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ÑÎ�ËÀÑÎÂÀÍÍÎÑÒÜ ÄÈÑÊ�ÅÒÍÛÕ ËÈÍÅÉÍÛÕ ÑÒÀÖÈÎÍÀ�ÍÛÕ

ÓÏ�ÀÂËßÅÌÛÕ ÑÈÑÒÅÌ Ñ ÍÅÏÎËÍÎÉ ÎÁ�ÀÒÍÎÉ ÑÂßÇÜÞ

ÑÏÅÖÈÀËÜÍÎ�Î ÂÈÄÀ ÄËß n = 51

�àññìàòðèâàåòñÿ ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà ñ ëèíåéíîé íåïîëíîé îáðàòíîé ñâÿçüþ ñ äèñêðåòíûì

âðåìåíåì

x(t + 1) = Ax(t) +Bu(t), y(t) = C∗x(t), u(t) = Uy(t), t ∈ Z, (x, u, y) ∈ K
n ×K

m ×K
k.

Çäåñü K = C èëè K = R. Äëÿ çàìêíóòîé ñèñòåìû

x(t+ 1) = (A+BUC∗)x(t), x ∈ K
n, (1)

ââîäèòñÿ ïîíÿòèå ñîãëàñîâàííîñòè. Ýòî ïîíÿòèå ÿâëÿåòñÿ îáîáùåíèåì ïîíÿòèÿ ïîëíîé óïðàâëÿåìîñòè

íà ñèñòåìû ñ íåïîëíîé îáðàòíîé ñâÿçüþ. Èññëåäóåòñÿ ñâîéñòâî ñîãëàñîâàííîñòè ñèñòåìû (1) â ñâÿçè

ñ çàäà÷åé óïðàâëåíèÿ ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé, êîòîðàÿ çàêëþ÷àåòñÿ â ïðèâåäåíèè õàðàêòåðè-

ñòè÷åñêîãî ìíîãî÷ëåíà ìàòðèöû ñòàöèîíàðíîé ñèñòåìû (1) ñ ïîìîùüþ ñòàöèîíàðíîãî óïðàâëåíèÿ U

ê ïðîèçâîëüíîìó íàïåðåä çàäàííîìó ïîëèíîìó. Äëÿ ñèñòåìû (1) ñïåöèàëüíîãî âèäà, êîãäà ìàòðèöà A

èìååò �îðìó Õåññåíáåðãà, à â ìàòðèöàõ B è C âñå ñòðîêè ñîîòâåòñòâåííî äî p-é è ïîñëå p-é (íå âêëþ-

÷àÿ p) ðàâíû íóëþ, ñâîéñòâî ñîãëàñîâàííîñòè ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì ãëîáàëüíîé óïðàâëÿåìî-

ñòè ñïåêòðà ñîáñòâåííûõ çíà÷åíèé. Â ïðåäûäóùèõ ðàáîòàõ áûëî äîêàçàíî, ÷òî îáðàòíîå óòâåðæäåíèå

âåðíî äëÿ n < 5 è íåâåðíî äëÿ n > 5. Â íàñòîÿùåé ðàáîòå îòêðûòûé âîïðîñ äëÿ n = 5 ðàçðåøåí.

Äîêàçàíî, ÷òî ïðè n = 5 äëÿ ñèñòåìû ñ êîý��èöèåíòàìè ñïåöèàëüíîãî âèäà ñâîéñòâî ñîãëàñîâàííîñòè

ÿâëÿåòñÿ íåîáõîäèìûì óñëîâèåì ãëîáàëüíîé óïðàâëÿåìîñòè ñïåêòðà ñîáñòâåííûõ çíà÷åíèé. Äîêàçà-

òåëüñòâî ïðîèçâîäèòñÿ ïåðåáîðîì âñåâîçìîæíûõ äîïóñòèìûõ çíà÷åíèé ðàçìåðíîñòåé m, k, p. Ñâîéñòâî

ñîãëàñîâàííîñòè ýêâèâàëåíòíî ñâîéñòâó ïîëíîé óïðàâëÿåìîñòè ¾áîëüøîé ñèñòåìû¿ ðàçìåðíîñòè n2
.

Äëÿ äîêàçàòåëüñòâà ñòðîèòñÿ áîëüøàÿ ñèñòåìà, ñòðîèòñÿ ìàòðèöà óïðàâëÿåìîñòè K ýòîé ñèñòåìû ðàç-

ìåðíîñòè n2 × n2mk. Äîêàçûâàåòñÿ, ÷òî ìàòðèöà K èìååò íåíóëåâîé ìèíîð ïîðÿäêà n2 = 25. Äëÿ
âû÷èñëåíèÿ îïðåäåëèòåëåé áîëüøèõ ïîðÿäêîâ èñïîëüçóåòñÿ ñèñòåìà Maple 15.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ óïðàâëÿåìàÿ ñèñòåìà, íåïîëíàÿ îáðàòíàÿ ñâÿçü, ñîãëàñîâàííîñòü, óïðàâëå-

íèå ñïåêòðîì, ñòàáèëèçàöèÿ, äèñêðåòíàÿ ñèñòåìà.

� 1. Ââåäåíèå

Â íàñòîÿùåé ðàáîòå ïðîäîëæàþòñÿ èññëåäîâàíèÿ, ïðîâåäåííûå â ðàáîòàõ [Z.I, Z.II℄

2

è [1,2℄.

Çäåñü äàåòñÿ ïîëîæèòåëüíûé îòâåò íà âîïðîñ, êîòîðûé áûë ïîñòàâëåí â [Z.II℄ (ñì. òàêæå [1℄)

è îñòàâàëñÿ îòêðûòûì. Ââåäåì îáîçíà÷åíèÿ è îïðåäåëåíèÿ. Ïóñòü K = C èëè K = R; K
n
�

ëèíåéíîå n-ìåðíîå ïðîñòðàíñòâî âåêòîðîâ-ñòîëáöîâ x = col (x1, . . . , xn), xi ∈ K, íàä ïîëåì K;

e1, . . . , en � êàíîíè÷åñêèé áàçèñ â K
n
, òî åñòü e1 = col (1, 0, . . . , 0), . . . , en = col (0, . . . , 0, 1);

Mn,m(K) � ïðîñòðàíñòâî n ×m-ìàòðèö ñ ýëåìåíòàìè èç ïîëÿ K; Mn(K) := Mn,n(K); Mn,m :=
:= Mn,m(K); Mn := Mn,n; I = [e1, . . . , en] ∈ Mn � åäèíè÷íàÿ ìàòðèöà; ⊤ � îïåðàöèÿ òðàíñïî-

íèðîâàíèÿ âåêòîðà èëè ìàòðèöû; ∗ � ýðìèòîâî ñîïðÿæåíèå, òî åñòü H∗ = H
⊤
; 〈a1, . . . , aℓ〉 �

ëèíåéíàÿ îáîëî÷êà ýëåìåíòîâ a1, . . . , aℓ íåêîòîðîãî ëèíåéíîãî ïðîñòðàíñòâà; ⊗ � ïðÿìîå (êðî-

íåêåðîâî) ïðîèçâåäåíèå ìàòðèö [3, ñ. 235℄.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíò 12�01�00195) è Ìèíîáðíàóêè �îññèè â ðàìêàõ

áàçîâîé ÷àñòè.

2

Çàéöåâ Â.À. Ñîãëàñîâàííîñòü è óïðàâëåíèå ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé äèñêðåòíûõ áèëèíåéíûõ ñèñòåì.

I, II // Äè��åðåíöèàëüíûå óðàâíåíèÿ. (Â ïå÷àòè.)
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�àññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó ñ äèñêðåòíûì âðåìåíåì:

x(t+ 1) = A(t)x(t) +B(t)u(t), y(t) = C∗(t)x(t), t ∈ Z, (x, u, y) ∈ K
n ×K

m ×K
k. (1)

Ïóñòü óïðàâëåíèå â ñèñòåìå (1) ñòðîèòñÿ ïî ïðèíöèïó ëèíåéíîé íåïîëíîé îáðàòíîé ñâÿçè â âèäå

u(t) = U(t)y(t). Òîãäà ñèñòåìà (1) ïåðåõîäèò â çàìêíóòóþ ñèñòåìó

x(t+ 1) = (A(t) +B(t)U(t)C∗(t))x(t), t ∈ Z, x ∈ K
n. (2)

Îáîçíà÷èì ÷åðåç X(t, s), t > s, ìàòðèöó Êîøè ñîîòâåòñòâóþùåé íåâîçìóùåííîé ñèñòåìû

x(t+ 1) = A(t)x(t), x ∈ K
n.

Èìååì X(t, s) = A(t− 1)A(t− 2) · . . . ·A(s) ïðè t > s è X(t, s) = I ïðè t = s. Ïîä ïðîìåæóòêîì

[t0, t1), ãäå t0, t1 ∈ Z, t0 < t1, áóäåì ïîíèìàòü ìíîæåñòâî öåëî÷èñëåííûõ òî÷åê t0, t0+1, . . . , t1−1.

Îïðåäåëåíèå 1. Ñèñòåìà (2) íàçûâàåòñÿ ñîãëàñîâàííîé íà ïðîìåæóòêå [t0, t1), åñëè äëÿ

âñÿêîé ìàòðèöû G ∈ Mn íàéäåòñÿ óïðàâëåíèå Û(t) ∈ Mm,k(K), t ∈ [t0, t1), êîòîðîå ïåðåâîäèò
ðåøåíèå ìàòðè÷íîé ñèñòåìû

Z(t+ 1) = A(t)Z(t) +B(t)Û(t)C∗(t)X(t, t0), t ∈ Z,

èç òî÷êè Z(t0) = 0 â òî÷êó Z(t1) = G.

Ïðåäïîëîæèì, ÷òî detA(t) 6= 0, t ∈ Z. Ïîñòðîèì ïî ñèñòåìå (2) ¾áîëüøóþ ñèñòåìó¿

(ñì. [Z.I℄)

z(t+ 1) = F (t)z(t) +G(t)v(t), t ∈ Z, (z, v) ∈ K
n2 ×K

mk, (3)

F (t) = A(t)⊗ (A⊤(t− 1))−1 ∈ Mn2 , G(t) = B(t)⊗ C(t) ∈ Mn2,mk. (4)

Óòâåðæäåíèå 1 (ñì. [Z.I, òåîðåìà 1℄). Ïóñòü detA(t) 6= 0, t ∈ [τ, τ + ϑ). Òîãäà ñèñòåìà (2)

ñîãëàñîâàííà íà [τ, τ +ϑ) â òîì è òîëüêî â òîì ñëó÷àå, åñëè áîëüøàÿ ñèñòåìà (3), (4) âïîëíå

óïðàâëÿåìà íà [τ, τ + ϑ).

�àññìîòðèì òåïåðü ñèñòåìó (2) ñ ïîñòîÿííûìè êîý��èöèåíòàìè:

x(t+ 1) = (A+BUC∗)x(t), t ∈ Z, x ∈ K
n. (5)

Áóäåì îòîæäåñòâëÿòü ñèñòåìó (5) ñ ìàòðèöåé Σ = (A,B,C) ∈ Mn,n+m+k. Ñèñòåìà Σ íàçû-

âàåòñÿ ϑ-ñîãëàñîâàííîé, åñëè îíà ñîãëàñîâàííà íà ïðîìåæóòêå [0, ϑ). Ñèñòåìà Σ íàçûâàåòñÿ

ñîãëàñîâàííîé, åñëè ñóùåñòâóåò ϑ > 0 òàêîå, ÷òî ñèñòåìà Σ ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé.

Â ðàáîòàõ [Z.I, Z.II℄ è [1℄ ïîëó÷åíû ðàçëè÷íûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñîãëàñî-

âàííîñòè ñèñòåìû (2) ñ ïåðåìåííûìè è ïîñòîÿííûìè êîý��èöèåíòàìè, â ÷àñòíîñòè ñëåäóþùèå

(ñì. [1, çàìå÷àíèå 1℄). Íàçîâåì ñèñòåìó Σ = (A,B,C) òðèâèàëüíîé, åñëè rankB = rankC = n,

è íåòðèâèàëüíîé � â ïðîòèâíîì ñëó÷àå. Åñëè ñèñòåìà òðèâèàëüíàÿ, òî îíà ÿâëÿåòñÿ ñîãëà-

ñîâàííîé. Åñëè ñèñòåìà íåòðèâèàëüíàÿ, òî íåîáõîäèìûì óñëîâèåì ñîãëàñîâàííîñòè ÿâëÿåòñÿ

óñëîâèå detA 6= 0.
Â ðàáîòàõ [Z.II℄, [1, 2℄ èññëåäîâàëàñü çàäà÷à óïðàâëåíèÿ ñïåêòðîì ñîáñòâåííûõ çíà÷åíèé

ñèñòåìû (5). Äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì àíàëîãè÷íàÿ çàäà÷à èññëåäîâàëàñü â ðàáî-

òàõ [4�9℄. Â ýòîé çàäà÷å äëÿ çàäàííîé ñèñòåìû (5) è çàäàííîãî ïðèâåäåííîãî ìíîãî÷ëåíà p(λ) =
= λn + γ1λ

n−1 + . . . + γn ñ êîý��èöèåíòàìè γi ∈ K òðåáóåòñÿ ïîñòðîèòü óïðàâëåíèå U ∈ Mm,k

â ñèñòåìå (5) òàêîå, ÷òîáû õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ρ(λ;U) = det(λI − A − BUC∗)
ìàòðèöû ñèñòåìû (5) ñîâïàäàë ñ p(λ). Åñëè òàêîå óïðàâëåíèå íàéäåòñÿ äëÿ ëþáîãî γ =
= col (γ1, . . . , γn) ∈ K

n
, òî ñïåêòð ñòàöèîíàðíîé ñèñòåìû (2) íàçûâàåòñÿ ãëîáàëüíî óïðàâëÿå-

ìûì [8℄.

Èçâåñòíî, ÷òî äëÿ ñòàöèîíàðíîé ñèñòåìû ñ ïîëíîé îáðàòíîé ñâÿçüþ (òî åñòü êîãäà C = I)

èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå (ñì. ññûëêè â [8℄), ñïðàâåäëèâîå è äëÿ K = C, è äëÿ K = R

êàê â ñëó÷àå ñèñòåì ñ íåïðåðûâíûì, òàê è ñ äèñêðåòíûì âðåìåíåì.
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Óòâåðæäåíèå 2. Ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) ñèñòåìà (1) âïîëíå óïðàâëÿåìà;

2) rank [B,AB, . . . , An−1B] = n;
3) 
ïåêòð ñèñòåìû (5) ãëîáàëüíî óïðàâëÿåì.

Äëÿ ñèñòåì ñ íåïîëíîé îáðàòíîé ñâÿçüþ äîêàçàíû òåîðåìû (â ðàáîòàõ [8, 9℄ � äëÿ ñèñòåì

ñ íåïðåðûâíûì âðåìåíåì, â ðàáîòàõ [Z.I, Z.II℄ � äëÿ ñèñòåì ñ äèñêðåòíûì âðåìåíåì), àíàëî-

ãè÷íûå óòâåðæäåíèþ 2, â ñëó÷àå êîãäà êîý��èöèåíòû ñèñòåìû (5) èìåþò ñïåöèàëüíûé âèä:

ìàòðèöà A èìååò �îðìó Õåññåíáåðãà, à â ìàòðèöàõ B è C âñå ñòðîêè ñîîòâåòñòâåííî äî p-é

è ïîñëå p-é (íå âêëþ÷àÿ p) ðàâíû íóëþ, òî åñòü

A = {aij}ni,j=1, ai,i+1 6= 0, i = 1, n− 1; aij = 0, j > i+ 1; (6)

B = {bij}, C = {cis}, i = 1, n, j = 1,m, s = 1, k;

bij = 0, i = 1, p− 1, j = 1,m; cis = 0, i = p+ 1, n, s = 1, k; p ∈ {1, n}.
(7)

Òåîðåìà 1. Ïóñòü êîý��èöèåíòû ñèñòåìû (5) èìåþò âèä (6), (7). Òîãäà ñïðàâåäëèâû èì-

ïëèêàöèè 1 =⇒ 2 ⇐⇒ 3 äëÿ ñëåäóþùèõ óòâåðæäåíèé:

1) ñèñòåìà Σ ñîãëàñîâàííà;

2) ìàòðèöû C∗B, C∗AB, . . . , C∗An−1B ëèíåéíî íåçàâèñèìû;

3) ñïåêòð ñèñòåìû (5) ãëîáàëüíî óïðàâëÿåì.

Âåðíà ëè èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1? Äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì îòâåò íà

ýòîò âîïðîñ äàåò òåîðåìà 3 [8℄. Â ÷àñòíîñòè, áûëî äîêàçàíî, ÷òî èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1
âåðíà, åñëè n < 6, è íåâåðíà, åñëè n > 6. Äëÿ ñèñòåì â äèñêðåòíûì âðåìåíåì íåïîëíûé îòâåò

íà ýòîò âîïðîñ áûë ïîëó÷åí â ðàáîòàõ [Z.II℄ è [1℄. Â ðàáîòå [Z.II℄ áûëî ïîêàçàíî, ÷òî åñëè

n < 4 (è detA 6= 0 � ýòî íåîáõîäèìîå óñëîâèå ñîãëàñîâàííîñòè â íåòðèâèàëüíîì ñëó÷àå), òî

èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1 âåðíà (ñì. [Z.II, óòâåðæäåíèå 7℄, [1, óòâåðæäåíèå 9℄), à åñëè

n > 6, òî èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1 íåâåðíà (ñì. [Z.II, ïðèìåð 4℄, [1, óòâåðæäåíèå 10℄).

Òàêèì îáðàçîì, íåèññëåäîâàííûìè îñòàâàëèñü ñëó÷àè n = 4, n = 5. Ïî àíàëîãèè ñ ñèñòåìàìè

ñ íåïðåðûâíûì âðåìåíåì áûëà âûäâèíóòà ãèïîòåçà î òîì, ÷òî ïðè n = 4, n = 5 (è detA 6= 0)
èìïëèêàöèÿ 2 =⇒ 1 â òåîðåìå 1 âåðíà. Äëÿ n = 4 ýòà ãèïîòåçà áûëà äîêàçàíà â [1℄. Îñíîâíîé

ðåçóëüòàò íàñòîÿùåé ðàáîòû (ñì. íèæå òåîðåìó 2) çàêëþ÷àåòñÿ â äîêàçàòåëüñòâå ýòîé ãèïîòåçû

äëÿ n = 5. Äîêàçàòåëüñòâî òåîðåìû 2 èäåéíî ñëåäóåò äîêàçàòåëüñòâó àíàëîãè÷íîé òåîðåìû

äëÿ ñèñòåì ñ íåïðåðûâíûì âðåìåíåì [10, òåîðåìà 12℄. Äîêàæåì ïðåäâàðèòåëüíî íåêîòîðûå

âñïîìîãàòåëüíûå óòâåðæäåíèÿ.

� 2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ëåììà 1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà;

2) äëÿ ëþáîãî λ ∈ C, λ 6= 0, ñèñòåìà Σ1 = (λA,B,C) ñîãëàñîâàííà.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàæåì èìïëèêàöèþ 1 =⇒ 2 (èìïëèêàöèÿ 2 =⇒ 1 î÷åâèäíà:

áåðåì λ = 1). Ïðåäïîëîæèì ñíà÷àëà, ÷òî detA 6= 0. Ïóñòü ñèñòåìà Σ ñîãëàñîâàííà. Â ñèëó

óòâåðæäåíèÿ 1 ýòî ýêâèâàëåíòíî òîìó, ÷òî áîëüøàÿ ñèñòåìà

z(t+ 1) = Fz(t) +Gv(t), t ∈ Z, (z, v) ∈ K
n2 ×K

mk, (8)

F = A⊗ (A⊤)−1 ∈ Mn2 , G = B ⊗ C ∈ Mn2,mk (9)

âïîëíå óïðàâëÿåìà. Áóäåì îòîæäåñòâëÿòü áîëüøóþ ñèñòåìó (8), (9) ñ ïàðîé (F,G). Áîëüøàÿ
ñèñòåìà (F1, G1), ïîñòðîåííàÿ ïî ñèñòåìå Σ1 = (λA,B,C), ñîâïàäàåò ñ ñèñòåìîé (F,G), ïî-
ñêîëüêó G1 = G, F1 = (λA) ⊗ ((λA)⊤)−1 = (λλ−1)(A ⊗ (A⊤)−1) = F . Ñëåäîâàòåëüíî, ñèñòåìà
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(F1, G1) âïîëíå óïðàâëÿåìà. Ïîñêîëüêó λ 6= 0 è detA 6= 0, òî det(λA) 6= 0. Îòñþäà, â ñèëó

óòâåðæäåíèÿ 1, ñëåäóåò ñîãëàñîâàííîñòü ñèñòåìû Σ1.

Ïðåäïîëîæèì òåïåðü, ÷òî detA = 0. Ïóñòü ñèñòåìà Σ ñîãëàñîâàííà. Ýòî îçíà÷àåò, ÷òî

ñóùåñòâóåò ϑ > 0 òàêîå, ÷òî ñèñòåìà Σ ϑ-ñîãëàñîâàííà. Óòâåðæäåíèå 1 [Z.1℄ (ñì. òàêæå [1,

óòâåðæäåíèå 4℄) ãëàñèò, ÷òî åñëè ñèñòåìà Σ ÿâëÿåòñÿ ϑ-ñîãëàñîâàííîé è ϑ > 1, òî detA 6= 0.
Îòñþäà ñëåäóåò, ÷òî ϑ = 1. Â ñèëó ïðåäëîæåíèÿ 10 [Z.1℄ ýòî îçíà÷àåò, ÷òî 〈BUC∗, U ∈ Mm,k〉 =
= Mn. Ýòî çíà÷èò, ÷òî rankB = rankC = n, òî åñòü ñèñòåìà Σ = (A,B,C) òðèâèàëüíàÿ. Íî
òîãäà ñèñòåìà Σ1 = (λA,B,C) òàêæå òðèâèàëüíàÿ è, ñëåäîâàòåëüíî, ÿâëÿåòñÿ ñîãëàñîâàííîé

(ñì. [Z.I, ñëåäñòâèå 6℄, [1, òåîðåìà 3℄). Òàêèì îáðàçîì, ëåììà äîêàçàíà. �

Ëåììà 2. Âåêòîðû x1 = col (x11, . . . , x
1
r) ∈ Kr

1, . . . , x
s = col (xs1, . . . , x

s
r) ∈ Kr

1 ëèíåéíî íåçà-

âèñèìû íàä ïîëåì K1 (K1 = C èëè K1 = R) òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî λ ∈ C,

λ 6= 0, âåêòîðû y1 = x1, y2 = λ · x2, . . . , ys = λs−1 · xs ∈ K
r
2 ëèíåéíî íåçàâèñèìû íàä ïîëåì K2

(K2 = C èëè K2 = R).

Çàìå÷àíèå 1. Ïîÿñíèì, â ÷åì çàêëþ÷àåòñÿ ñìûñë ëåììû. Äâà âåêòîðà (ñêàæåì, x1 =
= col (1, i) ∈ C

2
, x2 = col (i,−1) ∈ C

2
) ìîãóò áûòü ëèíåéíî çàâèñèìûìè íàä ïîëåì C (òî

åñòü íàéäóòñÿ µ1 = 1 ∈ C, µ2 = i ∈ C òàêèå, ÷òî µ1x
1 + µ2x

2 = 0 ∈ C
2
), íî ìîãóò áûòü ëèíåéíî

íåçàâèñèìûìè íàä ïîëåì R (òî åñòü âåùåñòâåííûõ ÷èñåë µ1, µ2 òàêèõ, ÷òî µ1x
1+µ2x

2 = 0 ∈ C
2
,

íå íàéäåòñÿ). Ýòî îçíà÷àåò, ÷òî ëèíåéíàÿ íåçàâèñèìîñòü âåêòîðîâ (åñëè åå ïîíèìàòü êàê îòñóò-

ñòâèå íåòðèâèàëüíîé ëèíåéíîé êîìáèíàöèè, ðàâíîé íóëþ) íàä ïîëåì C è íàä ïîëåì R � ýòî,

âîîáùå ãîâîðÿ, ðàçíûå ñâîéñòâà. Â ëåììå 2 âåêòîðû x1, . . . , xs ñ êîîðäèíàòàìè èç ïîëÿ K1 (= R

èëè = C) óìíîæàþòñÿ íà êîý��èöèåíòû 1, λ, . . . , λs−1
, ãäå λ ∈ C. Ìîæåò îêàçàòüñÿ (ïðèìåð:

x1 = col (1, 1) ∈ C
2
, x2 = col (i, i) ∈ C

2
, λ = i, y1 = col (1, 1) ∈ R

2
, y2 = col (−1,−1) ∈ R

2
), ÷òî

ïîëó÷åííûå ïðè ýòîì âåêòîðû y1, . . . , ys ëåæàò â K
r
2, ãäå ïîëå K2 íå ñîâïàäàåò ñ K1 (à ñ÷èòàòü,

÷òî K2 = K1 = C, íåëüçÿ, òàê êàê ëèíåéíàÿ íåçàâèñèìîñòü íàä C è íàä R îòëè÷àþòñÿ). Ïðè òà-

êîì óìíîæåíèè ëèíåéíàÿ çàâèñèìîñòü/íåçàâèñèìîñòü ìîæåò, âîîáùå ãîâîðÿ, èçìåíèòüñÿ, òàê

êàê ìîæåò ïîìåíÿòüñÿ ñàìî ïîëå, êîòîðîìó ïðèíàäëåæàò êîîðäèíàòû âåêòîðîâ y1, . . . , ys, è ìî-

æåò ïîìåíÿòüñÿ ïîíÿòèå ëèíåéíîé íåçàâèñèìîñòè íàä ïîëåì K2. Ñìûñë ëåììû 2 çàêëþ÷àåòñÿ â

òîì, ÷òî íà ñàìîì äåëå ïðè òàêîì ïðåîáðàçîâàíèè (x1, . . . , xs) → (y1, . . . , ys) ñâîéñòâî ëèíåéíîé
íåçàâèñèìîñòè íå èçìåíèòñÿ.

Ä î ê à ç à ò å ë ü ñ ò â î ë å ì ì û 2. (⇐=). Î÷åâèäíî. Áåðåì λ = 1. Òîãäà K2 = K1

è yj = xj , j = 1, . . . , s, è ñâîéñòâî ëèíåéíîé íåçàâèñèìîñòè ñîõðàíÿåòñÿ.

(=⇒). Ïîñòðîèì ìàòðèöó X = [x1, . . . , xs] ∈ Mr,s(K1), Y = [y1, . . . , ys] ∈ Mr,s(K2), Λ =
= diag {1, λ, . . . , λs−1} ∈ Ms(C). Òîãäà X = Y Λ. Ïîñêîëüêó λ 6= 0, òî detΛ 6= 0. Ïóñòü âåêòîðû
x1, . . . , xs ∈ K

r
1 ëèíåéíî íåçàâèñèìû íàä K1. Ýòî îçíà÷àåò, ÷òî rankX = s, òî åñòü ñóùåñòâóåò

íåíóëåâîé ìèíîð ïîðÿäêà s ìàòðèöû X. Ïîñêîëüêó detΛ 6= 0, òî rankY òàêæå ðàâåí s (òî åñòü

ñóùåñòâóåò íåíóëåâîé ìèíîð ïîðÿäêà s ìàòðèöû Y ). Ïîñêîëüêó ýëåìåíòû ìàòðèöû Y ëåæàò

â K2, ñëåäîâàòåëüíî, ñòîëáöû ìàòðèöû Y ëèíåéíî íåçàâèñèìû íàä K2. Ëåììà äîêàçàíà. �

Ñëåäñòâèå 1. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) ìàòðèöû C∗B,C∗AB, . . . , C∗An−1B ∈ Mk,m(K1) ëèíåéíî íåçàâèñèìû íàä ïîëåì K1;

2) äëÿ ëþáîãî λ ∈ C, λ 6= 0, ìàòðèöû C∗B,C∗(λA)B, . . . , C∗(λA)n−1B ∈ Mk,m(K2) ëèíåéíî
íåçàâèñèìû íàä ïîëåì K2.

Äîêàçàòåëüñòâî ñëåäóåò èç ëåììû 2, åñëè ðàçâåðíóòü ìàòðèöû C∗B,C∗AB, . . . , C∗An−1B

â âåêòîð-ñòîëáöû.

Çàìå÷àíèå 2. Ëåììà 1 è ñëåäñòâèå 1 ãîâîðÿò î òîì, ÷òî óñëîâèÿ 1 è 2 â òåîðåìå 1 íå

èçìåíÿþòñÿ ïðè ïåðåõîäå îò ñèñòåìû Σ = (A,B,C) ê ñèñòåìå Σ1 = (λA,B,C), λ ∈ C, λ 6= 0.
Äàëåå áóäåì íàçûâàòü óñëîâèÿ 1 è 2 â òåîðåìå 1 ñâîéñòâàìè 1 è 2 äëÿ çàäàííîé ñèñòåìû

Σ = (A,B,C).
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Ëåììà 3. Ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:

1) Ñèñòåìà Σ = (A,B,C) ϑ-ñîãëàñîâàííà;

2) 〈Aϑ−1BU1C
∗, Aϑ−2BU2C

∗A, . . . , BUϑC
∗Aϑ−1, Ui ∈ Mm,k〉 = Mn;

3) 〈(A∗)ϑ−1CV1B
∗, (A∗)ϑ−2CV2B

∗A∗, . . . , CVϑB
∗(A∗)ϑ−1, Vj ∈ Mk,m〉 = Mn;

4) ñèñòåìà Σ1 = (A∗, C,B) ϑ-ñîãëàñîâàííà.

Ä î ê à ç à ò å ë ü ñ ò â î. Ýêâèâàëåíòíîñòü 1 ⇐⇒ 2 � ýòî ïðåäëîæåíèå 10 [Z.I℄. Èç íåãî

ñëåäóåò ýêâèâàëåíòíîñòü 3 ⇐⇒ 4. Åñëè ïðèìåíèòü ê ëåâîé ÷àñòè ñîîòíîøåíèÿ 2 îïåðàöèþ ∗,
òî ïîëó÷èòñÿ ýêâèâàëåíòíîå ðàâåíñòâî, êîòîðîå èìååò âèä ñîîòíîøåíèÿ 3 (ãäå U∗

i = Vϑ+1−i). �

Ëåììà 4. Ñèñòåìà Σ = (A,B,C) ñîãëàñîâàííà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîé

íåâûðîæäåííîé ìàòðèöû S ∈ Mn ñèñòåìà Σ̃ := SΣS−1 := (Ã, B̃, C̃), ãäå

Ã = SAS−1, B̃ = SB, C̃ = (S−1)∗C, (10)

ÿâëÿåòñÿ ñîãëàñîâàííîé.

Äðóãèìè ñëîâàìè, ñâîéñòâî ñîãëàñîâàííîñòè èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ

Σ → Σ̃. Ëåììà 4 âûòåêàåò èç [Z.I, ñëåäñòâèå 3℄ (ñì. òàêæå [1, óòâåðæäåíèå 6℄).

Ëåììà 5. Ñâîéñòâî 2 èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ Σ → Σ̃.

Ýòî âûòåêàåò èç ðàâåíñòâ C̃∗Ãi−1B̃ = C∗S−1(SAS−1)i−1SB = C∗Ai−1B, i = 1, . . . , n.

Ëåììà 6. Ñâîéñòâî 1 èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ

Σ = (A,B,C) → Σ1 = (A,BT,CR), (11)

ãäå T ∈ Mm, R ∈ Mk � ïðîèçâîëüíûå íåâûðîæäåííûå ìàòðèöû.

Ëåììà 6 âûòåêàåò èç [Z.I, ñëåäñòâèå 2℄ (ñì. òàêæå [1, óòâåðæäåíèå 5℄).

Ëåììà 7. Ñâîéñòâî 2 èíâàðèàíòíî îòíîñèòåëüíî ïðåîáðàçîâàíèÿ (11).

Ä î ê à ç à ò å ë ü ñ ò â î. Îáîçíà÷èì ÷åðåç vec : Mn,m → K
nm

îòîáðàæåíèå, êîòîðîå ¾ðàç-

âîðà÷èâàåò¿ ìàòðèöó H = {hij}, i = 1, n, j = 1,m, ïî ñòðîêàì â âåêòîð-ñòîëáåö

vecH := col (h11, . . . , h1m, . . . , hn1, . . . , hnm).

Íåòðóäíî ïðîâåðèòü, ÷òî äëÿ ëþáûõ L ∈ Mm,n, A ∈ Mn,k, N ∈ Mk,l ðàâåíñòâî D = LAN

ýêâèâàëåíòíî vecD = (L⊗N⊤)vecA. Ïðèìåíèì ê ìàòðèöàì C∗Ai−1B, i = 1, . . . , n, îòîáðàæå-
íèå vec è ïîñòðîèì ìàòðèöó P = [vec(C∗B), vec(C∗AB), . . . , vec(C∗An−1B)] ∈ Mkm,n. Ñâîéñòâî 2

äëÿ ñèñòåìû Σ = (A,B,C) ðàâíîñèëüíî òîìó, ÷òî rankP = n. Ñâîéñòâî 2 äëÿ ñèñòåìû Σ1 =
= (A,BT,CR) îçíà÷àåò, ÷òî ìàòðèöû R∗C∗Ai−1BT , i = 1, . . . , n, ëèíåéíî íåçàâèñèìû. Ýòî

îçíà÷àåò, ÷òî rankQ = n, ãäå Q = [vec(R∗C∗BT ), vec(R∗C∗ABT ), . . . , vec(R∗C∗An−1BT )] ∈
∈ Mkm,n. Â ñèëó ñâîéñòâà îòîáðàæåíèÿ vec èìååì vec(R∗C∗Ai−1BT )= (R∗⊗T⊤)vec(C∗Ai−1B).
Ñëåäîâàòåëüíî, Q = (R∗ ⊗ T⊤)P . Ïîñêîëüêó R è T íåâûðîæäåííûå, òî ìàòðèöà R∗ ⊗ T⊤

íåâûðîæäåííàÿ. Ñëåäîâàòåëüíî, óñëîâèå rankP = n ðàâíîñèëüíî óñëîâèþ rankQ = n. Ýòî

äîêàçûâàåò ëåììó. �

�àññìîòðèì ñèñòåìó Σ = (A,B,C). Ïóñòü ñèñòåìà Σ èìååò âèä (6), (7) äëÿ íåêîòîðûõ

n,m, k, p, òî åñòü

A =

∥∥∥∥∥∥∥∥∥∥

a11 a12 0 . . . 0
a21 a22 a23 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

an−1,1 an−1,2 . . . . . . . . an−1,n

an1 an2 . . . . . . . . ann

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0
.

.

.

.

.

.

0 . . . 0
bp1 . . . bpm
.

.

.

.

.

.

bn1 . . . bnm

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

c11 . . . c1k
.

.

.

.

.

.

cp1 . . . cpk
0 . . . 0
.

.

.

.

.

.

0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (12)
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è ýëåìåíòû ai,i+1, i = 1, . . . , n− 1, ïåðâîé íàääèàãîíàëè ìàòðèöû A íå ðàâíû íóëþ.

Ïîñòðîèì ìàòðèöó S = [en, en−1, . . . , e1] ∈ Mn. Òîãäà S = S−1 = (S−1)∗. Ïðîèçâåäåì ïðåîá-

ðàçîâàíèå

Σ → Σ1 = SΣS−1, (13)

òî åñòü ïåðåéäåì îò ñèñòåìû Σ = (A,B,C) ê ñèñòåìå Σ1 = (A1, B1, C1), ãäå A1 = SAS−1
,

B1 = SB, C1 = (S−1)∗C. Ïðè óìíîæåíèè AS−1
ñòîëáöû ìàòðèöû A ïåðåñòàâëÿþòñÿ â îáðàòíîì

ïîðÿäêå, ïðè óìíîæåíèè SA ñòðîêè ìàòðèöû A ïåðåñòàâëÿþòñÿ â îáðàòíîì ïîðÿäêå. Ïîëó÷èì,

÷òî

A1 =

∥∥∥∥∥∥∥∥∥∥

ann an,n−1 . . . . . . . . an1
an−1,n an−1,n−1 . . . . . . . . an−1,1

0 an−2,n−1 . . . . . . . . an−2,1

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 . . . a12 a11

∥∥∥∥∥∥∥∥∥∥

, B1 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

bn1 . . . bnm
.

.

.

.

.

.

bp1 . . . bpm
0 . . . 0
.

.

.

.

.

.

0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, C1 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0
.

.

.

.

.

.

0 . . . 0
cp1 . . . cpk
.

.

.

.

.

.

c11 . . . c1k

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

.

Ñâîéñòâà 1 è 2 èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèÿ (13) â ñèëó ëåìì 4, 5.

Ïåðåéäåì îò ñèñòåìû Σ1 = (A1, B1, C1) ê ñèñòåìå Σ2 = (A2, B2, C2), ãäå A2 = A∗

1, B2 = C1,

C2 = B1. Ñâîéñòâî 2 èíâàðèàíòíî ïðè òàêîì ïðåîáðàçîâàíèè, ïîñêîëüêó äëÿ âñåõ i = 1, . . . , n

C∗

2A
i−1
2

B2 = B∗

1(A
∗

1)
i−1C1 = (C∗

1A
i−1
1

B1)
∗.

Ñâîéñòâî 1 (ñîãëàñîâàííîñòü) èíâàðèàíòíî ïðè òàêîì ïðåîáðàçîâàíèè â ñèëó ëåììû 3 (ýêâè-

âàëåíòíîñòü 1 ⇐⇒ 4). Ïîñòðîèì ìàòðèöû ñèñòåìû Σ2 = (A2, B2, C2), ïîëó÷èì

A2 =

∥∥∥∥∥∥∥∥∥∥

ann an−1,n . . . 0

an,n−1 an−1,n−1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. a21
an1 an−1,1 . . . a11

∥∥∥∥∥∥∥∥∥∥

, B2 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

0 . . . 0
.

.

.

.

.

.

0 . . . 0
cp1 . . . cpk
.

.

.

.

.

.

c11 . . . c1k

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, C2 =

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

bn1 . . . bnm
.

.

.

.

.

.

bp1 . . . bpm
0 . . . 0
.

.

.

.

.

.

0 . . . 0

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

, (14)

è ýëåìåíòû ïåðâîé íàääèàãîíàëè ìàòðèöû A2 íå ðàâíû íóëþ. Òàêèì îáðàçîì, ñèñòåìà Σ2 =
= (A2, B2, C2) èìååò âèä (6), (7) ñ ðàçìåðíîñòÿìè n2,m2, k2, p2, ãäå n2 = n, m2 = k, k2 = m,

p2 = n+ 1− p. Êðîìå òîãî, detA2 = detA. Äîêàçàíà ñëåäóþùàÿ ëåììà.

Ëåììà 8. Ñâîéñòâà 1 è 2 èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèÿ ñèñòåìû Σ =
= (A,B,C) âèäà (12) ê ñèñòåìå Σ2 = (A2, B2, C2) âèäà (14).

Çàìå÷àíèå 3. Ëåììà 8 îçíà÷àåò, ÷òî ñâîéñòâà 1 è 2 ñîõðàíÿþòñÿ ïðè ïåðåõîäå îò ñèñòåìû Σ
ê ñèñòåìå Σ2 è ïðè îáðàòíîì ïåðåõîäå Σ2 → Σ. Ýòî ñëåäóåò èç òîãî, ÷òî ïðåîáðàçîâàíèå

π : Σ 7→ Σ2 èìååò îáðàòíîå π−1
è ïðè ýòîì π−1 = π.

Çàìå÷àíèå 4. Ïóñòü çàäàíà ñèñòåìà Σ = (A,B,C) è ñòîëáöû ìàòðèöû B (èëè ìàòðèöû C)

ëèíåéíî çàâèñèìû. Ïîñòðîèì ñèñòåìó Σ̃ = (A, B̃, C̃), ãäå ìàòðèöû B̃, C̃ ïîëó÷åíû èç ìàòðèö

B,C âû÷åðêèâàíèåì ëèíåéíî çàâèñèìûõ ñòîëáöîâ. Î÷åâèäíî, ÷òî ñâîéñòâà 1 è 2 èíâàðèàíòíû

îòíîñèòåëüíî ïðåîáðàçîâàíèÿ Σ → Σ̃ (à òàêæå îòíîñèòåëüíî îáðàòíîãî ïðåîáðàçîâàíèÿ Σ̃ → Σ,
òî åñòü îïåðàöèè ïðèïèñûâàíèÿ ëèíåéíî çàâèñèìûõ ñòîëáöîâ). Ýòî îçíà÷àåò, ÷òî, êîãäà ðå÷ü

èäåò î ñâîéñòâàõ 1 è 2 ñèñòåìû Σ = (A,B,C), ìîæíî áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàòü, ÷òî

m 6 n, k 6 n è ìàòðèöû B è C èìåþò ïîëíûé ðàíã: rankB = m, rankC = k.
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� 3. Îñíîâíîé ðåçóëüòàò

Òåîðåìà 2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(a) êîý��èöèåíòû ñèñòåìû Σ = (A,B,C) èìåþò âèä (6), (7); (b) detA 6= 0; (c) n = 5.

Òîãäà, åñëè ìàòðèöû

C∗B, C∗AB, . . . , C∗An−1B (15)

ëèíåéíî íåçàâèñèìû, ñèñòåìà Σ ñîãëàñîâàííà.

Ä î ê à ç à ò å ë ü ñ ò â î. �àññìîòðèì ñèñòåìó Σ = (A,B,C). Ïóñòü ñèñòåìà Σ èìååò âèä

(6), (7). Ñ÷èòàåì, ÷òî m 6 n, k 6 n è ìàòðèöû B è C èìåþò ïîëíûé ðàíã: rankB = m,

rankC = k. Îòñþäà è èç âèäà ìàòðèö B è C ñëåäóþò íåðàâåíñòâà n−p+1 > m è p > k. Îòñþäà,

â ÷àñòíîñòè, ñëåäóåò, ÷òî n+ 1 > m+ k. Èç ëèíåéíîé íåçàâèñèìîñòè ìàòðèö (15) ñëåäóåò, ÷òî

mk > n. Åñëè m = 1, èëè m = n, èëè k = 1, èëè k = n, òî óòâåðæäåíèå òåîðåìû ñëåäóåò

èç [Z.II, óòâåðæäåíèå 4℄ (ñì. òàêæå [1, óòâåðæäåíèå 8℄). Òàêèì îáðàçîì, ñëåäóåò ðàññìîòðåòü

ñëó÷àè, êîãäà âûïîëíåíû íåðàâåíñòâà

(a) 1 < m < n, (c) n− p+ 1 > m, (e) n+ 1 > m+ k,

(b) 1 < k < n, (d) p > k, (f) mk > n.
(16)

Íà÷èíàÿ ñ ýòîãî ìîìåíòà âñþäó äàëåå áóäåì ñ÷èòàòü, ÷òî n = 5.

n = 5. �àññìîòðèì íåðàâåíñòâà (16). Èç íåðàâåíñòâà (e) ñëåäóåò, ÷òî m+ k 6 6.

Ïðè m + k = 6 óñëîâèÿì (a), (b), (f) óäîâëåòâîðÿþò ïàðû (m,k) = {(4, 2), (3, 3), (2, 4)}.
Â ýòîì ñëó÷àå èç (c) è (d) ñ íåîáõîäèìîñòüþ âûòåêàåò, ÷òî p = k.

Ïðè m + k = 5 óñëîâèÿì (a), (b), (f) óäîâëåòâîðÿþò ïàðû (m,k) = {(3, 2), (2, 3)}. Åñëè
m = 3, k = 2, òî èç íåðàâåíñòâ (c), (d) ñëåäóåò, ÷òî 2 6 p 6 3. Åñëè m = 2, k = 3, òî èç

íåðàâåíñòâ (c), (d) ñëåäóåò, ÷òî 3 6 p 6 4.

Ïðè m+ k 6 4 óñëîâèå (f) íå âûïîëíåíî, ïîýòîìó äðóãèõ ñëó÷àåâ íåò.

Òàêèì îáðàçîì, âîçìîæíû 7 ñëó÷àåâ, óäîâëåòâîðÿþùèõ íåðàâåíñòâàì (16):

1) m = 4, k = 2, p = 2; 2) m = 3, k = 3, p = 3; 3) m = 2, k = 4, p = 4;
4) m = 3, k = 2, p = 2; 5) m = 3, k = 2, p = 3; 6) m = 2, k = 3, p = 3;
7) m = 2, k = 3, p = 4.

Ïðîâåäåì íåêîòîðûå ðàññóæäåíèÿ, êîòîðûå ïîçâîëÿþò ñóçèòü êëàññ ðàññìàòðèâàåìûõ ñè-

ñòåì Σ, íå îãðàíè÷èâàÿ îáùíîñòü. Ïîêàæåì, ÷òî, ê ïðèìåðó, ñëó÷àé 7 ìîæíî ñâåñòè ê ñëó÷àþ 4,

òî åñòü îíè â îïðåäåëåííîì ñìûñëå ñèììåòðè÷íû (à èìåííî, â ñìûñëå ïðåîáðàçîâàíèÿ π â ëåì-

ìå 8). Ïðåäïîëîæèì, ÷òî â ñëó÷àå 4 (òî åñòü êîãäà m = 3, k = 2, p = 2) òåîðåìà 2 äîêàçàíà.

Ýòî îçíà÷àåò, ÷òî äëÿ âñÿêîé ñèñòåìû Σ = (A,B,C) ∈ Mn,n+m+k, óäîâëåòâîðÿþùåé óñëîâèÿì

(a), (b), (c) òåîðåìû 2, ñâîéñòâà 1 è 2 ýêâèâàëåíòíû (òàê êàê èìïëèêàöèÿ 1 =⇒ 2 âåðíà èç

òåîðåìû 1). Ïîêàæåì, ÷òî îòñþäà ñëåäóåò, ÷òî òåîðåìà 2 áóäåò äîêàçàíà â ñëó÷àå 7. �àññìîò-

ðèì ïðîèçâîëüíóþ ñèñòåìó Σ1 = (A1, B1, C1) ∈ Mn,n+m1+k1 , óäîâëåòâîðÿþùóþ óñëîâèÿì (a),
(b), (c) òåîðåìû 2, è ïóñòü m1 = 2, k1 = 3, p1 = 4 äëÿ ñèñòåìû Σ1 (ñëó÷àé 7). Ïðîèçâåäåì

ïðåîáðàçîâàíèå π ñèñòåìû Σ1 = (A1, B1C1) âèäà (12) ê ñèñòåìå Σ2 = (A2, B2, C2) ∈ Mn,n+m2+k2

âèäà (14). Ïîëó÷èì, ÷òî

m2 = k1 = 3, k2 = m1 = 2, p2 = n+ 1− p1 = 2 (17)

äëÿ ñèñòåìû Σ2. Ïðè ýòîì, â ñèëó âèäà (14), ñèñòåìà Σ2 óäîâëåòâîðÿåò óñëîâèÿì (a), (c) òåî-
ðåìû 2. Êðîìå òîãî, detA2 = detA1 6= 0, ïîñêîëüêó Σ1 óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 2 (â

÷àñòíîñòè, óñëîâèþ (b)). Òàêèì îáðàçîì, ñèñòåìà Σ2 óäîâëåòâîðÿåò âñåì óñëîâèÿì (a), (b), (c)
òåîðåìû 2 è îòíîñèòñÿ ê ñëó÷àþ 4 â ñèëó ðàâåíñòâ (17). Ïî ïðåäïîëîæåíèþ, äëÿ ñèñòåìû Σ2

ñâîéñòâà 1 è 2 ýêâèâàëåíòíû. Â ñèëó ëåììû 8 ñâîéñòâà 1 è 2 èíâàðèàíòíû îòíîñèòåëüíî ïðåîá-

ðàçîâàíèÿ Σ1 → Σ2, à òàêæå îòíîñèòåëüíî îáðàòíîãî ïðåîáðàçîâàíèÿ Σ2 → Σ1. Ïîýòîìó åñëè

ñâîéñòâà 1 è 2 ýêâèâàëåíòíû äëÿ ñèñòåìû Σ2, òî îíè ýêâèâàëåíòíû è äëÿ ñèñòåìû Σ1. Òàêèì
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îáðàçîì, ìû ñâîäèì ñëó÷àé 7 ê ñëó÷àþ 4. Àíàëîãè÷íî ñëó÷àé 3 ñâîäèòñÿ ê ñëó÷àþ 1, è ñëó÷àé

5 � ê ñëó÷àþ 6. Òàêèì îáðàçîì, äîñòàòî÷íî ðàçîáðàòü ñëó÷àè 1, 2, 4, 6.

Äàëåå, ïóñòü a = detA 6= 0 â ñèñòåìå Σ = (A,B,C). Ïîëîæèì λ = n
√
a ∈ C, λ 6= 0.

Ïóñòü A1 = λ−1A. Òîãäà detA1 = 1. Ïðåäïîëîæèì, ÷òî äëÿ ñèñòåìû Σ1 = (A1, B,C) äîêàçàíà
òåîðåìà 2 (òî åñòü ýêâèâàëåíòíîñòü ñâîéñòâ 1 è 2). Ïðè ïåðåõîäå îò ñèñòåìû (A1, B,C) ê ñèñòåìå
(λA1, B,C) ýòè ñâîéñòâà ñîõðàíÿþòñÿ â ñèëó ëåììû 1 è ñëåäñòâèÿ 1. Òîãäà ýòè ñâîéñòâà áóäóò

ýêâèâàëåíòíû è äëÿ ñèñòåìû Σ = (λA1, B,C). Òàêèì îáðàçîì, òåîðåìó 2 äîñòàòî÷íî äîêàçàòü

ëèøü äëÿ òàêèõ ñèñòåì (A1, B,C), ó êîòîðûõ detA1 = 1.
Äàëåå, ïóñòü λn+α1λ

n−1+ . . .+αn := χ(A;λ) � õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû A.

Ïîñòðîèì ñîïðîâîæäàþùóþ ìàòðèöó (ìàòðèöó Ôðîáåíèóñà)

F =

∥∥∥∥∥∥∥∥∥∥

0 1 0 . . . 0
0 0 1 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 1
−αn −αn−1 −αn−2 . . . −α1

∥∥∥∥∥∥∥∥∥∥

(18)

äëÿ ìíîãî÷ëåíà χ(A;λ). Ñóùåñòâóåò íåâûðîæäåííàÿ, íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà S (åå ïî-

ñòðîåíèå îïèñàíî â [5℄, ñì. òàêæå [10℄), êîòîðàÿ ïðèâîäèò ìàòðèöó A ê ìàòðèöå Ôðîáåíèóñà,

òî åñòü F = SAS−1
. Ìàòðèöà S−1

òàêæå íåâûðîæäåííàÿ, íèæíÿÿ òðåóãîëüíàÿ. Ïåðåéäåì îò

ñèñòåìû Σ = (A,B,C) ê ñèñòåìå Σ̃ = (Ã, B̃, C̃) := SΣS−1
, ìàòðèöû êîòîðîé îïðåäåëÿþòñÿ

ðàâåíñòâàìè (10). Òîãäà Ã � ýòî ìàòðèöà Ôðîáåíèóñà. Îíà èìååò âèä (6). Ïîñêîëüêó B è C

èìåþò âèä (7), à ìàòðèöà S íèæíÿÿ òðåóãîëüíàÿ, ëåãêî âèäåòü, ÷òî ìàòðèöû B̃ è C̃ òàêæå

èìåþò âèä (7), òî åñòü ñòðîêè ìàòðèöû B̃ äî p-é è ìàòðèöû C̃ ïîñëå p-é (íå âêëþ÷àÿ p) ðàâíû

íóëþ. Ñâîéñòâà 1 è 2, â ñèëó ëåìì 4, 5, èíâàðèàíòíû îòíîñèòåëüíî òàêîãî ïðåîáðàçîâàíèÿ

πS : Σ 7→ Σ̃ (è îòíîñèòåëüíî îáðàòíîãî π−1

S , ïîñêîëüêó π−1

S = πS−1). Êðîìå òîãî, âñå îñòàëüíûå

óñëîâèÿ â òåîðåìå (âèä ñèñòåìû Σ, îïðåäåëèòåëü ìàòðèöû A, óñëîâèå ïîëíîãî ðàíãà ìàòðèö B

è C, íåðàâåíñòâà (16)) òàêæå èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèé πS è π−1

S . Òàêèì îá-

ðàçîì, òåîðåìó 2 äîñòàòî÷íî äîêàçàòü ëèøü äëÿ òàêèõ ñèñòåì (Ã, B̃, C̃), ó êîòîðûõ ìàòðèöà Ã

èìååò �îðìó Ôðîáåíèóñà (18). Êðîìå òîãî, ñ÷èòàåì, ÷òî îïðåäåëèòåëü ìàòðèöû Ã ðàâåí 1.

Ó÷èòûâàÿ âñå âûøåñêàçàííîå, áåç îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ìàòðèöà A

ñèñòåìû Σ = (A,B,C) èìååò âèä

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, (19)

ãäå x, y, z, w ∈ K � ïðîèçâîëüíûå ÷èñëà, à B è C èìåþò âèä (7).

Ïîñòðîèì ïî ñèñòåìå Σ áîëüøóþ ñèñòåìó (8), (9). Â ñèëó óòâåðæäåíèÿ 1 ñâîéñòâî ñîãëàñî-

âàííîñòè ñèñòåìû Σ ýêâèâàëåíòíî ñâîéñòâó ïîëíîé óïðàâëÿåìîñòè áîëüøîé ñèñòåìû, êîòîðîå

ðàâíîñèëüíî óñëîâèþ

rank [G,FG, . . . , Fn2
−1G] = n2. (20)

Áóäåì äîêàçûâàòü ðàâåíñòâî (20) äëÿ n = 5. �àçáåðåì êàæäûé èç ñëó÷àåâ 1, 2, 4, 6 ïî îòäåëü-

íîñòè.

Çàìå÷àíèå 5. Áóäåì ïîëüçîâàòüñÿ òåì, ÷òî, â ñèëó ëåìì 6, 7, ñâîéñòâà 1 è 2 (à òàê-

æå äðóãèå óñëîâèÿ: âèä (7) ìàòðèö B,C; óñëîâèå ïîëíîãî ðàíãà ìàòðèö B è C; íåðàâåí-

ñòâà (16)) èíâàðèàíòíû îòíîñèòåëüíî ïðåîáðàçîâàíèÿ πT,R : (A,B,C) 7→ (A,BT,CR), T ∈ Mm,

R ∈ Mk, detT 6= 0, detR 6= 0, à òàêæå îòíîñèòåëüíî îáðàòíîãî ïðåîáðàçîâàíèÿ π−1

T,R, ïîñêîëüêó

π−1

T,R = πT−1,R−1 . Ïðåîáðàçîâàíèå πT,R, â ÷àñòíîñòè, ïîçâîëÿåò áåç îãðàíè÷åíèÿ îáùíîñòè ìå-

íÿòü ìåñòàìè ñòîëáöû â ìàòðèöå B, óìíîæàòü ñòîëáåö íà ñêàëÿð, íå ðàâíûé íóëþ, ïðèáàâëÿòü

ê ñòîëáöó ëèíåéíóþ êîìáèíàöèþ äðóãèõ ñòîëáöîâ (òî æå îòíîñèòñÿ ê ìàòðèöå C).
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1. m = 4, k = 2, p = 2.

Èìååì B =

∥∥∥∥
0
B1

∥∥∥∥, C =

∥∥∥∥
C1

0

∥∥∥∥, B1 ∈ M4, C1 ∈ M2. Ïðè ýòîì, ïîñêîëüêó ìàòðèöû B è C èìåþò

ïîëíûé ðàíã, ñëåäîâàòåëüíî, detB1 6= 0, detC1 6= 0. Ïðèìåíÿÿ ê ñèñòåìå Σ ïðåîáðàçîâàíèå πT,R,

ãäå T = B−1
1
, R = C−1

1
, ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöû B è C ñèñòåìû

Σ = (A,B,C) èìåþò âèä

B =

∥∥∥∥∥∥∥∥∥∥

0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0
0 0

∥∥∥∥∥∥∥∥∥∥

. (21)

Ìàòðèöà A èìååò âèä (19). Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥
0 0 0 0
1 0 0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0 0 0
0 1 0 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
0 1 0 0
0 0 1 0

∥∥∥∥ ,

C∗A3B =

∥∥∥∥
0 0 1 0
0 0 0 1

∥∥∥∥ , C∗A4B =

∥∥∥∥
0 0 0 1
x y z w

∥∥∥∥ .
(22)

Î÷åâèäíî, ÷òî ìàòðèöû (22) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w. Ïîñòðîèì ìàòðèöû F =
= A⊗ (A⊤)−1 ∈ M25, G = B⊗C ∈ M25,8. Âû÷åðêíåì â ìàòðèöå G ñòîëáöû 1, 3 è 5, ïîëó÷åííóþ

ìàòðèöó îáîçíà÷èì ÷åðåç G1 ∈ M25,5. Ïîñòðîèì ìàòðèöó L0 = [G1, FG1, F
2G1, F

3G1, F
4G1] ∈

∈ M25 è âû÷èñëèì åå îïðåäåëèòåëü; ïîëó÷èì, ÷òî detL0 = −1. Ñëåäîâàòåëüíî, rankL0 = 25,
çíà÷èò, rank [G,FG,F 2G,F 3G,F 4G] = 25, ïîýòîìó rank [G,FG, . . . , F 24G] = 25, ÷òî è òðåáîâà-

ëîñü äîêàçàòü.

2. m = 3, k = 3, p = 3.

Ïî àíàëîãèè ñî ñëó÷àåì 1 ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöû B è C

ñèñòåìû Σ = (A,B,C) èìåþò âèä

B =

∥∥∥∥∥∥∥∥∥∥

0 0 0
0 0 0
1 0 0
0 1 0
0 0 1

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∥∥∥∥∥∥∥∥∥∥

,

ìàòðèöà A èìååò âèä (19). Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥∥∥

0 0 0
0 0 0
1 0 0

∥∥∥∥∥∥
, C∗AB =

∥∥∥∥∥∥

0 0 0
1 0 0
0 1 0

∥∥∥∥∥∥
, C∗A2B =

∥∥∥∥∥∥

1 0 0
0 1 0
0 0 1

∥∥∥∥∥∥
,

C∗A3B =

∥∥∥∥∥∥

0 1 0
0 0 1
y z w

∥∥∥∥∥∥
, C∗A4B =

∥∥∥∥∥∥

0 0 1
y z w

x+ wy y + wz z + w2

∥∥∥∥∥∥
.

(23)

Î÷åâèäíî, ÷òî ìàòðèöû (23) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w. Ïîñòðîèì ìàòðèöû F =
= A⊗(A⊤)−1 ∈ M25, G = B⊗C ∈ M25,9. Âû÷åðêíåì â ìàòðèöå G ñòîëáöû 1, 2, 4 è 5, ïîëó÷åííóþ

ìàòðèöó îáîçíà÷èì ÷åðåç G1 ∈ M25,5. Ïîñòðîèì ìàòðèöó L0 = [G1, FG1, F
2G1, F

3G1, F
4G1] ∈

∈ M25 è âû÷èñëèì åå îïðåäåëèòåëü; ïîëó÷èì, ÷òî detL0 = −1. Ñëåäîâàòåëüíî, rankL0 = 25,
çíà÷èò, rank [G,FG,F 2G,F 3G,F 4G] = 25, ïîýòîìó rank [G,FG, . . . , F 24G] = 25, ÷òî è òðåáîâà-

ëîñü äîêàçàòü.
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4. m = 3, k = 2, p = 2.

Ìîæíî ñ÷èòàòü áåç îãðàíè÷åíèÿ îáùíîñòè, ÷òî ìàòðèöà C èìååò âèä (21). Ìàòðèöà B èìååò

âèä

B =

∥∥∥∥∥∥∥∥∥∥

0 0 0
b21 b22 b23
b31 b32 b33
b41 b42 b43
b51 b52 b53

∥∥∥∥∥∥∥∥∥∥

.

Âòîðàÿ ñòðîêà ìàòðèöû B íå ðàâíà íóëþ (â ïðîòèâíîì ñëó÷àå C∗B = 0 ∈ M2,3). Ñëåäîâàòåëü-
íî, âî âòîðîé ñòðîêå íàéäåòñÿ íåíóëåâîé ýëåìåíò. Ïðåäïîëîæèì, ÷òî b21 6= 0 (åñëè b21 = 0,
òî ïîìåíÿåì ìåñòàìè ñòîëáöû ìàòðèöû B òàê, ÷òî b21 6= 0). Òîãäà, ñèëó çàìå÷àíèÿ 5, ìîæíî

ñ÷èòàòü, ÷òî b21 = 1. Ïðèáàâëÿÿ êî âòîðîìó è ê òðåòüåìó ñòîëáöàì ïåðâûé ñòîëáåö, óìíîæåí-

íûé íà ñîîòâåòñòâóþùèå êîý��èöèåíòû, ìîæíî äîáèòüñÿ òîãî, ÷òî b22 = 0, b23 = 0. Äàëåå,
ðàññìîòðèì ýëåìåíòû b32, b33. Âîçìîæíû äâà ñëó÷àÿ: (1) b32 = b33 = 0; (2) b32 6= 0 èëè b33 6= 0.

(1) Ïóñòü b32 = b33 = 0. Òîãäà ýëåìåíòû b42, b43 íå ìîãóò áûòü ðàâíû íóëþ îäíîâðåìåí-

íî (èíà÷å rankB < 3). Ñëåäîâàòåëüíî, â ñèëó çàìå÷àíèÿ 5, áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî

ñ÷èòàòü, ÷òî b42 = 1, è òîãäà b41 = b43 = 0 (ýòîãî ìîæíî äîáèòüñÿ, ïðèáàâëÿÿ ê ïåðâîìó è

ê òðåòüåìó ñòîëáöàì âòîðîé ñòîëáåö, óìíîæåííûé íà íåêîòîðûå êîý��èöèåíòû). Òîãäà ýëå-

ìåíò b53 íå ìîæåò áûòü ðàâåí íóëþ (èíà÷å rankB < 3). Ñëåäîâàòåëüíî, ìîæíî ñ÷èòàòü, ÷òî

b53 = 1 è b51 = b52 = 0.
(2) Ïóñòü b32 6= 0 èëè b33 6= 0. Ìîæíî ñ÷èòàòü, ÷òî b32 6= 0. Òîãäà, äàëåå, ìîæíî ñ÷èòàòü,

÷òî b32 = 1, b31 = b33 = 0. �àññìîòðèì ýëåìåíò b43. Âîçìîæíû äâà ñëó÷àÿ: (2.1) b43 = 0;
(2.2) b43 6= 0.

(2.1) Ïóñòü b43 = 0. Òîãäà b53 6= 0 (èíà÷å rankB < 3). Òîãäà ìîæíî ñ÷èòàòü, ÷òî b53 = 1
è b51 = b52 = 0.

(2.2) Ïóñòü b43 6= 0. Òîãäà ìîæíî ñ÷èòàòü, ÷òî b43 = 1 è b41 = b42 = 0.
Òàêèì îáðàçîì, âñå âîçìîæíûå çíà÷åíèÿ ìàòðèöû B (áåç îãðàíè÷åíèÿ îáùíîñòè) èñ÷åðïû-

âàþòñÿ òðåìÿ óêàçàííûìè âûøå ñëó÷àÿìè (1), (2.1), (2.2). �àññìîòðèì êàæäûé èç ýòèõ ñëó÷àåâ

ïî îòäåëüíîñòè, îáîçíà÷èâ èõ ïóíêòàìè 4.1, 4.2, 4.3.

4.1.

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥

0 0 0
1 0 0
r 0 0
0 1 0
0 0 1

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0
0 0

∥∥∥∥∥∥∥∥∥∥

,

x, y, z, w, r ∈ K� ïðîèçâîëüíûå ÷èñëà. Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥
0 0 0
1 0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0 0
r 0 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
r 0 0
0 1 0

∥∥∥∥ ,

C∗A3B =

∥∥∥∥
0 1 0
0 0 1

∥∥∥∥ , C∗A4B =

∥∥∥∥
0 0 1

x+ yr z w

∥∥∥∥ .
(24)

Î÷åâèäíî, ÷òî ìàòðèöû (24) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w, r. Ïîñòðîèì ìàòðèöû

F = A⊗ (A⊤)−1 ∈ M25, G = B ⊗ C ∈ M25,6. (25)

Äàëåå, ïîñòðîèì ìàòðèöó

W = [G,FG,F 2G,F 3G,F 4G,F 5G] ∈ M25,36. (26)

Çäåñü è âñþäó äàëåå (â ñëó÷àå 4 è â ñëó÷àå 6) áóäåì èñïîëüçîâàòü ñëåäóþùèå ðàññóæäåíèÿ. Äëÿ

äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî rankW = 25. Äëÿ ýòîãî äîñòàòî÷íî âûáðàòü
íåíóëåâîé ìèíîð ïîðÿäêà 25 â ìàòðèöå W . Îáîçíà÷èì ÷åðåç hi, i = 1, 36, ñòîëáöû ìàòðèöû W ,
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òî åñòü W = [h1, . . . , h36], hi ∈ K
25
. �àññìîòðèì âñåâîçìîæíûå óïîðÿäî÷åííûå ðàçìåùåíèÿ

áåç ïîâòîðåíèé σν = (i1, . . . , i25) èç 36 ýëåìåíòîâ (îò 1 äî 36) ïî 25 ýëåìåíòîâ: 1 6 i1 < i2 <

< . . . < i25 6 36. Âñÿêîìó ðàçìåùåíèþ σν = (i1, . . . , i25) ïîñòàâèì â ñîîòâåòñòâèå ìàòðèöó

Rν = [hi1 , . . . , hi25 ], ñîñòàâëåííóþ èç ñòîëáöîâ hij ìàòðèöûW ñ íîìåðàìè ij , âõîäÿùèìè â ñîñòàâ

ðàçìåùåíèÿ σν . Ñòîëáöû hij , j = 1, . . . , 25, â ìàòðèöå Rν ðàñïîëàãàþòñÿ â òîì æå ïîðÿäêå,

â êîòîðîì íîìåðà ij âõîäÿò â ðàçìåùåíèå σν . Äëÿ âñÿêîé ìàòðèöû Rν âû÷èñëÿåì îïðåäåëèòåëü

µν = detRν . Åñëè íàéäåòñÿ ðàçìåùåíèå σν0 , äëÿ êîòîðîãî µν0 6= 0, ñëåäîâàòåëüíî, òåîðåìà 2

äîêàçàíà.

Òàê, â ñëó÷àå 4.1 âûáèðàåì ðàçìåùåíèå

σ1 = (1, 5, 6, 7, 8, 10, 11, 12, 13, 14, 16, 17, 18, 19, 20, 22, 23, 24, 25, 26, 28, 29, 30, 32, 34).

Âû÷èñëÿÿ ñîîòâåòñòâóþùèé ìèíîð µ1, ïîëó÷àåì, ÷òî µ1 = 1, ÷òî è òðåáîâàëîñü.

4.2.

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥

0 0 0
1 0 0
0 1 0
r s 0
0 0 1

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0
0 0

∥∥∥∥∥∥∥∥∥∥

,

x, y, z, w, r, s ∈ K� ïðîèçâîëüíûå ÷èñëà. Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥
0 0 0
1 0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0 0
0 1 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
0 1 0
r s 0

∥∥∥∥ ,

C∗A3B =

∥∥∥∥
r s 0
0 0 1

∥∥∥∥ , C∗A4B =

∥∥∥∥
0 0 1

x+ zr y + zs w

∥∥∥∥ .
(27)

Î÷åâèäíî, ÷òî ìàòðèöû (27) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w, r, s. Ïîñòðîèì ìàòðè-

öû (25) è ìàòðèöó (26). Ñòðîèì ðàçìåùåíèå

σ2 = (1, 3, 5, 7, 8, 9, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 23, 24, 25, 26, 27, 29, 30, 32, 36)

è âû÷èñëÿåì ñîîòâåòñòâóþùèé ìèíîð µ2 ìàòðèöû W . Ïîëó÷àåì, ÷òî µ2 = 1, ÷òî è òðåáîâàëîñü.

4.3.

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥

0 0 0
1 0 0
0 1 0
0 0 1
r q s

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0
0 1
0 0
0 0
0 0

∥∥∥∥∥∥∥∥∥∥

,

x, y, z, w, r, q, s ∈ R� ïðîèçâîëüíûå ÷èñëà. Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥
0 0 0
1 0 0

∥∥∥∥ , C∗AB =

∥∥∥∥
1 0 0
0 1 0

∥∥∥∥ , C∗A2B =

∥∥∥∥
0 1 0
0 0 1

∥∥∥∥ ,

C∗A3B =

∥∥∥∥
0 0 1
r q s

∥∥∥∥ , C∗A4B =

∥∥∥∥
r q s

x+ wr y + wq z + ws

∥∥∥∥ .
(28)

Ïîñòðîèì ìàòðèöó

V = [vec (C∗B), . . . , vec (C∗A4B)] =

∥∥∥∥∥∥∥∥∥∥∥∥

0 1 0 0 r

0 0 1 0 q

0 0 0 1 s

1 0 0 r x+ wr

0 1 0 q y + wq

0 0 1 s z + ws

∥∥∥∥∥∥∥∥∥∥∥∥

.
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Îáîçíà÷èì ÷åðåç∆i, i = 1, 6, îïðåäåëèòåëü ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû V âû÷åðêèâàíèåì

i-é ñòðîêè. Ïîëó÷èì, ÷òî ∆4 = 0,

∆1 = z + ws− q − s2 = −∆5,

∆2 = y +wq − r − sq = −∆6,

∆3 = qz − sy − q2 + sr.

(29)

Ïî óñëîâèþ òåîðåìû, ìàòðèöû (28) ëèíåéíî íåçàâèñèìû, ñëåäîâàòåëüíî, ðàíã ìàòðèöû V ðà-

âåí 5. Îòñþäà ñëåäóåò, ÷òî õîòÿ áû îäíî èç ÷èñåë (29) íå ðàâíî íóëþ. Ïîñòðîèì ìàòðèöû (25)

è ìàòðèöó (26).

Ïóñòü ∆1 6= 0. Ñòðîèì ðàçìåùåíèå

σ3 = (1, 3, 5, 7, 8, 9, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 23, 24, 25, 26, 27, 29, 30, 32, 36)

è âû÷èñëÿåì ñîîòâåòñòâóþùèé ìèíîð µ3 ìàòðèöû W . Ïîëó÷àåì, ÷òî µ3 = (−z −ws+ q + s2)5.
Ñëåäîâàòåëüíî, µ3 = −∆5

1 6= 0, ÷òî è òðåáîâàëîñü.

Ïóñòü ∆2 6= 0. Ñòðîèì ðàçìåùåíèå

σ4 = (1, 3, 5, 7, 8, 9, 10, 11, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 25, 26, 27, 28, 29, 32, 34)

è âû÷èñëÿåì ñîîòâåòñòâóþùèé ìèíîð µ4 ìàòðèöû W . Ïîëó÷àåì, ÷òî µ4 = (−y−wq+ r+ sq)5.
Ñëåäîâàòåëüíî, µ4 = −∆5

2 6= 0, ÷òî è òðåáîâàëîñü.

Åñëè ∆1 = ∆2 = 0, òî

0 = ∆1q −∆2s = (z + ws− q − s2)q − (y + wq − r − sq)s = zq − ys− q2 + rs = ∆3.

Ñëåäîâàòåëüíî, ∆i = 0 äëÿ âñåõ i = 1, 6. Íî ýòî ïðîòèâîðå÷èò ëèíåéíîé íåçàâèñèìîñòè ìàò-

ðèö (28). Ñëåäîâàòåëüíî, ÷èñëà ∆1, ∆2 íå ìîãóò îäíîâðåìåííî îáðàùàòüñÿ â íîëü. Ñîãëàñîâàí-

íîñòü ñèñòåìû Σ äîêàçàíà. Ñëó÷àé 4 ïîëíîñòüþ ðàçîáðàí.

6. m = 2, k = 3, p = 3.

Ïî àíàëîãèè ñî ñëó÷àåì 4 ìîæíî ïîêàçàòü, ÷òî áåç îãðàíè÷åíèÿ îáùíîñòè âñå âîçìîæíûå

çíà÷åíèÿ ìàòðèö ñèñòåìû Σ èñ÷åðïûâàþòñÿ ñëó÷àÿìè 6.1 è 6.2.

6.1.

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥

0 0
0 0
1 0
r 0
0 1

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∥∥∥∥∥∥∥∥∥∥

,

x, y, z, w, r ∈ K� ïðîèçâîëüíûå ÷èñëà. Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥∥∥

0 0
0 0
1 0

∥∥∥∥∥∥
, C∗AB =

∥∥∥∥∥∥

0 0
1 0
r 0

∥∥∥∥∥∥
, C∗A2B =

∥∥∥∥∥∥

1 0
r 0
0 1

∥∥∥∥∥∥
, C∗A3B =

∥∥∥∥∥∥

r 0
0 1

y + zr w

∥∥∥∥∥∥
,

C∗A4B =

∥∥∥∥∥∥

0 1
y + zr w

x+ wy + (y + wz)r z + w2

∥∥∥∥∥∥
.

(30)

Î÷åâèäíî, ÷òî ìàòðèöû (30) ëèíåéíî íåçàâèñèìû äëÿ ëþáûõ x, y, z, w, r. Ïîñòðîèì ìàòðè-

öû (25) è ìàòðèöó (26). Ñòðîèì ðàçìåùåíèå

σ5 = (2, 4, 5, 8, 9, 10, 11, 12, 14, 15, 16, 17, 18, 20, 21, 22, 23, 24, 26, 27, 28, 29, 30, 33, 36)

è âû÷èñëÿåì ñîîòâåòñòâóþùèé ìèíîð µ5 ìàòðèöû W . Ïîëó÷àåì, ÷òî µ5 = 1, ÷òî è òðåáîâàëîñü.
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6.2.

A =

∥∥∥∥∥∥∥∥∥∥

0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1
1 x y z w

∥∥∥∥∥∥∥∥∥∥

, B =

∥∥∥∥∥∥∥∥∥∥

0 0
0 0
1 0
0 1
r q

∥∥∥∥∥∥∥∥∥∥

, C =

∥∥∥∥∥∥∥∥∥∥

1 0 0
0 1 0
0 0 1
0 0 0
0 0 0

∥∥∥∥∥∥∥∥∥∥

,

x, y, z, w, r, q ∈ K� ïðîèçâîëüíûå ÷èñëà. Ïîñòðîèì ìàòðèöû (15), ïîëó÷èì

C∗B =

∥∥∥∥∥∥

0 0
0 0
1 0

∥∥∥∥∥∥
, C∗AB =

∥∥∥∥∥∥

0 0
1 0
0 1

∥∥∥∥∥∥
, C∗A2B =

∥∥∥∥∥∥

1 0
0 1
r q

∥∥∥∥∥∥
, C∗A3B =

∥∥∥∥∥∥

0 1
r q

y +wr z + wq

∥∥∥∥∥∥
,

C∗A4B =

∥∥∥∥∥∥

r q

y + wr z + wq

x+ wy + (z + w2)r y + wz + (z + w2)q

∥∥∥∥∥∥
. (31)

Ïîñòðîèì ìàòðèöó

V = [vec (C∗B), . . . , vec (C∗A4B)] =

∥∥∥∥∥∥∥∥∥∥∥∥

0 0 1 0 r

0 0 0 1 q

0 1 0 r y + wr

0 0 1 q z + wq

1 0 r y +wr x+ wy + (z + w2)r
0 1 q z + wq y + wz + (z + w2)q

∥∥∥∥∥∥∥∥∥∥∥∥

.

Îáîçíà÷èì ÷åðåç∆i, i = 1, 6, îïðåäåëèòåëü ìàòðèöû, ïîëó÷åííîé èç ìàòðèöû V âû÷åðêèâàíèåì

i-é ñòðîêè. Ïîëó÷èì, ÷òî

∆1 = (w − q)(q2 − wq − z + r), ∆3 = −(q2 − wq − z + r), ∆5 = 0,

∆2 = (z − r)(q2 − wq − z + r), ∆4 = w(q2 − wq − z + r), ∆6 = ∆3.
(32)

Îáîçíà÷èì ∆ := q2 − wq − z + r. Ïî óñëîâèþ òåîðåìû, ìàòðèöû (31) ëèíåéíî íåçàâèñèìû,

ñëåäîâàòåëüíî, ðàíã ìàòðèöû V ðàâåí 5. Îòñþäà ñëåäóåò, ÷òî õîòÿ áû îäíî èç ÷èñåë (32) íå

ðàâíî íóëþ. Ñëåäîâàòåëüíî,

∆ 6= 0. (33)

Ïîñòðîèì ìàòðèöû (25) è ìàòðèöó (26). Ïîñòðîèì ñëåäóþùèå ðàçìåùåíèÿ:

σ6 = (1, 2, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 25, 26, 27, 29, 33),

σ7 = (1, 2, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 26, 27, 28, 29, 33),

σ8 = (1, 2, 4, 5, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 19, 20, 21, 22, 23, 26, 27, 29, 33, 35).

Âû÷èñëèì ñîîòâåòñòâóþùèå ìèíîðû µ6, µ7, µ8 ìàòðèöû W , ïîëó÷èì

µ6 = (q2 − wq − z + r)5r,

µ7 = (q2 − wq − z + r)5q,

µ8 = (q2 − wq − z + r)5(z + wq).

Ïîêàæåì, ÷òî ñðåäè ìèíîðîâ µ6−8 ñóùåñòâóåò íåíóëåâîé ìèíîð. Ïðåäïîëîæèì ïðîòèâíîå, ÷òî

µ6 = µ7 = µ8 = 0. Â ñèëó íåðàâåíñòâà (33) îòñþäà ñëåäóåò, ÷òî âûïîëíåíû ðàâåíñòâà

r = 0, q = 0, z + wq = 0.

Íî òîãäà ïîëó÷èì, ÷òî ∆ = q2 − wq − z + r = 0. Ýòî ïðîòèâîðå÷èò óñëîâèþ (33). Òàêèì

îáðàçîì, ïðåäïîëîæåíèå íåâåðíî è ñðåäè ìèíîðîâ µ6−8 ñóùåñòâóåò íåíóëåâîé ìèíîð. Ñëó÷àé 6

ïîëíîñòüþ ðàçîáðàí.

Íà ýòîì äîêàçàòåëüñòâî òåîðåìû 2 çàâåðøåíî. �
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Çàìå÷àíèå 6. Âû÷èñëåíèÿ îïðåäåëèòåëåé ìàòðèö ðàçìåðíîñòåé 25× 25 ïðîèçâîäèëèñü íà

ÏÝÂÌ ñ ïðîöåññîðîì Intel i7-3610QM ñ 6�á îïåðàòèâíîé ïàìÿòè, ðàáîòàþùåé ïîä óïðàâëåíè-

åì Windows 7 (64-bit). Äëÿ âû÷èñëåíèÿ èñïîëüçîâàëàñü ñèñòåìà Maple 15, ïàêåò LinearAlgebra,

�óíêöèÿ Determinant, ìåòîä algnum. Âðåìÿ âû÷èñëåíèÿ êàæäîãî èç îïðåäåëèòåëåé â ñëó÷àÿõ

1, 2 è ìèíîðîâ µ1−8 ñîñòàâëÿåò ìåíüøå 1 ñåêóíäû. Åñëè â �óíêöèè Determinant èñïîëüçîâàòü

äðóãîé ìåòîä ëèáî âîâñå íå óêàçûâàòü ìåòîä, âðåìÿ âû÷èñëåíèÿ îäíîãî îïðåäåëèòåëÿ ìîæåò

âîçðàñòàòü íà íåñêîëüêî ïîðÿäêîâ. Òàê, âðåìÿ Ti âû÷èñëåíèÿ ìèíîðà µi ñ ïîìîùüþ �óíêöèè

Determinant áåç óêàçàíèÿ ìåòîäà âû÷èñëåíèÿ ñîñòàâèëî (â ñåêóíäàõ): T1 = 1, T2 = 4, T3 > 20000,
T4 > 20000, T5 = 1, T6 = 628, T7 = 800, T8 = 1111. �àçëîæåíèå îïðåäåëèòåëÿ, çàâèñÿùåãî îò

íåñêîëüêèõ ïåðåìåííûõ, íà ìíîæèòåëè îñóùåñòâëÿåòñÿ ñ ïîìîùüþ �óíêöèè fa
tor. Îïåðàöèÿ

çàíèìàåò ìåíåå 1 ñåêóíäû. �àçìåùåíèÿ σ1−8 áûëè íàéäåíû ïåðåáîðîì ñ ïîìîùüþ êîìïüþòåðà.
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We 
onsider a dis
rete-time linear 
ontrol system with an in
omplete feedba
k

x(t + 1) = Ax(t) +Bu(t), y(t) = C∗x(t), u(t) = Uy(t), t ∈ Z, (x, u, y) ∈ K
n ×K

m ×K
k,

where K = C or K = R. We introdu
e the 
on
ept of 
onsisten
y for the 
losed-loop system

x(t+ 1) = (A+BUC∗)x(t), x ∈ K
n. (1)

This 
on
ept is a generalization of the 
on
ept of 
omplete 
ontrollability to systems with an in
omplete

feedba
k. We study the 
onsisten
y of the system (1) in 
onne
tion with the problem of arbitrary pla
ement

of eigenvalue spe
trum whi
h is to bring a 
hara
teristi
 polynomial of a matrix of the system (1) to any

pres
ribed polynomial by means of the time-invariant 
ontrol U . For the system (1) of the spe
ial form where

the matrix A is Hessenberg and the rows of the matrix B before the p-th and the rows of the matrix C after

the p-th (not in
luding p) are equal to zero, the property of 
onsisten
y is the su�
ient 
ondition for arbitrary

pla
ement of eigenvalue spe
trum. In previous studies it has been proved that the 
onverse is true for n < 5
and false for n > 5. In this paper, an open question for n = 5 is resolved. For the system (1) of the spe
ial

form, it is proved that if n = 5 then the property of 
onsisten
y is a ne
essary 
ondition for the arbitrary

pla
ement of eigenvalue spe
trum. The proof is 
arried out by dire
t sear
hing of all possible valid values of

dimensions m, k, p. The property of 
onsisten
y is equivalent to the property of 
omplete 
ontrollability of

a big system of dimension n2
. For the proof we 
onstru
t the big system and the 
ontrollability matrix K of

this system of dimension n2 × n2mk. We show that the matrix K has a nonzero minor of order n2 = 25. We

use Maple 15 to 
al
ulate the high-order determinants.
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