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�àññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ äè��åðåíöèàëüíàÿ èãðà ïðåñëåäîâàíèÿ ãðóïïû óáåãàþùèõ

ãðóïïîé ïðåñëåäîâàòåëåé. Öåëü ïðåñëåäîâàòåëåé � ïîéìàòü âñåõ óáåãàþùèõ, öåëü óáåãàþùèõ � õîòÿ

áû îäíîìó óêëîíèòüñÿ îò âñòðå÷è. Âñå èãðîêè îáëàäàþò ðàâíûìè äèíàìè÷åñêèìè âîçìîæíîñòÿìè,

ãåîìåòðè÷åñêèå îãðàíè÷åíèÿ íà óïðàâëåíèå � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé.

�àññìàòðèâàåòñÿ âîïðîñ î ìèíèìàëüíîì êîëè÷åñòâå óáåãàþùèõ, äîñòàòî÷íîì äëÿ óêëîíåíèÿ îò çà-

äàííîãî ÷èñëà ïðåñëåäîâàòåëåé èç ëþáûõ íà÷àëüíûõ ïîçèöèé. Äëÿ îöåíêè ñâåðõó ýòîãî êîëè÷åñòâà

èñïîëüçóþòñÿ äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ãëîáàëüíîé çàäà÷è óêëîíåíèÿ. Â ïðåäïîëîæåíèè,

÷òî äëÿ ïîèìêè îäíîãî óáåãàþùåãî äîñòàòî÷íî ïðèíàäëåæíîñòè íà÷àëüíîé ïîçèöèè óáåãàþùåãî âíóò-

ðåííîñòè âûïóêëîé îáîëî÷êè íà÷àëüíûõ ïîçèöèé ïðåñëåäîâàòåëåé, ñòðîèòñÿ îöåíêà ñíèçó.

Ïîëó÷åííàÿ äâóõñòîðîííÿÿ îöåíêà ÷èñëà óáåãàþùèõ, äîñòàòî÷íîãî äëÿ óêëîíåíèÿ îò âñòðå÷è èç

ëþáîé íà÷àëüíîé ïîçèöèè îò çàäàííîãî ÷èñëà ïðåñëåäîâàòåëåé, èëëþñòðèðóåòñÿ ïðèìåðàìè.

Êëþ÷åâûå ñëîâà: äè��åðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå, óáåãàþùèé, ïðåñëåäîâàòåëü.

Ââåäåíèå

Äè��åðåíöèàëüíûå èãðû äâóõ ëèö, ðàññìîòðåííûå ïåðâîíà÷àëüíî Àéçåêñîì [1℄, â íàñòîÿ-

ùåå âðåìÿ ïðåäñòàâëÿþò ñîäåðæàòåëüíóþ ìàòåìàòè÷åñêóþ òåîðèþ [2�11℄. Áûëè ðàçðàáîòàíû

ìåòîäû ðåøåíèÿ ðàçëè÷íûõ êëàññîâ èãðîâûõ çàäà÷: ìåòîä Àéçåêñà, îñíîâàííûé íà àíàëèçå

îïðåäåëåííîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ è åãî õàðàêòåðèñòèê, ìåòîä ýêñòðåìàëüíîãî

ïðèöåëèâàíèÿ Êðàñîâñêîãî, ìåòîä Ïîíòðÿãèíà è äðóãèå. Åñòåñòâåííûì îáîáùåíèåì äè��åðåí-

öèàëüíûõ èãð ïðåñëåäîâàíèÿ�óêëîíåíèÿ äâóõ ëèö ÿâëÿþòñÿ èãðû ñ ó÷àñòèåì ãðóïïû ïðåñëå-

äîâàòåëåé è îäíîãî èëè íåñêîëüêèõ óáåãàþùèõ [12�15℄. Ýòè èãðû èíòåðåñíû ñ òåîðåòè÷åñêîé

òî÷êè çðåíèÿ, òàê êàê íå ìîãóò áûòü ðåøåíû ïðè ïîìîùè òåîðèè äëÿ èãð äâóõ ëèö. Îäíà èç

ïðè÷èí ýòîãî ñîñòîèò â òîì, ÷òî îáúåäèíåíèå ìíîæåñòâ äîñòèæèìîñòè âñåõ ïðåñëåäîâàòåëåé

è îáúåäèíåíèå âñåõ öåëåâûõ ìíîæåñòâ ïðåäñòàâëÿþò ñîáîé ìíîæåñòâà, íå ÿâëÿþùèåñÿ âûïóê-

ëûìè è, áîëåå òîãî, íå ÿâëÿþùèåñÿ ñâÿçíûìè. Ñ äðóãîé ñòîðîíû, åñòü íåêîòîðûå ïðèëîæåíèÿ

ýòèõ èãð ê çàäà÷àì äâèæåíèÿ òðàíñïîðòíûõ ñðåäñòâ, èçáåæàíèÿ ñòîëêíîâåíèé êîðàáëåé è äð.

Íàèáîëåå ñëîæíûìè çàäà÷àìè ïðåñëåäîâàíèÿ�óêëîíåíèÿ ÿâëÿþòñÿ çàäà÷è ñ ó÷àñòèåì ãðóï-

ïû ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ. Ïî âñåé âèäèìîñòè, ïåðâîé ðàáîòîé, ïîñâÿùåííîé

çàäà÷å ïðåñëåäîâàíèÿ�óêëîíåíèÿ ñ ó÷àñòèåì ãðóïïû ïðåñëåäîâàòåëåé è ãðóïïû óáåãàþùèõ,

áûëà ðàáîòà [16℄, â êîòîðîé áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ëîêàëüíîé

è ãëîáàëüíûõ çàäà÷ óêëîíåíèÿ è äâóõñòîðîííèå îöåíêè äëÿ íàèìåíüøåãî ÷èñëà óáåãàþùèõ,

óêëîíÿþùèõñÿ îò çàäàííîãî ÷èñëà ïðåñëåäîâàòåëåé èç ëþáûõ íà÷àëüíûõ ïîçèöèé â ïðåäïîëî-

æåíèè, ÷òî âñå ó÷àñòíèêè îáëàäàþò ïðîñòûì äâèæåíèåì, ìíîæåñòâîì äîïóñòèìûõ óïðàâëåíèé

ÿâëÿåòñÿ øàð åäèíè÷íîãî ðàäèóñà ñ öåíòðîì â íà÷àëå êîîðäèíàò. Óëó÷øåííàÿ îöåíêà ñíèçó äëÿ

íàèìåíüøåãî ÷èñëà óáåãàþùèõ, óêëîíÿþùèõñÿ îò çàäàííîãî ÷èñëà ïðåñëåäîâàòåëåé, áûëà ïî-

ëó÷åíà â [17℄. Â ðàáîòàõ [18,19℄ áûëè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè ëîêàëüíîé

è ãëîáàëüíîé çàäà÷ óêëîíåíèÿ â ëèíåéíûõ ñòàöèîíàðíûõ äè��åðåíöèàëüíûõ èãðàõ ñî ìíîãè-

ìè ïðåñëåäîâàòåëÿìè è óáåãàþùèìè â ïðåäïîëîæåíèè, ÷òî âñå ó÷àñòíèêè îáëàäàþò ðàâíûìè

äèíàìè÷åñêèìè âîçìîæíîñòÿìè, à ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé � ñòðîãî âûïóêëûé êîì-

ïàêò ñ ãëàäêîé ãðàíèöåé. Êðîìå òîãî, â ðàáîòå [19℄ ïîëó÷åíà îöåíêà ñâåðõó äëÿ íàèìåíüøåãî

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå �ÔÔÈ (ãðàíòû �12�01�00195 è �14�01�31176).
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÷èñëà ïðåñëåäîâàòåëåé, óêëîíÿþùèõñÿ îò çàäàííîãî ÷èñëà óáåãàþùèõ èç ëþáûõ íà÷àëüíûõ

ïîçèöèé. Â ðàáîòàõ [20, 21℄ ïîëó÷åíû ñîîòâåòñòâóþùèå îöåíêè äëÿ íåêîòîðûõ êîíêðåòíûõ èã-

ðîâûõ çàäà÷ ñ ó÷àñòèåì ãðóïï ïðåñëåäîâàòåëåé è óáåãàþùèõ.

� 1. Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå R
k (k > 2) ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà Γ n +m ëèö: n ïðå-

ñëåäîâàòåëåé è m óáåãàþùèõ. Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi, i = 1, . . . , n,
èìååò âèä

ẋi(t) = A(t)xi(t) + ui(t), xi(t0) = x0i , ui ∈ U. (1)

Çàêîí äâèæåíèÿ êàæäîãî èç óáåãàþùèõ Ej , j = 1, . . . ,m, èìååò âèä

ẏj(t) = A(t)yj(t) + vj(t), yj(t0) = y0j , vj ∈ U, (2)

ïðè÷åì x0i 6= y0j äëÿ âñåõ i = 1, . . . , n, j = 1, . . . ,m. Çäåñü xi, yj, ui, vj ∈ R
k
, U ⊂ R

k
� ñòðîãî

âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé, A(t) � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n, íåïðåðûâíàÿ
íà âñåé îñè t.

Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ(n,m, z0), ãäå z0 = (x01, . . . , x
0
n, y

0
1, . . . , y

0
m).

Îïðåäåëåíèå 1. Â äè��åðåíöèàëüíîé èãðå Γ(n,m, z0) èç íà÷àëüíîãî ñîñòîÿíèÿ z0 ðàçðå-

øèìà ëîêàëüíàÿ çàäà÷à óêëîíåíèÿ, åñëè ñóùåñòâóþò òàêèå óïðàâëåíèÿ v1(t), . . . , vm(t) óáåãàþ-
ùèõ, ÷òî äëÿ ëþáûõ òðàåêòîðèé x1(t), . . . , xn(t) ïðåñëåäîâàòåëåé íàéäåòñÿ íîìåð s ∈ {1, . . . , µ}
òàêîé, ÷òî ys(t) 6= xi(t) äëÿ âñåõ i ∈ {1, . . . , n} ïðè âñåõ t > t0. Ïðè ýòîì â ìîìåíò t óïðàâëåíèÿ
óáåãàþùèõ �îðìèðóþòñÿ íà îñíîâå ðåàëèçîâàâøåéñÿ ïîçèöèè

z(t) = (x1(t), . . . , xn(t), y1(t), . . . , ym(t)).

Îïðåäåëåíèå 2. Â äè��åðåíöèàëüíîé èãðå Γ(n,m) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíå-

íèÿ, åñëè èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ z0 â èãðå Γ(n,m, z0) ðàçðåøèìà ëîêàëüíàÿ çàäà÷à

óêëîíåíèÿ.

Îïðåäåëåíèå 3. Â èãðå Γ(n,m, z0) ïðîèñõîäèò ïîèìêà óáåãàþùåãî Ep, åñëè ñóùåñòâóþò

ìîìåíò T (z0), êâàçèñòðàòåãèè U1(t, z
0, v1t (·), . . . , v

m
t (·)), . . . , Un(t, z

0, v1t (·), . . . , v
m
t (·)) ïðåñëåäîâà-

òåëåé P1, . . . , Pn, òàêèå, ÷òî ÷òî äëÿ ëþáûõ èçìåðèìûõ �óíêöèé v1(·), . . . , vm(·), vj(t) ∈ U
äëÿ âñåõ t ∈ [t0, T (z

0)] è âñåõ j ñóùåñòâóþò ìîìåíò âðåìåíè τ ∈ [t0, T (z
0)] è íîìåð s, ÷òî

xs(τ) = yp(τ), ãäå v
l
t(·) = {vl(s), s ∈ [0, t]} � ïðåäûñòîðèÿ óáåãàþùåãî El.

Îïðåäåëåíèå 4. Â èãðå Γ(n,m, z0) ïðîèñõîäèò ïîèìêà, åñëè â èãðå Γ(n,m, z0) ïðîèñõîäèò
ïîèìêà óáåãàþùèõ E1, . . . , Em.

Îïðåäåëèì �óíêöèþ f : N → N ñëåäóþùèì îáðàçîì:

f(n) = min{m | â èãðå Γ(n,m, z0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è äëÿ ëþáîãî z0} =

= min{m | â èãðå Γ(n,m) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ}.

Ê íàñòîÿùåìó âðåìåíè èçâåñòíû çíà÷åíèÿ �óíêöèè f òîëüêî â íåêîòîðûõ îòäåëüíûõ òî÷-

êàõ. Â ÷àñòíîñòè, f(n) = 1, åñëè n 6 k, f(k + 1) = f(k + 2) = 2. Ïîýòîìó âîçíèêàåò çàäà÷à îá

àñèìïòîòè÷åñêîì ïîâåäåíèè �óíêöèè f .

� 2. Îöåíêà �óíêöèè f ñíèçó

Ïðåäïîëîæåíèå 1. Åñëè y01 ∈ Intco{x01, . . . , x
0
n}, òî â èãðå Γ(n, 1, z0) ïðîèñõîäèò ïîèìêà.
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Îòìåòèì, ÷òî äàííîå ïðåäïîëîæåíèå, â ÷àñòíîñòè, âûïîëíåíî äëÿ çàäà÷è ïðîñòîãî ïðåñëåäîâà-

íèÿ [22℄, äëÿ ðåêóððåíòíûõ äè��åðåíöèàëüíûõ èãð, åñëè ìíîæåñòâî äîïóñòèìûõ óïðàâëåíèé

èãðîêîâ � ñòðîãî âûïóêëûé êîìïàêò ñ ãëàäêîé ãðàíèöåé [23℄.

Òåîðåìà 1. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1. Òîãäà ñóùåñòâóåò êîíñòàíòà C1 > 0
òàêàÿ, ÷òî äëÿ âñåõ n ∈ N, n 6= 1, ñïðàâåäëèâî ñëåäóþùåå íåðàâåíñòâî:

f(n) > C1n lnn.

Ïðåäâàðèòåëüíî äîêàæåì, ÷òî äëÿ ëþáîãî n ∈ N ñóùåñòâóåò âåêòîð íà÷àëüíûõ ïîçèöèé z0

òàêîé, ÷òî â èãðå Γ((k+1)n, n(k+1)n−1, z0) ïðîèñõîäèò ïîèìêà. Äîêàçàòåëüñòâî äàííîãî �àêòà
ïðîâåäåì ïî èíäóêöèè. Åñëè n = 1, òî äàííûé �àêò ÿâëÿåòñÿ ñëåäñòâèåì ïðåäïîëîæåíèÿ 1.

Ïðåäïîëîæèì, ÷òî óòâåðæäåíèå âåðíî äëÿ âñåõ n 6 p. Äîêàæåì äàííîå óòâåðæäåíèå äëÿ

n = p+ 1.
Â ñèëó èíäóêöèîííîãî ïðåäïîëîæåíèÿ ñóùåñòâóåò âåêòîð íà÷àëüíûõ ïîçèöèé z0 òàêîé, ÷òî

â èãðå Γ((k+1)p, p(k+1)p−1, z0) ïðîèñõîäèò ïîèìêà íå ïîçäíåå ìîìåíòà T . Çà�èêñèðóåì äàííûå

íà÷àëüíûå ïîçèöèè.

Ïóñòü A � ìíîæåñòâî äàííûõ íà÷àëüíûõ ïîçèöèé, R � ðàäèóñ øàðà ñ öåíòðîì â íà÷à-

ëå êîîðäèíàò, êîòîðûé ñîäåðæèò âñå ïîëîæåíèÿ èãðîêîâ â èãðå Γ((k + 1)p, p(k + 1)p−1, z0) äî
ìîìåíòà T .

�àññìîòðèì â ïðîñòðàíñòâå R
k
ïðàâèëüíûé ñèìïëåêñ ñ âåðøèíàìè a1, . . . , ak+1 è äëèíîé

ðåáðà β. Ñäåëàåì òðàíñëÿöèþ ìíîæåñòâà A íà êàæäûé èç âåêòîðîâ as, s = 1, . . . , k + 1,
è ðàññìîòðèì âñå òî÷êè âèäà as + x0i , ãäå x

0
i � íà÷àëüíîå ïîëîæåíèå ïðåñëåäîâàòåëÿ Pi â èãðå

Γ((k + 1)p, p(k + 1)p−1, z0), as � îäèí èç âåêòðîâ a1, . . . , ak+1.

Â êàæäóþ èç òî÷åê äàííîãî âèäà ïîìåñòèì ïî ïðåñëåäîâàòåëþ, ïîëó÷èì (k+1)p ïðåñëåäî-
âàòåëåé.

Â êàæäóþ òî÷êó âèäà y0j + as, ãäå y
0
j � ïîëîæåíèå óáåãàþùåãî Ej â ìîìåíò t = t0 â èãðå

Γ((k+1)p, p(k+1)p, z0), as � îäèí èç âåêòîðîâ a1, . . . , ak+1, ïîìåñòèì ïî óáåãàþùåìó, ïîëó÷èì

p(k+1)p óáåãàþùèõ. Åùå (k+1)p óáåãàþùèõ ïîìåñòèì âíóòðü øàðà D1(ẑ) åäèíè÷íîãî ðàäèóñà
ñ öåíòðîì â öåíòðå ẑ ñèìïëåêñà. Òîãäà îáùåå ÷èñëî óáåãàþùèõ áóäåò (p + 1)(k + 1)p.

�àññìîòðèì ïîëó÷èâøóþñÿ èãðó Γ((k+1)p+1, (p+1)(k+1)p, z0) è ïîêàæåì, ÷òî β ìîæíî ïî-

äîáðàòü òàê, ÷òîáû â äàííîé èãðå ïðîèçîøëà ïîèìêà. Äëÿ ýòîãî ðàññìîòðèì øàðûD1, . . . ,Dk+1

ðàäèóñà R ñ öåíòðàìè â òî÷êàõ a1, . . . , ak+1 ñîîòâåòñòâåííî. Îáîçíà÷èì ÷åðåç Hj ãèïåðïëîñ-

êîñòü, îïîðíóþ ê êàæäîìó èç øàðîâ Ds(s 6= j) è ðàçäåëÿþùóþ

⋃
s 6=j

Ds è Dj .

Òàêàÿ ãèïåðïëîñêîñòü ñóùåñòâóåò, åñëè β äîñòàòî÷íî âåëèêî. Ïóñòü H+
j � çàìêíóòîå ïîëó-

ïðîñòðàíñòâî, îïðåäåëÿåìîå ãèïåðïëîñêîñòüþ Hj è ñîäåðæàùåå Dj , F (t) � �óíäàìåíòàëüíàÿ

ìàòðèöà ñèñòåìû ẇ = A(t)w, F (t0) = E, ãäå E � åäèíè÷íàÿ ìàòðèöà, Rj � ïîëîæèòåëüíûå

÷èñëà, òàêèå, ÷òî

{
z
∣∣ z = F (t)(y0j +

∫ t

t0

F−1(s)Uds)
}
⊂ DRj

(y0j )

äëÿ âñåõ t ∈ [t0, T ], y
0
j ∈ D0, ãäå DR(a) � øàð ðàäèóñà R ñ öåíòðîì â òî÷êå a. Âûáåðåì R0 > 0

òàê, ÷òî DRj
(y0j ) ⊂ DR0

(ẑ) äëÿ âñåõ j, äëÿ êîòîðûõ y0j ∈ D1(ẑ).

Âîçüìåì β òàê, ÷òîáû ìíîæåñòâî H =
k+1⋂
j=1

H+
j ñîäåðæàëî øàð D̃ ðàäèóñà 2R0 +2 ñ öåíòðîì

â òî÷êå ẑ.Ïîêàæåì, ÷òî òàêîé âûáîð β ãàðàíòèðóåò ïîèìêó â èãðå Γ((k+1)p+1, (p+1)(k+1)p, z0).
Îáîçíà÷èì ÷åðåç Aj = A + aj , j = 1, . . . , k + 1; µ = (k + 1)p, ν = p(k + 1)p−1

, P i
1, . . . , P

i
µ �

ïðåñëåäîâàòåëè, íà÷àëüíûå ïîçèöèè êîòîðûõ ïðè t = t0 íàõîäÿòñÿ â Ai; E
i
1, . . . , E

i
ν � óáåãà-

þùèå, íà÷àëüíûå ïîçèöèè êîòîðûõ ïðè t = t0 íàõîäÿòñÿ â Ai, i = 1, . . . , k + 1; E1, . . . , Eµ �

óáåãàþùèå, íà÷àëüíûå ïîçèöèè êîòîðûõ ïðè t = t0 ëåæàò â øàðå D1(ẑ); x
i
1(T ), . . . , x

i
µ(T ) �

ïîëîæåíèÿ ïðåñëåäîâàòåëåé P i
1, . . . , P

i
µ â ìîìåíò t = T ; y1(T ), . . . , yµ(T ) � ïîëîæåíèÿ óáåãàþ-

ùèõ E1, . . . , Eµ â ìîìåíò t = T . Ïðåñëåäîâàòåëè ñòðîÿò ñâîè ñòðàòåãèè ñëåäóþùèì îáðàçîì:
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ñíà÷àëà ïðåñëåäîâàòåëè P i
1, . . . , P

i
µ ëîâÿò óáåãàþùèõ Ei

1, . . . , E
i
ν , i = 1, . . . , k + 1. Â ñèëó èí-

äóêöèîííîãî ïðåäïîëîæåíèÿ ïîèìêà óêàçàííûõ óáåãàþùèõ ïðîèçîéäåò íå ïîçäíåå ìîìåíòà T ,
â ìîìåíò t = T ïðåñëåäîâàòåëè P 1

1 , P
1
2 , . . . , P

k+1
µ íà÷èíàþò ëîâèòü óáåãàþùèõ E1, . . . , Eµ. Òàê

êàê, â ñèëó âûáîðà β, D̃ ⊂ H, òî yj(T ) ∈ Intco{x1i (T ), . . . , x
k+1
i (T )}. Ïîýòîìó èç ïðåäïîëîæå-

íèÿ 1 ñëåäóåò âîçìîæíîñòü ïîèìêè óáåãàþùèõ E1, . . . , Eµ; ïðåñëåäîâàòåëè P
1
i , . . . , P

k+1
i ëîâÿò

óáåãàþùåãî Ei, i = 1, . . . , µ.
Òåì ñàìûì äîêàçàíî, ÷òî â èãðå Γ((k + 1)p+1, (p + 1)(k + 1)p, z0) ïðîèñõîäèò ïîèìêà.
Ïîýòîìó

f((k + 1)p) > p(k + 1)p−1
äëÿ âñåõ p ∈ N.

Ïóñòü n � ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî (n > k + 1), p � íàòóðàëüíîå ÷èñëî òàêîå, ÷òî

(k + 1)p 6 n, (k + 1)p+1 > n.

Òîãäà f(n) > f((k + 1)p) > p(k + 1)p−1. Òàê êàê p = [logk+1 n], òî

f(n) > C1n lnn.

Òåîðåìà äîêàçàíà. �

� 3. Äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è óêëîíåíèÿ

è îöåíêà �óíêöèè f ñâåðõó

Òåîðåìà 2. Äëÿ ëþáûõ íàòóðàëüíûõ ÷èñåë p, m òàêèõ, ÷òî m > p2p + 2, â èãðå Γ(2p +
+ 1,m, z0) ðàçðåøèìà ãëîáàëüíàÿ çàäà÷à óêëîíåíèÿ.

Ïóñòü n = 2p + 1, x01, . . . , x
0
n � íà÷àëüíûå ïîçèöèè ïðåñëåäîâàòåëåé, y01 , . . . , y

0
m � íà÷àëüíûå

ïîçèöèè óáåãàþùèõ. Ñ÷èòàåì, ÷òî òî÷êè x01, . . . , x
0
n, y

0
1 , . . . , y

0
m ïîïàðíî ðàçëè÷íû. Ïóñòü q �

åäèíè÷íûé âåêòîð, òàêîé, ÷òî

(q, x0i − x0j) 6= 0, 1 6 j < i 6 n, (3)

(q, y0i − y0j ) 6= 0, 1 6 j < i 6 m, (4)

(q, y0j − x0i ) 6= 0, i = 1, . . . , n, j = 1, . . . ,m. (5)

Ïóñòü H1, . . . , Hn � ãèïåðïëîñêîñòè ñ íîðìàëüþ q òàêèå, ÷òî x0i ∈ Hi, i = 1, . . . , n, ïðè÷åì
H+

i+1 ⊂ H+
i , i = 1, . . . , n− 1. Ñ÷èòàåì, ÷òî q íàïðàâëåí â H+

1 è y0j ∈ H+
1 ∩H−

n , j = 1, . . . ,m.
Çàäàäèì óïðàâëåíèÿ v1(t), . . . , vm(t) ñëåäóþùèì îáðàçîì. Ïðè p = 1 ðàññìîòðèì ìíîæåñòâà

A1 = {j|y0j ∈ H+
1 ∩H−

2 } = {α1, α2, . . . , αs},

A2 = {j|y0j ∈ H+
2 ∩H−

3 } = {β1, β2, . . . , βr},

ïðè÷åì

(q, y0α1
) < (q, y0α2

) < · · · < (q, y0αs
), (6)

(q, y0β1
> (q, y0β2

) > · · · > (q, y0βr
). (7)

Îáîçíà÷èì ÷åðåç x1 òðàåêòîðèþ èãðîêà P1, åñëè óïðàâëåíèå u1 âûáèðàåòñÿ èç ðàâåíñòâà

(u1(t), ψ1(t)) = C(U ;ψ1(t)), (8)

ãäå ψ1(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû

ψ̇(t) = −A∗(t)ψ(t) (9)

ïðè ψ1(t0) = q.
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Àíàëîãè÷íî, x3 � òðàåêòîðèÿ èãðîêà P3, ñîîòâåòñòâóþùàÿ óïðàâëåíèþ u3, êîòîðîå âûáè-
ðàåòñÿ èç ðàâåíñòâà

(u3(t), ψ3(t)) = C(U ;ψ3(t)),

ãäå ψ3(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (9) ïðè ψ1(t0) = −q.
Ïóñòü

H1(t) = {x ∈ R
n : (x, q) = (x1(t), q)}, (10)

H2(t) = {x ∈ R
n : (x, q) = (x3(t), q)}, (11)

P (x,G) = {p ∈ ∂S : (x, p)− C(G; p) > 0} (G � âûïóêëûé êîìïàêò). (12)

Îáîçíà÷èì t∗ = min{t : H1(t) = H2(t)}. Äî ìîìåíòà t = tα1
, êîãäà óáåãàþùèé Eα1

âïåðâûå

ïîïàäàåò íà ãèïåðïëîñêîñòü H1(t), óïðàâëåíèå vα1
(t) íàõîäèì èç ðàâåíñòâà

(uα1
(t), ψα1

(t)) = C(U ;ψα1
(t)),

ãäå ψα1
(t) � ðåøåíèå ñèñòåìû (9) ïðè ψα1

(0) = qα1
,

qα1
∈ P (y0α1

, co{
⋃

i=2,...,s

y0αi
,
⋃

i∈A2

y0i ,
⋃

i=2,3

x0i }), åñëè s > 1,

qα1
∈ P (y0α1

, co{
⋃

i∈A2

y0i ,
⋃

i=2,3

x0i }), åñëè s = 1.

Ïðè t > tα1
ïîëîæèì vα1

(t) = u1(t). Êðîìå òîãî, âûáèðàåì qα1
òàê, ÷òîáû yα1

(tα1
) 6= x1(tα1

),
yα1

(t∗) 6= x3(t
∗). Åñëè òàêîãî ìîìåíòà tα1

íå ñóùåñòâóåò, òî ñ÷èòàåì tα1
= +∞. Ïðè âûáðàííîì

óïðàâëåíèè óáåãàþùèé Eα1
èçáåæèò ïîèìêè. Ïîýòîìó ñ÷èòàåì, ÷òî tα1

< +∞.

Ïðåäïîëîæèì, ÷òî óïðàâëåíèÿ èãðîêîâ Eα1
, . . . , Eαi−1

, i 6 s, çàäàíû. Îïðåäåëèì óïðàâ-

ëåíèå èãðîêà Eαi
. Äî ìîìåíòà t = tαi

, êîãäà óáåãàþùèé Eαi
âïåðâûå ïîïàäàåò íà ãèïåðïëîñ-

êîñòü H1(t), óïðàâëåíèå vαi
(t) íàõîäèì èç ðàâåíñòâà

(uαi
(t), ψαi

(t)) = C(U ;ψαi
(t)),

ãäå ψαi
(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (9) ïðè ψαi

(t0) = qαi
,

qαi
∈ P (y0αi

, co{
⋃

l=i+1,...,s

y0αl
,
⋃

i∈A2

y0i ,
⋃

i=2,3

x0i }), åñëè i < s,

qαs ∈ P (y0αs
, co{

⋃

i∈A2

y0i ,
⋃

i=2,3

x0i }).

Ïðè t > tαi
ïîëîæèì vαi

(t) = u1(t). Êðîìå òîãî, âåêòîð qαi
âûáèðàåì òàê, ÷òîáû yαi

(tαi
) 6=

6= x1(tαi
), yα1

(t∗) 6= x3(t
∗), yαi

(tαi
) 6= yl(tαi

), l = 1, . . . , i − 1. Åñëè òàêîãî ìîìåíòà tαi
íå

ñóùåñòâóåò, òî ñ÷èòàåì tαi
= +∞. Ïðè âûáðàííîì óïðàâëåíèè óáåãàþùèé Eαi

èçáåæèò ïîèìêè.

Ïîýòîìó ñ÷èòàåì, ÷òî tαi
< +∞, i = 1, . . . , s.

Ñ÷èòàÿ óïðàâëåíèÿ óáåãàþùèõ Eα1
, . . . , Eαs çàäàííûìè, ïîñòðîèì óïðàâëåíèÿ óáåãàþùèõ

Eβ1
, . . . , Eβr

. Äî ìîìåíòà t = tβ1
, êîãäà óáåãàþùèé Eβ1

âïåðâûå ïîïàäàåò íà ãèïåðïëîñ-

êîñòü H2(t), óïðàâëåíèå vβ1
(t) íàõîäèì èç ðàâåíñòâà

(uβ1
(t), ψβ1

(t)) = C(U ;ψβ1
(t)),

ãäå ψβ1
(t) � ðåøåíèå ñèñòåìû (9) ïðè ψβ1

(t0) = qβ1
,

qβ1
∈ P (y0β1

, co{
⋃

i=2,...,r

y0βi
,
⋃

i∈A1

y0i ,
⋃

i=1,2

x0i }), åñëè r > 1,

qβ1
∈ P (y0β1

, co{
⋃

i∈A1

y0i ,
⋃

i=1,2

x0i }), åñëè r = 1.
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Ïîëîæèì vβ1
(t) = u3(t) ïðè t ∈ [tβ1

, t∗), ïðè t > tβ1
vβ1

(t) = u1(t). Êðîìå òîãî, âûáèðàåì

âåêòîð qβ1
òàê, ÷òîáû

yβ1
(tβ1

) 6= x3(tβ1
), yβ1

(t∗) 6= yαl
(t∗), l = 1, . . . , s, yβ1

(t∗) 6= x1(t
∗).

Ïóñòü óïðàâëåíèÿ èãðîêîâ Eβ1
(t), . . . , Eβi−1

, i 6 r, çàäàíû. Îïðåäåëèì óïðàâëåíèå óáåãàþ-

ùåãî Eβi
. Äî ìîìåíòà t = tβi

, êîãäà óáåãàþùèé Eβi
âïåðâûå ïîïàäàåò íà ãèïåðïëîñêîñòü H2(t),

óïðàâëåíèå vβi
(t) íàõîäèì èç ðàâåíñòâà

(uβi
(t), ψβi

(t)) = C(U ;ψβi
(t)),

ãäå ψβi
(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (9) ïðè ψβi

(t0) = qβi
,

qβi
∈ P (y0βi

, co{
⋃

l=i+1,...,r

y0αl
,
⋃

i∈A1

y0i ,
⋃

i=1,2

x0i }), åñëè i < r,

qβr
∈ P (y0βr

, co{
⋃

i∈A1

y0i ,
⋃

i=1,2

x0i }).

Ïîëîæèì

vβi
= u3(t), t ∈ [tβi

, t∗),

vβi
= u1(t), t ∈ [t∗,+∞),

ïðè÷åì âåêòîð qβi
âûáèðàåì òàê, ÷òîáû

yβi
(tβi

) 6= x3(tβi
), yβi

(tβi
) 6= yβl

(tβi
), l = 1, . . . , i− 1,

yβi
(t∗) 6= x1(t

∗), yβi
(t∗) 6= yαl

(t∗), l = 1, . . . , s.

Åñëè òàêîãî ìîìåíòà tβi
íå ñóùåñòâóåò, òî ñ÷èòàåì tβi

= +∞. Ïðè âûáðàííîì óïðàâëåíèè

óáåãàþùèé Eβi
èçáåæèò ïîèìêè. Ïîýòîìó ñ÷èòàåì, ÷òî tβi

< +∞, i = 1, . . . , r.
Åñëè H1(t) 6= H2(t) äëÿ ëþáîãî t > t0, òî ïîëîæèì t∗ = +∞. Ïðè âûáðàííûõ òàêèì

îáðàçîì óïðàâëåíèÿõ èãðîêîâ Ej , j = 1, . . . ,m, ïðåñëåäîâàòåëè Pi, i ∈ {1, 2, 3}, ìîãóò ïîéìàòü
òîëüêî îäíîãî óáåãàþùåãî. Åñëè æå t∗ < +∞, òî ïðåñëåäîâàòåëè ìîãóò ïîéìàòü íå áîëåå òðåõ

óáåãàþùèõ.

Ïðåäïîëîæèì, ÷òî óïðàâëåíèÿ èãðîêîâ E1, . . . , Em äëÿ ëþáîãî p < k îïðåäåëåíû. Ïîñòðîèì
óïðàâëåíèÿ óáåãàþùèõ ïðè p = k.

Ïóñòü n1 = 2k−1 + 1,

A1 = {j ∈ {1, . . . ,m} : y0j ∈ H+
1 ∩H−

n1
} = {α1, . . . , αs},

A2 = {j ∈ {1, . . . ,m} : y0j ∈ H+
n1

∩H−
n } = {β1, . . . , βs}

è âûïîëíåíû íåðàâåíñòâà (6), (7). �èïåðïëîñêîñòü H1(t) îïðåäåëèì ðàâåíñòâîì (10), ãäå x1 �
òðàåêòîðèÿ èãðîêà P1, ñîîòâåòñòâóþùàÿ óïðàâëåíèþ u1, âûáðàííîìó èç óñëîâèÿ (8), â êîòîðîì
ψ1(t) � ðåøåíèå ñîïðÿæåííîé ñèñòåìû (9) ïðè ψ1(t0) = q. Îáîçíà÷èì ÷åðåç xn(t) òðàåêòîðèþ
èãðîêà Pn, ñîîòâåòñòâóþùóþ óïðàâëåíèþ un(t), êîòîðîå âûáèðàåòñÿ èç ðàâåíñòâà

(un(t), ψn(t)) = C(U ;ψn(t)),

ãäå ψn(t) � ðåøåíèå ñèñòåìû (9) ïðè ψn(t0) = −q.
Îïðåäåëèì ãèïåðïëîñêîñòü

H2(t) = {x ∈ R
k : (x, q) = (xn(t), q)}. (13)

Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ìîìåíò t > 0, ïðè êîòîðîì H1(t) = H2(t), è

t∗ = min{t > t0 : H
1(t) = H2(t)}.

�àññìîòðèì â íà÷àëüíûé ìîìåíò äâà ñëó÷àÿ:
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1) i ∈ {1, . . . , n1}, j ïðîáåãàåò ìíîæåñòâî A1;

2) i ∈ {n1, . . . , n}, j ïðîáåãàåò ìíîæåñòâî A2.

Ñîãëàñíî ïðåäïîëîæåíèþ èíäóêöèè â ñëó÷àå 1 îïðåäåëèì óïðàâëåíèÿ óáåãàþùèõ v1αi
, i =

= 1, . . . , s, ïîòðåáîâàâ äîïîëíèòåëüíî, ÷òîáû yαi
(t∗) 6= xn(t

∗), i = 1, . . . , s. Óïðàâëåíèå vαi
(t)

ïîëîæèì ðàâíûì v1αi
(t), i = 1, . . . , s, t ∈ [t0,+∞).

�àññìîòðèì ñëó÷àé 2. Ñïðàâåäëèâû íåðàâåíñòâà (−q, y0β1
) < (−q, y0β2

) < . . . < (−q, y0βr
).

Ïåðåíóìåðóåì ãèïåðïëîñêîñòè Hn1
, . . . , Hn ñëåäóþùèì îáðàçîì:

n = 1, n− 1 = 2, . . . , n1 = n− n1 + 1 = 2k−1 + 1. (14)

Ñ÷èòàåì, ÷òî âåêòîð −q íàïðàâëåí â H+
1 , òîãäà H

+
i ⊃ H+

i+1, i ∈ {1, . . . , n − n1}. Îïðåäåëèì
â ñëó÷àå 2 óïðàâëåíèÿ v2βi

(t), i = 1, . . . , r, ïîòðåáîâàâ äîïîëíèòåëüíî, ÷òîáû

yβi
(t∗) 6= yαl

(t∗), yβi
(t∗) 6= x1(t

∗), i = 1, . . . , r, l = 1, . . . , s.

Ïîëîæèì

vβi
(t) = v2βi

(t), t ∈ [t0, t
∗),

vβi
(t) = u1(t), t ∈ [t∗,+∞), i = 1, . . . , r.

Òàêèì îáðàçîì, óïðàâëåíèÿ èãðîêîâ E1, . . . , Em ïðè t > t0 îïðåäåëåíû. Èñïîëüçóÿ èíäóê-

öèþ, ïîëó÷àåì, ÷òî íà îòðåçêå [t0, t
∗] ïðåñëåäîâàòåëè ëîâÿò íå áîëåå (k − 1)2k + 1 óáåãàþùèõ.

Íà èíòåðâàëå [t∗,+∞) ïðåñëåäîâàòåëè ëîâÿò íå áîëåå 2k óáåãàþùèõ. Ñëåäîâàòåëüíî, âñåãî ïðå-
ñëåäîâàòåëè P1, . . . , P2k+1 ëîâÿò íå áîëåå k2

k + 1 óáåãàþùèõ. Òåîðåìà äîêàçàíà. �

Ñëåäñòâèå 1. Ñóùåñòâóåò êîíñòàíòà C2 > 0 òàêàÿ, ÷òî äëÿ âñåõ n ∈ N, n 6= 1, ñïðàâåä-
ëèâî íåðàâåíñòâî f(n) 6 C2n lnn.

Èç òåîðåìû 2 ñëåäóåò, ÷òî äëÿ âñåõ p ∈ N ñïðàâåäëèâî íåðàâåíñòâî f(2p + 1) 6 p2p + 2. Ïóñòü
n ∈ N, n 6= 1. Âîçüìåì p ∈ N òàêîå, ÷òî 2p−1 < n 6 2p + 1. Òîãäà

f(n) 6 f(2p + 1) 6 p2p + 2 6 C2n lnn,

ãäå â êà÷åñòâå C2 ìîæíî âçÿòü 5/ln 2. �

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 3. Ïóñòü âûïîëíåíî ïðåäïîëîæåíèå 1. Òîãäà ñóùåñòâóþò êîíñòàíòû C1 > 0,
C2>0 òàêèå, ÷òî äëÿ âñåõ n ∈ N, n 6= 1, ñïðàâåäëèâî íåðàâåíñòâî

C1n lnn 6 f(n) 6 C2n lnn. (15)

� 4. Ñëåäñòâèÿ è ïðèìåðû

Ñëåäñòâèå 2. Äëÿ ëþáîãî íàòóðàëüíîãî l ñóùåñòâóþò íàòóðàëüíûå n, m, ñóùåñòâóåò z0

òàêèå, ÷òî m− n > l è â èãðå Γ(n,m, z0) ïðîèñõîäèò ïîèìêà.

Âîçüìåì íàòóðàëüíûå ÷èñëà m, n òàêèå, ÷òî

C2n lnn− (n+ 2) > l, m = [C2n lnn]− 1.

Òîãäà m − n > l è, ïî òåîðåìå, ñóùåñòâóåò z0, ÷òî â èãðå Γ(n,m, z0) ïðîèñõîäèò ïîèìêà.

Ñëåäñòâèå äîêàçàíî. �
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Ñëåäñòâèå 3. Äëÿ ëþáîãî íàòóðàëüíîãî l ñóùåñòâóþò íàòóðàëüíûå n, m òàêèå, ÷òî

â èãðå Γ(n,m, z0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è äëÿ ëþáîãî z0, à â èãðå Γ(n+1,m+ l, z01)
ïðîèñõîäèò ïîèìêà ïðè íåêîòîðîì z01 .

Ïðåäâàðèòåëüíî äîêàæåì, ÷òî

lim
n→∞

[f(n+ 1)− f(n)] = ∞. (16)

Ïðåäïîëîæèì îáðàòíîå. Òîãäà ñóùåñòâóåò c > 0, ÷òî äëÿ âñåõ n ∈ N

f(n+ 1)− f(n) 6 c.

Òîãäà f(n+1) 6 cn+1 äëÿ âñåõ n ∈ N. Ïîñëåäíÿÿ îöåíêà ïðîòèâîðå÷èò óòâåðæäåíèþ òåîðåìû.

Òàêèì îáðàçîì, ñîîòíîøåíèå (16) äîêàçàíî. Èç äàííîãî ñîîòíîøåíèÿ ñëåäóåò, ÷òî äëÿ ëþáîãî

íàòóðàëüíîãî l ñóùåñòâóåò íàòóðàëüíîå n0 òàêîå, ÷òî f(n0 + 1) − f(n0) > l + 1. ×èñëî m0

âûáåðåì òàêèì îáðàçîì, ÷òîáû âûïîëíÿëèñü íåðàâåíñòâà

f(n0 + 1)− (l + 1) > m0 > f(n0).

Òàê êàê m0 > f(n0), òî â èãðå Γ(n0,m0, z
0) ïðîèñõîäèò óêëîíåíèå îò âñòðå÷è äëÿ ëþáîãî z0. Èç

íåðàâåíñòâà m0+ l < f(n0+1) ñëåäóåò, ÷òî ñóùåñòâóåò z01 òàêîé, ÷òî â èãðå Γ(n0+1,m0+ l, z
0
1)

ïðîèñõîäèò ïîèìêà. Ñëåäñòâèå äîêàçàíî. �

Ïðèìåð 1. Ïóñòü â ñèñòåìàõ (1), (2) ìàòðèöà A(t) = −a(t)E, ãäå E � åäèíè÷íàÿ ìàòðèöà,

a ∈ C[t0,∞). Îáîçíà÷èì g(t) =

∫ t

t0

exp
( ∫ τ

t0

a(s)ds
)
dτ, λ0 = inf

t>t0

1
g(t) .

Òîãäà åñëè λ0 = 0, òî äëÿ èãðû Γ(n,m, z0) ñïðàâåäëèâà îöåíêà (15).

Ïðèìåð 2. Ïóñòü â ñèñòåìàõ (1), (2) k = 2, t0 = 0, ìàòðèöà A(t) èìååò âèä

A(t) =





(
0 0

cos t 0

)
, t ∈ [0, 4π),

(
sin t 0

cos t sin t

)
, t > 4π,

Òîãäà �óíäàìåíòàëüíàÿ ìàòðèöà Φ(t) ñèñòåìû ż = A(t)z, Φ(0) = E ÿâëÿåòñÿ ðåêóððåíò-

íîé [24℄ è ïîýòîìó äëÿ èãðû Γ(n,m, z0) ñïðàâåäëèâà îöåíêà (15).
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Linear non-stationary di�erential pursuit games with several evaders
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A linear non-stationary di�erential pursuit game with a group of pursuers and a group of evaders is 
onsidered.

The pursuers' goal is to 
at
h all evaders and the evaders' goal is at least for one of them to avoid 
onta
t

with pursuers.

All players have equal dynami
 
apabilities, geometri
 
onstraints on the 
ontrol are stri
tly 
onvex


ompa
t set with smooth boundary. The point in question is the minimum number of evaders that is su�
ient

to evade a given number of pursuers from any initial position. Su�
ient 
onditions for the solvability of the

global problem of evasion are used as an upper estimate of this minimum. We assume that to 
apture one

evader it su�
es that the initial position of this evader lie in the interior of 
onvex hull of initial positions of

pursuers. Using this assumption we �nd a lower estimate of this minimum.

The obtained two-sided estimate of the number of evaders su�
ient to avoid 
onta
t with a given number

of pursuers from any initial position is illustrated by examples.
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