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Introduction and formulation of problem

Fractional partial differential equations are generalizations of partial differential equations to
arbitrary (non-integer) orders. These equations have attracted considerable interest in the applied
sciences because of their ability to model complex phenomena. It should also be observed that
these equations capture nonlocal relations in space and time with power-law memory kernels [1].

In this paper, we focus on the initial-boundary value problem for the partial differential equa-
tion with multi-term orders fractional derivatives

m—1
g + Z Pk Dok — o DT e + q()u = f(z,t), 0<x<l, 0<t<T, (0.1)
k=1

with the initial
u(@,0) = p(z), 0<z<l, 0.2)

and the boundary conditions
u(0,t) =u(l,t) =0, 0<t<T, (0.3)

where 0 < ap <1, oqn <o < ... S, ik € [, 1), 0 < p < i, k=1,2,...,m, DS’H is a
fractional derivative in the sense of Riemann-Liouville with respect to the variable ¢, defined by
the equalities (see [2, pp. 69-90]):

d ,_ 1 d [t g(7)

Dy 9)t) = —1gt) = =~ | ——=d 1
( 0+,tg)( ) dt 0+,tg( ) 1—\(1 _7) dt/ov (t_T),y T, 0< v <l
Dng’tg(t) = g'(t), v =1,

L[ g(r)
I, ,g(t) = / dr, 0<~vy<1,
IO =T0) Jy =

f(z,t), p(z) are given functions, [, T" are some positive fixed numbers.
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We refer the monograph [2], as reflecting the main approaches to the study of various prob-
lems for fractional diffusion and diffusion-wave equations (see also the extensive bibliography
there on this issue). In [3], the Cauchy-type problem for the fractional diffusion equation with a
discretely distributed differentiation operator was studied. The properties of the fundamental solu-
tion were studied using the Wright function. Initial-boundary value problems in bounded domains
for diffusion and diffusion-wave equations containing multi-term orders fractional differential op-
erators with Caputo derivatives were solved by the method of separation of variables [4-6], and
by methods of integral transformations [7].

The equation (0.1) with «,,, = 0 and m = 2 describes the processes of transfer of immobile
solute in highly inhomogeneous porous media [§8]. In the works [9,10], the analytical formulas for
solution of the Cauchy problem for these equations were constructed. The work [11] is devoted
to constructing a fundamental solution of (0.1) and, with its help, solving the Cauchy problem for
this equation when «,,, = 0 and m = 2. Equation (0.1) differs from the fractional diffusion-wave
equation with the presence of both classical and fractional derivatives of the unknown function.

The problem of determining function u(z, t) satisfying equalities (0.1)—(0.3), which are given
by functions ¢(t), f(z,t), ¢(x), numbers py and «y, is called a direct problem, and by its
regular solution we mean a function u(x,t), defined in a closed domain Q := {(z,t): x € [0, ],
0 <t < T}, subject to conditions:

(D {t“’ut, 7 Dy% yu, t'YDS‘jr”,tum} € C(Q),y=max{ay, k=1,...,m};

(2) u(z,t) is twice continuously differentiable with respect to = for each 0 < ¢t < T}

17&]C

(3) for each x € (0,1) fractional integrals of the function u(x,t): Iy, u(z,1), I&;g’”um(x, t)
are continuously differentiable with respect to ¢ € (0, T;

(4) the equalities (0.1)—(0.3) are satisfied.

The main goal of this work is to study the unique solvability of the inverse problem of
determining the variable coefficient ¢(t) of equation (0.1) according to the known condition for
solution to the direct problem (0.1)—(0.3):

/0 p(z)u(z,t)de = h(t), te€]0,T], (0.4)

where p(x), h(t) are the given functions. In heat propagation in a thin rod in which the law of
variation h(t) of the total quantity of heat in the rod is given in [12]. This integral condition in
parabolic problems is also called heat moments which are analyzed in [13].

In recent years, numerous studies have been carried out on inverse problems involving various
corresponding fractional operators, including the diffusion operator. The book [14, pp. 443-464]
provides a review of inverse spatially dependent coefficient problems for fractional diffusion
equations (see also the list of references). Basically, the questions of uniqueness and stability
were investigated using the maximum principle and the method of the Carleman’s estimates. In
works [15, 16], inverse coefficient nonlinear problems for fractional diffusion-wave equations in
the bounded domain were investigated by the method of the integral equations.

In [17], the inverse problem of determining the time-dependent zero-coefficient in the Cauchy
problem for the time-fractional diffusion equation by a single observation at the point x = 0 of the
diffusion process. Recently, the works [18-20] have been published in which multidimensional
inverse problems of identifying the coefficient at the lowest term of the fractional diffusion
equation were investigated. Local existence theorems, global uniqueness, and conditional stability
estimates for solutions are obtained. The article [21] deals with an inverse potential problem for
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a semilinear generalized fractional diffusion equation with a time-dependent principal part. The
well-posedness of the direct problem is investigated by using the well known Rothe’s method.
The existence and uniqueness of the inverse problem are obtained by employing the Arzela-
Ascoli theorem, a coerciveness of the fractional derivative and Gronwall’s inequality, as well as
the regularities of the direct problem. We recommend browsing the reference list of [21] for other
inverse coefficient problems.

Throughout this work, regarding the input data, we will assume that the following require-
ments are met:

(A1) p(z) € C*[0,1], ¢"(x) € La[0,1], 0(0) = (1) = ¢"(0) = ¢"(1) = 0;
(A2) f( ) € C[O T] for all t € [0 T], f(-,t) € C?[0,1], fO(-,t) € Ly[0,1],
(A3) h(t) € cl[o T1, |h(t)] > ;£ = const > 0 for all t € [0, T}, [ p(x)¢(x) dz = h(0);

(
(A4) p(z) € C?[0,1], p(0) = p(l) = 0.

§ 1. Preliminaries

In this section, we present well known definitions and statements that will be used for the
proofs of main results.
In this work, we use the following weighted function spaces (see, for example, [2, pp. 4, 162]):

C,[0,T):=={g: (0, 7] = R: t7g(t) € C[0,T], 0 <~ < 1},

with the norms

— || — |47 — ¥
lgll = 1#g®llc = 17g(®)l = max g ()]

The Mittag-Leffler functions E,(z) and E, 3(2) are defined by the following series:

ZFakJrl Zrak+ﬁ

k=0 k=0

respectively, where o, § € C, Re (a) > 0.
The three-parameter Mittag-Leffler function is defined as follows

S (e 2
= E e C, R 0
here (7),, is the Pochhammer symbol:

L(v+mn)
(V)n = W

Next we need the following statements.

and (7)o=1 (Re(y)>-m neN; v¢{0,-1,-2,...}).

Proposition 1.1 ([2, p. 84]). The following Laplace transformation is correct:

LD, ,9(t)](s) = s"L[g(t)](s) — (Ioy19) (0+), 0 <y <1 (1.1)
The following formula also holds for the Laplace transform of the function t° *lE; p(Fwt?):
Saﬁffﬁ

L (1.2)

L[ B (2wt®)] (s) = / e PR (ot dt =
0

where Re (s) > 0, Re () > 0, w € C, and |w/s*| < 1.
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Definition 1.1 ([23, p. 2]). The H(z) function is defined by means of a Mellin—Barnes type
integral in the following manner:

H(z)=H)" [z

)] = 2 [ ot

where i = (—1)2, z # 0, and 2~ = exp[—s(In|2| + i arg z)], where In |2| represents the natural
logarithm of |z| and arg z is not necessarily the principal value. Here

ﬁ I'(b; +Bs)ﬁf(1—aj—Ajs)
O(s) = ;: = :
H I'(1 —b; — Bys) H [(aj + Ajs)

An empty product is always interpreted as unity; n,m,p,q € No with0 < n < p, 1 <m < g,
A,BjeR,,a,b; e R(C),l=1,2,...,p,j=1,2,...,¢. L is a suitable contour separating the

poles
b
C]V:_(J+V)7 j:1727"'7m7 V:O7]‘727"'7

B.

J

of the gamma-function I'(b; + sB;) from the poles

1—a,+Fk
w>\k:<+)\+)’ >\:1727"'7n7 k:O71727"'7

of the gamma-function I'(1 — a, — sA,), that is

A\(bj+v)#Bjlax—k—-1), j=12,....om, A=12,...,n, v,k=12.3,..., (13)

M:ZBJ»—ZAJ» (1.4)
a—ZA—ZAJrZB—ZB (1.5)

Jj=n+1 j=m+1

Proposition 1.2 ([23, p. 19]). Let i1 and o be given as in (1.4) and (1.5), and let condition (1.3)
be satisfied. Then, if 1 > 0 or (1 < 0, & > 0, and | arg z| < 37, then the H-function has an
asymptotic expansion at zero given by

Hgbq’”(z) =0(z%, |z|—0,

here

Re (b;) is the real part of b;.

Recall that the function E] ;(2) can be rewritten in terms of the Fox H-function as (see
[2, p. 67]):
1 (1—1~,1)
E) 4(2) = —Hjy {—z‘ ’ ] 1.6
=) =1y M| 0,10~ 5.0) (19
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Proposition 1.3 ([2, p. 79]). Let a € R and 0 < o < 1. Also let the functions f(x) and k(z) be
defined on [a, ] such that

f(z) € Cla,b] and L(z) = /w T % (x — 7)dT € C'[a,b].
0
Then, for any x € [a,b],

Dy, | [ ke - w s i @) =
/ DE [k(t — )] () f (x +a —u) du+ f(x) lim T [k(t — )] (2).

r—a+

Proposition 1.4 ([24, p. 104]). Let i, o, B > 0, a € R. Then the following formulas for the
Riemann—Liouville and the Liouville fractional integration and differentiation of the Prabhakar
function are valid:

{Dgﬂ[tﬁ*lEgﬁ(ata)]}(x) — 2B, (ax®).

a,f—p

§ 2. Existence and uniqueness results for direct problem solution

The following statement is true.

Theorem 2.1. Let 0 < oy, < 1, k = 1,2,...,m, and conditions (A1)-(A2) are satisfied. Then
there is a unique regular solution to the direct problem (0.1)—(0.3).

P r o o f. By applying the Fourier method, the solution u(z, t) of the problem (0.1)—(0.3) can be
expanded in a uniformly convergent series in term of eigenfunctions of the form

= Xn(@)un(t), (2.1)

where )
2
Xn(z) = jsin\/)\nx, Ap = (%n) , n=1,23,....

Taking into account equality (2.1), we obtain from (0.1) the following equation:

m—1
L Y kDGt () + s A DET () = Fu(ts ,u, f), (2.2)
k=1
where
Eu(tiq,u, f) = — q(t)un(t) = Fu(t),

/fxt

The following equalities follow from (0.2):

! !
u,(0) = /0 u(z,0) X, (x)de = /0 o)Xy (x)de =, n=1,2,3,.... (2.3)
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Thus, we obtained ordinary fractional differential equations (2.2) for unknown functions w,, (%)

with initial conditions (2.3). To solve them, we will formally apply the Laplace transform. Then
we get the following expression:

m—1

Swi(8) — @n + Z LS Wi (8) 4+ i Ans®mwn(s) = D, (s),

(2.4)
k=1
where

Llun(t)] = wa(s), L[Fu(t)] = ®u(s).
Next we show that u, () is continuous on [0, T']. Then the second term on the right side of (1.1)
will be equal to zero.

Solving equation (2.4), we get

wn(s) — (pn + (I)n(s)

m—1

. 2.5)
S+ > RS A+ fyp Ay O™
k=1

Next, we calculate the inverse Laplace transform. First, we transform formula (2.5) for

m—1
> Mk
k=1

— <1
S+ P ApSOm ’

as follows:
©n + Pn(s) ©n + Pn(s) 1
m—1 )\ Qm m—1 o
s+ Z WSO A L A 5O § + fmAnS Z pps™k
= L+ e
mz—l r m—1 T
% I o (=1)"(n + Pp(s ( uksa’“>

Z SOn—i-(I)()) =1 :Z ( ()) kZl
— S+ U Ap SO S+ [l Ay 8O — (8 4 pimApsem )+l

m—1
S avky
Sv= 1

k1'/€2
ki+ko+...+km—_1=r

o (=1 (20 + Pu(s)) T
; 5+um)\ gom Jrtl ( Z )[

v=1

if we also take into account the following relation

| m—1
(x1+ x4+ ...+ xpy1) = < 7! ) [ (xy)k”]’
k1+k2+;km_1:r kilkol . Kppa! H

v=1
where the summation is taken over all k1, ko, ..., k,,—1 € Ny such that ky + ky + .
(see, for example, [22, p. 823]).

According to (1.2) and (1.6), for s € C and |, A5t < 1, we have

m—1

--km—l =T

> avky—am(r+1)

m—1
gr=1 r— 2 avky S 1—anm
(Slfam + Mm)\n)rJrl - L|:t v=t El am,r+1fmi1ayky(_um>\nt ) =
v=1
m—1

r— oavky 1
|l EL

(_Ta 1)
1,1 —ttm
v=1 T'H172 [MmAntl

00 (E 1)
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Using the well-known theorem on the Laplace transform of the convolution of two functions,
from (2.4) taking into account the above calculations, we obtain the following formal solution to
problems (2.2) and (2.3):

un(t) = enGr(t) + /Ot Gn(t — 7)F,(7) dT, (2.6)

)= Z( = (‘l,jm,> [H wk»] .
r=0 \ki+..+km—-1=r v=1
( Tl) } —T—Zayk: +1. O

where

(2.7)

B—1 71,1 1—aum

We have the following statement.
Lemma 2.1. The following estimates are valid:
}G )} S CTa
tleOth n(t )’ < Cpt?™ %,
ua(0)] < 51015
[} o anH o
DGt pun(t)] < Crt? (\%It “+ tl ot flunllllglly B = ar, 1 =7) ),

m—1

ﬂ’u/n(t)} < tv}Fn(tQ q,u, f)} + Z Mk}tngi,tun(t)’ + NmAn’tngr,tun(t)}a

where Cr is some constant depending on (i, a1, T,

WO (¢ }cpn nt)’+ /OGn(t—T)fn(T)dT

B(-,-) is the Euler's beta function.

P roo f First, we will prove that the series in G,,(¢) converges. To do this, consider the H-Fox’s
function. Possible singularities for the Fox H function can only exist for ¢ — 0. Taking into
account Proposition 1.2, we have

(0,1),(1 =5,1 -«

As a result, taking into account (2.7), we arrive at the following asymptotic estimates for the
function G,,(t):

conce$ (5 o)

r=0 \ki+ko+...+km—_1=r

1 it

<_T7 1)
m)} <C, t—0.

m—1 1—aq)r
|5 -

v=1

oo ,m—1 Tt(l*al)r M=o ATl-a1
C O <§; uy) —— =Ce < Ce =: Oy,
r= v=
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m—1
where M = Y u,.
v=1

Based on above, we have the fact that the series in the formula (2.7) is bounded. Besides, the
function G,,(t) is continuous in [0, 7] foralln =1,2,3,....

We will prove the existence of a solution to the integral equation (2.6) in the space C[0, 7] by
the method of successive approximations. For this equation, we consider a sequence of functions
in [0, T

where

We get the following estimates:

t L =
), 0] < €| | atryiir)ar| < Crlwillaly| [ 7 ar| < Colwililal
Similarly
t
(), (0] = | [ Gt = )a() ), () | <

ol LI Y

<Ol [ a(r) ), ()| < B Callal i )
For arbitrary m = 1,2, ..., we have:

’(un)m(t)’ <Oy

/otq<7><un>m_1<7> dT' < ”fl—9;”(cT||q||vfl_';)m,

From the above estimates, it follows that a sequence of functions
un(t) =Y (un),, (1) (2.8)
m=0

converges uniformly in [0, T]. Indeed, (2.8) can be majorized on [0, 7] by a convergent number
series as follows:

N SILA AN
o] =[S (w0, 0] = 32 Ll (ol =) = pugecrion =
m=0 m=0 ’
Now let’s calculate the fractional derivative Dt ,u,(t) for k =1,2,... m:

t
Dt jun(t) = on Do} (Gu(t) + ng’t/ Gu(t — 7)F,(7) dT. (2.9)
0
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In this case given Proposition 1.4, we have

o) m—1
« (-1)”" 5
Dot Gnlt) = Z( 2 ) [ L))
r=0 \ki+...+km_1=r 1o« Am—1: v=1
x Dot {PTTETTL (= At )} =

[ee] m—1
_ (=1)"r! Ky
(X ) e
r=0 \ki+...+km—_1=r m—L: v=1

tﬁ 1—oayg Er+1 ( )\nﬂmtliam)-

1—am,B—ay
Next, taking into account Proposition 1.3, we calculate the fractional derivative of the second
term on the right side of the formula (2.9):

Daﬁﬁt/G dT—/DS‘iTGU (= 7)dr.
Thus, we have the final form of the function Dg¥ ,u,(t):
t
D 1n(t) = uD51Gult) + | DRt Gulr)lt = 7)
0
Just as above, we obtain estimates for the function ¢ Dgt u,(t):

/ DE (Glt — 1) fulr) dr| +

‘tvD(oitun(t)‘ < ‘SOnﬂDgﬁth(t)‘ + 17

+ [t

/O DE% Gt — 7)a(r)un(r) dr

< Crlgn|t’™ +CTt7anH/ T dr +

t
+ Crllualllall ¢ / (L — 7)o dr =
0

anH oo
— Qg

= ot (Jonlees 4 Ll 500 - 1= ).

Evaluate the function ]DO T Ghl(t )] as follows:

00 rl m—1 i
o< ¥ ) o)

r=0 \ki+ko+...+km_1=r v=1

m—1
r— avky—a
t "2:21 kETJrl (_Mm)\ntliam)

m—1
l—am,r— >, avku—ay
v=1

Z :
kylko! .. Kppq!
(

X

r=0 \ki+ko+...+km_1=r v=1
m—1 —Tr 1)
r— > avk,—ay 1 1 )
X |t =1 Hp Apt m_l <
2 [M 0,1, > ak, —r,1 —am) -
v=1
0o m—1 m=1
1 r— > avki—o
- Z () |t = ‘Or <
kilko!.. k1!
r= ki+ko+...+km—_1=1 v=1
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0| D Galt)] < oM™ < Oy,
Estimates for the function u/ (¢) can be obtained from equation (2.2). Lemma 2.1 is proven. [

Consider the convergence of the following series:

Z)\nH\I'SLH < CTZAH(\%\ + T fall) =
(2.10)
_CTZA ( )

Integrating the Fourier coefficients of functions ¢(z) and f(z,t) by parts, and taking into
account conditions (A1) and (A2), we obtain

TN 3) ™ B
/ \/7 sm—dx = / 7T3n3\/7 @) COS—dx = 5P
. P~
/0 \/;f(x,t) sdex =— 0 W\/;fxm(x,t) Cosde =: an(t)

Let’s write the series (2.10) using the last equality and apply the Cauchy—Bunyakovsky’s inequal-
ity to this series

Xp(x) dx

+TH/fxt o(2) d

o0 [e.9]

[ —~
S hulled +T11) = 32 (B4 TR < e
n=1
<L IS ek 7 S SRR < O o + T el )
= n2 ®n . n2 n >~ 2 Lo[0,]] zzx || L2([0,1],[0,T]) )+
n=1 n=1 n=1 n=1

Next, we examine the continuity of functions u(z,t), Dgt ;u(w,t), and DYty (7, 1):

w0 = D_[un((Xa(@)] < D_funlt)] < Cr 3 (1] + Tl full e

‘tvDO"“ u(z, t Z‘tvDa’“ s (t (SL’)‘ <

S

n=1

tl X 4 Hun””‘]”w (1 -y, 1 — fy)>’

}t’yDO-f— Pl (2,1) | Z}tvDamtun (O)X7(x)| <

< CTt’YZA (|gon|t s ”f””

n=1

Tt fulllal BO ~ a1 =),

The uniform convergence of the above series follows from formula (2.11), so function (2.1)
is a classical solution to the problem (0.1)—(0.3). Theorem 2.1 is proven. L.
Let us derive an estimate for the norm of the difference between the solution of the original
integral equation (2.6) and the solution of this equation with the perturbed functions ¢,,, f,, and q.
Let u,, be the solution to the integral equation (2.6) corresponding to the functions ¢, f, and ¢:

Un(t) = $nGn(t) +/O Jo(t = D) (folT) = G(7)Un(7))dr, n=1,2,.... (2.12)
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Subtract the equations (2.6) and (2.12) one from the other, by introducing the notations
Up — Up = Tpy fo— fo = fr» ¢ —q = G and @, — @, = P,, we obtain the integral equa-
tion

Un(t) =9,Gn(t) + /0 Wt —7)f, (7)) dr — /0 Gn(t—1) (@(T)un(T) + a(T)ﬂn(T)) dr. (2.13)

Applying the method of successive approximations to the linear equation (2.13) with respect
to u,(t) as follows

|()(1)] < Celal + CrTIT, | + CrT gl Wl =
(@), < /Ot Gu(t = 7)) (n),,,_, (7)]

we have the estimates for all t € [0,7] and n =1,2,3,...:

—y

[Tu(t)] < O (1l + [Tl + 7l g1l 5 ) Ol

These relations will be used in the next Section.

§ 3. Inverse problem

First, we multiply both sides of the equation (0.1) by p(x) and integrate over the variable =
on the interval [0, /], and we obtain

1m—1 !
/ p(@)u(z,t) diU‘i‘/ Z,Ukp Dyt yu(a, t) d:L’—,um/ p(@) Do ytige (2, ) dz +
0 k=1 0 (3.1)

+ [ paouta.nds = [ ow)ste.0

If we use an additional condition (0.4), then the equation (3.1) takes the following form:
!
)+ Z DR (O — DR [ el t) da g0 =00, (G2)
0

where ¢(t) fo f(x,t)dx.
We integrate by parts tw1ce in the third term on the left side of (3.2) and obtain

m—1 l

0+ 2 mDGE (D) = Dy | 9 (@l t)de +(t)h() = 6(0).
k=1

Taking into account the expansion of the function wu(z,t) in the system X, (x) into a Fourier
series and obtain the following equality:

m—1
')+ > kDG h(t) — MmDS‘r,t Z X t) dz + q(t)h(t) = é(t),
k=1
or _—
")+ > kDY () = i Zp"Damtun +q(t)h(t) = 6(t), (3.3)

k=1
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1
P = / X, () () de
0

Let us apply the fractional derivative Dg7", to both sides of formula (2.6), and we have:

where

t

t
Do un(t) = on DALy Ga(t) + Doty | Ga(t = 7) fu(7) dT = Dgy / Gn(t = T)un(T)g(T) dT.
0 0

Now we use Proposition 1.3, then, we have
t t
D‘Oj‘_ﬁt/ Gu(t —7) fo(T)dr = / Gh.a,, (t —7)fu(T)dr
0 0

D35, [ Gult = Puar)a(r)dr = [ Goant = Pyunrlatr)

where
D(()Xr,tGN(t) = Gmam (t)

In view of this, equation (3.3) will have the following form:

)+ Z ,ukDO_,_ ¢ — Hm angpn s (

k=1

— Hm Zp / n am T) (fn(T> - Q(T>un(7>) dr + Q(t)h(t> = (b(t)

As a result, we find an integral equation for an unknown function ¢(t):

0(0) = 1) = 5> / G (1 — 77t () dr, (3.4)

where
1
H) = ~55 < ) + Z e Dg% th(t) — tingpn Zp"Gn om

—umzp /G <>d¢—¢<>).
Rewrite (3.4) in a more convenient form

q(t) = Algl(t)- (3.5)

Theorem 3.1. Suppose that conditions (A1)-(AS) are satisfied. Then there exists a number
T* € (0,T) such that, for all 0 < ap < v < 1, inverse problem (0.1)~(0.4) has a unique
solution, belonging to the class C.[0,T.

Proof Consider a ball

B(H(t),p) = {a(t): a(t) € C,[0, T, lla(t) = H(B)[l, < p}.

Obviously, for functions ¢(t) € B(H (t), ,0), the estimate ||¢||, < 2p is valid.
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Let a function ¢ € B(H (1), p). Let us prove that, with an appropriate choice of 7" > 0,
the operator A on the set B(H(t),p) is contractive. We first show that if we choose 7' > 0
appropriately, then the operator A maps a ball to the same ball, that is, Aq € B (H (1), p):

Al — H Z ¢ [ Gt =it
Ztv n/ (t — 7) " Vu, (1) dr

0

<

Y

<

< hollgl[yptmCr

< hollallypimCreCrlel 5= o

S, HB(l—am,l—v)H <

n=1

e
< 20hopmCre” TP T T B(1 — a1 — )10 | 2ot | ¥°leo.1, 22100

Let 7T be the positive root of the equation

Y
Wi(T) = 2pho i Cre* ™ =5 T B(1 — iy 1 — ) 10” || £t ¥° L0771, 2j0.1) = P-

Now consider two functions ¢(¢) and g(t) belonging to the ball B(H(t),p), and estimate
the distance between their images A[g|(t) and A[g](¢) in the space C.,[0,T]. The function u,/(¢)
corresponding to ¢(t) satisfies the integral equation (2.12) with the functions ¢, = @, and

fn(t) = fn(t). Compiling the difference A[q](t) — A[q](t) using the equations (2.6), (2.12) and
then estimating its norm, we obtain

4t - Al - | i zp Gt = ) (un(P)2(7) + V(7))

AL / (t— 1) P dr
— 0

1— 1—
S hQCTGZPCT% (]_ + 2p62pCT%>Tl_ﬁ X

<

200 1= _
ShoCTe - ~ t7

(1+ 2p62”CTT11‘—7) <

x B(1 =7, 1= B)ID"| oo 19 0,7, 2210, 1T -

Let 75 be the positive root of the equation

200 L1 2000 L2\ r1-8
Wo(T) = hoCre™ "= (1 + 2pe T T )T X
x B(1 = 7,1 = B)" | oo, 190 o7, 2210, = 1-

Then, for T' € (0,7*) operator A compresses the distance between elements ¢(t),q(t) €
€ B(H (1), p). Consequently, if we choose 7% < min(77,T3), then the operator A is contractive
in the ball B (H (1), ,0). Then, in accordance with Banach’s theorem, the operator A has a unique
fixed point in the ball B(H (1), p), i.e., there is a unique solution to the equation (3.5). Theo-
rem 3.1 is proven. O

Conclusion

In this work, we considered the inverse problem of determining the time-dependent coef-
ficient in a one-dimensional fractional order equation with initial boundary conditions and an
overdetermination condition. First, the Fourier method reduces the problem to equivalent integral
equations. After this, using estimates of the Mittag—Leffler function and the method of successive



334 Inverse coefficient problem

approximations, an estimate for the solution of the direct problem was obtained in terms of the
norm of the unknown coefficient, which was used in the study of the inverse problem. The inverse
problem is reduced to an equivalent integral equation of Volterra type. To solve this equation, the
principle of compressed mapping is applied. The results of local existence and uniqueness are
proven.
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. K. /lypoues, H. H. Xacanoe

Ooparnast ko3¢ uLUMeHTHAs 32/1a4a JJIsl YPABHEHHUs] B YACTHBIX MPOU3BOAHBLIX CO MHOTHUMHU MPOM3-
BOJAHBIMHM JPOOHBIX NopsaakoB Pumana—JInyBuiis

Kniouesvie cnoea: ypaBHeHHe IpoOHOTO MOpsiKa, OpsMas 3aaada, oOparHas 3agada, metoq Pypee, QyHK-
st Murtrar—Jlegdnepa, npeodpasoBanue Jlamraca, CyecTBOBaHNE, €AMHCTBEHHOCTD.

VIK 517.958
DOI: 10.35634/vm240302

B nmanHoli paboTe M3yuaroTcs mpsmas HauyaJlbHO-KpaeBas 3ajjaya W oOpaTHas 3ajada OnpenesieHHus Kodg-
(uMenTa OJHOMEPHOTO YPAaBHEHWS B YACTHBIX IPOWU3BOAHBIX CO MHOTHUMH JPOOHBIMH TTPOU3BOJHBIMHU
Pumana—JInysumnsa. MccnenoBana ONHO3HAUHAsl pa3peIMMOCTD MPSAMOM 3a7a4d U IOJIY4YE€HBl AllPUOPHBIE
OIIEHKM €€ pelIeHHs B BECOBBIX IPOCTPAHCTBAX, KOTOPHIE OYIyT MCHONB30BaHBI MPH U3YyUEHUH OOpaTHOM
3agaun. [lanee oOpaTHas 3amada SKBUBAJCHTHO CBOOHUTCSA K HEJIMHEHHOMY WHTETPabHOMY YpPaBHEHUIO.
Jnst nokaszarenbCcTBa OAHO3HAYHOM pa3peliMMOCTH 3TOr0 YPaBHEHHS MCHOIb3YETCS NMPUHLUI HENOABUXK-
HOM TOYKH.

dunancupoBanue. Pabora nepBoro aBTopa BEINOIHEHAa NpH (UHAHCOBOW Mojepkke MUHHCTEpCTBa Ha-
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