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Ñ ÌÍÎ�ÈÌÈ ÇÀÏÀÇÄÛÂÀÍÈßÌÈ ÏÎÑ�ÅÄÑÒÂÎÌ ÎÁ�ÀÒÍÎÉ ÑÂßÇÈ

Â ðàáîòå èçó÷åíà ñëåäóþùàÿ çàäà÷à: äëÿ ëèíåéíîé àâòîíîìíîé äè��åðåíöèàëüíî-ðàçíîñòíîé ñèñòåìû

íåéòðàëüíîãî òèïà ñ çàïàçäûâàíèåì â ñîñòîÿíèè òðåáóåòñÿ îáåñïå÷èòü åå ïîëíîå óñïîêîåíèå ñ ïîìî-

ùüþ îáðàòíîé ñâÿçüþ. Äëÿ ðåøåíèÿ óêàçàííîé çàäà÷è ïðåäëîæåí ëèíåéíûé àâòîíîìíûé äèíàìè÷åñêèé

äè��åðåíöèàëüíî-ðàçíîñòíûé ðåãóëÿòîð òèïà îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ, íå âûâîäÿùèé çàìêíóòóþ

ñèñòåìó èç èñõîäíîãî êëàññà ëèíåéíûõ àâòîíîìíûõ ñèñòåì íåéòðàëüíîãî òèïà. Äîñòàòî÷íîå óñëîâèå ñó-

ùåñòâîâàíèÿ òàêîãî ðåãóëÿòîðà ñîâïàäàåò ñ êðèòåðèåì ïîëíîé óïðàâëÿåìîñòè. Êðîìå òîãî, çàìêíóòàÿ

ñèñòåìà áóäåò èìåòü êîíå÷íûé ñïåêòð, ÷òî ñóùåñòâåííî óïðîùàåò çàäà÷ó âû÷èñëåíèÿ òåêóùåãî ñîñòî-

ÿíèÿ â õîäå òåõíè÷åñêîé ðåàëèçàöèè ðåãóëÿòîðà. Îñíîâíàÿ èäåÿ èññëåäîâàíèÿ çàêëþ÷àåòñÿ â âûáîðå

ïàðàìåòðîâ ðåãóëÿòîðà òàê, ÷òîáû çàìêíóòàÿ ñèñòåìà ñòàëà òî÷å÷íî âûðîæäåííîé â íàïðàâëåíèÿõ,

îòâå÷àþùèõ �àçîâûì êîìïîíåíòàì èñõîäíîé (ðàçîìêíóòîé) ñèñòåìû. Äëÿ ýòîãî íà íà÷àëüíîì ýòàïå

èñõîäíàÿ ñèñòåìà îáðàòíîé ñâÿçüþ ïðèâîäèòñÿ ê ñèñòåìå çàïàçäûâàþùåãî òèïà ñ îäíèì âõîäîì. Äàëåå

äëÿ ïîëó÷åííîãî îáúåêòà ñòðîèòñÿ äèíàìè÷åñêèé ðåãóëÿòîð, îáåñïå÷èâàþùèé âûðîæäåíèå ñîîòâåòñòâó-

þùèõ �àçîâûõ êîìïîíåíò.

Ïðåäëîæåííàÿ ïðîöåäóðà ïîñòðîåíèÿ óïðàâëÿþùåãî âîçäåéñòâèÿ áàçèðóåòñÿ íà àëãåáðàè÷åñêèõ

ñâîéñòâàõ îïåðàòîðà ñäâèãà è íå ïðåäïîëàãàåò âû÷èñëåíèÿ êîðíåé õàðàêòåðèñòè÷åñêîãî êâàçèïîëèíîìà

èñõîäíîé ñèñòåìû. Âîçìîæíî åå èñïîëüçîâàíèå äëÿ îáåñïå÷åíèÿ çàìêíóòîé ñèñòåìå íå òîëüêî ïîëíîãî

óñïîêîåíèÿ, íî è ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè. Îäíàêî â ïîñëåäíåì ñëó÷àå âîçíèêàåò íåîáõîäèìîñòü

èñïîëüçîâàòü äèíàìè÷åñêèå ðåãóëÿòîðû ñ îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ èíòåãðàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíî-ðàçíîñòíàÿ ñèñòåìà, íåéòðàëüíûé òèï, ïîëíàÿ óïðàâëÿåìîñòü, ðå-

ãóëÿòîð, îáðàòíàÿ ñâÿçü, òî÷å÷íàÿ âûðîæäåííîñòü.

Ââåäåíèå

Îäíèì èç âàæíåéøèõ òðåáîâàíèé, ïðåäúÿâëÿåìûõ ê ðåàëüíûì ñèñòåìàì óïðàâëåíèÿ, ÿâëÿ-

åòñÿ îáåñïå÷åíèå èì íàïåðåä çàäàííûõ ñâîéñòâ. Ýòî ïðèâîäèò ê íåîáõîäèìîñòè èññëåäîâàíèÿ

çàäà÷ ñòàáèëèçàöèè [1�4℄, ìîäàëüíîé óïðàâëÿåìîñòè [5�7℄, ñïåêòðàëüíîé ïðèâîäèìîñòè [8, 9℄,

ïîëíîé óïðàâëÿåìîñòè îáðàòíîé ñâÿçüþ [10�13℄.

Ïðîáëåìà ïîëíîé óïðàâëÿåìîñòè (ïîëíîãî óñïîêîåíèÿ) âïåðâûå áûëà ïîñòàâëåíà Í.Í. Êðà-

ñîâñêèì [14℄ äëÿ ñèñòåì çàïàçäûâàþùåãî òèïà, à çàòåì èññëåäîâàëàñü ìíîãèìè àâòîðàìè [10�19℄

(èñòîðè÷åñêèå ñâåäåíèÿ è ñîâðåìåííîå ñîñòîÿíèå ýòîé ïðîáëåìû îáñóæäàþòñÿ â [10�12,15℄, ïî-

ýòîìó çäåñü íå ïðèâîäÿòñÿ). Ñ ïîçèöèè òåîðèè àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ íàèáîëüøèé

èíòåðåñ â ðåøåíèè çàäà÷è ïîëíîé óïðàâëÿåìîñòè ïðåäñòàâëÿåò âîçìîæíîñòü óñïîêîåíèÿ ñè-

ñòåìû îáðàòíîé ñâÿçüþ. Â ýòîì îòíîøåíèè ñòîèò îòìåòèòü ðàáîòû [10�13℄, â êîòîðûõ ïîñòðîåí

ðåãóëÿòîð òèïà îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ, îáåñïå÷èâàþùèé íå òîëüêî ïîëíîå óñïîêîåíèå,

íî è àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû. Îñíîâíàÿ èäåÿ [10℄ çàêëþ÷àåòñÿ â

âûáîðå ïàðàìåòðîâ äè��åðåíöèàëüíî-ðàçíîñòíîãî ðåãóëÿòîðà òàê, ÷òîáû çàìêíóòàÿ ñèñòå-

ìà ñòàëà òî÷å÷íî âûðîæäåííîé â íàïðàâëåíèÿõ, îòâå÷àþùèõ �àçîâûì êîìïîíåíòàì èñõîäíîé

(ðàçîìêíóòîé) ñèñòåìû [20℄. Ïðè ýòîì äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ òàêîãî ðåãóëÿ-

òîðà â ñëó÷àå äè��åðåíöèàëüíî-ðàçíîñòíûõ ñèñòåì ñ îäíèì âõîäîì ÿâëÿåòñÿ óñëîâèå ïîëíîé

óïðàâëÿåìîñòè [19℄. Â ðàáîòàõ [11, 12℄ ýòà èäåÿ ðàñïðîñòðàíÿåòñÿ íà èíòåãðàëüíûé òèï ðåãó-

ëÿòîðà äëÿ äè��åðåíöèàëüíî-ðàçíîñòíûõ ñèñòåì ñ îäíèì âõîäîì, ïîçâîëÿþùèì, ïîìèìî ïîë-

íîãî óñïîêîåíèÿ, îáåñïå÷èòü åùå è àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé ñèñòåìû. Â [13℄

èäåÿ [10℄ ïåðåíîñèòñÿ íà ñëó÷àé àëãåáðî-äè��åðåíöèàëüíûõ ðåãóëÿðíûõ ìíîãîâõîäíûõ ñèñòåì
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ñ çàïàçäûâàíèåì â óïðàâëåíèè, ïðè ýòîì îòëè÷èòåëüíîé ÷åðòîé ðàáîòû ÿâëÿåòñÿ îòñóòñòâèå ó

èññëåäóåìîé ñèñòåìû ñâîéñòâà ïîëíîé óïðàâëÿåìîñòè.

Â íàñòîÿùåé ñòàòüå äàíî äàëüíåéøåå ðàçâèòèå èäåé [10�13℄ íà ñëó÷àé ìíîãîâõîäíûõ ñè-

ñòåì íåéòðàëüíîãî òèïà ñ ìíîãèìè çàïàçäûâàíèÿìè. Ïîêàçàíî, ÷òî â ñëó÷àå íàëè÷èÿ ó òàêèõ

ñèñòåì ñâîéñòâà ïîëíîé óïðàâëÿåìîñòè [15, 17, 18℄ èõ âñåãäà ìîæíî óñïîêîèòü çà ñ÷åò âûáîðà

ëèíåéíîé îáðàòíîé ñâÿçè ïî ñîñòîÿíèþ. Äëÿ ýòîãî ðàçðàáîòàí ëèíåéíûé àâòîíîìíûé äèíà-

ìè÷åñêèé äè��åðåíöèàëüíî-ðàçíîñòíûé ðåãóëÿòîð ñ îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ, êîòîðûé,

âî-ïåðâûõ, íå âûâîäèò çàìêíóòóþ ñèñòåìó èç èñõîäíîãî êëàññà ëèíåéíûõ àâòîíîìíûõ ñèñòåì

íåéòðàëüíîãî òèïà ñ ìíîãèìè çàïàçäûâàíèÿìè è, âî-âòîðûõ, îáåñïå÷èâàåò çàìêíóòîé ñèñòå-

ìå êîíå÷íûé ñïåêòð. Ïîñëåäíåå ÿâëÿåòñÿ àêòóàëüíûì ïðè ïîñòðîåíèè ïðîöåäóðû âû÷èñëåíèÿ

òåêóùåãî ñîñòîÿíèÿ [15, 18℄ è îáåñïå÷åíèÿ çàìêíóòîé ñèñòåìå ýêñïîíåíöèàëüíîé óñòîé÷èâîñòè

(â ñëó÷àå êîíå÷íîãî ñïåêòðà àñèìïòîòè÷åñêè óñòîé÷èâàÿ ñèñòåìà íåéòðàëüíîãî òèïà áóäåò ýêñ-

ïîíåíöèàëüíî óñòîé÷èâîé).

� 1. Ïîñòàíîâêà çàäà÷è

Ïðåäïîëîæèì, ÷òî îáúåêò óïðàâëåíèÿ îïèñûâàåòñÿ ëèíåéíîé àâòîíîìíîé äè��åðåíöèàëüíî-

ðàçíîñòíîé ñèñòåìîé íåéòðàëüíîãî òèïà:

ẋ(t)−
m∑

i=1

Diẋ(t− ih) =
m∑

i=0

Aix(t− ih) +Bu(t), t > 0, (1.1)

ñ íà÷àëüíûì ñîñòîÿíèåì x(t) = η(t), t ∈ [−mh, 0], ãäå x ∈ R
n
� ðåøåíèå óðàâíåíèÿ (1.1), u ∈

∈ R
r
� êóñî÷íî-íåïðåðûâíîå óïðàâëÿþùåå âîçäåéñòâèå (óïðàâëåíèå)

(
R
k×s

� äåéñòâèòåëüíîå

ïðîñòðàíñòâî ïîñòîÿííûõ ìàòðèö ðàçìåðà k × s, Rk×1 = R
k
)
, Ai ∈ R

n×n
, i = 0,m; Di ∈ R

n×n
,

i = 1,m; B ∈ R
n×r

, h > 0 � ïîñòîÿííîå çàïàçäûâàíèå.

Íà÷àëüíîå ñîñòîÿíèå η áóäåì ñ÷èòàòü àáñîëþòíî íåïðåðûâíîé íà îòðåçêå [−mh, 0] âåêòîð-
�óíêöèåé ñî çíà÷åíèÿìè â R

n
. Òîãäà [21℄ ïðè ëþáîì óïðàâëåíèè u(t), t > 0, ñóùåñòâóåò åäèí-

ñòâåííàÿ àáñîëþòíî íåïðåðûâíàÿ �óíêöèÿ

(
ðåøåíèå ñèñòåìû (1.1)

)
x(t), t > −mh, óäîâëåòâî-

ðÿþùàÿ (1.1) ïî÷òè âñþäó.

Îïðåäåëèì ïîëèíîìèàëüíûå ìàòðèöû D(z) =
m∑
i=1

Diz
i
, A(z) =

m∑
i=0

Aiz
i
. Ñèñòåìó (1.1) ìîæíî

çàïèñàòü â ñëåäóþùåì îïåðàòîðíîì âèäå:

(
En −D(z)

)
ẋ(t) = A(z)x(t) +Bu(t), t > 0,

ãäå z � îïåðàòîð ñäâèãà

(
òî åñòü zf(t) = f(t − h)

)
, Ek ∈ R

k×k
� åäèíè÷íàÿ ìàòðèöà. Äàëåå

äëÿ óäîáñòâà èçëîæåíèÿ áóäåì ïðèäåðæèâàòüñÿ îïåðàòîðíîé �îðìû çàïèñè.

Îïðåäåëåíèå 1. Ñèñòåìó (1.1) íàçûâàþò ïîëíîñòüþ óïðàâëÿåìîé, åñëè äëÿ ëþáîãî íà-

÷àëüíîãî ñîñòîÿíèÿ η ñóùåñòâóþò ìîìåíò âðåìåíè t1 > 0 è óïðàâëåíèå u(t), t ∈ [0, t1], u(t) ≡ 0,
t > t1, òàêèå, ÷òî

x(t) ≡ 0, t > t1. (1.2)

Èçâåñòåí [15, 18℄ êðèòåðèé ïîëíîé óïðàâëÿåìîñòè ñèñòåìû (1.1).

Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñèñòåìà (1.1) áûëà ïîëíîñòüþ óïðàâëÿåìîé, íåîáõîäèìî è äî-

ñòàòî÷íî îäíîâðåìåííîãî âûïîëíåíèÿ äâóõ óñëîâèé:

rank
[
λ
(
En −D(e−λh)

)
−A(e−λh), B

]
= n ∀λ ∈ C, (1.3)

rank
[
λmEn −

m∑

i=1

λm−iDi, B
]
= n ∀λ ∈ C, λ 6= 0, (1.4)

ãäå C � ìíîæåñòâî êîìïëåêñíûõ ÷èñåë.
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Ïåðåéäåì ê �îðìóëèðîâêå çàäà÷è íàñòîÿùåãî èññëåäîâàíèÿ. Ïóñòü äëÿ ñèñòåìû (1.1) âû-

ïîëíÿþòñÿ óñëîâèÿ (1.3), (1.4). Òðåáóåòñÿ îáðàòíîé ñâÿçüþ ïî ñîñòîÿíèþ îáåñïå÷èòü ðåøåíèþ

ñèñòåìû (1.1) òîæäåñòâî (1.2).

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è áóäåì ñòðîèòü ëèíåéíûé äè��åðåíöèàëüíî-ðàçíîñòíûé

ðåãóëÿòîð âèäà

u(t) = T 1(z)ẋ(t) + T 2(z)x(t) + ekxn+1(t), (1.5)

ẋn+1(t) = F11(z)x(t) + F12(z)xn+1(t) + F13(z)y(t), (1.6)

ẏ(t) = F21(z)x(t) + F22(z)xn+1(t) + F23(z)y(t), t > 0, (1.7)

ãäå T i ∈ R
r×n[z], i = 1, 2, T 1(0) = 0, ek = col[0, . . . , 1, . . . , 0] ∈ R

r
(åäèíèöà ñòîèò íà k-îì ìåñòå),

F11(z) ∈ R
1×n[z], F12(z) ∈ R

1×1[z], F13(z) ∈ R
1×s[z],

F21(z) ∈ R
s×n[z], F22(z) ∈ R

s×1[z], F23(z) ∈ R
s×s[z],

(
R
m×n[z] � ìíîæåñòâî ïîëèíîìèàëüíûõ ìàòðèö ðàçìåðà m×n

)
; xn+1 ∈ R, y = col [y1, . . . , ys] ∈

∈ R
s
� äîïîëíèòåëüíûå ïåðåìåííûå, s � íåêîòîðîå íàòóðàëüíîå ÷èñëî. Áóäåì ñ÷èòàòü â (1.5)�

(1.7) �óíêöèè x(t), t < −mh, xn+1(t), y(t), t < 0, ïðîèçâîëüíûìè àáñîëþòíî íåïðåðûâíûìè.

�åãóëÿòîð (1.5)�(1.7), îáåñïå÷èâàþùèé ñèñòåìå (1.1) âûïîëíåíèå òîæäåñòâà (1.2), íàçîâåì ðå-

ãóëÿòîðîì ïîëíîãî óñïîêîåíèÿ.

Ñèñòåìà (1.1), çàìêíóòàÿ ðåãóëÿòîðîì (1.5)�(1.7), â ñèëó ðàâåíñòâà T 1(0) = 0 ÿâëÿåòñÿ

ëèíåéíîé àâòîíîìíîé îäíîðîäíîé äè��åðåíöèàëüíîé ñèñòåìîé íåéòðàëüíîãî òèïà ñ ñîèçìå-

ðèìûìè çàïàçäûâàíèÿìè è èìååò âèä




[
En −

(
D(z) +BT 1(z)

)]
0n×1 0n×s

01×n 1 01×s

0s×n 0s×1 Es






ẋ(t)
ẋn+1(t)
ẏ(t)


 =

=




A(z) +BT 2(z) Bek 0n×s

F11(z) F12(z) F13(z)
F21(z) F22(z) F23(z)






x(t)
xn+1(t)
y(t)


 ,

(1.8)

ãäå 0k×s ∈ R
k×s

� íóëåâàÿ ìàòðèöà.

Â ñëåäóþùèõ § § 2, 3 ïðèâåäåì ïðîöåäóðó ïîñòðîåíèÿ ìàòðèö, îáðàçóþùèõ ðåãóëÿòîð (1.5)�

(1.7), à çàòåì (§ 4) îáîñíóåì òî, ÷òî ïîñòðîåííûé ðåãóëÿòîð îáåñïå÷èâàåò ñèñòåìå (1.1) âûïîë-

íåíèå òîæäåñòâà (1.2).

� 2. Ïîñòðîåíèå ìàòðèöû T 1(z)

Âûáåðåì ìàòðèöó T 1(z) òàê, ÷òîáû çàìêíóòàÿ ñèñòåìà (1.8) èìåëà õàðàêòåðèñòè÷åñêèé

êâàçèïîëèíîì çàïàçäûâàþùåãî òèïà ïðè ëþáûõ ìàòðèöàõ T 2(z), Fij(z), i = 1, 2, j = 1, 3.

Ýòî áóäåò âûïîëíÿòüñÿ, åñëè det




[
En −

(
D(z) +BT 1(z)

)]
0n×1 0n×s

01×n 1 01×s

0s×n 0s×1 Es


 ≡ 1.

Ëåììà 1. Ïóñòü âûïîëíÿåòñÿ óñëîâèå (1.4). Òîãäà ñóùåñòâóåò ìàòðèöà T 1(z), T 1(0) = 0,
òàêàÿ, ÷òî

det
[
En −

(
D(z) +BT 1(z)

)]
≡ 1. (2.1)

Ä î ê à ç à ò å ë ü ñ ò â î. Îïðåäåëèì ìàòðèöû

D̃ =




D1 . . . Dm−1 Dm

En . . . 0n×n 0n×n

. . . . . . . . . . . .

0n×n . . . En 0n×n


, B̃ =




B
0n×r

. . .

0n×r


. (2.2)
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Âíà÷àëå ïîêàæåì, ÷òî ñóùåñòâóåò ïîëèíîìèàëüíàÿ ìàòðèöà T̃ (z), T̃ (0) = 0, òàêàÿ, ÷òî èìååò

ìåñòî òîæäåñòâî

det
[
Enm −

(
D̃z + B̃T̃ (z)

)]
≡ 1. (2.3)

Äëÿ ýòîãî, ïðåæäå âñåãî, çàìåòèì, ÷òî èç (1.4) ñëåäóåò ðàâåíñòâî

rank
[
Enm − D̃z, B̃

]
≡ nm ∀z ∈ C. (2.4)

Äîêàæåì óñëîâèå (2.4). Äåéñòâèòåëüíî, ïðåäïîëîæèì ïðîòèâíîå: ïðè íåêîòîðîì z0 ∈ C (z0 6= 0)
rank

[
Enm − D̃z0, B̃

]
< nm. Òîãäà íàéäåòñÿ âåêòîð q = col [q1, . . . , qm], qi ∈ R

n
, q 6= 0, òàêîé, ÷òî

âûïîëíÿþòñÿ ñîîòíîøåíèÿ

q′
[
Enm − D̃z0

]
= 0, q′B̃ = 0. (2.5)

Çäåñü è äàëåå ñèìâîë ¾

′
¿ (øòðèõ) îáîçíà÷àåò îïåðàöèþ òðàíñïîíèðîâàíèÿ. Â ñèëó ïåðâîãî

ñîîòíîøåíèÿ â (2.5) èìååì

q′
[
Enm−D̃z0

]
col [En, Enz0, . . . , Enz

m−1
0

] = q′col [En−D(z0), 0n×n, . . . , 0n×n] = q′1
[
En−D(z0)

]
= 0.

Èç âòîðîãî ðàâåíñòâà â (2.5) ñëåäóåò, ÷òî q1
′B = 0. Çíà÷èò, óñëîâèå (1.4) íàðóøàåòñÿ ïðè

λ = 1/z0. Ïîëó÷èëè ïðîòèâîðå÷èå.

Îïðåäåëèì ìàòðèöó D̃
B̃
=

[
B̃, D̃B̃, . . . , D̃n−1B̃

]
. Óñëîâèå (2.4) ðàâíîñèëüíî óñëîâèþ

rank D̃
B̃
= rank

[
D̃

B̃
, D̃n

]
. (2.6)

Ïóñòü rank D̃
B̃

= ρ. Ïîñòðîèì ìàòðèöó Q, detQ 6= 0, òàêóþ, ÷òî Q−1D̃Q =

[
D̃1 D̃2

0 N

]
,

Q−1B̃ =

[
B̃1

0

]
, ãäå D̃1 ∈ R

ρ×ρ
, B̃1 ∈ R

ρ×r
, ðàçìåðû áëîêîâ D̃2, N î÷åâèäíû. Íåïîñðåäñòâåííîé

ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî

rank
[
B̃1, D̃1B̃1, . . . , D̃

ρ−1

1
B̃1

]
= ρ. (2.7)

Çàìåòèì, ÷òî â ñèëó (2.6) áëîê N áóäåò íèëüïîòåíòíûé, ñëåäîâàòåëüíî, det
[
Enm−ρ −Nz

]
≡ 1.

Èç ðàâåíñòâà (2.7) ñëåäóåò, ÷òî ñóùåñòâóåò ìàòðèöà T̂1 ∈ R
r×ρ

òàêàÿ, ÷òî

det
[
Eρ −

(
D̃1z + B̃1T̂1z

)]
≡ 1.

Äëÿ åå ïîñòðîåíèÿ äîñòàòî÷íî ïðèâåñòè ìàòðèöó D̃1 ê áëî÷íî-òðåóãîëüíîìó âèäó ñ äèàãîíàëü-

íûìè áëîêàìè â �îðìå Ôðîáåíèóñà. Ïîëîæèì T̃ (z) =
[
T̂1, T̂2

]
zQ−1

, ãäå T̂2 � ëþáàÿ ìàòðèöà

ïîäõîäÿùåãî ðàçìåðà. Òîãäà

det
[
Enm −

(
D̃z + B̃T̃ (z)

)]
= det

[
Enm −

(
Q−1D̃Qz +Q−1B̃T̃ (z)Q

)]
=

= det
[
Eρ −

(
D̃1 + B̃1T̂1

)
z
]
det

[
Enm−ρ −Nz

]
≡ 1.

Ïóñòü T̃ (z) =
[
T̃1, . . . , T̃m

]
z, ãäå áëîêè T̃i ∈ R

r×n
, i = 1,m. Ïîëîæèì T 1(z) =

m∑
i=1

T̃iz
i
.

Ïîêàæåì, ÷òî ìàòðèöà T 1(z) îáåñïå÷èâàåò (2.1). Äåéñòâèòåëüíî, âûïîëíÿÿ ýëåìåíòàðíûå ïðå-

îáðàçîâàíèÿ íàä ñòðîêàìè, èìååì ñëåäóþùóþ öåïî÷êó ðàâåíñòâ:

1 ≡ det
[
Enm −

(
D̃z + B̃T̃ (z)

)]
=

= det




En −
(
D1 +BT̃1

)
z −

(
D2 +BT̃2

)
z . . . −

(
Dm +BT̃m

)
z

−Enz En . . . 0n×n

. . . . . . . . . . . .
0n×n 0n×n . . . En


 =
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= det




En −
m∑
i=1

(
Di +BT̃i

)
zi −

m∑
i=2

(
Di +BT̃i

)
zi−1 . . . −

(
Dm +BT̃m

)
z

0n×n En . . . 0n×n

. . . . . . . . . . . .
0n×n 0n×n . . . En



=

= det
[
En −

(
D(z) +BT 1(z)

)]
.

Ëåììà äîêàçàíà. �

Â ñîîòíîøåíèè (1.5) âûáåðåì ìàòðèöó T 1(z) òàê, ÷òîáû èìåëî ìåñòî (2.1).

� 3. Ïîñòðîåíèå ìàòðèö T2(z), Fij(z), i = 1, 2, j = 1, 3

Ïóñòü Γ(z) � ìàòðèöà, ïðèñîåäèíåííàÿ ê ìàòðèöå

[
En −

(
D(z) + BT 1(z)

)]
, ãäå ìàòðèöà

T 1(z) óäîâëåòâîðÿåò (2.1). Òîãäà

[
En −

(
D(z) +BT 1(z)

)]
Γ(z) = Γ(z)

[
En −

(
D(z) +BT 1(z)

)]
= En.

Îáîçíà÷èì ΠA(z) = A(z)Γ(z). Ïðîñòàÿ ïðîâåðêà ïîêàçûâàåò, ÷òî èç (1.3) è (2.1) ñëåäóåò ðàâåí-
ñòâî

rank
[
λEn −ΠA

(
e−λh

)
, B

]
= n ∀λ ∈ C, (3.1)

êîòîðîå, â ñâîþ î÷åðåäü, âëå÷åò ðàâåíñòâî

rank
[
B,ΠA(z)B, . . . ,Πn−1

A (z)B
]
= n (3.2)

(çäåñü è äàëåå ïîä ðàíãîì ïîëèíîìèàëüíîé ìàòðèöû ïîíèìàåì [22, ñ. 143℄ íàèáîëüøèé ïîðÿäîê

íåðàâíîãî òîæäåñòâåííîìó íóëþ åå ìèíîðà). Âûáåðåì ëþáûå p (p 6 r) ñòîëáöîâ ìàòðèöû

B = [b1, . . . , br] òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå ðàâåíñòâà:

rank
[
bs1 , . . . ,Π

n1−1

A (z)bs1
]
= n1,

rank
[
bs1 , . . . ,Π

n1−1

A (z)bs1 ,Π
n1

A (z)bs1
]
= n1,

rank
[
bs1 , . . . ,Π

n1−1

A (z)bs1 , bs2 , . . . ,Π
n2−1

A (z)bs2
]
= n1 + n2,

rank
[
bs1 , . . . ,Π

n1−1

A (z)bs1 , bs2 , . . . ,Π
n2−1

A (z)bs2 ,Π
n2

A (z)bs2
]
= n1 + n2,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

rank
[
bs1 , . . . ,Π

n1−1

A (z)bs1 , bs2 , . . . ,Π
n2−1

A (z)bs2 , . . . , bsp , . . . ,Π
np−1

A (z)bsp
]
= n1 + . . .+ np = n.

Â (1.5) ïîëàãàåì k = s1, òî åñòü â êà÷åñòâå âåêòîðà ek áåðåì âåêòîð es1 .

Îáîçíà÷èì Π̃A(z) =
[
bs1 , . . . ,Π

n1−1

A (z)bs1 , bs2 , . . . ,Π
n2−1

A (z)bs2 , . . . , bsp , . . . ,Π
np−1

A (z)bsp
]
. Ó÷è-

òûâàÿ, ÷òî rank Π̃A(z) = n, ïîñòðîèì [22, ñ. 139℄ êâàäðàòíóþ ïîëèíîìèàëüíóþ ìàòðèöó G(z),
detG(z) ≡ const 6= 0, òàêóþ, ÷òî ìàòðèöà G(z)Π̃A(z) áóäåò èìåòü ñëåäóþùóþ ñòðóêòóðó:

G(z)Π̃A(z) =




0 0 . . . ∗
. . . . . . . . . . . .
0 ∗ . . . ∗
∗ ∗ . . . ∗


,

ãäå ñèìâîëîì ¾∗¿ îáîçíà÷åíû íåêîòîðûå ïîëèíîìû, ïðè÷åì ïîëèíîìû, ñòîÿùèå íà ïîáî÷íîé

äèàãîíàëè, îòëè÷íû îò òîæäåñòâåííîãî íóëÿ. Çàìåòèì, ÷òî óìíîæåíèå ìàòðèöû Π̃A(z) ñëå-

âà íà ìàòðèöó G(z) ðàâíîñèëüíî ýëåìåíòàðíûì ïðåîáðàçîâàíèÿì åå ñòðîê. Ïîëîæèì A(z) =
= G(z)ΠA(z)G

−1(z), B(z) = G(z)B. Äàëåå äëÿ ïðîñòîòû ñ÷èòàåì, ÷òî â ìàòðèöå Π̃A(z)
íîìåð s1 = 1. Òîãäà ìîæíî ñ÷èòàòü, ÷òî ïåðâûé ñòîëáåö ìàòðèöû B(z) áóäåò èìåòü âèä

b1 = col
[
0, . . . , 0, b

]
, ãäå b � íåêîòîðîå ÷èñëî.
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Ïîñêîëüêó èìååò ìåñòî (3.1), òî rank
[
λEn − A

(
e−λh

)
, B

(
e−λh

)]
= n ∀λ ∈ C. Â ñèëó ïî-

ñëåäíåãî óñëîâèÿ ìîæíî ïîñòðîèòü [23℄ ïîëèíîìèàëüíóþ ìàòðèöó T
2
(z) òàêóþ, ÷òî

rank
[
λEn − L

(
e−λh

)
, b1

]
= n ∀λ ∈ C, (3.3)

ãäå ìàòðèöà L(z) = A(z) +B(z)T
2
(z).

Ââåäåì âñïîìîãàòåëüíóþ ëèíåéíóþ àâòîíîìíóþ äè��åðåíöèàëüíî-ðàçíîñòíóþ ñèñòåìó

ñ ñîèçìåðèìûìè çàïàçäûâàíèÿìè è îäíèì âõîäîì:

ẋ(t) = L(z)x(t) + b1xn+1(t), (3.4)

ẋn+1(t) = v(t), t > 0, (3.5)

ãäå x = col
[
x1, . . . , xn

]
∈ R

n
, xn+1 ∈ R � ðåøåíèå ñèñòåìû (3.4)�(3.5), v(t), t > 0, � ñêàëÿðíîå

êóñî÷íî-íåïðåðûâíîå óïðàâëÿþùåå âîçäåéñòâèå. Èç (3.3) ñëåäóåò, ÷òî

rank

[
λEn − L

(
e−λh

)
−b1 0n

0 λ 1

]
= n+ 1 ∀λ ∈ C,

ãäå 0n = col
[
0, . . . , 0

]
∈ R

n
. Òàêèì îáðàçîì, ñèñòåìà (3.4)�(3.5) ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿå-

ìîé [19℄. Â ðàáîòàõ [10�12℄ ïîêàçàíî, ÷òî ëèíåéíóþ àâòîíîìíóþ äè��åðåíöèàëüíî-ðàçíîñòíóþ

ñèñòåìó ñ îäíèì âõîäîì ïðè íàëè÷èè ñâîéñòâà ïîëíîé óïðàâëÿåìîñòè âñåãäà ìîæíî çàìêíóòü

ëèíåéíîé îáðàòíîé ñâÿçüþ, îáåñïå÷èâàþùåé åå òî÷å÷íóþ âûðîæäåííîñòü â íàïðàâëåíèÿõ, îò-

âå÷àþùèõ �àçîâûì êîìïîíåíòàì ðàçîìêíóòîé ñèñòåìû. Èñïîëüçóÿ ìåòîäèêó ðàáîòû [10℄, ñè-

ñòåìó (3.4)�(3.5) çàìêíåì ðåãóëÿòîðîì

v(t) = F 11(z)x(t) + F12(z)xn+1(t) + F13(z)y(t), (3.6)

ẏ(t) = F 21(z)x(t) + F22(z)xn+1(t) + F23(z)y(t), t > 0, (3.7)

ãäå xn+1 ∈ R, y = col
[
y1, . . . , ys

]
∈ R

s
� âñïîìîãàòåëüíûå ïåðåìåííûå, s � íåêîòîðîå íàòó-

ðàëüíîå ÷èñëî,

F 11(z) ∈ R
1×n[z], F12(z) ∈ R

1×1[z], F13(z) ∈ R
1×s[z],

F 21(z) ∈ R
s×n[z], F22(z) ∈ R

s×1[z], F23(z) ∈ R
s×s[z].

Çàìêíóòàÿ ñèñòåìà (3.4)�(3.7) áóäåò èìåòü âèä




ẋ(t)
ẋn+1(t)
ẏ(t)


 =




L(z) b1(z) 0n×s

F 11(z) F12(z) F13(z)

F 21(z) F22(z) F23(z)






x(t)
xn+1(t)
y(t)


, t > 0. (3.8)

Ìàòðèöû ðåãóëÿòîðà (3.6)�(3.7) âûáåðåì òàê, ÷òîáû çàìêíóòàÿ ñèñòåìà (3.8) ñòàëà òî÷å÷íî

âûðîæäåííîé â íàïðàâëåíèÿõ, îòâå÷àþùèõ ïåðâûì n + 1 êîìïîíåíòàì åå ðåøåíèÿ, òî åñòü

êîìïîíåíòàì x1, x2, . . . , xn+1. Òîãäà íàéäåòñÿ ìîìåíò âðåìåíè t̂1 > 0 òàêîé, ÷òî êàêîâî áû íè

áûëî íà÷àëüíîå ñîñòîÿíèå x(t), xn+1(t), y(t), t 6 0 ñèñòåìû (3.8), áóäóò âûïîëíÿòüñÿ òîæäåñòâà

xi(t) ≡ 0, t > t̂1, i = 1, n + 1. (3.9)

Çàìå÷àíèå 1. Ñèñòåìà (3.8) íàçûâàåòñÿ òî÷å÷íî âûðîæäåííîé [20, 21℄ â ìîìåíò âðåìåíè

t1 > 0, åñëè ñóùåñòâóåò íåíóëåâîé âåêòîð g ∈ R
n+s+1

òàêîé, ÷òî g′col
[
x(t1), xn+1(t1), y(t1)

]
= 0

äëÿ âñåõ íà÷àëüíûõ ñîñòîÿíèé ñèñòåìû (3.4)�(3.7). Âåêòîð g íàçûâàþò âåêòîðîì (íàïðàâëåíè-

åì) âûðîæäåíèÿ ñèñòåìû (3.4)�(3.7). Èçâåñòíî [20℄, ÷òî åñëè ñèñòåìà ÿâëÿåòñÿ òî÷å÷íî âûðîæ-

äåííîé â ìîìåíò âðåìåíè t1 > 0 â íàïðàâëåíèè âåêòîðà g, òî îíà òî÷å÷íî âûðîæäåíà â ýòîì

íàïðàâëåíèè ïðè âñåõ t > t1.



46 À.Â. Ìåòåëüñêèé, Â. Å. Õàðòîâñêèé, Î.È. Óðáàí

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 3

Âåðíåìñÿ ê ðåãóëÿòîðó (1.5)�(1.7). Â ñîîòíîøåíèÿõ (1.5)�(1.7) ïîëàãàåì

T 2(z) = T
2
(z)G(z)

[
En −

(
D(z) +BT 1(z)

)]
,

F11(z) = F 11(z)G(z)
[
En −

(
D(z) +BT 1(z)

)]
,

F21(z) = F 21(z)G(z)
[
En −

(
D(z) +BT 1(z)

)]
,

(3.10)

îñòàëüíûå ìàòðèöû Fij , i = 1, 2, j = 2, 3, â (1.6), (1.7) òå æå, ÷òî è â (3.6), (3.7). �åãóëÿòîð

ïîëíîãî óñïîêîåíèÿ (1.5)�(1.7) ïîñòðîåí.

� 4. Îáîñíîâàíèå òîæäåñòâà (1.2) äëÿ ïîñòðîåííîãî ðåãóëÿòîðà (1.5)�(1.7)

Ñëåäóþùåå óòâåðæäåíèå îáîñíîâûâàåò òî, ÷òî ïîñòðîåííûé âûøå ðåãóëÿòîð (1.5)�(1.7)

îáåñïå÷èâàåò ðåøåíèþ ñèñòåìû (1.1) òîæäåñòâî (1.2).

Òåîðåìà 2. Ñèñòåìà (1.8) ÿâëÿåòñÿ òî÷å÷íî âûðîæäåííîé â íàïðàâëåíèÿõ

gi = col
[
0, . . . , 0, 1, 0, . . . , 0

]
∈ R

n+s+1, i = 1, n + 1

(â âåêòîðàõ gi åäèíèöà ñòîèò íà i-ì ìåñòå).

Ä î ê à ç à ò å ë ü ñ ò â î. Ñèñòåìó (3.4)�(3.5), çàìêíóòóþ ðåãóëÿòîðîì (3.6)�(3.7), çàïèøåì

â âèäå

Ẋ(t) = Â(z)X(t), t > 0, (4.1)

ãäå X(t) = col
[
x(t), xn+1(t), y(t)

]
,

Â(z) =




G(z)ΠA(z)G
−1(z) +G(z)BT

2
(z) G(z)Be1 0n×s

F 11(z) F12(z) F13(z)

F 21(z) F22(z) F23(z)


.

Îáîçíà÷èì G(z) = diag
[
G(z), 1, Es

]
. Â (4.1) ñäåëàåì çàìåíó X(t) = G(z)X̃(t), â èòîãå ïîëó÷èì

ëèíåéíóþ äè��åðåíöèàëüíî-ðàçíîñòíóþ ñèñòåìó

˙̃
X(t) = Ã(z)X̃(t), t > 0, (4.2)

ãäå Ã(z) = G
−1

(z)Â(z)G(z). Îáðàòèì âíèìàíèå, ÷òî ïåðâûå n+ 1 êîìïîíåíò âåêòîðà X̃(t) ïðè
t > t̂1 òîæäåñòâåííî ðàâíû íóëþ. Ïîëîæèâ

col
[
x(t), xn+1(t), y(t)

]
= X̃(t)

(
diag

[[
En −

(
D(z) +BT 1(z)

)]
, 1, Es

])
−1

,

ïîëó÷èì ñèñòåìó (1.8), ïåðâûå n êîìïîíåíò êîòîðîé óäîâëåòâîðÿþò òîæäåñòâó

[
En −

(
D(z) +BT 1(z)

)]
x(t) ≡ 0, t > t̂1. (4.3)

Äîêàæåì, ÷òî èç (4.3) ñëåäóåò (1.2). �àíåå (§ 2) áûëî ïîêàçàíî, ÷òî ìîæíî ïîñòðîèòü ïîëè-
íîìèàëüíóþ ìàòðèöó T 1(z), T 1(0) ≡ 0, òàêóþ, ÷òî ñòåïåíè ïîëèíîìîâ åå êîìïîíåíò íå áóäóò

ïðåâûøàòü ÷èñëà m. Ïîýòîìó åå ìîæíî ïðåäñòàâèòü â âèäå T 1(z) =
m∑
i=1

Tiz
i
, ãäå Ti ∈ R

r×n
,

i = 1,m � íåêîòîðûå ïîëèíîìèàëüíûå ìàòðèöû. Îáîçíà÷èì x̂(t) = col
[
x(t), . . . , x

(
t−(m−1)h

)]
,

D̂ =




D1 +BT1 D2 +BT2 . . . Dm−1 +BTm−1 Dm +BTm

En 0n×n . . . 0n×n 0n×n

. . . . . . . . . . . . . . .
0n×n 0n×n . . . En 0n×n


.
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�àçíîñòíîå óðàâíåíèå (4.3) ïåðåïèøåì â âèäå

x̂(t) = D̂x̂(t− h), t > t̂1. (4.4)

Èñïîëüçóÿ òåîðåìó Ëàïëàñà äëÿ îïðåäåëèòåëåé è (2.3), ïðèõîäèì ê ðàâåíñòâó

det
[
λEnm − D̂

]
= λnm,

òî åñòü ìàòðèöà D̂ ÿâëÿåòñÿ íèëüïîòåíòíîé. Îáîçíà÷èì ξ � èíäåêñ íèëüïîòåíòíîñòè ìàòðèöû

D̂ (D̂ξ = 0). Èç (4.2) è íèëüïîòåíòíîñòè ìàòðèöû D̂ ñëåäóåò, ÷òî x̂(t) ≡ 0, t > t̂1 + (ξ − 1)h.
Èç ïîñëåäíåãî ðàâåíñòâà â ñèëó ñòðóêòóðû ìàòðèöû D̂ èìååì [16℄ x(t) ≡ 0, t > t1, ãäå t1 =
= t̂1 + (ξ −m)h. Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 2. Â ïðîöåññå ïîñòðîåíèÿ ðåãóëÿòîðà (3.6)�(3.7) ñèñòåìå (3.8) ïîïóòíî îáåñïå-

÷èâàåòñÿ êîíå÷íûé ñïåêòð [10℄. Â ñèëó óñëîâèÿ (2.1) ñèñòåìà (1.8) òàêæå áóäåò èìåòü êîíå÷íûé

ñïåêòð. Ïîýòîìó âåêòîð-�óíêöèÿ col
[[
En−

(
D(z)+BT 1(z)

)]
x(t), xn+1(t), y(t)

]
, t > 0, ñ òå÷åíèåì

âðåìåíè ñãëàæèâàåòñÿ. Ýòî îáñòîÿòåëüñòâî èãðàåò âàæíóþ ðîëü ïðè ïîñòðîåíèè íåïðåðûâíîé

îïåðàöèè âîññòàíîâëåíèÿ òåêóùåãî ñîñòîÿíèÿ ñèñòåìû (1.8) [15, 18℄.

� 5. Îáñóæäåíèå ðåçóëüòàòîâ. Ïðèìåð

Äëÿ ëèíåéíûõ àâòîíîìíûõ äè��åðåíöèàëüíî-ðàçíîñòíûõ ñèñòåì íåéòðàëüíîãî òèïà ñ ñî-

èçìåðèìûìè çàïàçäûâàíèÿìè ïðåäñòàâëåíà ïðîöåäóðà ïîñòðîåíèÿ ëèíåéíîé îáðàòíîé ñâÿçè,

îáåñïå÷èâàþùåé óñïîêîåíèå ðåøåíèÿ èñõîäíîé ñèñòåìû. Åñëè ê ñèñòåìå (3.4)�(3.5) ïðèìåíèòü

ðàññóæäåíèÿ ðàáîò [11,12℄ è çàìêíóòü åå èíòåãðàëüíûì ðåãóëÿòîðîì, òî ìîæíî, íàðÿäó ñî ñâîé-

ñòâîì òî÷å÷íîé âûðîæäåííîñòè, îáåñïå÷èòü àñèìïòîòè÷åñêóþ óñòîé÷èâîñòü çàìêíóòîé ñèñòå-

ìû. Òîãäà, â ñèëó (2.1) ñèñòåìà (1.1), çàìêíóòàÿ ïîñòðîåííûì ðåãóëÿòîðîì, òàêæå áóäåò àñèìï-

òîòè÷åñêè óñòîé÷èâîé. Êðîìå òîãî, â ñèëó (2.1) õàðàêòåðèñòè÷åñêèé êâàçèïîëèíîì çàìêíóòîé

ñèñòåìû áóäåò ÿâëÿòüñÿ ïîëèíîìîì, ïîýòîìó èç àñèìïòîòè÷åñêîé óñòîé÷èâîñòè çàìêíóòîé ñè-

ñòåìû áóäåò ñëåäîâàòü åå ýêñïîíåíöèàëüíàÿ óñòîé÷èâîñòü [21, 
. 321℄.

Ïðèìåð 1. �àññìîòðèì ñèñòåìó (1.1) ñ ìàòðèöàìè (m = 2, n = 3)

D(z) =




−2z 0 0
2z 0 0
0 0 0


, A(z) =




2z2 1 0
0 0 0
0 1 0


, B =




−1 −1 2
−1 0 0
0 0 0


, h = ln 2. (5.1)

Íåñëîæíî óáåäèòüñÿ, ÷òî óñëîâèÿ ïîëíîé óïðàâëÿåìîñòè (1.3)�(1.4) äëÿ äàííîé ñèñòåìû

âûïîëíåíû. Ïîñòðîèì ðåãóëÿòîð (1.5)�(1.7), îáåñïå÷èâàþùèé ðàññìàòðèâàåìîé ñèñòåìå òîæ-

äåñòâî (1.2).

Âíà÷àëå âû÷èñëÿåì ìàòðèöó T 1(z), îáåñïå÷èâàþùóþ ðàâåíñòâî (2.2). Äëÿ ýòîãî âîñïîëü-

çóåìñÿ äîêàçàòåëüñòâîì ëåììû 1. Ïîñëå äîñòàòî÷íî ïðîñòûõ ðàñ÷åòîâ ïîëó÷èì ìàòðèöó

T 1(z) =




0 0 0
−2z 0 0
0 0 0



. Ïåðåõîäèì ê âû÷èñëåíèþ ìàòðèöû T

2
(z). Äëÿ ýòîãî íàéäåì ìàò-

ðèöó Γ(z) =




1 0 0
2z 1 0
0 0 1



è ïîñòðîèì ΠA(z) =




2z2 + 2z 1 0
0 0 0
2z 1 0



. Âîçüìåì s1 = 2, ìàòðèöó

G(z) =




0 1 0
0 0 1
1 0 0



è íàéäåì ìàòðèöó T

2
(z) =




−6 5 0
0 1 0
0 0 −z2 − z



. Òåïåðü âûïèøåì ñèñòåìó

(3.4)�(3.5):

ẋ(t) =




6 −5 0
1 0 2z
7 −6 0


x(t) +




0
0
−1


x4(t),

ẋ4(t) = v(t), t > 0.

(5.2)
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Äàííàÿ ñèñòåìà ÿâëÿåòñÿ ïîëíîñòüþ óïðàâëÿåìîé, ïîýòîìó äëÿ íåå ìîæíî ïîñòðîèòü ðåãóëÿòîð

ïîëíîãî óñïîêîåíèÿ (3.6)�(3.7). Ñèñòåìà (5.2) èìååò äâà èíâàðèàíòíûõ ñïåêòðàëüíûõ çíà÷åíèÿ

{1; 5}, êîòîðûå âõîäÿò â ñïåêòð çàìêíóòîé ñèñòåìû (1.8) ïðè ëþáûõ êîý��èöèåíòàõ ðåãóëÿòîðà

(1.5)�(1.7). Äîïîëíèì ñïåêòð çàìêíóòîé ñèñòåìû (1.8), íàïðèìåð, çíà÷åíèÿìè {−1;−2;−3}.
Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêèé ïîëèíîì çàìêíóòîé ñèñòåìû (1.8) áóäåò òàêèì: (λ−1)(λ−
−5)(λ+ 1)(λ+ 2)(λ+ 3). Ñîãëàñíî ìåòîäèêå ðàáîòû [10℄ âû÷èñëÿåì ïîëèíîìèàëüíûå ìàòðèöû

F 11(z), F 21(z), Fij(z), i = 1, 2, j = 2, 3.
Íà îñíîâàíèè (3.10) âûïèñûâàåì ðåãóëÿòîð (1.5)�(1.7) äëÿ èñõîäíîé ñèñòåìû (1.1):

u(t) =




0 0 0
−2z 0 0
0 0 0


 ẋ(t) +




12z −6 5
0 0 1

−z2 − z 0 0


x(t) +




0
1
0


x4(t), t > 0,

ẋ4(t) = F11(z)x(t) + F12(z)xn+1(t) + F13(z)y(t), t > 0,

ẏ(t) = F21(z)x(t) + F22(z)xn+1(t) + F23(z)y(t), t > 0,

ãäå

F11(z) =
[

149512797824z5−2167301995508z4+9409816785072z3−13709987792023z2+4650922007878z+28763867520

408051000
,

−74756398912z4−1083942718234z3+4709183192721z2−6874042736714z+2357820444824

408051000
,

58562752z4−849305254z3+3691407951z2−5394466934z+1859855564

321300

]
,

F12(z) =
[

−61826984+64528142z−38150763z2+8411902z3−570304z4

5440680

]
,

F13(z) =
[

1

64
(−8 + z)(−4 + z)(−2 + z)(−1 + 2z)(−1 + 32z)

]
,

F21(z) =
[

1332308541409664z4−19604079012132940z3+88426827964273408z2−147557920273373273z−13323963031139970

34688670541875
,

−666154270704832z3−9804639027263750z2+44252074998080279z−73957722461043634

34688670541875
,

1043705366144z3−15364478718580z2+69374518965778z−116052801249308

54627827625

]
,

F22(z) =
[

676592859142−357698314061z+76069410914z2−5081978944z3

462515607225

]
,

F23(z) =
[

29182904−64528142z+38150763z2−8411902z3+570304z4

5440680

]
.
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Calming the solution of systems of neutral type with many delays using feedba
k
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This paper examines the following problem: a linear autonomous di�erential-di�eren
e system of neutral

type with delay in state requires ensuring its 
omplete 
alming by feedba
k. To solve this problem linear
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autonomous dynami
 di�erential-di�eren
e 
ontroller with state feedba
k is proposed; this 
ontroller does

not ex
lude a 
losed system from the original 
lass of linear autonomous systems of neutral type. Su�
ient


ondition for the existen
e of su
h a 
ontroller 
oin
ides with the 
riterion of 
omplete 
ontrollability. In

addition, the 
losed system has a �nite spe
trum, whi
h simpli�es greatly the problem of 
al
ulating the


urrent state during the te
hni
al implementation of the 
ontroller. The basi
 idea of resear
h is to sele
t

parameters for the 
ontroller so that the 
losed system be
omes point-degenerated in dire
tions 
orresponding

to phase 
omponents of the original (open) system. To do this, the original system is �rst 
onverted via

feedba
k to the single-input system of retarded type. Further, for the resulting obje
t the dynami
 
ontroller

that provides the degenera
y of the 
orresponding phase 
omponents is 
onstru
ted.

The proposed pro
edure for 
onstru
ting the 
ontrol a
tion is based on the algebrai
 properties of shift

operator and does not involve 
al
ulating the roots of 
hara
teristi
 quasipolynomial of the original system.

It 
an be used to provide full 
alming as well as exponential stability to a 
losed system. However, in the

latter 
ase it is ne
essary to use dynami
 
ontroller with state feedba
k of integral type.

REFERENCES

1. Krasovskii N.N., Osipov Yu.S. On the stabilization of motions of a plant with delay in a 
ontrol system,

Izv. Akad. Nauk SSSR, Tekh. Kibern., 1963, no. 6, pp. 3�15 (in Russian).

2. Osipov Yu.S. Stabilization of 
ontrol systems with delays,Di�er. Uravn., 1965, vol. 1, no. 5, pp. 606�618

(in Russian).

3. Minyaev S.I., Fursov A.S. Simultaneous stabilization: Constru
tion of a universal stabilizer for

linear plants with delay with the use of spe
tral redu
ibility, Di�erential Equations, 2012, vol. 48, no. 11,

pp. 1510�1516.

4. Rabah R., Sklyar G.M., Rezounenko A.V. On strong stability and stabilizability of linear systems of

neutral type, Advan
ed in Time-Delay Systems, 2004, pp. 257�268.

5. Mar
henko V.M. Control of systems with aftere�e
t in s
ales of linear 
ontrollers with respe
t to the

type of feedba
k, Di�erential Equations, 2011, vol. 47, no. 7, pp. 1014�1028.

6. Pavlovskaya A.T., Khartovskii V.E. Control of neutral delay linear systems using feedba
k with

dynami
 stru
ture, Journal of Computer and Systems S
ien
es International, 2014, no. 3, pp. 305�320.

7. Khartovskii V.E., Pavlovskaya A.T. To the problem of modal 
ontrol for linear systems of neutral type,

Vestn. Udmurt. Univ. Mat. Mekh. Komp'yut. Nauki, 2013, no. 4, pp. 146�155 (in Russian).

8. Manitius A.Z., Olbrot A.W. Finite spe
trum assignment problem for systems with delays, IEEE

Transa
tions on Automati
 Control, 1979, vol. 24, no. 4, pp. 541�553.

9. Watanabe K., Nobuyama E., Kitamori T., Ito M. A new algorithm for �nite spe
trum assignment

of single-input systems with time delay, IEEE Transa
tions on Automati
 Control, 1992, vol. 37, no. 9,

pp. 1377�1383.

10. Metel'skii A.V. Complete damping of a linear autonomous di�erential-di�eren
e system by a 
ontroller

of the same type, Di�erential Equations, 2012, vol. 48, no. 9, pp. 1219�1235.

11. Metel'skii A.V. Spe
tral redu
tion, 
omplete damping, and stabilization of a delay system by a single


ontroller, Di�erential Equations, 2013, vol. 49, no. 11, pp. 1405�1422.

12. Metel'skii A.V. Complete 
alming and stabilization of delay systems using spe
tral redu
tion, Journal

of Computer and Systems S
ien
es International, 2014, no. 1, pp. 1�19.

13. Khartovskii V.E., Urban O.I. Control of linear autonomous di�erential-algebrai
 systems by dynami



ontrollers, Pro
eedings of the National A
ademy of S
ien
es of Belarus, Series of Physi
al-Mathemati
al

S
ien
es, 2014, no. 1, pp. 36�42 (in Russian).

14. Krasovskii N.N. Optimal pro
esses in systems with delay, Optimal systems. Statisti
al methods:

Pro
eedings of the II International Congress of IFAC, 1961, vol. 2, pp. 201�210.

15. Khartovskii V.E., Pavlovskaya A.T. Complete 
ontrollability and 
ontrollability for linear autonomous

systems of neutral type, Automation and Remote Control, 2013, no. 5, pp. 769�784.

16. Khartovskii V.E. Complete 
ontrollability problem and its generalization for linear autonomous

systems of neutral type, Journal of Computer and Systems S
ien
es International, 2012, no. 6,

pp. 755�769.

17. Metel'skii A.V., Minyuk S.A. Complete 
ontrollability and 
omplete 
onstru
tive identi�ability

of 
ompletely regular di�erential-algebrai
 delay systems, Di�erential Equations, 2007, vol. 43, no. 3,

pp. 311�327.

18. Metel'skii A.V., Minyuk S.A. A 
riterion of 
onstru
tive identi�ability and 
omplete 
ontrollability

of linear stationary systems of neutral type, Journal of Computer and Systems S
ien
es International, 2006,

no. 5, pp. 690�698.



Óñïîêîåíèå ðåøåíèÿ ñèñòåì íåéòðàëüíîãî òèïà 51

ÌÀÒÅÌÀÒÈÊÀ 2014. Âûï. 3

19. Mar
henko V.M. To 
ontrollability of linear systems with aftere�e
t, Dokl. Akad. Nauk SSSR, 1977,

vol. 236, no. 5, pp. 1083�1086.

20. Metel'skii A.V. The problem of point density in the theory of di�erential-di�eren
e systems 
ontrol,

Russian Mathemati
al Surveys, 1994, vol. 49, no. 2, pp. 101�139.

21. Hale J. Theory of fun
tional di�erential equations, New York�Heidelberg�Berlin: Springer-Verlag,

1977, 365 p. Translated under the title Teoriya funktsional'no-di�erentsial'nykh uravnenii, Mos
ow: Mir,

1984, 421 p.

22. Gantma
her F.R. The theory of matri
es, AMS Chelsea Publishing: Reprinted by Ameri
an Mathema-

ti
al So
iety, 2000, 660 p.

23. Watanabe K. Finite spe
trum assignment and observer for multivariable systems with 
ommensurate

delays, IEEE Transa
tions on Automati
 Control, 1986, vol. 31, no. 6, pp. 543�550.

Re
eived 30.06.2014

Metel'skii Anatolii Vladimirovi
h, Do
tor of Physi
s and Mathemati
s, Professor, Department of Higher

Mathemati
s No. 1, Belarusian National Te
hni
al University, pr. Nezavisimosti, 65, Minsk, 220013, Belarus.

E-mail: ametelski�bntu.by

Khartovskii Vadim Evgen'evi
h, Candidate of Physi
s and Mathemati
s, Asso
iate Professor, Head of the

Department of Logisti
s and Methods of Control, Yanka Kupala State University of Grodno, ul. Ozheshko,

22, Grodno, 230023, Belarus.

E-mail: hartovskij�grsu.by

Urban Ol'ga Ivanovna, post-graduate student, Department of Mathemati
al Analysis and Di�erential

Equations, Yanka Kupala State University of Grodno, ul. Ozheshko, 22, Grodno, 230023, Belarus.

E-mail: urban_ola�mail.ru


