BECTHHUK YIMYPTCKOI'O YHUBEPCUTETA MATEMATUKA. MEXAHUKA. KOMIIbIOTEPHBIE HAYKH

MATEMATUKA 2013. Bpmm. 3

VIIK 517.911.5

© . B. Ilonomapes

NMMIIVJIBCHO-CKOJIB3AIMNE PE2KVIMBI YVIIPABJIAEMBIX
MEXAHUYECKUX CUCTEM !

PaccvarpuBaeTca ympaBisieMast MEXaHUIECKAs CHCTEMA C CYyXUM TPEHUEM W TMO3UITUOHHBIM UMITYJIbCHBIM WU
MTO3UIIMOHHBIM PA3pPbIBHBIM yrpaienneMm. OHa MOXKeT ObITh HpeICTaBJIeHa B BUAe ypaBHeHwmii Jlarpamxka
BTOPOI'O Poja:

Alt,q)i = g(t,q,4) + QM (8, q,4) + QT (t,9,4) +u, ¢ €1 =l[to,to+T]. (1)

esibio yrpaB/IeHUsT SBIISIETCS ABUKEHUE CUCTEMbI 10 MHOXKECTBY S = {(t, q,q) EIXR"XR":0(t,q,q) = O}
(3amaua crabusM3alum) Wid B OKPECTHOCTH 9TOI0 MHOXKECTBA (3a1aua connxkenus). [lepBas 3a1a4a peinaercs
C WCTOJIb30BaHUEM TO3UIIMOHHOTO YIIPABIEHUS PEIeHOrO TUMA ¢ OTPAHNYEHHBIMU PECYPCAMMU, /I KOTOPBIX
PEXKUM JICKOMIIO3ULUY HABJISETCH YCTONYUBBIM CKOJIb3siuM pexkumoM cucrembl (1), IIpu mepocrarounocru
pecypcoB OObIYHOIO PA3PbIBHOIO YIIPABJIEHHS JBUXKEHHE CUCTEMbl B OKPECTHOCTH MHOXKECTBA S IIPOMCXO-
AUT IIPU IIOMOIIKM BBICOKOYAaCTOTHBIX HMMILYJIbCHBIX BO3,H,efICTBHfI Ha Hee B AUCKpPETHblEe MOMEHTblI BpEMEHH
B UMITYJIbCHO-CKOJIB34IIEM PEKMME, DABHOMEPHBIH [pees KOTOporo (UaeasIbHbI MMITYJIbCHO-CKOJIb3SIIuit
pe)KI/IM) COBIIJa€T C PEKUMOM JTEKOMIIO3HUITHH. OTHI/I‘H/ITeHbHoﬁ OCO66HHOCTBIO IIOCTAaBJICHHBIX 3a/Ja4 ABJIA-
ercd Hajudue B cucreme (1) cuil cyXoro TpeHus, KOTOpbe, BOOOLLE I'OBODPs, MOIYT PACCMATPUBATHCH KAK
HEKOTOPbIE HEYIIpaBJ/IdeMbl€ PAa3PbIBHbIEC UJIM MHOIO3HAYHDbIE BO3MYIIECHUA.

OCHOBHbIe IIOHATUA JJaHbl BO BBE€JCHHUN CTAaTbU. B IIepBOM pa3/eJjie IIOKa3aHa CBA3b ME2K/1y nIeaJIbHbIMUA
HUMITYJIbCHO-CKOJIb3AIIIUMHU PE2KUMaMU BKJ/IIOYCHUA

A(t,z)t € F(t,z) + u,
TJ€ U — MO3WIMOHHOE UMITYJILCHOE YIIPABJICHUE, U CKOJIb3ANMMHA PEKUMAME CHCTEMbBI
A(t,x)t € F(t,z) + B(t,xz)u(t, x)

C O3ULMOHHBIM Pa3PbIBHBIM ylipaB/ieHueM. Bropoii pasues nocssuen cucremam suja (1). B rperbem pasue-
JIe PACCMATPUBACTCs BazKHOE Jiisl IPUJIOKEHUIT LesieBoe MHOXKecTBO S cucreMbl (1), KOTOpOe oupenessiercs
BeKTOpHOH byukiwmeit o(t, q,q) = ¢— p(t,q). g mocaeaHero ciydas UCIOJIb30BAHbI 60JIe€ IPOCTHIE U COAEP-
KaTeJIbHbIE YCJIOBUA, TAPAHTUPYIOIUE CYITECTBOBAHNE CKOJIL3AININX PEXKUMOB IJIs CUCTEMbI C TO3UITMOHHBIM
Pa3pBIBHBIM yIpaBjieHueM. B 3aK/II0UeHn PacCMOTPEH MPUMED.

Karouesvie caosa: nuddepennuanpbHoe BKJIOYEHUE, MO3UIUOHHOE KMILYJIbCHOE YIIPABJIEHUE, HMIIYJIbCHO-
CKOJIB3AIIAN PEKUM, CKOJIB3AIINAIN PeXKAM.
BBenenne

B manmHoil craThbe HCHOMIB3YeTCs TePMUHOIOTHS U3 pabor [1,2], 00beKToM HcCIe0BaHusT KOTOPBIX
SIBJISITIACH CHCTEMa, BUJIA

&= f(t,x) +ov(t) +u, =z(to)= o, (0.1)

C TIO3UIUOHHBIM UMITY/ILCHBIM YIIPABICHIEM U, U IIPOIOJIZKAIOTCS MCC/IeI0BaHNs, HadaThie B |3|, rue
paccMaTpuBaaochk audpepeHnnaIbHoe BKAIOIEHNE BUIa,

t e F(t,x)+u, z(ty) = o, (0.2)

! PaBora Bbiossena upu unancosoil nomuepxke Munucrepcrsa obpasosanus u Hayku P® (®UII «Hayunste
¥ HAYTHO-TIETArOTMYIECKIEe KaAphl MHHOBAITMOHHON Poccmmy», mpoekt Ne 2012-1.2.1-12-000-1001-011).
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rae £ € R R™ — n-MepHOe BEKTOPHOE IPOCTPAHCTBO ¢ HOPMOIA ||- ||, ¢ € T = [to, to+T]. Umirynbcaoe
no3uIonHoe yrnpassenue u B 3amadax (0.1) u (0.2) onpenensiercsa Kak HEKUil aOCTPAKTHBI OIEPATOD
u < p(t, )0, KOTOPBIi KaXKIOMy MOMEHTY BPEMEHU t U COCTOAHUIO OOBEKTA T CTABUT B COOTBETCTBUE
umiyabse p(t, x)d. 3aecs 0 — pesnbra-byHKIMs, COCPEJIOTOYEHHAs B MOMEHT Bpemenu t, p(t,z) —
DYHKIWSA, OMpenesionas NHTeHCUBHOCTD UMITYIBCA.

Ouneparop u « p(t,x)d; Kak 0b6obIIEeHHAsT (DYHKIIUS CMBIC/Ia HE UMEET U O3HA4YaeT JIUIIb TOT
dakr, uro B cucreme (0.2) GyHKIMOHUPYET UMILYJILCHOE NO3UIMOHHOE YIPABJIECHUE, 110IPA3yMEBa-
0ITee TUCKPETHYIO Peai3anuio «OeryIero uMIIyabcay B BUJIE MOCTEI0BATETHHOCTH KOPPEKTUPYIO-
[UX UMITYJIBCOB, COCPEIOTOYEHHBIX B y3J/IaX HEKOTOPOro paszbuenus h:tg <t; < ... <ty =tg+ T
orpeska I. CoBOKyIHOCTb Bcex pas3bueHuil B JaJibHeiieM Oyiaem 0bo3nadars H.

HeiictBue auckpernoit peanusanum «Oerymero umiyabcay B cucreme (0.2) npuBoguT K M0sB-
JIEHHIO DPa3pLIBHBIX KPUBBIX 4" (1), Ha3pIBAGMBIX JOMAHBIME iijepa, KOTOpbIE ONpeIe/Si0TCH Ha
npomexyTkax (tg,tx+1] Kak pentenus ciaeayomux 3aaad Komm:

S F(t,l’), $(tk) = xh(tk) +p(tk7$h(tk))) k= 0,N—1,

e 2P(tg) = xg. MHEOXKECTBO JOMAHBIX iijIepa sBJISETCS CEThIO, HANDPABICHHOR 110 yOBIBAHUIO
d(h) = max{Aty,k = 0, N — 1}. IlocienoBarenbaocTs MoManblx Dittepa {2 (t)} mazoBem KoH-
dbunanbhoii, eciu d(h;) — 0 npu i — oo, rae d(h) — menkocrs pasbuenus h. Ilpu srom ecaun KoH-
(buHATBLHAS TTOCTIE0BATENBHOCTD JTOMAHBIX Diiepa paBHOMEPHO Ha OTpe3Ke I CXOJUTC K KyCOTHO-
HenpepbiBHOH dyukuu (1), To dyuxkuuio r(t) OyjgeM HA3BIBATH NPEIEIBHBIM PEKUMOM CUCTEMbI
(0.2) ¢ ynpasaenueM u <— p(t, x)d;.

B [3] paccmarpuBasiuch Takue ynpapieHUsi, KOTOPblE B De3ysibraTe BO3IEHCTBUs HPUBOJST CH-
cremy (0.2) Ha HEKOTOpPOE MHOXKECTBO

S={(t,x) eI xR":0'(t,x) =0,i =T, m},

rge m < n. B 3roM ciaydae ceTh JIOMaHBIX Diliepa Ha3bIBAETCS MMITY/IbCHO-CKOJIB3SIIIM PEKIMOM,
a Tpaekropun 7(t), npejeabHbIe JIJIT PABHOMEDHO CXOAAuxcst Ha npomexyrke J = (to,to + T
[OCJIETIOBATEIFHOCTElH JIOMAHBIX Diiepa, — uaeaJbHbIMU (IPEIeTbHBIMI) UMITY/IHCHO-CKOJIB3ATIAMIE
pexkumamu. BbLI0 noKa3aHo, 9TO MPU BBINOJIHEHUN ONPEIENEHHBIX YCJIOBUN M/IaIbHBIE NMITYJIbCHO-
CKOJIb3sIue pexkuMbl cucreMbl (0.2) COBIAAIOT CO CKOB3SIUMA PEKUMAME BKJTIOUCHUS

& € F(t,x) + B(t,z)u(t, x),

rie B(t,x) — menpepbiBHas n X m-marpuna, U(t,z) = (U1 (t, ), ..., Un(t, ¥)) — BeKTOpHOE MO3UIH-
onnoe paspeiBHOe yupasienue, u;(t,r) = H;(t,z)sgnot(t,z), i = 1,m, H;(t,z) — nonoxurebubie
dyHKIUN, KOTOPBIE PEACTABIAIOT COO0i pecypc yrupaB/ieHus.

B nepsom pasjiesie janHoil paboTbl pacCMaTPUBAIOTCH UMILY/IbCHO-CKOJIL3AIIME PEXKUMbI BKJIIO-
9YeHUil ¢ UMITY/IbCHBIM MO3UIMOHHBIM yIpaB/aeHueM u marputeii A(t,x) npu & B BUIE

A(t,x)i € F(t,x) + u.

Bropoit pazmesn mocBsIEeH MEXaHUIECKIM CUCTeMAaM, IPeJCTaBIeHHBIM B BUIe YpaBHeHMiI Jlarpamxka
BTOPOI'O PO/Ia C UMILYJIbCHBIM TO3UIIMOHHBIM yIIPABJIECHUEM:

A(t,q)i = g(t,q,4) + Q*(t, a.4) + QT (t, 4. 4) + u. (0.3)

B Tperbem paziesie B KayecTBe Ied YIPABJIAIONIErO BO3AEHCTBUS PACCMATPUBAECTCA IIPUBEICHUE
MEXaHUYIeCKOll CHCTeMbl HA MHOXKECTBO S, ompeje/nseMoe ypasHeHuaMu ¢ = (t,q), 1 KOTOPOro
UCII0JIb30BaHbI H0JIee IPOCThIE U COMIEPXKATEIbHBIE YCAOBUSA, TAPAHTUPYIOIIUE CYIIECTBOBAHIE CKOJIb-
3SIIUX PEKUMOB JiJisi CUCTEMBbI C II03UIMOHHBIM PAa3PbIBHBIM ylIpaB/ieHueM u3 paborsl [6]. B 3ax.iro-
YeHUU PacCMOTPEH COJepzKaTebHbIN IIpUMep YpaBHEHUM JBYX3BEHHOI'O MAaHUIIYJIATOPA HA IIEPOXO-
BATO¥ IOPUBOHTAIBHOM IJIOCKOCTU C CYXUM TPEHUEM.
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§ 1. UMmnynbCHO-CKOJIb3sMInEe peXXnumbl auddepeHnnaibHbIX BKJIIOYEHU ¢ MaTpuIiei
pu OPOU3BOJIHOI T

Paccmorpum cucremy

A(t,z)z € F(t,x) + u,

:E(t()) =ux9, tel. (1-1)

Baecy A(t,z) — n X n-marpudnas GyHKIus, HeBbIpoxK ieHHast Ha [ X R™; F(t,2) — MHOro3HadHOe
0TOOpakKEeHNE; U — NO3UIMOHHOE UMILYJIbCHOE yupassenne. Lis cucrembr (1.1) nomanbie Ditnepa na

unrepsanax (tg,tg+1], k=0, N — 1, coBnagaior ¢ pemerusMu ciepyomux 3agad Komn:

{ A(t,x)E € F(t,x),
z(ty) = 2" (te) + A7 (te, 2" (t)) p (e, 2" (1)),

rme A7Y(t,z) — obparmas marpuna, ' (tg) = .
OrmernM, 9TO JIOMaHbIe Dilepa yI0BIETBOPIIOT PABEHCTBY

t mg

:L"h(t)::170+A_1(t0,:1:0)p(t0,x0)~|—/ x'h(T)dT+ZA_l(ti,xh(ti))p(ti,:nh(ti)), (1.2)

to

e My — HOMep bJImsKaiiimero ciesa K ¢ yasia pasbuenus h, He cosmasaromero c t, A(t, 2" (t))"(t) €
F(t,z"(t)) pns ns. t € 1.

B ,ZLaJIbHeI'/’ILHeM PaCCMaATPUBAIOTCA TaKUE YIIpABJICHUYA, KOTOPbIC IOCJIE KazK/A0I'0 HNMITYJIbCHOI'O
BozeiicTBus npusogar cucremy (1.1) Ha MHOXKeCTBO S, Onpe/essieMoe m-MepHOii HelpepbIBHO Jud-
dbepennupyemoii Bekrop-dbynknueit o(t, x) ¢ marpuneit dkobu 1o x panra m ajs Beex (¢, z) € S:

S={(t,z) eI xR":0(t,x) =0}.
JIONO/IHUTEIBHO MIPETIOIAraeTcst OTCY TCTBIE UMITYJIbCOB HA, MHOXKECTBE S, TO €CTh

(t,x) € S < A7Y(t, z)p(t,z) = 0.

Bsesem obosnauenus p(t, z) = A~ (¢, 2)p(t, x), F(t,x) = A~\(t,2)F(t,z). Torxa nomansie Dii-
nepa (1.2) mpumyT BuIT

t me
2" (t) = zo + Plto, zo) + / #(r)dr + ) (ki 2" (1),
to i=1

e i"(t) € ﬁ(t,xh(t)) qid m.B. t € I, m OyayT coBmajarh C JOMaHBIMEU DiljIepa UMITY/IHLCHOMI
YUPaBI/IAEMONA CUCTEMbI

i€ F(t,z)+1,

£(to) = o, (1.3)

rie U < p(t,z)d;. llpu aroM ycaoBusi, obecrevanBaionye nomajaiue CUCTeMbl Ha S MOC/e IefCTBus
KOPPEKTUPYIOIIEr0 MMILYJIbCA U PABEHCTBO HYJIIO BEJMYMHbBI MMILYJIbCA B Ciaydae, ecau (t,x) € S,
3QIUIIEM B CJIELYIOMEM BHUJE:

o(t,x+p(t,x)) =0 VY(t,x) €l xR,
o(t,z) =0 < p(t,z) = 0.

JList oJIHOTB! M3J102KeHusi ChOPMyYJIUPYeM CJliejlyoliue jeMMbl 13 [3]:



68 1. B. Ilonomapesn
MATEMATUKA 2013. Bom. 3

Jemma 1. ycmo dynxuuu p(t, ) u " (t) ydosaemsopsatom caedyrougum ycrosusm:
1p(7,y) = p(t, 2)l| < L (|7 —t[ + [ly — =]) (1.4)
ona ecex (t,x) € I x R";
- h h
lZ* @) < CE) (L + 2" (B)])
oas nowmu ecex t € I u scex pasbuenuti h € H, 2de C(t) — cymmupyemasn no Jlebeey dynryus;
P(te, 2" (te +0)) =0

ons ecex k =0, N — 1 u ecex pasbuenut h € H. Toeda cywecmeyem xoncmanwma M makas, wmo
oas ecex pasdbuenuti h € H u scex t € I svinoanaemcs

=" (#)I] < M.

Jlemma 2. ITycmov swvnoanatomes 6ce ycaosus aemmuv, 1. Toeda us 410600 Kondunasonol no-
caedosamenvrocmu dynsuud {2 (1)} mosicno svidesums nodnocaedosamenbnocmv, pasHoMepHo Ha
ompeske I crodsugyrocs x nexomopot abcoatommuo nwenpepvishot na npomescymxe J = (to;to + T
Pynryuu, u 40600 pasnomeprol na npomescymrke J npedea r(t) Kondunarvrol nocaedosamens-
HocmU PYHKYUG YIo8AEMBOPAEN YCAOBUAM

p(t,r(t)) =0, 7(to+0) = xo + plto, xo).

Takum 06pa3oM, IPU yKa3aHHBIX B jieMMe 1 ycioBusix jsomanbie ditiepa jaias cucrembl (1.1) Gyayr
OrpaHIYeHbI U U3 JII000i KOH(MDUHAIBHOI OCIIeI0BATEIBHOCTH MOXKHO BBLIEIUTD HOIOC/IE0BATE/b-
HOCTH, PABHOMEPHO CXOJLAIIYIOCH K abCO/IIOTHO HENPEPHIBHOM (DyHKIIAN.

IIycTh BesM4MHA MMILYJICHOIO BO3JEHCTBHS yI0BJIeTBOpsieT paseHcrBy p(t,x) = B(t,z)o(t, ),
rae B(t,z) — Hekoropas HempepbiBHag N X m-marpuudas dyuxuus. Torga p(t, z) yaosaersopsier
pasencrsy p(t,z) = A7 (t,2)B(t,z)o(t,x) u B cuny semmbr 2.2 u3 [1] na Muoxkecrse S BbinOJHsETCH
YCJIOBHE

oo (t,2) A7t 2)B(t, x) = —Epp,. (1.5)

[Ipenmomokum, 910 (HYyHKIHS E(t,x) = A~Y(t,z)B(t,z) menpepwBHa, P(t,2) yAOBIETBOPAET
yeaosuio (1.4), F(t, ) y1oB1eTBopser C/eiyiomuy yeJaoBsM:

(BO) 1t 1106b1x (¢, ) € I x R™ Muosectso F (L, %) SBASETCSH HEIlyCTHIM BBILYK/IbIM KOMIAKTOM;

(B1) npu mourn kaxaom t € I orobpazkenue r — F (t, ) moJIyHENpPEepbIBHO CBEPXY;

(B2) muist siio6oit menpepbiBaoit dbyukiyun x : [ — R™ muOrosnaunoe orobpazkenue t — F (t, x(t))
u3MepuMo (CBOMCTBO CYHMEPIIO3UIMOHHOM H3MEPUMOCTH);

(B3) st robbix (t,2) € I x R, w € F(t,z) soionmserca nepasencrso ||wl|| < 1(t) (1 4+ [|])),
rie [(t) — cymmupyemas mo Jlebery Ha I dbyHKIust (CBORCTBO IIOIMHEHHOIO pOCTa).

[Tycrs, gasee, CymecTBYOT TaKue HenpepbiBHbIE N010KuTebHbIe hyukuun H;(t,x) : I x R™ —
R, i=1,m, aro aua kaxuoil Touku (t,x) € S Haiigyrca € > 0 u okpecrrocts Wis(t, x) 910l TOUKM

takue, uro ans Beex (t,2") € Wi(t, x) BbIIOIHSIOTCS HEpABEHCTBA

max |o}(t,x) + (Vao'(t,x), w)| < Hi(t,z) —e, i=1,m, (1.6)
weF(t ")
i - . i

rae Vo' (t, ) — rpajauent i-it KoopauHarhl BeKTOp-byHKIUK 0 (t, ) 00 nepeMenHoi x, oy (t,x) —
4aCTHAsl IPOM3BOJHASL 110 BPeMeHu i-i koopaunarsl Bekrop-byukiun o(t, x). Torga B cury reopem
4 u 5 u3 |3] mas Brmovenns (1.3) cymmecTByeT uIeasbHbLI IMITYIHCHO-CKOIB3AMINIT PEXKUM U JTI000i
WI€AIBHBI UMITYJIbCHO-CKOMIB3gmit pexkum () Britouenus (1.3) wa uurepsasne J coBmagaer co
CKOJIB3SIIUM PEXKIMOM CHCTEMBI C IIO3UIMOHHBIM PA3PbIBHBIM YIIPABJICHIEM

i€ F(t,x) + B(t,z)u(t, z),

_ (1.7)
z(to) = o + P(to, 7o),
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rae u;(t,x) = H;(t, z)sgn (ai(t,x)), ¢t = 1,m. Ilpu 9roM 110J CKOJIb3AIIUM PEAKUMOM BKJIFOUEHUS]
(1.7) mornmaercs abeomroTHO HenpepbieHast (yrkus z(t) raxasd, aro (¢,z(t)) € S u z(t) — pemenue
BKJIIOYE€HUN A

i€ F(t,x)+ B(t,z)U(t, ),

N (1.8)
x(to) =20 +p(t0, xo),

rne U(t,z) mpeacraBiser coGoii TpocTeiiliee BBILYKJIOE JOOMpENeICHIe B CMblcae PHIMIIOBa

(cm. [4]) paspsisrOil byukuuu u(t, ).

Ormernym, uro HepaserncTBa (1.6) obecmedmBaroT ycToifamBOoCTh MHOXKecTBa S (CM. Teopemy 3
u3 [3]|) B caepyromem cmbicie: s JII00bIX HadadbHbIX JaHHBIX (to,Zo) € S u 7 > 0 cywmecryer
§ > 0 Taxoe, 4TO IpH YCAOBHSX ||To — Zo|| < 0 1 |to —to| < & mast moBoro pemenus AudbepenIaib-
soro Brmouenns (1.8) ¢ madambabM yetoBueMm (g, To) Beimomnsercs (t,2(t)) € S ars Beex Touex
t > top+ T, B KOTOPBIX 3TO pemenue cymectByer. OMHAKO s OMUCAHUS BCEX BO3MOMKHBIX CKOJIb34I-
mux pexkumon cucrembl (1.8) ycroitunsocrs muoxecrsa S He rpebyercs. 13 reopembr 2 (cm. [3])
cJlejlyer, 4ro Bee JBuKenus cucreMbl (1.8) mo MHOXKeCTBY S HAXOAATCS U3 BKJIFOYEHIUSI

i € F(t,x) + B(t,2)U*(t, z), (1.9)
rae U4 (t,z) = U(t,z) U(t,z) u
UC(t,z) = oy(t, ) + ou(t, ) F(t, z). (1.10)

Takum 00pa30M, BCe BO3MOXKHbBIE CKOJIB3SIIUE PEKUMbI cuCcTeMbl (1.8) HAXOAATCS M3 BKJIIOYEHUSI
(1.9) B cyuae, eciin U*4(t, x) = U®(t, x), ar0 00€CIEUNBACTCS BBIIIOJIHEHUEM HEDABEHCTB

max |o}(t, z) + (ani(t,x),wﬂ(t nes S H(t,z), i=1,m. (1.11)
weF(t,x) ’

CrieoBaTe/IbHO, UMEET MECTO CJIeJLyoMast

Teopema 1. ITycmv A(t,z), F(t,z), p(t, ) makosos, ¥mo mnozo3nauroe omobpasicenue F\(t, x) =
A7L(t,2)F(t, ) ydosaemeopaem ycaosuam (B0)—(B3), p(t,z) = A~L(t,x)p(t,z) ydosaemsopaem
ycaosuro (1.4), u nyemov cywecmeyrom makue nenpepuienvie nosodcumenvroe Gynryuu Hi(t, ) :
I X R"— R, i=1,m, umo ewnoanaomca nepaserncmea (1.11).

Tozda Odns ekatouenus (1.1) ¢ umMnyabcHuM NO3UYUOHHUM Ynpasaeruem u <— p(t,x)d; cywe-
cmeyem udeanvuvlll UMNYALCHO-CROALSAULUL pedrcum U 110607 Udeasbnvlli UMNYALCHO-CROAbIAULUT
peotcum 1(t) cucmemv (1.1) na unmepsase J ABAAEMNCH CKONLISAULUM DEANCUMOM CUCTILEMDL

A(t,z)t € F(t,z) + B(t,z)u(t, x),
-1
z(to) = zo + A~ (to, zo)p(to, Zo)

C PA3PLIBHBLMU NO3ULUOHHbLMU Yynpasaenusmu U;(t,x) = H;(t, x)sgn (Ui(t,x)), 1 = 1,m, xomopuoui

DPEANUSYENCA HA HEKOMOPOM YNpasserut Ul (t, r(t)) e U (t, r(t)).

Oupejesium Marpudnyo Hopmy ||Allr = ”m”axl | Az||.
z||=
Caencrue 1. ITycmv A(t,x) — menpepvisnas mampuya; oas mobwx (t,r) € I X R™ svinoa-
naemesa nepacencmeo |A7L(t, x)|1 < C, 2de C — nexomopas woncmanma; F(t,x) ydosaemsopaem
yeaosuam (B0)—(B3); p(t,x) = B(t,x)o(t,x) ydosaemeopsem ycaosuro (1.4). U nycmo cywecmey-
10m makue nenpepuienbie nosodcumenvuvie gynrkyuu Hi(t,z) : I x R™ — R™, i = 1,m, umo
svinoanaromesn nepasencmea (1.11).

Tozda cnpasedauso ymeeporcdernue meopemos 1.
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§ 2. UMIIy/IbCHO-CKOJIB3SIIIMI€ PEKMUMbI MEXaHUYECKUX CUCTEM

PaCCMOTpI/IM MEXaHUYECKYIO Cucremy C 71 CTeIleHAMU CBO60,ZI;])I " C CuJjlaMU CyXOro TpeHusdd, JIBuzKe-
HITe KoTopoit, ciemays |5|, sammmrem & suze (0.3)2 ¢ magamsabM yetoueM (g, qo, o). B (0.3) ams mac
[IPEJICTAB/IET MHTEPEC HAJINYNE PA3PBIBHOM 110 ¢ DyHKINN QT(L‘, q,q) (0600IIEHHbIE CHJIBI KYJIOHOBA,
TPEeHMUs) U HEIPEPBIBHOI, MOI0KUTEILHO OIIpe/Ie/IeHHOM 11pu 00X (t,q) € I X R™ marpuust A(t, q),
KOTOpagd B OOIEM CJIydae MOMKET OTANYATHCS OT eJWHWYIHON MATPHUILI. BymeMm mpesmosaraTsh, ITo
YIPAB/ILAIONINE CUIbI U HOCAT XaPAKTED MMILYJIbCHOTO BO3efictsus: u <— p(t, q, q)d;.

Bamumiem cucremy (0.3) ¢ IMIYIBCHBIM O3UIUOHHBIM YIIPABICHAEM B BUJE BKJIIOUCHIS

A(t,q)j € F(t.q,4) +u, (2.1)

e F(t,q,q) = g(t,q,q) + QAt,q,q4) + @(t,q, ¢) — MHOrO3HAYHOE OTOOPAKEHUE, I[OJIyICHHOE
B pe3yJbraTe mpocreiimero BeimyKaoro goonpeneneana QT (t,q,q) B cmpice @uaunmosa dbyHKIUNI
Q™ (t,q,q). IIpu srom nomansie Ditiepa (qh(t), q'h(t)) Ha, Kaxk0M unrepsaie (tg, tpi1], k=0,N —1
OyIyT coBHAJATH C pemeHuaMu 3agad Komm
A(t,q)j € F(t,q.4),
q(te) = ¢" (tr), (2.2)
q(tr) = d"(tk) + A7 (tro a" () P (te a" (1), 4" (1)),
e ¢"(to) = qo, ¢"(to) = do. Tox pemenmem (2.2) Ha orpeske [tg,try1] Oysem monmMars mapy
byuxmuit (¢(t), ¢(t)), cocrosmyro 3 menpepeBro muddepennupyemoit bynkimun ¢(t) 1 abCoTOTHO
HenpepbiBHOH dyHukimu §(t), KOTOpbIE yI0BIETBOPAIOT HAYAJBHBIM YCJIOBUAM M BKJIOUEHHIO (2.2)
I.B. HA [tg, tpt1]-
[MocraBum 1e/1b yrpaB/ieHus: 00ECIeUnTh JIBUKEHUE CUCTEMBbI 110 MHOXKECTBY S, KOTOPOe Olpe-

nesgercd n-MepHoii HenpepbiBaO quddepeniupyemoit dbyukuueir o(t, q,¢) ¢ HEBBIPOK/EHHON Ha
I x R™ x R™ marpuneit fxobu I, 4(t,q,§) 10 nepemenHoi ¢:

S = {(t,q,q') EIXR"XR":0(t,q,q) = 0}.
Beesiem nepemennyio X = ¢, rorja Bkjodenue (2.1) npumer Bugy

{A(uq)x € F(t,q,x) + u,

. (2.3)
q=x

Ormernm, 9TO UpU yCJIOBUU § = X MJEAJbHBIE MMILYJIbCHO-CKOJIB3sIIIUe PEKUMbl BKtoYenuii (2.1)
u (2.3) coBmasaror.
Boco/ib30BaBmmch cieyonpmu 0603Ha4eHnSIMU:

7 F(t,q,
o= (%) Bty = (FEE0 ),
q X
~ U - A(t,q) Opxn >
u = s A t, xTr) = ’ )
rae 0, — Hy/IeBoil BeKTOD-CTOsOEr pasMepHocTn 1, Opxy, — HyZeBas N X N-MAaTPHUIA, [IePeHIIeM
cucremy (2.3) B Buje

A(t,z)i € F(t,z) + 4. (2.4)

31ech U — uMIYJAbCHOE BO3AEHCTBUE, KOTOPOE OLPEJe/Isiercss Kak abCTPakTHBLE oleparop
U < p(t,x)d, rue

P ( p(tbc: X) > . (2.5)

? [leranbroe ormcamme cuctemsr (0.3) cu. B [5].
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KaK nu paHee, OHpe,ZI;e.HI/IM BeJII/IqI/IHy I/IMHyJ'H)CHOFO BOS,ZLGI‘;ICTBI/IH paBeHCTBOM
Bt x) = B(t,a)o(t,2).

Bueck o(t,z) = o(t,q,x) = o(t,q, q), B(t,z) ¢ yaeroum (2.5) npeacrasiser coboil 2n X n-MATPHILY
BUJIA

B(t,z) = < Bi(t,) )

OTLXTL

e El(t, Z) — HEKOTOpasg M X n-MaTpudHas (QyHKIHS.

[Iycts mag Brmodenus (2.4) BBIDOTHSIOTCS Bee ycyosus caencrsust 1. Torma sroboit waeasinb-
HBII UMILYJIbCHO-CKOJIB3SANIMH PeKUM BKJIIOUeHUsE (2.4) C IIO3UIMOHHBIM UMILYJIbCHBIM yIIDAB/IEHUEM
U HavYa/IbHBIM ycjioBueM (tg, o) coBmagaer Ha J CO CKOJIB3SIIUM PEXKUMOM BKJIIOUEHHUSI

A(t,z)i € F(t,z) + B(t, z)u(t, )

C paspbiBHBIM 1103MLMOHHBIM yupasienuem U(t, ) = H(t,x)sgn (o(t,x)) u HadaibHBIM yC/0BUEM
(to, zo + A~ (to, z0)p(to, x0))-
Haiinem marpuny Bi(t, z). 3 yenosus (1.5) caenyer

oot A 0Bt ) = (Inalter) Taglt)) (4 07 O ) (Bl )

~

= (Ix(h ) A (12) Log(t,)) < Bi(t,x) ) I, (t.2)A"\(t,2) By (t,x) = —E,.

nxn

Bﬂer Io,q(t7x) = Io,q(tyq’X) u Io,x(t7x) = Io,x(t7Q7X) — MaTpulibl 315?61/1 (byHK]—H/H/I J(t7Q7 X) o
nepeMeHHbIM ¢ u X coorBercrBenno, A(t,x) = A(t,q). Takum obpaszom, Bi(t,z) = —A(t,x)[;}((t,x)
u

B(t,z) = ( — At 1) g (1) > (2.6)

OTLXTL

Cuesyer ormeruts, aro (1.4) Bbinousiercs s cuty oupeaesenus p(t,z) = B(t, z)o(t, x). Hepa-
Bercrsa (1.11) aas nepemeHHBIX (¢, §) IPUMYT BHJ

max ol(t,q,q) + (Veo'(t,q,q), w)+
weA T gy T D ¥ (Vo' 0,d). )

. (27)
(Vo' (1, 4.0, 9]y g gyes < Hilta,4), i=Tn.

Yenosue (1.5) crenyer u3 (2.6). Takum 06pa3om, uMeeT MECTO CIIemyoInas

Teopema 2. [Iycmv F(t,q,q) ydosaemeopaem ycaosuro (B3), ||[A7L(t,q)[la < C, 20e C —
nexomopaa xoncmanma. Ilycms cyuwecmseyom makue HenpepbeHbe NOA0NCUMEALHDLE HYHKUUL
Hi(t,q,q) : I x R" x R" — R, i = 1,n, wmo swnoanaomca nepasencmea (2.7).

Tozda das cucmemvi (0.3) ¢ UMNYALCHOM NOZUYUOHHBM YNPABACHUEM CYULLCTNEYEM UOCANbHbIT
UMNYALCHO-CKOALSAUWUT pestcum U 110601 udearvnvlli UMNYALCHO-CROALSAULUT PENCUM CUCTIEMbL
(0.3) ¢ nauarvnom yeaosuem (to, qo, Go) na unmepsaie J ABAACMCA CKOALISAULUM PEANCUMOM IMOT
cucmemvl ¢ ynpasasouum eosdeticmeuem u = —A(t, )11 (t, q,¢)u(t, q,d) u navarvrom yeiosuem

O-7q
(t0, 90, do — 14 (to, g0, 4o)o (t0, g0, Go)) -
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§ 3. YacTublii caydaiil 11eJIeBOT0 MHOXKECTBA S JIJIsi MEXaHUYECKON CUCTEMbI

B srom pasjienie paccMarpuBaercss MHOXKECTBO S BUJIA
S = { t,q,q) € I x R" X R": 0(t,q,q4) = ¢ — p(t,q) :O},

rae (t,q) — menpepsiBuo auddepenrupyemas n-mepras Bekrop-dyukims. Torma Iy 4 = E,

B(t,q,q) = ( —Alhg) ) ,

OTLXTL

Hada/IbHbBIE YCJIOBUS (to,qo,q'o — I;;(to,qo,qo)a(to,qo,q'o)) [IPHUMYT BHJ (to,qo,cp(to,qo)) U, B CHLY
TEOPEMbBI 2, UMEET MECTO CJIEJLYIOIIEE

Caencrsue 2. Ilycmv F(t,q,q) ydosaemsopaem ycaosuro (B3), ||[A71(t,q)|la < C, ede C —
nexomopaa xKoncmanma. Ilycms cyuwecmseyom makue HenpepbeHbe NOA0NCUMEALHDLE HYHKUUL
Hi(t,q,q) : I Xx R" X R™ — R, i = 1,n, 4mo 6unoinaomecs HEPasencmea

max |—<pt (t,q) +w; — <vq§0i(t7 q), e(t, q)>|

gHit77.7 ‘:1,. 1
weA~L(t,q)F(t,q,9) ) (t,q,q), 1 n (3.1)

G=¢(t,q

Tozda das cucmemor (0.3) ¢ UMNYALCHOIM NOZUYUOHHBIM YNPABACHUEM CYULECTNEYEM UOCANbHbIT
UMNYABCHO-CKONDZAWUT PEdHCUM U A1000T UOCAAbHBIT UMNYADCHO-CKOALSAULUT PEANCUM CUCTILEMbL
(0.3) ¢ nauarvnom yeaosuem (to, qo, Go) Ha unmepsaie J ABAACMCA CKOALISAULUM PEANCUMOM IMOT
cucmemst ¢ KOIPOUUUEHTOM NPU PA3PDIEHOM TLO3UUUOHHOM YNPAEACHU

u=—A(t,q)u(t,q,q) (3.2)
U HAMAADHOIM YCAOGUEM (t(]v qo0, (10(1:07 qO)) ’ ede ;[’ZZ = HZ(t7 q, q.)Sgn (QZ - (/JZ(t) q))

31ech w; — -9 KOOPAMHATA BEKTOPA W, gpﬁ(t, ¢) — JacTHas MPOM3BOJHAS 110 BPEMEHH i-ii KOOpP-
JIMHATHI BEKTOPHON (hynkuuu ¢(t,q), ngoi(t, q) — rpajment i-ii KOOpPAMHATHI BEKTOPHOH (byHKIMN
©(t, q) mo mepeMenHoii q.

Tak kak jeBas 4acrb HepaBeHCTB (3.1) COMEPKUT 7MEMEHTHI W U3 3HAYEHUIl MHOIO3HAMHOIO
0TOOpaKeHNd At (t,q)F(t,q,q), TO IpOBEPKA STUX HEPABEHCTB MOXKET [PEJICTAB/ISATH OLPEIeJIeHHBIE
rpyanocTu. B ¢Bazu ¢ arum pacemorpum cucremy (0.3) ¢ paspbIBHBIM ITO3UIIMOHHBIM YIIPABJIECHUEM

u="1(t,q,q), (3.3)

rae Ui(t,q,q) = —Hgsgn (i — ¢'(t,q)), i = 1,n. Jlns pannoro ciayuas marpuyunas dynkuus A(t, q)
IPEIIOIAraeTCs HElPEePBIBHOM, CHMMETPUYIHOI, TIOJI0KUTEIBHO onpeaeaennoi na I X R™. Jlns sToit
cucrembl B [6] Obuin chOpMyIMPOBaHBl HEPABEHCTBA Ha PECYPChl ylIpaB/ieHus, aHajgorndnbie (3.1):

" 0 0 — )
> au | 2 Z ok g |~ o+ Qi+ Qf] <H, i=Tn, (3.4)
k=1 d=¢(t,9)

KOTOpBIE BBITIOTHSIOTCS B TOUKAX HempepbiBHOCTH dbyrKknnit Q7 i = 1,7n.
[Ipeuonoxkum, uro nepasencrsa (3.4) somousiorcs. [lepenmniem cucremy (0.3) ¢ ynpasieauem
(3.3) B BuZE

A(t,q)§ € F(t,q,q) + Tt q,9), (3.5)

e F(t,q,q) = g(t,q,q4) + Q™ (t,q,q) —i—@(t, q, ) — MHOTO3HAIHOE 0TOOPAZKEHIe, [OJIyIeHHOE B Pe-
sysbrare BoinyKsioro goonpenenenus QT (t,q,q) mo ®uiunnosy paspsisroit dynkumn Q7 (t,q, §),
U HaiiJileM MHOIO3HAYHOE SKBUBAJIEHTHOE yhpasJenue, npoguddepennuposas cucremy ¢ = ¢(t,q)
B cuily BKJIOYeHust (3.5):

Ut q.4) = A(t,q) (0e(t, q) + Lpq(t, ) e(t,q)) — F(t.q,q),
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rae I, 4(t, q) — marpuia SIkobu BekTOpHOI hYHKIUE ¢ 110 EPEeMEeHHOIT ¢.
Mg cucremsr (0.3) ¢ ynpasienneM (3.2) MHOrO3HAYHOE SKBUBAJIEHTHOE YIIPAB/ICHUE IPUMET BT

ﬁ*eq(t) q, q) = _(pt(ta q) - Igo,q(ta q) + A_l(ta q)F(t7 q, q)

Ormerum, uro —A(t, Q) U*(t,q) = U “(t,q). Takum o6pasom, wis cucremb (0.3) ¢ ynpasiemu-
savu (3.2) u (3.3) cKOIB3sIIIUE PEKUMBI YIAOBJIETBOPAIOT OJHOMY U TOMY 2Ke auddepeHnuanbHoMy
BKJIFOUEHUTO, HO yCa0Bus (3.1) u (3.4) ux BOBHUKHOBEHUsI PA3IMIalOTCs. ECm I cCucTeMsl ¢ ypas-
nenunem (3.2) semosuasiorcs yeaosus (3.1), a mug (3.3) — yeaoBus (3.4), TO MHOKECTBA CKOJIB3AIIMX
PEKMMOB 3THX CHCTEM COBIIAJIAIOT.

Caencrsue 3. Ilycmo F(t,q,q) ydosaemesopaem ycaosuro (B3), A(t, q) — cummempuunan mam-
puya, |A7H(t q)||la < C, 2de C — nexomopas woncmanma. Ilycmo cywecmeyiom makue nenpe-
poishvie noaosicumenvnvie Gynxyun Hi(t,q,q) : I x R* X R — R, i = 1,n, 4mo 6unosnaomcs
nepasercmsa (3.4).

Tozda dasn cucmemovt (0.3) ¢ UMNYALCHOLM NOZUUUOHHBIM YNPABACHUEM CYULLCTNEYEM UOCaibH bl
UMDY ADCHO-CROAB3AWUT pestcum U 10007 udeasvHvili UMNYAbCHO-CKOALAULUT, PENHCUM CUCTIEMDL
(0.3) ¢ nauarvnom yeaosuem (to, qo, Go) na unmepsaie J ABAACMCA CKOALISAULUM PEANCUMOM IMOT
cucCmembL ¢ paspuiHviM nosuyuoHHbM ynpasaeruem (3.3) u nauarvrom yceaosuem (to, go, v (to, qo))-

§ 4. 3akyr04eHne

B pabore [3] 6bL10 1I0KA3aHO COOTBETCTBUE MEXK/Y WJIEAJIbHBIME MMILY/IbCHO-CKOJIb3SAIIUMU Pe-
kumamn cucreMbl (1.3) m cxompasimuvu pexkumamu cucremsl (1.7). Ilpm sToM, Kak oTMeTIasoch
pamee, JIO0OH CKOIB3AIMI DEKUM CHCTEMbl (1.7~) MOYXKeT OBITh HalJeH KaK PEelIeHne BKJIIOYEHUST
(1.9) opu ycnosun U*Y(t,z) = U®(t,z), tae U®(t,x) onpenensierca pasencrsom (1.10). dan-
HOe ycioBue obecneunsaercs Hepasencrsamu (1.11), KOTOpble PaKTHIeCKn 03HAYalOT TpeboBaHue
@ (& ) yes < Hiy @ = 1,m, ana seex u(t,z) € Ut x), tae ;" (¢, ) — i-a KoopiuHaTa
BekTopa u®l(t, ).

i MeXxaHMYeCKUX CUCIEeM JIBUMKEHUE 110 L1ePeCeYeHUI0 MHOXKECTB S; = {(t, q,q) : G = pi(t, q)},
i = 1,n, maspiBaercsa pexkumoM fexommosuruu (cm. |7,8]). Takue ABUKEHHS MO3BOJIAIOT PEIIATH
3ala4n CJIeKeHus (JBUKEHUe 110 HAllePe/| 3aJaHHOl TPaeKTOpuK), 3a/ia4n Crabun3alun CUCTeMbI
MUK 33/1a90 [OJTHOf yupasisgeMocT. B paborax |7,8] passura coorBercTByIomias Teopus (IPHHIAL
JIEKOMIIO3UIINK ) it ypasHenuit Jlarpanzka Broporo poja (6e3 yuera cui TpeHusi) B pAMKax HEKOTO-
PBIX ycsIoBuii, 60JIee CUIBHBIX, YeM HepaBeHCTBA (3.4), KOTOpbIe IPe/IoIaraloT HaIuIne B CHCTEME

pecypcoB ynpasjenusi H;, i = 1,n, nocTarodnubix s 0becredenns PexKuMOB JT€KOMIIOBUIIAHN.

B jannoit pabore nokas3aHo, YTO UEAJbHBII UMITYJIbCHO-CKOJIB3AIIMNA PDEXKUM U €CTh, COOCTBEH-
HO, PEXKUM JIEKOMIIO3HIIUU /I MEXaHUIECKUX CHCTEM M OH MOXKEeT 0DeCIeddnBATHCS HMITYJIbCHO-
CKOJIB3LIIUMU PEXRUMaMU C JiI000i To9HOCTHIO. OHAKO B TeX 00JIACTHAX, IJI€ BbIIOJHIIOTCH HEPa-
BeHCTBA (2.7) min 6oJiee CUIbHbIE HEPABEHCTBA, JBIZKEHIE MOXKET OBITh PeaJM30BaHO HA PA3PBIBHOM
HO3UIMOHHOM YIIPABJIEHUH PEJIEHHOIO TUIIA U IIPUA ITOM OYJIET yCTOWYUBBIM B TOM U/ MHOM CMBIC/IE
(cMm., Hampumep, Teopemy 2 u3 [6]), TO €CTh UMITYJILCHOE BO3JAECTBUE HA CHCTEMY W3JIMIIHE. YCJIO-
BUsI, HAK/Ia/bIBAEMble Ha NPaBylo 4acThb ypasaerus (0.3), J0MyCKAIOT PACCMOTPEHUE MEXaHUIeCKOM
CHCTEMBI, OJHOBPEMEHHO CojiepzKalleli 06a pacCMaTpUBAEMbIX THUIA YIIPABJISIONIEr0 BO3IEHACTBHS.
Takum 0b6pazoM, CMbIC/ JJ00AB/IEHUS B MEXAHUYECKYIO CUCTEMY C PA3DPbIBHBIM HIO3ULMOHHBIM yIIPaB-
JIEHHEM IO3UIMOHHOIO UMILYJIbCHOIO YIIPABJIEHUsI COCTOMT B IE€PEBOJIE CUCTEMBI Ha MHOYKECTBO S
J/Ist JIFOOBIX HAYaJIbHBIX YCJIOBUI U B 00ECIIEYEHUU PEKUMA JIEKOMIIO3ULUK C JIF000I TOYHOCTBIO JI/Ist
Tex 00J1acTell, rjie He XBaTaeT PecypPCcoB OOBIMHOIO YIPABJIEHUsI, TO €CTh TaM, /e HE BBIIOJIHAIOTCSH
HepaBeHCTBa (2.7).

B rperbem paszjesie Oblia nokazaHa CBA3b MIEAJbHBIX UMIIYJIbCHO-CKOJIb3SIIIUX PEKUMOB MeXar
HUYECKOil CHCTeMBbl C MHOXKECTBOM S, Ompee/nseMbiM ypaBHenueM ¢ = ¢(t,q), CO CKOJIb3SNMME
pexkumamu cucrembr (0.3) ¢ ByMsi Pa3JIMYHBIMU PA3PbIBHLIMU O3UIMOHHBIMY Y IPABJISIIOIIMMU BO3-
neiicrBusivu. g 9THX ciydaeB ObLIN BBIBEIEHBI YCJI0BUsS Ha pecypc yrupasienns (3.1) u (3.4).
[Tpoanasmzupyem ycsosus (3.1) u (3.4) na nupumepe.
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Puc. 1. /Isyx3Bennblii Mmauunyasitop (Buj CBEpXy )

IIpumep. Paccmorpum [Bu2KeHUE JBYX3BEHHOIO MAHUITYIATOPA B TOPU30HTAJIBHON IIJIOCKOCTU
(cm. puc. 1). BBenbs npejacrasiasior coboit nesecombie crepxkun OA u AB. Crepxens OA jjmnb
1 kpenmrcs B Touke O K IMIAPHUPY C JABYMsI CTEMEHIME CBOOOIBI (HE MOXKET BPAINATHCS BOKPYT
ocu OA). B rouke A crepxenbs OA onmpaercs Ha mepoxoBaryio IOBEPXHOCTH ¢ KO3MhdumenTom
Tepuug cKombxkenuda f. Crep:kenb AB mInHb lo KPEIUTC K MEPBOMY CTEPXKHIO B TOUKe A mpu mo-
MOIIM TJIOCKOTO NIapHUPa (MOKET BPAIIATHCA BOKPYT BEPTHKAJIBHON OCH, IIPOXOJSINEN 1epe3 TOUKy
A) maccel mj u B TOUKe B Ha MOBEPXHOCTH He omupaercd. K Touke B MpHKpPEIIeH IPy3 MaCChI
mg. B KadecrBe 0000IIEHHBIX KOOPAMHAT CHUCTEMbI BBIOEDEM yIVIbI (1 U (2. B mapaupax rTpeHue
OTCYTCTBYeT, €CTb yIpyras CB#A3b C KO3(uimenTaMu npornopiuoHaIbHOCTH k1 U Ko yryiaM () u
B =2 — 1.

MowmenTbl unepuuu I, Is mapuupa B Touke A u rpysa B Touke B ornocurensno touek O u A
COOTBETCTBEHHO OIIPEJIE/IAIOTCd U3 (POopMyII

Il :mll%, [2 :mgl%.

Kunernueckas u IOTEHINAJIbHAA S9HEPTUNU CUCTEMbI DAaBHBI

1. 1 . Lo .
T=_-Lp+ - (mzl%p% + 2malilap1p2 cos 5+ 12905) , =

5 5 (k’l@% + k2ﬁ2) .

N —

Taxum obpasom, ypasuenus Jlarpanzxka BToporo poja

d 9T, or  ou . .
AT P P

e ng = (Q/,0) B aHHOM Cilydae LPeACTABILIOT COD0I 000BIIEHHbIE CUIIbL KYJIOHOBA TPEHUSL, 15
ONIMCAHHON MEXAHUIECKON CHCTEMBI C YIE€TOM BBIMYKJIOTO T00Tpeaeenus n0 PUanmmoBy MpuMyT
CaeAyIOIUNA BUJL:
A11$1 + A12$a € Bragi + Q1+ Qr,
.. . .9 (4.1)
Ao1¢1 + Agep2 = —Biagi + Q2.

3secb Q7 — MHOTO3HAYHOE 0TODpAYKEHUE, MPEJCTABISIONee OO0 MpocTeiiiee BhITYyKJ/I0e J00Ipe-
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sesierne 00001EeHHO Cuiibl Tpenust (Q7,, KOTOpast paBHa

—fluNsgn ¢y, ¢1 # 0,
Qr(p) = QY, ¢1=0, fLN =|QY], (4.2)
fllNSgan“v (1.01 :07 fl1N< |Q’9“|)

Q% = Q% () = A12po + k11 — Bia@s — ka2 — 1),

= ¥16) = (el a0 )
1

N — cujta HOpMaJIBHOI Peakiuu OIophl B TOUKe A, g — ycKOpeHue cBoboaHOro majerns. OcrajibHbie
cBObOTHBIE IeHbl 1 KO dunnenTsr cucteMbr (4.1) paccIuThIBAIOTCS M0 (hOpMYy/Iam
Ay = I +mplf, Agg = Iy, A1g = A12(p) = malilz cos(p2 — ¢1),
Q1= —k1p1 + ka(p2 — ¢1), Q2= —ka(p2 — 1), Bia = Bia(p) = malilasin(p2 — ¢1).

[Tonoxkenus: papaoBecusi cucreMbl (4.1) MOryT ObITH HaliZEHBI IPU MOJCTAHOBKE PABEHCTB (] =
Y2 =0u ¢1 = $o = 0 B ypasuenns (4.1) u nupeacrapasiior coboit Touku (1, 2) Takue, 4TO

Y1 = P2,
ol < fg(mily +ma(ly + 12))

k1

ITpe/1i10/102KUM, YTO HEepBblil Crep:KeHb B HEKOTOPbI MOMEHT ¢ IpeKkparu/ JBUXKeHUe U HaXo-
nuresa B mostoxkennn w1 = Cy. Torma o1 = @1 =0, o = B+ 1, P2 = B, P9 = B. Ucxonnas cucrema
(4.1) upumer Buj,

Az = Q. (43)

U3 Broporo BeIpazkenus cucTeMbl (4.3) cieyer, 9T0 BTOPOii CTep:KeHb OYIeT COBEPIIATH He3aTYXat0-

e Kosiebanusd. Ilycrs ,8 (t) = C; cos (1/ t) + Cysin < ’;—Zt) — pelrerne ypaBHeHus Ago B = Q.

Baecs C u Cy — HEKOTOpBIE KOHCTAHTHI, 3aBHCAIINE OT HAYAIbHBIX JAHHBIX. Torma w3 mepBoro
BbipaxkeHusi cucrembl (4.3) u onpejenennst (4.2) 0600IIEHHON CUJIBbI TPEHUSI IIPY OTHOCUTEJILHOM 110~
koe 1 = 0 cremyer, 9TO I BCEX MOC/IEAYIONUX MOMEHTOB BpeMeHu t > ¢/ JOIZKHO BBIIOJHATHCS
HEPABEHCTBO

{ Apf — B1af? € Q1+ Qr,

|A125 — B1af? — Q1] < fllN(B(t))7 (4.4)

e o1 = Cp, B = g(t) OueBuIHO, YTO 9TO HEPABEHCTBO HE MOXKET BBIMOJHATHCH JIJIs TPOUBBOJIb-
ubix KoHCTaHT C1 u Cy 1, O CyTH, 387aeT OrPAHUIEHNUs], TIPU KOTOPBIX CHJIA TPEHUA 00ECIIeTNBAET
OCTAHOBKY II€PBOI'0 CTEPKHS, B TO BPeMs KaK BTOPOil CTEP2KeHb Oy/1eT IPOI0/IKATh JIBUKEHUE U BCs
cucremMa OyIeT JBUraTHCS 110 3aKOHY

p1(t) = Co,
@a(t) = Cy + C cos ( ’;—;t) + Oy sin( ];—;t) .

YesroBus peasn3anui STOro IBUKEHUS [MOJTY Iaf0TCs, €CIH U3 U3 BTOPOTO BhIpaykeHus (4.3) moyanTsb
B = Q2/As u noacrasurs B (4.4), nomaras upu srom ) = const u @ = 0. Takum o6pasom, cua
TpeHus He 00ECIIEINBAET OCTAHOBKY BTOPOTO CTEPIKHS.

JlobaBuM B MeXaHUYECKYIO CUCTEMY YIIPABJILAIOIIEE BO3IEHCTBUE U B KAYECTBE [e/IU YIIPABICHUS
BbIOEpeM TpeOOBaHUE JBUKEHNS CHCTEMBI 110 3aKOHY

{ %.?1 = C1p1, (4.5)
Y2 = C2p2.
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3/€eCh €1 U Cy — HEKOTOPbIE OTPULIATE/bHbIE KOHCTaHThI. LlesieBoe MHOKECTBO S LIpUMeT BuI
S = {(t,(p,(,b) clIxR"x R": (,DZ = CZ‘(,DZ',i :1,—2}

Banumem cucremy (4.1) ¢ paspbIBHBIM HO3ULMOHHBIM yUpaB/ieHueM U = (U1, U2) B BUJE

{ A11p1 + A1apa — Brags € Q1 + Qr — Aty — A1alla, (4.6)

Aoy + A1a$1 + Biagi = Q2 — Araliy — Al
Buech U; = u;(t, o, ) = Hisgn (¢; — cipi), i = 1,2, Hy u Hy — HEKOTOpBIE TOJI0KHUTE/IbHbIE KOH-

CTAHTBI, TIPEJICTABJISIONIIE CODOI Pecype YIPaB/ICHUS.
Hepasencrsa (3.1) mns cucrembr (4.6) npumyr Bug

eleiluppes <M i=12 47
weAilgg))%(tv%gb) |w7, C; (102|(t7¢7§0)€S 7y (3 , 2, ( )
rie
AT Q) P(t 0, 9) = . < Ay B1ac3ps + A2aQ1 + A2Qr + A1z Biacip] — A12Qa >
| - det A(t, ) \—A12B1263¢3 — A12Q1 — A12Qr — A1 Biacipi + AnQa)

B ciyuae cucTeMbl ¢ pa3phIBHBIM MO3UIMOHHBIM yIIpaBaeHueM U = (Up,Uy) BUIA

Angr + A1apa — B1ags € Q1+ Qr + T, (48)
Aga@a + A1a¢1 + Bagt = Q2 + iz, '
e u; = —Hysgn (p; — cipi), i = 1,2, nepasencrsa (3.4) upumyT Bu
|Aicier + Aracipa — (Biacivs + Q1 + Q1)| 4o pyes < H1, (19)

|Araciior + Agacipa — (—Bracie? + Q2)| (o pyes < He.

Ilepsoe u3 mepasencrs (4.9) mpencraBisier coboil, IO CyTH, HEKOTOPOE COOTHOIIEHHE MEXKIY pe-
CypCOM ylIpaBJleHusd Hyu [IOPOIrOBBIM 3HAYEHUEM CHJibl Tperus fl1N, U ero HapyuieHue npuBeJIeT
K OCTAHOBKE 11epBoro crepxkius (@1 = 0, p1 = const) 3a Koneunoe BpeMsi. IIpu 5ToM BTOpOIi CTepKeHb
Oyzer ABUIraThCs 110 3aKOHY

Axopa = Q2 + o,

KOTOPBIii IIPU BBIIIOJIHEHUH BTOPOro HepaseHcTsa, (4.9) Oy1er cOOTBETCTBOBATL YPABHEHUIO Y3 = C2(09.

AHasIoruvHyIo CBA3b MEXK/ly CUJIOi TpeHus U pecypcoM Hi MOXKHO HOJIYYUTH U JJIs CUCTEMbI
(4.6) ¢ ynpasnenunem u. st 9TOr0 mpeAnosioKuM, 9TO NEPBbIH CTEPKEeHb HAXOAUTCA B COCTOSIHUU
noKog (@1 = const), u 1 # 0. DTO O3HATAET, UYTO YIPAB/IAIOIIEE BO3ACHCTBIE U] OY/IET MOCTOAHHBIM
u npumer 3nauenne Hy naun —Hy B 3aBucumoctu or 3Haka @1 (P1 — 11 # 0). Tak kak ¢ = const,

$1 = ¢1 = 0, TO IBUKEHME BTOPOrO CTEPXKHS ONMUCHLIBAETCS yPABHEHHEM
Aoy = Q2 — A1ty — Agaus.
IIycrs @o(t) — pemenue 3Toro ypaBHeHus, rorjaa us cucreMbl (4.6) ciepyer HepaBeHCTBO

A12Q2
Az

. A2\
_ Blgtpg — Q1+ <A11 — A—;z> u| < fl1N, (4.10)

riae @1 = const, o = Pao(t). Hepasencrso (4.10) nokasbiBaer, uro npu MajoMm pecypce Hp u nHa-
pylLIeHUH TIEPBOTO HepaBeHCTBA (4.7) NEPBBIi CTEPKEHb OCTAHOBUTCS MO/ JEHCTBUEM CUJIbI TPEHUSI
B nosiozkenun 1 = 0. Yeenudenue pecypca Hy IPUBEIET JIUIID K BBIIIOJHEHIIO BTOPOrO HEPABEHCTBA
(4.7) v IBUKEHMIO BTOPOrO CTEPXKHSI 110 3aKOHY P = Cop2.
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[TpuBesieHHbIE BbIIIE BBIK/IA/KU IOKA3BIBAIOT, YTO aHAIM3 1 NPOBEPKa ycoBuii (4.9) B cpaBHenuu
¢ ycaosusMu (4.7) aBiaiorcs 60Jee IPOCTHIM.
[Tpu ycunenun ycaosuii (4.9)

|A11cior + Aracipr — (Bracs s + Q1 + QT)‘(W@Es < H)—e,

|Aracior + Asacsipr — (—Braciet + Q2)|( < Hj —ce,

o, p)ES
v npu joctarouno Gosbmmx Hi, Ho jpukenne cucrembl (4.8) no muoxecrsy S Gyger ycroituu-
BO pea/im30BBIBAThCA M0 3akoHy (4.5) (cM. Teopemy 2 u3 [6]), KOTOpBIi SKCIOHEHIHATBHO OyIeT
npub/inKaTh ee B MOJIOXKEHue 1 = 2 = ¢1 = 9 = 0. [lodunmonnoe umirysibCHOE ynpaBjieHue
u < p(t, ¢, $)0; pemuT Ty XKe 3a4ady Ipu JIOOIX BO3MOXKHBIX HapylieHusx ycuosuii (4.9) u naxe
[P OTCYTCTBAM PA3PBIBHOI'O IO3UIIMOHHOI'O YIIPABJIEHUS U, HO IPUA 3TOM H/I€aJIbHBI MUMILYJIbCHO-
CKOJIB3SIIIIIT PeXKUM, KaK OOBIYHBIN CKOIB3Mmuil pexkuM cucteMbl (4.8), Oyzer meycroitausbim. Te
JK€ CaMble PACCyzK/eHus BepHbl u 1ya ycosuii (4.7) u cucrems! (4.6) (cum. Teopemy 3 u3 [3]).

Asrop 6narogaput . A. QuUHOTEHKO 3a TIPeTOKEHHYTO 3a4a9y U 00CYKIeHNe pe3yIbTATOB JAH-
HOl cTaTbu.
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D. V. Ponomarev
Pulse-sliding modes of controlled mechanical systems

Keywords: differential inclusion, positional pulse control, pulse-sliding mode, sliding mode.

Mathematical Subject Classifications: 34A37, 34A60

We consider a controlled mechanical system with dry friction and positional pulse or positional discontinuous
control. It can be presented in a form of Lagrange equations of the second kind

At @)d = g(t,q.4) + Q(t,0.9) + QT (t,q.4) +u, t€I=[to,to+T). (1)
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The goal of the control is the motion of the system (1) in set S = {(t,q,q) eI X R"x R":0(t,q,q) = O}
(problem of stabilization) or in the neighborhood of set S (approach problem). The first problem is solved
with discontinuous positional control of relay type with limited resources, for which a decomposition mode is
a stable sliding mode of system (1). In case of insufficiency of resources of discontinuous control the motion of
the controlled system in the neighborhood of set S can be implemented under high-frequency impacts on the
system in discrete time moments in the pulse-sliding mode, the uniform limit of which (an ideal pulse-sliding
mode) is equal to the decomposition mode. The distinctive feature of the assigned problems is dry friction
in the system (1), and said dry fiction, generally speaking, can be considered as uncontrollable discontinuous
or multivalued perturbations.

Main definitions are given in the introduction of the article. In the first section the connection between
ideal pulse-sliding modes of inclusion

A(t,x)t € F(t,z) + u,

where u is a positional pulse control, and sliding modes of system
A(t,z)x € F(t,z) + B(t, x)u(t, z)

with a positional discontinuous control is considered. The second section is devoted to systems of type (1). In
the third section we consider set S, which is important in relation to applications and is defined by the vector
function o(t,q,q4) = ¢ — p(t,q). For the last case more simple and informative conditions of the existence of
sliding modes for a system with discontinuous controls were used. An example was considered in conclusion.
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