∆2) +O(h) +

a

2

(

∂u

∂x
(xi, tj+1) +

∂u

∂x
(xi, tj)

)

− f
i
j+1/2.

Íî ïðè óñëîâèÿõ òåîðåìû

∂u

∂x
(xi, tj+1) +

∂u

∂x
(xi, tj) = 2

∂u

∂x
(xi, tj+1/2) +O(h),

ïîýòîìó

ψi
j =

∂u

∂t
(xi, tj+1/2) + a

∂u

∂x
(xi, tj+1/2)− f

i
j+1/2 +O(∆2) +O(h).

Òàê êàê u(xi, tj+1/2) � òî÷íîå ðåøåíèå çàäà÷è (0.1) â òî÷êå (xi, tj+1/2), òî îòñþäà âûòåêàåò

çàêëþ÷åíèå òåîðåìû. �

� 4. Ñõåìà àïïðîêñèìàöèè íà ñåðåäèíó êâàäðàòà ñ äâîéíîé èíòåðïîëÿöèåé

è åå íåâÿçêà

Äëÿ îäíîðîäíûõ ëèíåéíûõ óðàâíåíèé, ñîîòâåòñòâóþùèõ (0.1), òî åñòü â êîòîðûõ ïðàâàÿ ÷àñòü

óðàâíåíèÿ íóëåâàÿ è, ñëåäîâàòåëüíî, íåò ý��åêòà íàñëåäñòâåííîñòè: f(x, t, u(x, t), ut(x, ·)) ≡ 0,
â êëàññå ìåòîäîâ (1.2) ñóùåñòâóåò ìåòîä ïîðÿäêà h2 +∆2

[2, ñ. 331℄, åñëè

s =
1

2
−

h

2a∆
. (4.1)

Ýòîò ìåòîä ìîæíî íàçâàòü ñõåìîé àïïðîêñèìàöèè íà ñåðåäèíó êâàäðàòà, êîòîðûé îáðàçîâàí

óçëàìè (xi−1, tj), (xi, tj), (xi−1, tj+1) è (xi, tj+1).

Îäíàêî äëÿ íåëèíåéíîãî óðàâíåíèÿ ñ íàñëåäñòâåííîñòüþ (0.1), äëÿ òîãî ÷òîáû ïîñòðîèòü

àíàëîã ýòîãî ìåòîäà, íóæíî âû÷èñëÿòü f â òî÷êàõ, ÿâëÿþùèõñÿ ïîëóöåëûìè óçëàìè íå òîëü-

êî ïî ïåðåìåííîé t, êàê â ïðåäûäóùåì ìåòîäå, íî è â ïîëóöåëûõ òî÷êàõ ïî ïåðåìåííîé x.
Ýòî òðåáîâàíèå ïðèâîäèò �àêòè÷åñêè ê íåîáõîäèìîñòè äâóìåðíîé èíòåðïîëÿöèè, òî åñòü íå

òîëüêî èíòåðïîëÿöèè è ýêñòðàïîëÿöèè äèñêðåòíîé ïðåäûñòîðèè ïî âðåìåíè, íî è èíòåðïîëÿ-

öèè âðåìåíí�îé ïðåäûñòîðèè ïî ïðîñòðàíñòâó. �àññìîòðèì ïðîñòåéøèé ñïîñîá, íåîáõîäèìûé

äëÿ êîíñòðóèðîâàíèÿ ìåòîäà. �àñøèðèì ïîíÿòèå îïåðàòîðà èíòåðïîëÿöèè�ýêñòðàïîëÿöèè äî

ñëåäóþùåãî: äâîéíûì îïåðàòîðîì èíòåðïîëÿöèè�ýêñòðàïîëÿöèè äèñêðåòíîé ïðåäûñòîðèè íà-

çîâåì îòîáðàæåíèå I : ({uk}
i−1
j , {uik}j) → v

i−1/2
j (·) ∈ Q[tj − τ, tj +∆].

Ïðèâåäåì êîíñòðóêöèþ äâîéíîãî îïåðàòîðà èíòåðïîëÿöèè�ýêñòðàïîëÿöèè, îáëàäàþùóþ

íóæíûìè äëÿ ìåòîäà ñâîéñòâàìè. Ïóñòü èçâåñòíû äâå äèñêðåòíûå ïðåäûñòîðèè: {uk}
i
j =

= {uik, j − m 6 k 6 j} è {uk}
i−1
j = {ui−1

k , j − m 6 k 6 j}. Îïðåäåëèì ïðåäûñòîðèþ ìåæäó

óçëàìè,

{uk}
i−1/2
j =

{

u
i−1/2
k =

uik + ui−1
k

2
, j −m 6 k 6 j

}

, (4.2)

è ïðîâåäåì ÷åðåç ýòè òî÷êè êóñî÷íî-ëèíåéíóþ èíòåðïîëÿöèþ,

v
i−1/2
j (tj + s) =

1

∆

(

(tk − tj − s)u
i−1/2
k−1 + (tj + s− tk−1)u

i−1/2
k

)

, tk−1 6 tj + s 6 tk, (4.3)

ñ ýêñòðàïîëÿöèåé ïðîäîëæåíèåì,

v
i−1/2
j (tj + s) =

1

∆

(

(−s)u
i−1/2
j−1 + (∆ + s)u

i−1/2
j

)

, tj 6 tj + s 6 tj+1. (4.4)
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Òåîðåìà 3. Åñëè òî÷íîå ðåøåíèå çàäà÷è (0.1)�(0.3) äâàæäû íåïðåðûâíî äè��åðåíöèðóåìî

ïî ñîâîêóïíîñòè ïåðåìåííûõ, òî äâîéíîé îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè (4.2)�(4.4)
èìååò ïîðÿäîê ïîãðåøíîñòè h2 +∆2

íà òî÷íîì ðåøåíèè, òî åñòü íàéäóòñÿ êîíñòàíòû C1

è C2 òàêèå, ÷òî äëÿ âñåõ i = 1, . . . , N, j = 0, 1, . . . ,M − 1 è t ∈ [tj − τ, tj+1] âûïîëíÿåòñÿ
íåðàâåíñòâî

|v
i−1/2
j (t)− u(xi − h/2, t)| 6 C1

(

max
j−m6k6j

|ui−1
k − u(xi−1, tk)|+

+ max
j−m6k6j

|uik − u(xi, tk)|
)

+ C2(h
2 +∆2). (4.5)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü â (4.5) çà�èêñèðîâàííûé ìîìåíò t ïðèíàäëåæèò îòðåçêó

[tk−1, tk], ãäå k � îäíî èç öåëûõ ÷èñåë îò j −m+ 1 äî j (ñëó÷àé èíòåðïîëÿöèè). Òîãäà

|v
i−1/2
j (t)− u(xi − h/2, t)| 6 |vi−1/2(t)− wi−1/2(t)|+ |wi−1/2(t)− u(xi − h/2, t)|, (4.6)

ãäå wi−1/2(t) � ðåçóëüòàò äâîéíîé èíòåðïîëÿöèè, ïîäîáíîé (4.2), (4.3) òî÷íîãî ðåøåíèÿ u(x, t):

w
i−1/2
l =

u(xi, tl) + u(xi−1, tl)

2
, l = k − 1, k, (4.7)

wi−1/2(t) =
1

∆

(

(tk − t)w
i−1/2
k−1 + (t− tk−1)w

i−1/2
k

)

. (4.8)

Èç (4.3) è (4.8) âûòåêàåò îöåíêà

|vi−1/2(t)− wi−1/2(t)| 6 2max
{

|u
i−1/2
k−1 − w

i−1/2
k−1 |, |u

i−1/2
k − w

i−1/2
k |

}

. (4.9)

Èç (4.2) è (4.5) ñëåäóåò

|u
i−1/2
l − w

i−1/2
l | 6

1

2
max

{

|ui−1
l − u(xi−1, tl)|, |u

i−1
l − u(xi−1, tl)|

}

, l = k − 1, k, (4.10)

òàêèì îáðàçîì, îöåíêè (4.9) è (4.10) äàþò

|v
i−1/2
j (t)− wi−1/2(t)| 6 max

{

|ui−1
k−1 − u(xi−1, tk−1)|, |u

i−1
k − u(xi−1, tk)|,

|uik−1 − u(xi, tk−1)|, |u
i
k − u(xi, tk)|

}

. (4.11)

Îöåíèì âòîðîå ñëàãàåìîå â ïðàâîé ÷àñòè íåðàâåíñòâà (4.10):

|wi−1/2(t)− u(xi − h/2, t)| 6 |wi−1/2(t)− z(xi − h/2, t)| + |z(xi − h/2, t) − u(xi − h/2, t)|, (4.12)

ãäå z(xi − h/2, t) � ðåçóëüòàò êóñî÷íî-ëèíåéíîé èíòåðïîëÿöèè òî÷íîãî ðåøåíèÿ â ïîëóöåëûõ

óçëàõ:

z(xi − h/2, t) =
1

∆

(

(tk − t)u(xi − h/2, tk−1) + (t− tk−1)u(xi − h/2, tk)
)

. (4.13)

Åñëè òî÷íîå ðåøåíèå � äâàæäû íåïðåðûâíî äè��åðåíöèðóåìàÿ �óíêöèÿ, òî, âî-ïåðâûõ,

|z(xi − h/2, t) − u(xi − h/2, t)| 6 O(∆2). (4.14)

Âî-âòîðûõ, â ñèëó (4.8), (4.13) è (4.7) âûïîëíÿåòñÿ

|wi−1/2(t)− z(xi − h/2, t)| 6 2max
{

|w
i−1/2
k−1 − u(xi − h/2, tk−1)|,

|w
i−1/2
k − u(xi − h/2, tk−1)|

}

6 O(h2). (4.15)
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Èç (4.12), (4.14) è (4.15) ñëåäóåò

|wi−1/2(t)− u(xi − h/2, t)| 6 O(h2 +∆2). (4.16)

Îöåíêè (4.6), (4.11) è (4.16) äàþò óòâåðæäåíèå òåîðåìû â ñëó÷àå t [tj − τ, tj ]. Ñëó÷àé èí-

òåðïîëÿöèè t [tj , tj +∆] ðàçáèðàåòñÿ àíàëîãè÷íî. Îòëè÷èå ñîñòîèò â òîì, ÷òî íóæíî çàìåíèòü

èíäåêñ ïî t 
 k íà j, è â òîì, ÷òî îöåíêà (4.9) ïðèìåò âèä

|vi−1/2(t)− w
i−1/2
t )| 6 3max

{

|u
i−1/2
j−1 − w

i−1/2
j−1 |, |u

i−1/2
j − w

i−1/2
j |

}

.

�

�àññìîòðèì ìåòîä

uij+1 − uij
∆

+ a

(

s
uij+1 − ui−1

j+1

h
+ (1− s)

uij − ui−1
j

h

)

=

= f(tj+1/2, xi−h/2, v
i−1/2
j+1/2, v

i−1/2
j+1/2(·)), i = 1, . . . , N, j = 0, . . . ,M − 1, (4.17)

â êîòîðîì ïàðàìåòð s îïðåäåëÿåòñÿ óñëîâèåì (4.1), çíà÷åíèå ïðèáëèæåíèÿ èñêîìîé �óíêöèè

ìåæäó óçëàìè � �îðìóëîé (4.2), à ðåçóëüòàò äâîéíîé èíòåðïîëÿöèè�ýêñòðàïîëÿöèè � �îð-

ìóëàìè (4.2), (4.3), (4.4). Ìåòîä äîïîëíÿåòñÿ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè

óñëîâèÿìè.

Òåîðåìà 4. Åñëè äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî, òî íåâÿçêà ìåòîäà (4.17), (4.1),
(4.2) èìååò ïîðÿäîê h2 +∆2

.

Ä î ê à ç à ò å ë ü ñ ò â î. Íåâÿçêà ìåòîäà îïðåäåëÿåòñÿ ñîîòíîøåíèåì

ψi
j =

u(xi, tj+1)− u(xi, tj)

∆
+

+ a

(

s
u(xi, tj+1)− u(xi−1, tj+1)

h
+ (1− s)

u(xi, tj)− u(xi−1, tj)

h

)

− f
i−1/2
j+1/2, (4.18)

ãäå s îïðåäåëÿåòñÿ ñîîòíîøåíèåì (4.1), à

f
i−1/2
j+1/2 = f(tj+1/2, xi−1/2, u(xi−1/2, tj+1/2), utj+1/2

(xi−1/2, ·)).

Ïîäñòàâèì â ïåðâóþ äðîáü (4.18) ðàçëîæåíèÿ

u(xi, tj+1) = u(xi, tj+1/2) +
∂u

∂t
(xi, tj+1/2)

∆

2
+
∂2u

∂t2
(xi, tj+1/2)

∆2

8
+O(∆3),

u(xi, tj) = u(xi, tj+1/2)−
∂u

∂t
(xi, tj+1/2)

∆

2
+
∂2u

∂t2
(xi, tj+1/2)

∆2

8
+O(∆3),

âî âòîðóþ è òðåòüþ � ðàçëîæåíèÿ

u(xi, tj+1) = u(xi−1/2, tj+1) +
∂u

∂x
(xi−1/2, tj+1)

h

2
+
∂2u

∂x2
(xi−1/2, tj+1)

h2

8
+O(h3),

u(xi−1, tj+1) = u(xi−1/2, tj+1)−
∂u

∂x
(xi−1/2, tj+1)

h

2
+
∂2u

∂x2
(xi−1/2, tj+1)

h2

8
+O(h3),

u(xi, tj) = u(xi−1/2, tj) +
∂u

∂x
(xi−1/2, tj)

h

2
+
∂2u

∂x2
(xi−1/2, tj)

h2

8
+O(h3),
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u(xi−1, tj) = u(xi−1/2, tj)−
∂u

∂x
(xi−1/2, tj)

h

2
+
∂2u

∂x2
(xi−1/2, tj)

h2

8
+O(h3),

ïîëó÷èì

ψi
j =

∂u

∂t
(xi, tj+1/2) +O(∆2) +O(h2) +

+ as
∂u

∂x
(xi−1/2, tj+1) + a(1− s)

∂u

∂x
(xi−1/2, tj))− f

i−1/2
j+1/2. (4.19)

Ïîäñòàâèì â ýòî âûðàæåíèå ðàçëîæåíèÿ

∂u

∂t
(xi, tj+1/2) =

∂u

∂t
(xi−1/2, tj+1/2) +

∂2u

∂t∂x
(xi−1/2, tj+1/2)

h

2
+O(h2),

∂u

∂x
(xi−1/2, tj+1) =

∂u

∂x
(xi−1/2, tj+1/2) +

∂2u

∂x∂t
(xi−1/2, tj+1/2)

∆

2
+O(∆2),

∂u

∂x
(xi−1/2, tj) =

∂u

∂x
(xi−1/2, tj+1/2)−

∂2u

∂x∂t
(xi−1/2, tj+1/2)

∆

2
+O(∆2).

Òàê êàê u(xi−1/2, tj+1/2) � òî÷íîå ðåøåíèå çàäà÷è (0.1) â òî÷êå (xi−1/2, tj+1/2), òî ïîëó÷àåì

ψi
j =

∂2u

∂x∂t
(xi−1/2, tj+1/2)

(h

2
+ a(2s− 1)

∆

2

)

+O(∆2) +O(h2).

Òàê êàê ïàðàìåòð s âûáèðàåòñÿ èç óñëîâèÿ (4.1), îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû. �

� 5. Ñõîäèìîñòü è óñòîé÷èâîñòü ìåòîäîâ

Äëÿ îïðåäåëåíèÿ ïîðÿäêà ñõîäèìîñòè ñâåäåì ìåòîäû èç ñåìåéñòâà (1.2) ê îáùåé ñõåìå ÷èñ-

ëåííûõ ìåòîäîâ ðåøåíèÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ óðàâíåíèé, êîòîðàÿ âïåðâûå áû-

ëà ïðåäëîæåíà â [10℄ (ñì. òàêæå [9℄), à çàòåì ïðèìåíåíà äëÿ èññëåäîâàíèÿ ÷èñëåííûõ ìåòîäîâ

ðåøåíèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ íàñëåäñòâåííîñòüþ â [11℄. Â ýòîì ðàçäåëå áóäåì

óïîòðåáëÿòü îáîçíà÷åíèÿ è ïîíÿòèÿ èç [11℄ áåç äàëüíåéøèõ îãîâîðîê.

Áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ðàññìàòðèâàòü îäíîðîäíûå êðàåâûå óñëîâèÿ

γ(t) ≡ 0, 0 6 t 6 T.

Ïðè êàæäîì tj îïðåäåëèì çíà÷åíèÿ äèñêðåòíîé ìîäåëè âåêòîðîì yj = (u1j , u
2
j , . . . , u

N
j )

′

∈ Y ,
çäåñü Y � âåêòîðíîå ïðîñòðàíñòâî ðàçìåðíîñòè q = N ,

′
� çíàê òðàíñïîíèðîâàíèÿ.

Ââåäåì â Y äâå íîðìû: îáû÷íóþ äèñêðåòíóþ,

‖yj‖ =

N
∑

i=1

(yij)
2h,

è ýíåðãåòè÷åñêóþ [2, 
. 331℄,

‖yj‖(1) =

N
∑

i=1

(yij − yi−1
j )2

h
.

Â ïðîñòðàíñòâå Y ââåäåì îïåðàòîð A:

Auij = a
uij − ui−1

j

h
,

òîãäà ñèñòåìó (1.2) ìîæíî ïåðåïèñàòü â âèäå óðàâíåíèÿ

yj+1 − yj
∆

+ sAyj+1 + (1− s)Ayj = Fj(v(·)), (5.1)
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ãäå

Fj(v(·)) = (F 1
j (v

1
j (·)), F

2
j (v

2
j (·)), . . . , F

N
j (vNj (·)))′, v(·) = I({yk}j) ∈ Qq[−τ,∆].

Çäåñü V = Qq[−τ,∆] � èíòåðïîëÿöèîííîå ïðîñòðàíñòâî, ïðîñòðàíñòâî q-ìåðíûõ âåêòîð-

�óíêöèé, êàæäàÿ êîìïîíåíòà êîòîðûõ ïðèíàäëåæèò ïðîñòðàíñòâó Q[−τ,∆].
Òàê êàê ïðè ëþáîì äîïóñòèìîì âåñå s óðàâíåíèå (5.1) ðàçðåøèìî îòíîñèòåëüíî yj+1, òî

ìîæíî ïðèâåñòè óðàâíåíèå (5.1) ê ÿâíîé �îðìå

yj+1 = Syj +∆Φ(tj, I({yk}j),∆), (5.2)

ãäå îïåðàòîð ïåðåõîäà îïðåäåëÿåòñÿ �îðìóëîé

S = (E + s∆A)−1(E + (s− 1)∆A),

�óíêöèÿ ïðîäâèæåíèÿ íà øàã � �îðìóëîé

Φ(tj, v,∆) = (E + s∆A)−1Fj(v(·)).

Óðàâíåíèå (5.1) ñîîòâåòñòâóåò �îðìóëå ïðîäâèæåíèÿ ìîäåëè íà øàã â îáùåé ñõåìå ðàáîòû [11℄.

Èññëåäóåì óñòîé÷èâîñòü (âûïîëíåíèå óñëîâèÿ ‖S‖ 6 1) ïîëó÷åííîé ñõåìû. Äëÿ ýòîãî íà-

ðÿäó ñ óðàâíåíèÿìè (1.2), (5.2) ðàññìîòðèì îäíîðîäíóþ ðàçíîñòíóþ ñõåìó â �îðìàõ

uij+1 − uij
∆

+ a

(

s
uij+1 − ui−1

j+1

h
+ (1− s)

uij − ui−1
j

h

)

= 0, i = 1, . . . , N, j = 0, . . . ,M − 1, (5.3)

yj+1 = Syj. (5.4)

Ñõåìà (5.3) õîðîøî èçó÷åíà; íàïðèìåð, â ðàáîòå [2, 
. 331℄ ïðèâåäåíû óñëîâèÿ, ãàðàíòèðóþùèå

åå óñòîé÷èâîñòü â ýíåðãåòè÷åñêîé íîðìå:

s >
1

2
−

h

2a∆
. (5.5)

Îïðåäåëèì �óíêöèþ òî÷íûõ çíà÷åíèé ñîîòíîøåíèÿìè

zj = (u(x1, tj), u(x2, tj), . . . , u(xN , tj))
′

∈ Y.

Ñòàðòîâûå çíà÷åíèÿ ìîäåëè ìîæíî âçÿòü ðàâíûìè �óíêöèè òî÷íûõ çíà÷åíèé:

yj = zj = (ϕ(x1, tj), ϕ(x2, tj), . . . , ϕ(xN , tj))
′

, j = −m, . . . , 0.

Îïðåäåëåíèå íåâÿçêè â îáùåé ñõåìå ðàáîòû [11℄ ñîäåðæèò èíòåðïîëÿöèþ è îòëè÷àåòñÿ îò

ââåäåííîãî îïðåäåëåíèÿ íåâÿçêè áåç èíòåðïîëÿöèè (1.3). Îäíàêî ñïðàâåäëèâî ñëåäóþùåå óòâåð-

æäåíèå.

Ëåììà 1. Ïóñòü íåâÿçêà â ñìûñëå (1.3) èìååò ïîðÿäîê ∆p1 +hp2, �óíêöèè F i
j ëèïøèöåâû,

îïåðàòîð èíòåðïîëÿöèè�ýêñòðàïîëÿöèè I èìååò ïîðÿäîê ïîãðåøíîñòè p0 íà òî÷íîì ðåøå-

íèè è ñîãëàñîâàí, òîãäà íåâÿçêà ñ èíòåðïîëÿöèåé â ñìûñëå îáùåé ñõåìû ðàáîòû [11℄ èìååò

ïîðÿäîê ïîãðåøíîñòè ∆min{p0,p1} + hp2 .

Ä î ê à ç à ò å ë ü ñ ò â î. Êàæäàÿ êîìïîíåíòà íåâÿçêè â ñìûñëå [11℄ èìååò âèä

dij =
u(xi, tj+1)− u(xi, tj)

∆
+

+ a

(

s
u(xi, tj+1)− u(xi−1, tj+1)

h
+ (1− s)

u(xi, tj)− u(xi−1, tj)

h

)

− F i
j (w

i
j(·)), (5.6)
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ãäå wi
j(·) = I({u(xi, tk)}j) � ðåçóëüòàò äåéñòâèÿ îïåðàòîðà èíòåðïîëÿöèè�ýêñòðàïîëÿöèè íà

ïðåäûñòîðèÿõ òî÷íîãî ðåøåíèÿ â óçëàõ.

Òàêèì îáðàçîì, ïîëó÷àåì

dij = ψi
j + F i

j (utj (xi, ·)) − F i
j (w

i
j(·)). (5.7)

Èñïîëüçóÿ ëèïøèöåâîñòü F i
j , îïðåäåëåíèå (1.1) ïîðÿäêà îïåðàòîðà èíòåðïîëÿöèè�ýêñòðà-

ïîëÿöèè è åãî ñîãëàñîâàííîñòü, ïîëó÷àåì îöåíêó

|F i
j (utj (xi, ·)) − F i

j (w
i
j(·))| 6 LF sup

tj−τ6t6tj+∆
|u(xi, t)− w(xi, t)| 6

6 LF

(

C1 max
j−m6k6j

|u(xi, tk)− w(xi, tk)|+ C2∆
p0
)

6 LFC2∆
p0 . (5.8)

Èç (5.7) è (5.8) âûòåêàåò óòâåðæäåíèå ëåììû. �

Çàìå÷àíèå 1. Òàê êàê êóñî÷íî-ëèíåéíàÿ èíòåðïîëÿöèÿ èìååò ïîðÿäîê 2 [9, 
. 97℄, òî, ïðè

óñëîâèÿõ òåîðåìû 2, ìåòîäû (1.2), (2.1) (ñõåìû áåãóùåãî ñ÷åòà) ñ êóñî÷íî-ëèíåéíîé èíòåðïî-

ëÿöèåé èìåþò ïîðÿäîê íåâÿçêè, â ñìûñëå îáùåé ñõåìû ðàáîòû [11℄, ðàâíûé h+∆.

Çàìå÷àíèå 2. Òàê êàê êóñî÷íî-ëèíåéíàÿ èíòåðïîëÿöèÿ ñ ýêñòðàïîëÿöèåé ïðîäîëæåíè-

åì èìååò ïîðÿäîê 2 [9, 
. 102℄, òî ìåòîä (1.2), (3.1), (3.2) (àíàëîã ñõåìû Êðàíêà�Íèêîëñîí)

ñ êóñî÷íî-ëèíåéíîé èíòåðïîëÿöèåé è ýêñòðàïîëÿöèåé ïðîäîëæåíèåì èìååò ïðè óñëîâèÿõ òåî-

ðåìû 3 ïîðÿäîê íåâÿçêè, â ñìûñëå îáùåé ñõåìû ðàáîòû [11℄, ðàâíûé h+∆2.

Àíàëîãè÷íûì îáðàçîì ñâîäèòñÿ ê îáùåé ñõåìå ìåòîä (4.17), (4.1), (4.2)�(4.4) (ìåòîä ñ äâîé-

íîé èíòåðïîëÿöèåé). Îòëè÷èå ñîñòîèò â òîì, ÷òî �óíêöèÿ F i
j îïðåäåëÿåòñÿ íå ñîîòíîøåíè-

åì (2.1), à ñîîòíîøåíèåì

F i
j

(

v
i−1/2
j (·)

)

= f
(

tj+1/2, xi−h/2, v
i−1/2
j+1/2, v

i−1/2
j+1/2(·)

)

.

Âëîæåíèå â îáùóþ ðàçíîñòíóþ ñõåìó ñ ïîñëåäåéñòâèåì ïðîâåäåíî, îòêóäà, èñïîëüçóÿ òåî-

ðåìó 2 èç [11℄, ïîëó÷àåì ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 5. Ïóñòü âûïîëíåíî óñëîâèå óñòîé÷èâîñòè (5.5), äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è

(0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå ÷àñòíûå ïðîèçâîäíûå âïëîòü äî 2-ãî ïîðÿäêà âêëþ-
÷èòåëüíî, òîãäà ìåòîä (1.2), (2.1) ñ êóñî÷íî-ëèíåéíîé èíòåðïîëÿöèåé ñõîäèòñÿ ñ ïîðÿäêîì

h+∆.

Òåîðåìà 6. Åñëè äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî, òî ìåòîä (1.2), (3.1), (3.2)
ñ êóñî÷íî-ëèíåéíîé èíòåðïîëÿöèåé è ýêñòðàïîëÿöèåé ïðîäîëæåíèåì èìååò ïîðÿäîê ñõîäè-

ìîñòè h+∆2
.

Òåîðåìà 7. Ïóñòü äëÿ òî÷íîãî ðåøåíèÿ çàäà÷è (0.1)�(0.3) ñóùåñòâóþò è íåïðåðûâíû âñå

÷àñòíûå ïðîèçâîäíûå âïëîòü äî 3-ãî ïîðÿäêà âêëþ÷èòåëüíî, òîãäà ìåòîä (4.17), (4.1), (4.2),
(4.3), (4.4) ñõîäèòñÿ ñ ïîðÿäêîì h2 +∆2

.

� 6. ×èñëåííûå ýêñïåðèìåíòû

Ïðèìåð 1. �àññìîòðèì ñëåäóþùåå óðàâíåíèå ñ ïîñòîÿííûì çàïàçäûâàíèåì ïî ïåðåìåí-

íîé t:

∂u

∂t
+
∂u

∂x
= sinπx+ πt cos πx− (t− τ) sin πx+ u(x, t− τ) (6.1)

ïðè x ∈ [0, 2], t ∈ [0, 1], τ = 1, ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè âèäà

u(x, t) = t sinπx, t ∈ [−τ, 0], u(0, t) = 0, t ∈ [0, 1].
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�èñ. 1. Ïðèáëèæåííîå ðåøåíèå óðàâíåíèÿ (6.1), ïîëó÷åííîå àíàëîãîì ìåòîäà Êðàíêà�Íèêîëñîí

ïðè h = ∆ = 0.05

�èñ. 2. Ìîäóëü ðàçíîñòè ïðèáëèæåííîãî è òî÷íîãî ðåøåíèé óðàâíåíèÿ (6.1)
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Äàííîå óðàâíåíèå èìååò òî÷íîå ðåøåíèå: u(x, t) = t sinπx.
Íà ðèñóíêå 1 ïðèâåäåíî ïðèáëèæåííîå ðåøåíèå äàííîãî óðàâíåíèÿ àíàëîãîì ìåòîäà Êðàíêà�

Íèêîëñîí ïðè ÷èñëå òî÷åê ðàçáèåíèÿ ïî x, ðàâíîì 40, ïî t� ðàâíîì 20. Íà ðèñóíêå 2 èçîáðàæåí

ìîäóëü ðàçíîñòè òî÷íîãî è óêàçàííîãî ïðèáëèæåííîãî ðåøåíèé.

Òàáëèöà 1. Íîðìû ðàçíîñòåé òî÷íîãî è ïðèáëèæåííîãî ðåøåíèé óðàâíåíèÿ (6.1) ïðè ðàçíûõ øà-

ãàõ äëÿ ìåòîäîâ: 1) ñõåìà áåãóùåãî ñ÷åòà; 2) àíàëîã ñõåìû Êðàíêà�Íèêîëñîí; 3) ñõåìà àïïðîêñèìàöèè

íà ñåðåäèíó êâàäðàòà

h = 0.05 0.025 0.05 0.05 0.025 0.0125 0.00313

∆ = 0.05 0.05 0.025 0.0125 0.0125 0.00625 0.00625

1) 0.14299 0.11907 0.11422 0.10151 0.06208 0.03243 0.01777

2) 0.15176 0.12796 0.11680 0.10237 0.06287 0.03265 0.01796

3) 0.05476 ∞ 0.06507 0.06135 0.03434 0.01766 ∞

Êàê âèäíî èç òàáëèöû, ñõåìû áåãóùåãî ñ÷åòà è Êðàíêà�Íèêîëñîí ïîêàçûâàþò ïðèìåðíî

îäèíàêîâûå ðåçóëüòàòû. Ìåòîä àïïðîêñèìàöèè íà ñåðåäèíó êâàäðàòà ïîêàçûâàåò ëó÷øèå ðå-

çóëüòàòû, íî ïðè ìàëûõ øàãàõ ÿâëÿåòñÿ íåóñòîé÷èâûì ê âû÷èñëèòåëüíîé ïîãðåøíîñòè. Ýòîò

�àêò ìîæíî îáúÿñíèòü òåì, ÷òî ïàðàìåòð s â íåì âûáèðàåòñÿ èç óñëîâèÿ (4.1), ÷òî ÿâëÿåòñÿ

ãðàíèöåé çîíû óñòîé÷èâîñòè (5.5).

Ïðèìåð 2. �àññìîòðèì òåñòîâîå óðàâíåíèå ñ ïåðåìåííûì çàïàçäûâàíèåì ïî ïåðåìåííîé t:

∂u

∂t
+ a

∂u

∂x
=
u(x, t)

u(x, t2)
− e−

t
2

(6.2)

ïðè x ∈ [0, 2], t ∈ [0, 1], a = 1, ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè âèäà

u(x, 0) = ex, x ∈ [0, 2], u(0, t) = e−t, t ∈ [0, 1].

Äàííîå óðàâíåíèå èìååò òî÷íîå ðåøåíèå: u(x, t) = ex−t
. Íà ðèñóíêå 3 ìîæíî óâèäåòü àá-

ñîëþòíóþ ïîãðåøíîñòü ðåøåíèÿ óðàâíåíèÿ ïðè ïîìîùè ñõåìû àïïðîêñèìàöèè íà ñåðåäèíó

êâàäðàòà.

Òàáëèöà 2. Íîðìû ðàçíîñòåé òî÷íîãî è ïðèáëèæåííîãî ðåøåíèé óðàâíåíèÿ (6.2) ïðè ðàçíûõ øà-

ãàõ äëÿ ìåòîäîâ: 1) ñõåìà áåãóùåãî ñ÷åòà; 2) àíàëîã ñõåìû Êðàíêà�Íèêîëñîí; 3) ñõåìà àïïðîêñèìàöèè

íà ñåðåäèíó êâàäðàòà

h = 0.05 0.025 0.05 0.05 0.025 0.0125 0.00313

∆ = 0.05 0.05 0.025 0.0125 0.0125 0.00625 0.00625

1) 0.13478 0.10373 0.10246 0.08595 0.05291 0.02688 0.01357

2) 0.04825 0.01667 0.05843 0.06379 0.03011 0.01529 0.00223

3) 0.02429 ∞ 0.07311 0.08634 0.03731 0.01885 ∞

Ýêñïåðèìåíòû ïîêàçûâàþò óìåíüøåíèå ïîãðåøíîñòè ìåòîäîâ ïðè óâåëè÷åíèè êîëè÷åñòâà

øàãîâ è óæå îòìå÷åííóþ â ïðåäûäóùåì ïðèìåðå íåóñòîé÷èâîñòü ñõåìû àïïðîêñèìàöèè íà

ñåðåäèíó êâàäðàòà ïðè ìàëûõ øàãàõ. Ëó÷øèì ìåòîäîì äëÿ äàííîãî ïðèìåðà ÿâëÿåòñÿ àíàëîã

ñõåìû Êðàíêà�Íèêîëñîí.

Ïðèìåð 3. �àññìîòðèì òåñòîâîå óðàâíåíèå ñ ðàñïðåäåëåííûì çàïàçäûâàíèåì ïî ïåðåìåí-

íîé t:

∂u

∂t
+ a

∂u

∂x
=

∫ t

t− 1

2

u(x, s) ds + ex
(

π +
1

π

)

cos πt (6.3)
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�èñ. 3. Àáñîëþòíàÿ ïîãðåøíîñòü ðåøåíèÿ óðàâíåíèÿ (6.2) ïðè ïîìîùè ñõåìû àïïðîêñèìàöèè íà ñåðåäèíó

êâàäðàòà ïðè êîëè÷åñòâå øàãîâ ïî x � 80, ïî t � 20

ïðè x ∈ [0, 2], t ∈ [0, 1], a = 1
π , ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè âèäà

u(x, t) = ex, x ∈ [0, 2], t ∈ [−
1

2
, 0], u(0, t) = sinπt, t ∈ [0, 1].

Äàííîå óðàâíåíèå èìååò òî÷íîå ðåøåíèå: u(x, t) = ex sinπt. Íà ðèñóíêàõ 4 è 5 ìîæíî óâèäåòü

àáñîëþòíóþ ïîãðåøíîñòü ðåøåíèÿ óðàâíåíèÿ ðàçíûõ ñõåì ïðè îäèíàêîâûõ øàãàõ ïî t è x.

Òàáëèöà 3. Íîðìû ðàçíîñòåé òî÷íîãî è ïðèáëèæåííîãî ðåøåíèé óðàâíåíèÿ (6.3) ïðè ðàçíûõ øà-

ãàõ äëÿ ìåòîäîâ: 1) ñõåìà áåãóùåãî ñ÷åòà; 2) àíàëîã ñõåìû Êðàíêà�Íèêîëñîí; 3) ñõåìà àïïðîêñèìàöèè

íà ñåðåäèíó êâàäðàòà

h = 0.05 0.025 0.05 0.05 0.025 0.0125 0.00313

∆ = 0.05 0.05 0.025 0.0125 0.0125 0.00625 0.00625

1) 1.04634 1.0883 0.50738 0.23664 0.25963 0.13130 0.13925

2) 0.03591 0.02285 0.03375 0.03416 0.01754 0.00896 0.00224

3) 1.07102 7.53 · 1045 0.55123 0.32692 0.28426 0.14434 ∞

Ïî äàííîìó ïðèìåðó ìîæíî ñäåëàòü òå æå âûâîäû, ÷òî è ïî ïðåäûäóùåìó ïðèìåðó.
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V.G. Pimenov, S.V. Sviridov

Grid methods of solving adve
tion equations with delay

Keywords: adve
tion equation, delay, grid s
hemes, interpolation, extrapolation, stability, 
onvergen
e order.

MSC: 65M12

We 
onsider a �rst-order partial di�erential equation with heredity e�e
t

∂u(x, t)

∂t
+ a

∂u(x, t)

∂x
= f(x, t, u(x, t), ut(x, ·)), ut(x, ·) = {u(x, t+ s),−τ 6 s < 0}.

For su
h an equation we 
onstru
t grid methods using the prin
iple of separation of �nite-dimensional and

in�nite-dimensional state 
omponents. These grid methods are: analog of running s
hemes family, analog of

Crank�Ni
olson s
heme, an approximation method to the middle of the square. The one-dimensional and

double pie
ewise linear interpolation and the extrapolation by 
ontinuation are applied in order to a

ount

the e�e
t of heredity. It is shown that the 
onsidered methods have orders of a lo
al error: O(h+∆), O(h+∆2)
and O(h2+∆2) respe
tively, where h is the spatial dis
retization interval, ∆ is the time dis
retization interval.

Properties of double pie
ewise linear interpolation are investigated. Using the results of the general theory

of di�erential s
hemes, stability 
onditions of the proposed methods are established. In
luding them in the

general s
heme of numeri
al methods for the fun
tional-di�erential equations, theorems of orders of proposed

algorithms 
onvergen
e are re
eived. Test examples 
omparing errors of methods are given.
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