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Introduction and formulation of problem

Fractional partial differential equations are generalizations of partial differential equations to

arbitrary (non-integer) orders. These equations have attracted considerable interest in the applied

sciences because of their ability to model complex phenomena. It should also be observed that

these equations capture nonlocal relations in space and time with power-law memory kernels [1].

In this paper, we focus on the initial-boundary value problem for the partial differential equa-

tion with multi-term orders fractional derivatives

ut +
m−1∑

k=1

µkD
αk

0+,tu− µmD
αm

0+,tuxx + q(t)u = f(x, t), 0 < x < l, 0 < t ≤ T, (0.1)

with the initial

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (0.2)

and the boundary conditions

u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (0.3)

where 0 < αk < 1, α1 ≤ α2 ≤ . . . ≤ αm−1, µk ∈ [µ, µ̄], 0 < µ < µ̄, k = 1, 2, . . . , m, Dγ
0+,t is a

fractional derivative in the sense of Riemann–Liouville with respect to the variable t, defined by

the equalities (see [2, pp. 69–90]):

(Dγ
0+,tg)(t) =

d

dt
I1−γ
0+,tg(t) =

1

Γ(1− γ)

d

dt

∫ t

0

g(τ)

(t− τ)γ
dτ, 0 < γ < 1,

Dγ
0+,tg(t) = g′(t), γ = 1,

Iγ0+,tg(t) =
1

Γ(γ)

∫ t

0

g(τ)

(t− τ)1−γ
dτ, 0 < γ < 1,

f(x, t), ϕ(x) are given functions, l, T are some positive fixed numbers.
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We refer the monograph [2], as reflecting the main approaches to the study of various prob-

lems for fractional diffusion and diffusion-wave equations (see also the extensive bibliography

there on this issue). In [3], the Cauchy-type problem for the fractional diffusion equation with a

discretely distributed differentiation operator was studied. The properties of the fundamental solu-

tion were studied using the Wright function. Initial-boundary value problems in bounded domains

for diffusion and diffusion-wave equations containing multi-term orders fractional differential op-

erators with Caputo derivatives were solved by the method of separation of variables [4–6], and

by methods of integral transformations [7].

The equation (0.1) with αm = 0 and m = 2 describes the processes of transfer of immobile

solute in highly inhomogeneous porous media [8]. In the works [9,10], the analytical formulas for

solution of the Cauchy problem for these equations were constructed. The work [11] is devoted

to constructing a fundamental solution of (0.1) and, with its help, solving the Cauchy problem for

this equation when αm = 0 and m = 2. Equation (0.1) differs from the fractional diffusion-wave

equation with the presence of both classical and fractional derivatives of the unknown function.

The problem of determining function u(x, t) satisfying equalities (0.1)–(0.3), which are given

by functions q(t), f(x, t), ϕ(x), numbers µk and αk, is called a direct problem, and by its

regular solution we mean a function u(x, t), defined in a closed domain Ω := {(x, t) : x ∈ [0, l],
0 ≤ t ≤ T}, subject to conditions:

(1)
{
tγut, t

γDαk

0+,tu, t
γDαm

0+,tuxx

}
∈ C(Ω), γ = max{αk, k = 1, . . . , m};

(2) u(x, t) is twice continuously differentiable with respect to x for each 0 < t ≤ T ;

(3) for each x ∈ (0, l) fractional integrals of the function u(x, t): I1−αk

0+,t u(x, t), I1−αm

0+,t uxx(x, t)
are continuously differentiable with respect to t ∈ (0, T ];

(4) the equalities (0.1)–(0.3) are satisfied.

The main goal of this work is to study the unique solvability of the inverse problem of

determining the variable coefficient q(t) of equation (0.1) according to the known condition for

solution to the direct problem (0.1)–(0.3):

∫ l

0

p(x)u(x, t) dx = h(t), t ∈ [0, T ], (0.4)

where p(x), h(t) are the given functions. In heat propagation in a thin rod in which the law of

variation h(t) of the total quantity of heat in the rod is given in [12]. This integral condition in

parabolic problems is also called heat moments which are analyzed in [13].

In recent years, numerous studies have been carried out on inverse problems involving various

corresponding fractional operators, including the diffusion operator. The book [14, pp. 443–464]

provides a review of inverse spatially dependent coefficient problems for fractional diffusion

equations (see also the list of references). Basically, the questions of uniqueness and stability

were investigated using the maximum principle and the method of the Carleman’s estimates. In

works [15, 16], inverse coefficient nonlinear problems for fractional diffusion-wave equations in

the bounded domain were investigated by the method of the integral equations.

In [17], the inverse problem of determining the time-dependent zero-coefficient in the Cauchy

problem for the time-fractional diffusion equation by a single observation at the point x = 0 of the

diffusion process. Recently, the works [18–20] have been published in which multidimensional

inverse problems of identifying the coefficient at the lowest term of the fractional diffusion

equation were investigated. Local existence theorems, global uniqueness, and conditional stability

estimates for solutions are obtained. The article [21] deals with an inverse potential problem for
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a semilinear generalized fractional diffusion equation with a time-dependent principal part. The

well-posedness of the direct problem is investigated by using the well known Rothe’s method.

The existence and uniqueness of the inverse problem are obtained by employing the Arzelà–

Ascoli theorem, a coerciveness of the fractional derivative and Grönwall’s inequality, as well as

the regularities of the direct problem. We recommend browsing the reference list of [21] for other

inverse coefficient problems.

Throughout this work, regarding the input data, we will assume that the following require-

ments are met:

(A1) ϕ(x) ∈ C2[0, l], ϕ′′′(x) ∈ L2[0, l], ϕ(0) = ϕ(l) = ϕ′′(0) = ϕ′′(l) = 0;

(A2) f(x, ·) ∈ C[0, T ] for all t ∈ [0, T ], f(·, t) ∈ C2[0, l], f (3)(·, t) ∈ L2[0, l],
f(0, t) = f(l, t) = fxx(0, l) = fxx(l, t) = 0;

(A3) h(t) ∈ C1[0, T ], |h(t)| ≥ 1
h0

= const > 0 for all t ∈ [0, T ],
∫ l

0
p(x)ϕ(x) dx = h(0);

(A4) p(x) ∈ C2[0, l], p(0) = p(l) = 0.

§ 1. Preliminaries

In this section, we present well known definitions and statements that will be used for the

proofs of main results.

In this work, we use the following weighted function spaces (see, for example, [2, pp. 4, 162]):

Cγ[0, T ] := {g : (0, T ] → R : tγg(t) ∈ C[0, T ], 0 ≤ γ < 1},

with the norms

‖g‖γ = ‖tγg(t)‖C = ‖tγg(t)‖ = max
t∈[0,T ]

|tγg(t)|.

The Mittag–Leffler functions Eα(z) and Eα,β(z) are defined by the following series:

Eα(z) =
∞∑

k=0

zk

Γ(αk + 1)
, Eα,β(z) =

∞∑

k=0

zk

Γ(αk + β)
,

respectively, where α, β ∈ C, Re (α) > 0.
The three-parameter Mittag–Leffler function is defined as follows

Eγ
α,β(z) :=

∞∑

k=0

(γ)k
Γ(αk + β)

zk

k!
, z, α, β, γ ∈ C, Re (α) > 0,

here (γ)n is the Pochhammer symbol:

(γ)n =
Γ(γ + n)

Γ(γ)
and (γ)0 ≡ 1

(
Re (γ) > −n; n ∈ N; γ 6∈ {0,−1,−2, . . .}

)
.

Next we need the following statements.

Proposition 1.1 ([2, p. 84]). The following Laplace transformation is correct:

L
[
Dγ

0+,tg(t)
]
(s) = sγL

[
g(t)

]
(s)−

(
I1−γ
0+,tg

)
(0+), 0 < γ ≤ 1. (1.1)

The following formula also holds for the Laplace transform of the function tβ−1Eγ
α,β(±ωtα) :

L
[
tβ−1Eγ

α,β(±ωtα)
]
(s) =

∫ ∞

0

e−sttβ−1Eγ
α,β(±ωtα) dt =

sαγ−β

(sα ∓ ω)γ
, (1.2)

where Re (s) > 0, Re (β) > 0, ω ∈ C, and |ω/sα| < 1.
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Definition 1.1 ([23, p. 2]). The H(z) function is defined by means of a Mellin–Barnes type

integral in the following manner:

H(z) = Hm,n
p,q

[
z

∣∣∣∣
(ap, Ap)
(bq, Bq)

]
=

1

2πi

∫

L

Θ(s)z−s ds,

where i = (−1)
1

2 , z 6= 0, and z−s = exp
[
−s(ln |z| + i arg z)

]
, where ln |z| represents the natural

logarithm of |z| and arg z is not necessarily the principal value. Here

Θ(s) =

m∏
j=1

Γ(bj +Bjs)
n∏

j=1

Γ(1− aj −Ajs)

q∏
j=m+1

Γ(1− bj −Bjs)
p∏

j=n+1

Γ(aj + Ajs)

.

An empty product is always interpreted as unity; n,m, p, q ∈ N0 with 0 ≤ n ≤ p, 1 ≤ m ≤ q,
Al, Bj ∈ R+, al, bj ∈ R(C), l = 1, 2, . . . , p, j = 1, 2, . . . , q. L is a suitable contour separating the

poles

ζjν = −

(
bj + ν

Bj

)
, j = 1, 2, . . . , m, ν = 0, 1, 2, . . . ,

of the gamma-function Γ(bj + sBj) from the poles

ωλk =

(
1− aα + k

Aλ

)
, λ = 1, 2, . . . , n, k = 0, 1, 2, . . . ,

of the gamma-function Γ(1− aλ − sAλ), that is

Aλ(bj + ν) 6= Bj(aλ − k − 1), j = 1, 2, . . . , m, λ = 1, 2, . . . , n, ν, k = 1, 2, 3, . . . , (1.3)

µ =

q∑

j=1

Bj −

p∑

j=1

Aj, (1.4)

α =

n∑

j=1

Aj −

p∑

j=n+1

Aj +

m∑

j=1

Bj −

q∑

j=m+1

Bj. (1.5)

Proposition 1.2 ([23, p. 19]). Let µ and α be given as in (1.4) and (1.5), and let condition (1.3)

be satisfied. Then, if µ ≥ 0 or (µ < 0, α > 0, and | arg z| < 1
2
πα), then the H-function has an

asymptotic expansion at zero given by

Hm,n
p,q (z) = O(zc), |z| → 0,

here

c = min
1≤j≤m

[
Re (bj)

Bj

]
,

Re (bj) is the real part of bj .

Recall that the function Eγ
α,β(z) can be rewritten in terms of the Fox H-function as (see

[2, p. 67]):

Eγ
α,β(z) =

1

Γ(γ)
H1,1

1,2

[
−z

∣∣∣∣
(1− γ, 1)

(0, 1), (1− β, α)

]
. (1.6)
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Proposition 1.3 ([2, p. 79]). Let a ∈ R and 0 < α < 1. Also let the functions f(x) and k(x) be

defined on [a, b] such that

f(x) ∈ C[a, b] and L(x) =

∫ x

0

τ−αk(x− τ) dτ ∈ C1[a, b].

Then, for any x ∈ [a, b],

Dα
a+

[∫ t

a

k(t− u)f(u) du

]
(x) =

=

∫ x

a

Dα
a+

[
k(t− a)

]
(u)f(x+ a− u) du+ f(x) lim

x→a+
I1−α
a+

[
k(t− a)

]
(x).

Proposition 1.4 ([24, p. 104]). Let µ, α, β > 0, a ∈ R. Then the following formulas for the

Riemann–Liouville and the Liouville fractional integration and differentiation of the Prabhakar

function are valid:

{
Dµ

0+,t

[
tβ−1Eγ

α,β(at
α)
]}

(x) = xβ−µ−1Eγ
α,β−µ(ax

α).

§ 2. Existence and uniqueness results for direct problem solution

The following statement is true.

Theorem 2.1. Let 0 < αk ≤ 1, k = 1, 2, . . . , m, and conditions (A1)–(A2) are satisfied. Then

there is a unique regular solution to the direct problem (0.1)–(0.3).

P r o o f. By applying the Fourier method, the solution u(x, t) of the problem (0.1)–(0.3) can be

expanded in a uniformly convergent series in term of eigenfunctions of the form

u(x, t) =
∞∑

n=1

Xn(x)un(t), (2.1)

where

Xn(x) =

√
2

l
sin
√

λnx, λn =

(
πn

l

)2

, n = 1, 2, 3, . . . .

Taking into account equality (2.1), we obtain from (0.1) the following equation:

u′
n(t) +

m−1∑

k=1

µkD
αk

0+,tun(t) + µmλnD
αm

0+,tun(t) = Fn(t; q, u, f), (2.2)

where

Fn(t; q, u, f) = fn(t)− q(t)un(t) = Fn(t),

fn(t) =

∫ l

0

f(x, t)Xn(x) dx.

The following equalities follow from (0.2):

un(0) =

∫ l

0

u(x, 0)Xn(x) dx =

∫ l

0

ϕ(x)Xn(x) dx = ϕn, n = 1, 2, 3, . . . . (2.3)
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Thus, we obtained ordinary fractional differential equations (2.2) for unknown functions un(t)
with initial conditions (2.3). To solve them, we will formally apply the Laplace transform. Then,

we get the following expression:

sωn(s)− ϕn +
m−1∑

k=1

µks
αkωn(s) + µmλns

αmωn(s) = Φn(s), (2.4)

where

L[un(t)] = ωn(s), L
[
Fn(t)

]
= Φn(s).

Next we show that un(t) is continuous on [0, T ]. Then the second term on the right side of (1.1)

will be equal to zero.

Solving equation (2.4), we get

ωn(s) =
ϕn + Φn(s)

s+
m−1∑
k=1

µksαk + µmλnsαm

. (2.5)

Next, we calculate the inverse Laplace transform. First, we transform formula (2.5) for
∣∣∣∣∣∣∣∣

m−1∑
k=1

µks
αk

s+ µmλnsαm

∣∣∣∣∣∣∣∣
< 1,

as follows:

ϕn + Φn(s)

s+
m−1∑
k=1

µksαk + µmλnsαm

=
ϕn + Φn(s)

s+ µmλnsαm

1

1 +

m−1∑
k=1

µks
αk

s+µmλnsαm

=

=
∞∑

r=0

(−1)r
(
ϕn + Φn(s)

)

s+ µmλnsαm




m−1∑
k=1

µks
αk

s+ µmλnsαm




r

=
∞∑

r=0

(−1)r
(
ϕn + Φn(s)

)(m−1∑
k=1

µks
αk

)r

(s+ µmλnsαm)r+1
=

=
∞∑

r=0

(−1)r
(
ϕn + Φn(s)

)

(s+ µmλnsαm)r+1

(
∑

k1+k2+...+km−1=r

r!

k1!k2! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
s

m−1∑
ν=1

ανkν
,

if we also take into account the following relation:

(x1 + x2 + . . .+ xm−1)
r =

(
∑

k1+k2+...+km−1=r

r!

k1!k2! . . . km−1!

)[
m−1∏

ν=1

(
xν

)kν
]
,

where the summation is taken over all k1, k2, . . . , km−1 ∈ N0 such that k1 + k2 + . . . km−1 = r
(see, for example, [22, p. 823]).

According to (1.2) and (1.6), for s ∈ C and |µmλns
αm−1| < 1, we have

s

m−1∑
ν=1

ανkν−αm(r+1)

(s1−αm + µmλn)r+1
= L

[
t
r−

m−1∑
ν=1

ανkν
Er+1

1−αm,r+1−
m−1∑
ν=1

ανkν

(−µmλnt
1−αm)

]
=

= L


t

r−
m−1∑
ν=1

ανkν 1

r!
H1,1

1,2

[
µmλnt

1−αm

∣∣∣∣∣

(−r, 1)

(0, 1),

(
m−1∑
ν=1

ανkν − r, 1− αm

)
]
.
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Using the well-known theorem on the Laplace transform of the convolution of two functions,

from (2.4) taking into account the above calculations, we obtain the following formal solution to

problems (2.2) and (2.3):

un(t) = ϕnGn(t) +

∫ t

0

Gn(t− τ)Fn(τ) dτ, (2.6)

where

Gn(t) =

∞∑

r=0

(
∑

k1+...+km−1=r

(−1)r

k1! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
×

× tβ−1H1,1
1,2

[
µmλnt

1−αm

∣∣∣∣
(−r, 1)

(0, 1), (1− β, 1− αm)

]
, β = r −

m−1∑

ν=1

ανkν + 1. �

(2.7)

We have the following statement.

Lemma 2.1. The following estimates are valid:

∣∣Gn(t)
∣∣ ≤ CT ,

tγ
∣∣Dαk

0+,tGn(t)
∣∣ ≤ CT t

γ−αk ,
∣∣un(t)

∣∣ ≤ ‖Ψ0
n‖e

CT ‖q‖γ
T1−γ

1−γ ,

tγ
∣∣Dαk

0+,tun(t)
∣∣ ≤ CT t

γ

(
|ϕn|t

−αk +
‖fn‖

1− αk

t1−αk + ‖un‖‖q‖γB(1− αk, 1− γ)

)
,

tγ
∣∣u′

n(t)
∣∣ ≤ tγ

∣∣Fn(t; q, u, f)
∣∣+

m−1∑

k=1

µk

∣∣tγDαk

0+,tun(t)
∣∣+ µmλn

∣∣tγDαm

0+,tun(t)
∣∣,

where CT is some constant depending on µν , α1, T,

Ψ0
n(t) =

∣∣ϕnGn(t)
∣∣+
∣∣∣∣
∫ t

0

Gn(t− τ)fn(τ) dτ

∣∣∣∣,

B(·, ·) is the Euler’s beta function.

P r o o f. First, we will prove that the series in Gn(t) converges. To do this, consider the H-Fox’s

function. Possible singularities for the Fox H function can only exist for t → 0. Taking into

account Proposition 1.2, we have

H1,1
1,2

[
µmλnt

1−αm

∣∣∣∣
(−r, 1)

(0, 1), (1− β, 1− αm)

]
≤ C, t → 0.

As a result, taking into account (2.7), we arrive at the following asymptotic estimates for the

function Gn(t):

|Gn(t)| ≤ C
∞∑

r=0

(
∑

k1+k2+...+km−1=r

r!

k1!k2! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
t(1−α1)r

r!
=

= C
∞∑

r=0

(m−1∑

ν=1

µν

)r
t(1−α1)r

r!
= CeMt1−α1 ≤ CeMT 1−α1 =: CT ,
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where M =
m−1∑
ν=1

µν .

Based on above, we have the fact that the series in the formula (2.7) is bounded. Besides, the

function Gn(t) is continuous in [0, T ] for all n = 1, 2, 3, . . . .

We will prove the existence of a solution to the integral equation (2.6) in the space C[0, T ] by

the method of successive approximations. For this equation, we consider a sequence of functions

in [0, T ]:
(
un

)
m
(t) = −

∫ t

0

Gn(t− τ)q(τ)
(
un

)
m−1

(τ) dτ,

where

∣∣∣
(
un

)
0
(t)
∣∣∣≤
∣∣ϕnGn(t)

∣∣+
∣∣∣∣
∫ t

0

Gn(t− τ)fn(τ) dτ

∣∣∣∣ := Ψ0
n(t) ≤ ‖Ψ0

n‖,

(
un

)
1
(t) = −

∫ t

0

Gn(t− τ)q(τ)
(
un

)
0
(τ) dτ.

We get the following estimates:

∣∣∣
(
un

)
1
(t)
∣∣∣ ≤ CT

∣∣∣∣
∫ t

0

q(τ)Ψ0
n(τ) dτ

∣∣∣∣ ≤ CT‖Ψ
0
n‖‖q‖γ

∣∣∣∣
∫ t

0

τ−γ dτ

∣∣∣∣ ≤ CT‖Ψ
0
n‖‖q‖γ

t1−γ

1− γ
.

Similarly

∣∣∣
(
un

)
2
(t)
∣∣∣ =

∣∣∣∣
∫ t

0

Gn(t− τ)q(τ)
(
un

)
1
(τ) dτ

∣∣∣∣ ≤

≤ CT

∣∣∣∣
∫ t

0

q(τ)
(
un

)
1
(τ) dτ

∣∣∣∣ ≤
‖Ψ0

n‖

2!

(
CT‖q‖γ

t1−γ

1− γ

)2

.

For arbitrary m = 1, 2, . . . , we have:

∣∣∣
(
un

)
m
(t)
∣∣∣ ≤ CT

∣∣∣∣
∫ t

0

q(τ)
(
un

)
m−1

(τ) dτ

∣∣∣∣ ≤
‖Ψ0

n‖

m!

(
CT‖q‖γ

t1−γ

1− γ

)m

.

From the above estimates, it follows that a sequence of functions

un(t) =
∞∑

m=0

(
un

)
m
(t) (2.8)

converges uniformly in [0, T ]. Indeed, (2.8) can be majorized on [0, T ] by a convergent number

series as follows:

∣∣un(t)
∣∣ =

∣∣∣∣
∞∑

m=0

(
un

)
m
(t)

∣∣∣∣ ≤
∞∑

m=0

‖Ψ0
n‖

m!

(
CT‖q‖γ

t1−γ

1− γ

)m

= ‖Ψ0
n‖e

CT ‖q‖γ
T1−γ

1−γ .

Now let’s calculate the fractional derivative Dαk

0+,tun(t) for k = 1, 2, . . . , m:

Dαk

0+,tun(t) = ϕnD
αk

0+,tGn(t) +Dαk

0+,t

∫ t

0

Gn(t− τ)Fn(τ) dτ. (2.9)
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In this case given Proposition 1.4, we have

Dαk

0+,tGn(t) =
∞∑

r=0

(
∑

k1+...+km−1=r

(−1)rr!

k1! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
×

×Dαk

0+,t

{
tβ−1Er+1

1−αm,β(−λnµmt
1−αm)

}
=

=
∞∑

r=0

(
∑

k1+...+km−1=r

(−1)rr!

k1! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
×

× tβ−1−αkEr+1
1−αm,β−αk

(−λnµmt
1−αm).

Next, taking into account Proposition 1.3, we calculate the fractional derivative of the second

term on the right side of the formula (2.9):

Dαk

0+,t

∫ t

0

Gn(t− τ)Fn(τ) dτ =

∫ t

0

Dαk

0+,τGn(τ)Fn(t− τ) dτ.

Thus, we have the final form of the function Dαk

0+,tun(t):

Dαk

0+,tun(t) = ϕnD
αk

0+,tGn(t) +

∫ t

0

Dαk

0+,τGn(τ)Fn(t− τ) dτ.

Just as above, we obtain estimates for the function tγDαk

0+,tun(t):

∣∣tγDαk

0+,tun(t)
∣∣ ≤

∣∣ϕnt
γDαk

0+,tGn(t)
∣∣+
∣∣∣∣t

γ

∫ t

0

Dαk

0+,tGn(t− τ)fn(τ) dτ

∣∣∣∣+

+

∣∣∣∣t
γ

∫ t

0

Dαk

0+,tGn(t− τ)q(τ)un(τ) dτ

∣∣∣∣ ≤ CT |ϕn|t
γ−αk + CT t

γ‖fn‖

∫ t

0

(t− τ)−αk dτ +

+ CT‖un‖‖q‖γt
γ

∫ t

0

(t− τ)−αktγ dτ =

= CT t
γ

(
|ϕn|t

−αk +
‖fn‖t

1−αk

1− αk

+ ‖un‖‖q‖γB(1− αk, 1− γ)

)
.

Evaluate the function
∣∣Dαk

0+,tGn(t)
∣∣ as follows:

∣∣Dαk

0+,tGn(t)
∣∣ ≤

∞∑

r=0

(
∑

k1+k2+...+km−1=r

r!

k1!k2! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
×

×

∣∣∣∣∣t
r−

m−1∑
ν=1

ανkν−αk

Er+1

1−αm,r−
m−1∑
ν=1

ανkν−αk

(−µmλnt
1−αm)

∣∣∣∣∣ =

=
∞∑

r=0

(
∑

k1+k2+...+km−1=r

1

k1!k2! . . . km−1!

)[
m−1∏

ν=1

(µν)
kν

]
×

×

∣∣∣∣∣t
r−

m−1∑
ν=1

ανkν−αk

H1,1
1,2

[
µmλnt

1−αm

∣∣∣∣∣

(−r, 1)

(0, 1),

(
m−1∑
ν=1

ανkν − r, 1− αm

)
]∣∣∣∣∣ ≤

=
∞∑

r=0

(
∑

k1+k2+...+km−1=r

1

k1!k2!...km−1!

)[
m−1∏

ν=1

(µν)
kν

]
t
r−

m−1∑
ν=1

ανkν−αk

CT ≤

≤ CT

∞∑

r=0

(
m−1∑

ν=1

µν

)r

t(1−α1)r−αk ,



330 Inverse coefficient problem

tγ
∣∣Dαk

0+,tGn(t)
∣∣ ≤ Ctγ−αkeMt1−α1 ≤ CT t

γ−αk .

Estimates for the function u′
n(t) can be obtained from equation (2.2). Lemma 2.1 is proven. �

Consider the convergence of the following series:

∞∑

n=1

λn‖Ψ
0
n‖ ≤ CT

∞∑

n=1

λn

(
|ϕn|+ T‖fn‖

)
=

= CT

∞∑

n=1

λn

(∣∣∣∣
∫ l

0

ϕ(x)Xn(x) dx

∣∣∣∣+ T

∥∥∥∥
∫ l

0

f(x, t)Xn(x) dx

∥∥∥∥

)
.

(2.10)

Integrating the Fourier coefficients of functions ϕ(x) and f(x, t) by parts, and taking into

account conditions (A1) and (A2), we obtain

∫ l

0

√
2

l
ϕ(x) sin

πnx

l
dx = −

∫ l

0

l3

π3n3

√
2

l
ϕ(3)(x) cos

πnx

l
dx =:

l3

π3n3
ϕ̂n,

∫ l

0

√
2

l
f(x, t) sin

πnx

l
dx = −

∫ l

0

l3

π3n3

√
2

l
fxxx(x, t) cos

πnx

l
dx =:

l3

π3n3
f̂n(t).

Let’s write the series (2.10) using the last equality and apply the Cauchy–Bunyakovsky’s inequal-

ity to this series

∞∑

n=1

λn

(
|ϕn|+ T‖fn‖

)
=

∞∑

n=1

l

πn

(
|ϕ̂n|+ T‖f̂n‖

)
≤ (2.11)

≤
l

π

√√√√
∞∑

n=1

1

n2

√√√√
∞∑

n=1

|ϕ̂n|2 + T
l

π

√√√√
∞∑

n=1

1

n2

√√√√
∞∑

n=1

‖f̂n‖2 ≤ C(‖ϕ′′′‖L2[0,l] + T‖fxxx‖L2([0,l],[0,T ])).

Next, we examine the continuity of functions u(x, t), Dαk

0+,tu(x, t), and Dαm

0+,tuxx(x, t):

∣∣u(x, t)
∣∣ =

∞∑

n=1

∣∣un(t)Xn(x)
∣∣ ≤

∞∑

n=1

∣∣un(t)
∣∣ ≤ CT

∞∑

n=1

(
|ϕn|+ T‖fn‖

)
eCT ‖q‖γ

T1−γ

1−γ ,

∣∣tγDαk

0+,tu(x, t)
∣∣ ≤

∞∑

n=1

∣∣tγDαk

0+,tun(t)Xn(x)
∣∣ ≤

≤ CT t
γ

∞∑

n=1

(
|ϕn|t

−αk +
‖fn‖

1− αk

t1−αk + ‖un‖‖q‖γB(1− αk, 1− γ)
)
,

∣∣tγDαm

0+,tuxx(x, t)
∣∣ ≤

∞∑

n=1

∣∣tγDαm

0+,tun(t)X
′′
n(x)

∣∣ ≤

≤ CT t
γ

∞∑

n=1

λn

(
|ϕn|t

−αm +
‖fn‖

1− αm

t1−αm + ‖un‖‖q‖γB(1− αm, 1− γ)
)
.

The uniform convergence of the above series follows from formula (2.11), so function (2.1)

is a classical solution to the problem (0.1)–(0.3). Theorem 2.1 is proven. �.

Let us derive an estimate for the norm of the difference between the solution of the original

integral equation (2.6) and the solution of this equation with the perturbed functions ϕ̃n, f̃n and q̃.
Let ũn be the solution to the integral equation (2.6) corresponding to the functions ϕ̃n, f̃n and q̃:

ũn(t) = ϕ̃nGn(t) +

∫ t

0

Jn(t− τ)(f̃n(τ)− q̃(τ)ũn(τ)) dτ, n = 1, 2, . . . . (2.12)
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Subtract the equations (2.6) and (2.12) one from the other, by introducing the notations

un − ũn = un, fn − f̃n = fn, q − q̃ = q and ϕn − ϕ̃n = ϕn, we obtain the integral equa-

tion

un(t) = ϕnGn(t) +

∫ t

0

Gn(t− τ)fn(τ) dτ −

∫ t

0

Gn(t− τ)
(
q(τ)un(τ) + q̃(τ)un(τ)

)
dτ. (2.13)

Applying the method of successive approximations to the linear equation (2.13) with respect

to un(t) as follows

∣∣∣
(
u
)
0
(t)
∣∣∣ ≤ CT |ϕn|+ CTT‖fn‖+ CTT‖q‖γ‖Ψ

o
n‖e

CT ‖q‖γ
T1−γ

1−γ ,

∣∣∣
(
u
)
m
(t)
∣∣∣ ≤

∫ t

0

Gn(t− τ)q̃(τ)
∣∣∣
(
un

)
m−1

(τ)
∣∣∣ dτ,

we have the estimates for all t ∈ [0, T ] and n = 1, 2, 3, . . . :

∣∣un(t)
∣∣ ≤ CTT

(
|ϕn|+ ‖fn‖+ ‖q‖γ‖Ψ

o
n‖e

CT ‖q‖γ
T1−γ

1−γ

)
eCT ‖q̃‖γ

T1−γ

1−γ .

These relations will be used in the next Section.

§ 3. Inverse problem

First, we multiply both sides of the equation (0.1) by p(x) and integrate over the variable x
on the interval [0, l], and we obtain

∫ l

0

p(x)ut(x, t) dx+

∫ l

0

m−1∑

k=1

µkp(x)D
αk

0+,tu(x, t) dx− µm

∫ l

0

p(x)Dαm

0+,tuxx(x, t) dx+

+

∫ l

0

p(x)q(t)u(x, t) dx =

∫ l

0

p(x)f(x, t) dx.

(3.1)

If we use an additional condition (0.4), then the equation (3.1) takes the following form:

h′(t) +
m−1∑

k=1

µkD
αk

0+,th(t)− µmD
αm

0+,t

∫ l

0

p(x)uxx(x, t) dx+ q(t)h(t) = φ(t), (3.2)

where φ(t) =
∫ l

0
p(x)f(x, t) dx.

We integrate by parts twice in the third term on the left side of (3.2) and obtain

h′(t) +
m−1∑

k=1

µkD
αk

0+,th(t)− µmD
αm

0+,t

∫ l

0

p′′(x)u(x, t) dx+ q(t)h(t) = φ(t).

Taking into account the expansion of the function u(x, t) in the system Xn(x) into a Fourier

series and obtain the following equality:

h′(t) +

m−1∑

k=1

µkD
αk

0+,th(t)− µmD
αm

0+,t

∫ l

0

p′′(x)

∞∑

n=1

Xn(x)un(t) dx+ q(t)h(t) = φ(t),

or

h′(t) +
m−1∑

k=1

µkD
αk

0+,th(t)− µm

∞∑

n=1

p′′nD
αm

0+,tun(t) + q(t)h(t) = φ(t), (3.3)
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where

p′′n =

∫ 1

0

Xn(x)p
′′(x) dx.

Let us apply the fractional derivative Dαm

0+,t to both sides of formula (2.6), and we have:

Dαm

0+,tun(t) = ϕnD
αm

0+,tGn(t) +Dαm

0+,t

∫ t

0

Gn(t− τ)fn(τ) dτ −Dαm

0+,t

∫ t

0

Gn(t− τ)un(τ)q(τ) dτ.

Now we use Proposition 1.3, then, we have

Dαm

0+,t

∫ t

0

Gn(t− τ)fn(τ) dτ =

∫ t

0

Gn,αm
(t− τ)fn(τ) dτ,

Dαm

0+,t

∫ t

0

Gn(t− τ)un(τ)q(τ) dτ =

∫ t

0

Gn,αm
(t− τ)un(τ)q(τ) dτ,

where

Dαm

0+,tGn(t) = Gn,αm
(t).

In view of this, equation (3.3) will have the following form:

h′(t) +

m−1∑

k=1

µkD
αk

0+,th(t)− µm

∞∑

n=1

p′′nϕnGn,αm
(t)−

− µm

∞∑

n=1

p′′n

∫ t

0

Gn,αm
(t− τ)

(
fn(τ)− q(τ)un(τ)

)
dτ + q(t)h(t) = φ(t).

As a result, we find an integral equation for an unknown function q(t):

q(t) = H(t)−
µm

h(t)

∞∑

n=1

p′′n

∫ t

0

Gn,αm
(t− τ)q(τ)un(τ) dτ, (3.4)

where

H(t) = −
1

h(t)

(
h′(t) +

m−1∑

k=1

µkD
αk

0+,th(t)− µmϕn

∞∑

n=1

p′′nGn,αm
(t)−

− µm

∞∑

n=1

p′′n

∫ t

0

Gn,αm
(t− τ)fn(τ) dτ − φ(t)

)
.

Rewrite (3.4) in a more convenient form

q(t) = A[q](t). (3.5)

Theorem 3.1. Suppose that conditions (A1)–(A5) are satisfied. Then there exists a number

T ∗ ∈ (0, T ) such that, for all 0 < αk ≤ γ < 1, inverse problem (0.1)–(0.4) has a unique

solution, belonging to the class Cγ [0, T ].

P r o o f. Consider a ball

B
(
H(t), ρ

)
=
{
q(t) : q(t) ∈ Cγ [0, T ], ‖q(t)−H(t)‖γ ≤ ρ

}
.

Obviously, for functions q(t) ∈ B
(
H(t), ρ

)
, the estimate ‖q‖γ ≤ 2ρ is valid.
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Let a function q ∈ B
(
H(t), ρ

)
. Let us prove that, with an appropriate choice of T > 0,

the operator A on the set B
(
H(t), ρ

)
is contractive. We first show that if we choose T > 0

appropriately, then the operator A maps a ball to the same ball, that is, Aq ∈ B
(
H(t), ρ

)
:

∥∥A[q]−H(t)
∥∥
γ
=

∥∥∥∥
µm

h(t)

∞∑

n=1

p′′n

∫ t

0

Gn,αm
(t− τ)q(τ)un(τ) dτ

∥∥∥∥
γ

≤

≤ h0‖q‖γµmCT

∥∥∥∥
∞∑

n=1

tγp′′n

∫ t

0

(t− τ)−αmτ−γun(τ) dτ

∥∥∥∥ ≤

≤ h0‖q‖γµmCT e
CT ‖q‖γ

T1−γ

1−γ T 1−αm

∥∥∥∥
∞∑

n=1

p′′n‖Ψn‖B(1− αm, 1− γ)

∥∥∥∥ ≤

≤ 2ρh0µmCT e
2CT ρT1−γ

1−γ T 1−αmB(1− αm, 1− γ)‖p′′‖L2[0,l]‖Ψ
0‖C([0,T ],L2[0,l]).

Let T1 be the positive root of the equation

W1(T ) = 2ρh0µmCT e
2CT ρT1−γ

1−γ T 1−αmB(1− αm, 1− γ)‖p′′‖L2[0,l]‖Ψ
0‖C([0,T ],L2[0,l]) = ρ.

Now consider two functions q(t) and q̃(t) belonging to the ball B
(
H(t), ρ

)
, and estimate

the distance between their images A[q](t) and A[q̃](t) in the space Cγ [0, T ]. The function ũn(t)
corresponding to q̃(t) satisfies the integral equation (2.12) with the functions ϕn = ϕ̃n and

fn(t) = f̃n(t). Compiling the difference A[q](t) − A[q̃](t) using the equations (2.6), (2.12) and

then estimating its norm, we obtain

∥∥A[q]−A[q̃]
∥∥
γ
=

∥∥∥∥
tγ

h(t)

∞∑

n=1

p′′n

∫ t

0

Gn.β(t− τ)
(
un(τ)q(τ) + q̃(τ)un(τ)

)
dτ

∥∥∥∥ ≤

≤ h0CTe
2ρCT

T1−γ

1−γ ‖q‖γ

∥∥∥∥t
γ

∞∑

n=1

p′′n‖Ψ
0
n‖

∫ t

0

(t− τ)−βτ−γdτ

∥∥∥∥
(
1 + 2ρe2ρCT

T1−γ

1−γ

)
≤

≤ h0CT e
2ρCT

T1−γ

1−γ

(
1 + 2ρe2ρCT

T1−γ

1−γ

)
T 1−β ×

×B(1− γ, 1− β)‖p′′‖L2[0,T ]‖Ψ
0‖C([0,T ],L2[0,l])‖q‖γ.

Let T2 be the positive root of the equation

W2(T ) = h0CT e
2ρCT

T1−γ

1−γ

(
1 + 2ρe2ρCT

T1−γ

1−γ

)
T 1−β ×

× B(1− γ, 1− β)‖p′′‖L2[0,T ]‖Ψ
0‖C([0,T ],L2[0,l]) = 1.

Then, for T ∈ (0, T ∗) operator A compresses the distance between elements q(t), q̃(t) ∈
∈ B

(
H(t), ρ

)
. Consequently, if we choose T ∗ < min(T1, T2), then the operator A is contractive

in the ball B
(
H(t), ρ

)
. Then, in accordance with Banach’s theorem, the operator A has a unique

fixed point in the ball B
(
H(t), ρ

)
, i. e., there is a unique solution to the equation (3.5). Theo-

rem 3.1 is proven. �

Conclusion

In this work, we considered the inverse problem of determining the time-dependent coef-

ficient in a one-dimensional fractional order equation with initial boundary conditions and an

overdetermination condition. First, the Fourier method reduces the problem to equivalent integral

equations. After this, using estimates of the Mittag–Leffler function and the method of successive
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approximations, an estimate for the solution of the direct problem was obtained in terms of the

norm of the unknown coefficient, which was used in the study of the inverse problem. The inverse

problem is reduced to an equivalent integral equation of Volterra type. To solve this equation, the

principle of compressed mapping is applied. The results of local existence and uniqueness are

proven.
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УДК 517.958
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В данной работе изучаются прямая начально-краевая задача и обратная задача определения коэф-

фициента одномерного уравнения в частных производных со многими дробными производными

Римана–Лиувилля. Исследована однозначная разрешимость прямой задачи и получены априорные

оценки ее решения в весовых пространствах, которые будут использованы при изучении обратной

задачи. Далее обратная задача эквивалентно сводится к нелинейному интегральному уравнению.

Для доказательства однозначной разрешимости этого уравнения используется принцип неподвиж-

ной точки.
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