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In this study we consider the Kaup—Boussinesq system with a self-consistent source. We show that the
Kaup-Boussinesq system with a self-consistent source can be integrated by the method of inverse scattering
theory. For a solving the problem under consideration, we use the direct and inverse scattering problem of
the Sturm-Liouville equation with an energy-dependent potential. The time evolution of the scattering data
for the Sturm-Liouville equation with an energy-dependent potentials associated with the solution of the
Kaup-Boussinesq system with a self-consistent source is determined. The obtained equalities completely
determine the scattering data for any ¢, which makes it possible to apply the method of the inverse scattering
problem to solve the Cauchy problem for the Kaup—Boussinesq system with a self-consistent source.
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Introduction

The Kaup—Boussinesq system describing wave propagation in shallow water was first derived
by Boussinesq [1]. In [2], D.J. Kaup proved that this system is completely integrable. The next
important step was taken in [3], in which complex finite-gap multiphase solutions of this system
were obtained, expressed in terms of the Riemann theta functions, multisoliton solutions were
found, and the asymptotic behavior of these solutions was investigated. In papers [4, 5], real
finite-zone regular solutions of the Kaup—Boussinesq system are studied. In general, it is difficult
to study the exact dynamical behavior for nonlinear evolution problems. Therefore, different
techniques have been used to construct its solutions, such as inverse scattering method [6-9],
Hirota bilinear method [10], Lie group analysis method [11], trial equation method [12], first
integral method [13], bifurcation method [14], etc.

Soliton equations with self-consistent sources were proposed by V.K. Melnikov [15]. In
such models, the sources may change some properties of the physical system, for example,
the velocities of the solitons. These equations have essential applications in plasma physics,
hydrodynamics, solid state physics, etc. For instance, the Korteweg—de Vries equation, which
has an integral type self-consistent source, was studied in [16]. Via this kind of equation, the
interaction of long and short capillary-gravity waves can be defined [17]. Another major soliton
equations with self-consistent source are the nonlinear Schrodinger equations with self-consistent
sources which identify the nonlinear relation of an ion acoustic wave in the two-component
homogeneous plasma with the electrostatic high frequency wave [18]. Various methods have been
applied to formulate their solutions, such as inverse scattering [19-29], Darboux transformation
[30-34] or Hirota bilinear methods [35-39]. In papers [40,41], the Kaup—Boussinesq system
and its hierarchy with a self-consistent source were studied in the class of periodic functions and
real periodic infinite-zone solutions of the these system are obtained expressed in the form of
uniformly converging functional series.

In the present paper, we study the integration of the Kaup—Boussinesq system with a self-
consistent source via the inverse scattering method in the class of rapidly decreasing functions.
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The time evolution of the scattering data for the Sturm-Liouville equation with an energy-
dependent potential associated with the solution of the Kaup-Boussinesq system with a self-
consistent source is determined. Using the solution of the inverse scattering problem with respect
to the time-dependent scattering data we construct the solution of the Kaup—Boussinesq system
with a self-consistent source. We show that the Kaup—Boussinesq system with a self-consistent
source is also an important theoretical model as it is a completely integrable system. The inverse
scattering problem for the Sturm-Liouville equation with an energy-dependent potential in the
class of “rapidly decreasing” functions was solved in the works [42-49].

§ 1. Formulation of the problem

We consider the Kaup—Boussinesq system with a self-consistent source

¢

N 0
Vi = Uggy — 40Uy — 200, +2 > | —upd?, + (K — 2u)—a 1,
m=1 €T

N 0
U = —6uty — v, + Y, —@2, reR, >0, (1-1)
m=1 8x

(O + [K2, — v — 2kpu] by = 0, m=1,2... N,
under the initial condition
v(z,t)],_g = vo(x), uw(x,t)|,_g = wo(z), z€R, (1.2)

and the normalizing conditions

/ (2K, — 2u)@2, do = A (t), m=1,2,...,N, (1.3)

o0

where ¢, = ¢,,(,t) is an eigenfunction corresponding to the eigenvalue k,,, = k,(t), Im k,,, <0
of the Sturm-Liouville equation with an energy-dependent potential

T(t,k)y = —You +v(z, )y + 2ku(x, t)y = Ky, reR (1.4)

Moreover, A,,(t) are given arbitrary continuous functions for all m € {1,2,..., N} and the
functions vy(x), ug(x) satisfy the following conditions:

(i) where vg(x), ugy(z) are continuously differentiable complex valued functions on R and
up(z) — 0 when |z| — oo, moreover, the inequalities hold

| @+ @lds <oo. [ el [eh@)] + ) de < 0o, (15)

o0 o0

(i1) the operator generated by the differential expression

2
T(0,k) := ot vo(z) + 2kug(x)

has only simple eigenvalues.

The main aim of this work is to derive representations for the solutions

{v(z,t), u(z,t), ¢1(x,t), pa(x,t),..., on(z, 1)}

of the problem (1.1)—(1.5) with the use of the inverse scattering method for the operator 7'(¢, k).
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§ 2. The basic facts from scattering problem

In this section we give basic information about the scattering theory for the Sturm-Liouville
equation with an energy-dependent potential [6,42-44]. For convenience, we momentarily omit
the dependence of the functions v(z, ) and u(x,t) on variable t.

Consider the differential equation with an energy-dependent potential V(x, k) = v(z) +
+ 2ku(z):

v + (K —-V)y=0, zcR, (2.1)

where v(x), u/(z) are continuously differentiable complex valued functions on R and u(z) — 0
as |z| — oo, moreover, the inequalities hold:

/_OO 22 [[o(2)] + o (2)[] da < oo, /_OO 2| @) + [ (@) de < 00 (22)

o0 o0

Under condition (2.2), equation (2.1) for all & € C has Jost solutions { fi(x, k), g1(z, k)} and
{fa(z, k), go(z, k) } which satisfy the conditions

[fi(z, k), g1(x, k)] ~ [e_“””, eikﬂ, T — 00, (2.3)
[fo(x, k), go(z, k)] ~ [ei’“, e_ikﬂ, T — —00. (2.4)

Obviously, for each = € (—o0, 00) the functions fi(z, k), fa(z, k) (g1(z, k), g2(x, k)) are regular
in the half-plane Imk < 0 (Imk > 0). For real k& # 0, the pairs {fi(z, k), g:(z,k)} and
{fa(z, k), go(2, k)} form two fundamental systems of solutions to equation (2.1). The following
relations hold:

fa = ci1fi + 201, g2 = diaf1 + di191, (2.5)
fi1 = caafo+ 2109, g1 = do1 fo + d22g9, (2.6)

where the functions c¢;; and d;; are independent of = and the following equality is fulfilled

o = ¢ = (2ik) W [f1, fol, e = —day = (2ik)7'W [ fa, g1], (2.7)
d12 = d21 = (QZI{Z)—IW [gg,gl], d11 = —C29 = (QZk)_IW [fl,gg]. (28)

Moreover, c¢i1(k) (k € R*) and c¢o1 (k) (Imk < 0, k # 0) are continuous while c9; (k) (Im £k < 0)
is analytic. In (2.5), W [f, g] is a Wronskian of functions f and g.

To keep all the interesting analytic properties in Imk < 0 we can take the point of view
that (1.1) is a pair of equations (1.1)* having potentials V*(z, k) = V(z, +k). This corresponds
to [34]. Now all the above equations can be understood to have superscripts “£” and the Jost
solutions are related by g (z, k) = f7(z, —k), j = 1,2.

We now make a further somewhat technical “bound state” assumption: c3; (k) # 0 (k € R*);
(5 (K)]™' = O(1), |k| = 0, k € R, and the zeros of c3;(k) (Im k < 0) are simple.

One can now prove that c3 (k) (Im k < 0) each have a finite number of zeros N*, located at
the points k = kX, n = 1,2,..., N*, and the following equality holds:

here the quantities B are independent of 2. The corresponding functions f;"(z, k*) are the only
L?(R) solutions of (1.1)* for Im k < 0 and are the “bound states”. It is clear that

bn(x) = D fof (z, k1), n=12,...,NT, (2.10)
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where the quantities D, are independent of z. It follows from (2.10) that k,, = k;f, N* = N.
The set of the quantities

i —
RE(E) = Wk) ek oF p—1.2,... N*
31 (k) S

is called the left and right scattering data of equation (2.1), where

0 = [ 0] [ 0]

Now we show how to construct v and u from scattering data of equation (2.1).

Using the methods of [42] we find F'=(z) = exp <:F3 / u(y) dy> ,1.e.,

k=kT

2
u(z) = F2i(ln F=(2)), (2.11)
and
v(w) = (@) (F=())" (2.12)
where
h(z) = (Fi(x))m -2 (Ai(x,x))$ +24%(z,2) (In Fi(x))z (2.13)

The function (F*(z), F~(z), At (z,y), A~ (z,y)) (x € R, y > x) is a solution of the following
system:

ht(z)FH(x) = h (2)F*(2), Fr(z)F (x) =1, (2.14)
A (z,y) = FF(2)r¥(z +5y) + / r= (y + 5) AT (z, 5) ds, (2.15)
rE(2) =Y (CF) e - % / N e RE (k) dk. (2.16)

n

In order to have a unique solution for the system (2.14)—(2.16), we add the following condi-
tion. For any = € R,

)= | Tty 1 s)at(s) ds = (atha W) = (0,0) 2.  (@17)

To solve the system (2.14)~(2.16) we then proceed as follows. For fixed F'*(z) and F~ (z)
equations (2.15) have a unique solution because of (2.17) and it can be expressed as
AZ(z,y) = FF(z)a(w,y) + FE(@)BF(v,y), y>z, z€R, (2.18)
with a® and 3T well determined. Inserting this representation into (2.15) we obtain the following
equation for z(z) where F*(z) = exp (Fiz(z)):
2, = 2iat (2, 2)e” — 2ia” (z,x)e™* — 2ipT (z,2) + 2iB (z,7), 2(c0) = 0. (2.19)
Equation (2.19) has a unique bounded solution which can be obtained by a method of successive

approximations. From z(z) we obtain F'*(z) and then A*(z,y) from (2.18).
It is easy to see that the following statement is true.

Lemma 1. [f y(x, \) and z(z, j1) are solutions of equations T(\)y = N>y and T'(11)z = p?z. Then
the identity
(yzl _ y/Z>/

A4 p—2u)yz = -

(2.20)
holds.

The Lemma 1 is proved by direct verification.
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§ 3. Evolution of the scattering data

In this section we derive time evolution of the scattering data which allows us to provide the
algorithm for solution of the problem (1.1)—(1.3).

We set
U= (”) G = (Gl> G1:2§: [—u 2 + (k —2u)—¢>2} ngiﬁgb? (3.1
’ Gy )’ — srm " dx"™|’ = Ox "
_ 0% — o0
v=(f IR 62
Then the first two equations in (1.1) can be rewritten as follows
U+ LU, =G. (3.3)
Now we introduce the “scalar product” notation
(V(z),W(x)) = /Z Vi(z)Wy(x) + Va(x)Wa(x)] da (3.4)
for V(z) = (Vi(z), Va(z))", and the vector functions
Of(a. k) = (i W5 (0 k), 2k @ k) fy () (3.5)
(k) = (g7 (2 ) 5 ( b), £2hgi (o R f (1)) (3.6)
Notice that the components are products of Jost solutions.
Lemma 2. The following equalities hold
—2¢k%c§1(t, k) = (Uy(z,t), 7 (z,t,k)), Imk <0, k#0, (3.7)
—2¢k%cﬁ(t, k) = (Uy(z,t), 95 (z,t,k)), keR" (3.8)
Proof Lety* =y*(x,t, k) and 2* = 2%(z,t, k) are two elements of the set
{fi(@,t, k), [ (w6 k), g7 (2, k), g5 (w8 k) |
For = € R, we have following equations with V* = v(x, t) & 2ku(x, t):
Y + (K = VE)y™ =0, (3.9)
zE 4 (K- VE)E =0, (3.10)
Multiplying (3.9) by 2 and (3.10) by ;= and then adding yields an equation
Yot + 2l + (K = V() = 0. (3.11)

Differentiate (3.9) (resp. ((3.10)) with respect to ¢ and multiply the result by % (resp. y%),
then adding the two results yields

Yar?™ + 2y + (B = V) (g 25, — 2V 2 = 0. (3.12)
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Subtracting (3.12) from (3.11) gives

0
57 WES YD) + Wiy, 25)] = =217y et (3.13)

Integrating (3.13) in x from —oo to co we obtain

W (i, y5)|”

o0

+ W(yf,zi)["oo = — / VityteE de. (3.14)

o0

Now to obtain (3.7) and (3.8) we use the asymptotics (2.3), (2.4) and their time derivatives
to calculate the L. H. S. of (3.14) (with y* = f(x,t, k), 2% = f(2,t, k), Imk < 0, k # 0), or
y* = gf (x,t, k), 2 = ff(x,t, k), (k € R)). Then using notations (3.5) and (3.6) we get (3.7)
and (3.8). 0

Lemma 3. For all t the following equalities hold

0= (U, (z,t), 7 (z,t,k)), Imk <0, k0, (3.15)
—4k%ci (t, k) = (Uy(z,t), @5 (2, ¢, k)), for k € R* and for k = k. (3.16)

Proof Add equations (3.9) and (3.10), after having multiply them by 2F and y= respec-
tively, to successively obtain

(i 2z + KPy=2)e = (VEyTa5), — Vg™, (3.17)
(yEzF + kzyizi)ﬁooo = —/ VEyteE da. (3.18)
In (3.18), if we take y* = fi(x,t, k), 2* = fF(x,t, k) Imk < 0, k # 0), or y* = g (z,t, k),
2 = ff(x,t, k) (k € R*, k = kF) then using (2.3), (2.4), (2.5), (2.6) and notations (3.5), (3.6)
we get (3.15) and (3.16). U

Lemma 4. L, the “adjoint” of L* defined in (3.2), for fixed t, has the properties

(Uy(,t), LOT (z,t,k)) = £2k (U, (,t), Y (2,8, k)), Imk <0, k#0O0, (3.19)
(Uy(,t), L3 (z,t,k)) = £2k (U, (,t), 5 (2,1, k)), Imk <0, k#O0. (3.20)

Pro o f Add equations (3.9) and (3.10), after multiplying them by z* and y* respectively,
to get

(v 2"), = 2ypzs +2 [ = V] yTzt =0. (3.21)

Now integrate both (3.17) and (3.21) from —oo to x and then adding yields the equation

1 9? P Y A o+ g2 4 4
ST Ve b Vide ) y™ 2" = k7y~™ 2" +n(k),

4 0x?
where n(k) = — 5 (yFzF + k*y*2%)|____. After introducing these results into the scalar product
and taking y* = (2,1, k), 25 = fF (2, t,k) or y= = gf (2,1, k), 2* = fF(x,t,k) we obtain
(3.19) and (3.20). 0

The main result of the paper is included in the theorem below.
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Theorem 1. If the functions v = v(x,t), v = u(x,t) and ¢, = ¢ (x,t) are solutions of the
problem (1.1)—(1.4), then the scattering data of the operator

T(t,+k)y = Yo +v(z, t)y £ 2ku(z, t)y = Ky, = €R,

depend on t as follows

W = F4ik*RE(t, k), k€R, (3.22)
dkgt(t) =0, n=1,2,...,N*% (3.23)
dogt(t) = — [4i(k})* + 20k A, ()] CF(t), n=1,2,...,NT, (3.24)
dcgt(t) — 4i(k)2Co(1), n=1,2,...,N". (3.25)
Pro o f From Lemmas 1, 2, 3 and notations (3.1), it follows easily that

icm(t k) = —(2ik)" (U + L*U,, 1), (3.26)
%cﬁ(t, k) F 4ik’ciy (¢, k) = —(2ik) " (U; + L*U,, 93 ). (3.27)

If U(x,t) satisfies (3.3), then (3.26) and (3.27) will take the following form
%cga (t,k) = —(2ik)"" (G, ®T), (3.28)
%cﬁ(t, k) F dikPcry (t k) = —(2ik) " (G, ©7). (3.29)

Now, we calculate R. H. S. of (3.28). According to (3.1), R.H.S. of (3.28) can be rewritten as
follows

<G,@f>=1/“YCAfff§:t2kcafﬁﬁf>¢v=

. N N 9 ZN
B _ 2 ot ot — Efy - "

o0 —0o0

(3.30)

== —2/ w2 fiE fE do + 2/ (K + Ky, — 2u)fff§%¢?’n dz.

(e} —00

We will calculate I}

1;;:—2/ uxgbfnfffjder/ (k+km—2u)fff;§¢idx+
_ x

o0 — 00

o 0
b [~ 20 15 5 do

oo
[e.e]

= [ e b 20 Y e [ b - 20 g = @D

—00 —00

::/’<k+km—2uﬁ?¢m-0§¢;—<ﬁwmeM+—

[e.o]

3/%+%—%Wmﬁwn4ﬁmww

—00
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In (3.31), using equality (2.20) we get

L Y TAW ) AW LSS O} _
I} = m/ [f—xw{ﬁ, Gm ) + TW{fﬁ ¢m}} dx = 632
= WU oSS 0nd]| 2 =
Similarly, we obtain
- 1 AWALST Gmb g om AW LSy dmb oo }

I, =—- g mp+—— g Wl 9n}|dv =

Putting (3.32) and (3.33) into (3.30), and taking into account (3.28) we obtain
%c;tl(t, k)=0, Imk<0, Fk=#0. (3.34)

It follows that the zeros k¥ = k(t) of c5; (, k) are also independent of time, which implies (3.23).
Same as the above calculations, it is easy to see that

d :
dtcn(t k) = +4ik?*c (t, k). (3.35)

From (3.34), (3.35) and view of R*(t, k), we obtain (3.22).
Next, we deduce time dependents of C(t). For this purpose, we calculate R. H. S. of (3.29)
for k = kE:

— (2ik;) "G, @y (z,t, k) =

N
o0 0
—(2ikE)! Z ( / N R 2/ (ki + Ky — 2u)gff2i%¢i@ dl’) =
—1 —0o0
N
= —(2ik5) > T (3.36)
m=1

where

oo © 0
JE = —2/ U2, gE 15 dx + 2/ (k7 + ko — 2u) g7 f5 50y, d.

(e}

We will calculate J}. Let m # n.

Ti==2 [ wdhat i doer [+ b — 20t £ 5 de =
_ 1 / AW {g7 . dm} AWA{fy , dm}
ktr —kym J_ o dx dx

n

=t (Wl 6 W 6] = 0. 337)

n
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The same way, we obtain

dWA Sy Om}
dx

(WAgr, dmW{fs, dm}]| =, =0. (3.38)

_ 1 /°° {dW{gl,cﬁm}

WALy dm} +

.

Let now m =n.

sf= =2 [ gt s doer [ (k- 2000 5 5 e -

o0

— =2 [ gt do+ [ @b - 200t i 5k de -

—00

~ [ gt st — [ (o 20t )63 do -
o0 8 o0
= [l oo = [ @k =207 1)k do -

= [ b= 20, Wiat o} dat [ (2, = 200,91 WU 60} d
Using (2.9) and (2.10) we deduce
si= [ ek - 2w er g5y = Wigt ) [ b - 20tde. (39
Substituting (1.3) and (2.7) into (3.39) we obtain
JF = 2ikncfi (¢, ko) An(t). (3.40)

Now, we will calculate .J, .

J- = —2/ Uy 2y fo dr + 2/ (=K, +k, — QU)glfz(%cbi dr =

[e.9]

o0 oo 8
-2 [ iyt dot [ (kb= 200y 6 da s
* 9
[ (k= 2007 gy 0 d -

o0 a oo
— [ Ot h 200ty gt~ [ (k4 b~ 20 ) do =

o0 . o0 (3.41)

— [ b b= 2009500 (50— () 60) da+

4 [ (b = 20000~ (97 o) e =

- dx

1 o
= (Wlen e Wiy, ¢>n}} .

W{ 91 v¢n}

WSy on} +
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Substituting (3.37), (3.38), (3.40) and (3.41) into (3.36) we get

—(2ik,) (G, ®F (x,t, k) = 2iknc; (E, kn) An(t), (3.42)
(2ik;,) " (G, @5 (2, t, k) = 0. (3.43)

Putting (3.42) and (3.43) into (3.29) we obtain

d
acﬁ (t, kn) — 4i(ky) et (t, kn) = 2iknch (t, kn) An(2), n=1,2,...,N, (3.44)
Ecl—l(zf, k)4 4i(k, ) 2e(t, k) =0, n=12...,N" (3.45)

From (3.44), (3.45) and view of C*(t) we conclude (3.24) and (3.25). The theorem is proved. [J

§ 4. Conclusion

The obtained results completely define the time evolution of the spectral data, which allows
us to solve the problem (1.1)-(1.4) by using the following algorithm. Let us given vy(x) and
uo ().

1. With the given vg(x) and ug(z), we find scattering data
{R*(k), keR*, ki, C¥, n=1,2,...,N*}
for T(0, £k).
2. According to the results of theorem 1, we obtain the time evolution of the scattering data
{R*(t,k), k € R*, ki (t), Ci(t), n=1,2,...,N*}
for T'(t, +k).

3. With the obtained scattering data, we uniquely define the function r* (z,¢) from the equality
(2.16).

4. Substituting r*(z, ) into the Gelfand-Levitan and Marchenko integral equation (2.15) and
solving the system (2.14), (2.15) taking into account (2.18), (2.19) we define F*(z,t),
F~(x,t), At (z,y,t), A~ (z,y,t) then the potentials v(x,t) and u(z,t) can be obtain via
the formulas (2.11) and (2.12).

5. Solving the equation (1.4), we will construct the eigenfunctions

Om = Om(z,t), m=1,2... N.
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b. A. baoascanos, A. IIl. Azamamos
HNurerpupoBanue cucrembl Kayna-byccunecka ¢ caMoCcorIacOBAHHBIM MCTOYHUKOM € MOMOIIBIO Me-

To/Ja 00PATHOIO paccesiHUsA

Kniouesvie cnosa: HenuHeliHOe ypaBHEHHME CONUTOHa, cucreMa Kayma-ByccuHecka, camMocoriacoBaHHBIN
HCTOYHUK, METO/I OOpaTHOTO paccestHrs, KBapaTHIHBIN MydoK ypaBHerui llITypma—JInyBummis.

YIK 517.957
DOI: 10.35634/vm220201

B mannoit pabore paccmarpuBaercs cuctema Kayma—byccunecka ¢ camocorniacoBaHHBIM HCTOUHUKOM. [To-
Ka3aHo, uTo cucteMa Kayna—ByccuHecka ¢ caMocoriacoOBaHHBIM UCTOYHUKOM MOXET OBITh IIPOUHTETPUPO-
BaHa METO/IOM OOpPaTHOM 3a1adu paccesHus. s pemeHus: paccMaTpuBaeMoi 3aady UCTIONB3YIOTCS M-
Masi 1 o0paTHas 3a1a4u paccesHus ypaBHeHus Lltypma—JInyBriuis ¢ MOTEHIMAIOM, 3aBHCAIINM OT JHEP-
run. OnpezeneHa BpeMEeHHas 3BOJIIOLNS JaHHBIX paccessHus i ypaBHenusa Ltypma—JlnyBumns ¢ snep-
rO3aBUCHUMBIMU MOTEHIMAIaMHU, CBSI3aHHBIMU ¢ pellieHreM cucteMbl Kaynma—byccunecka ¢ camocornaco-
BaHHBIM HCTOYHHUKOM. [loydeHHBIe paBeHCTBa MOIHOCTHIO ONPENEIIAIOT JaHHbBIE pAacCesTHUA MPH JII0OOM ¢,
YTO MO3BOJISIET MPUMEHHUTH METOJl OOpaTHOM 3ajadul paccesHus Ui pelieHus 3aaaun Komm ais cucteMsl
Kayma-byccuHecka ¢ caMOCOIIAaCOBAHHBIM HCTOYHUKOM.
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