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Introduction

The Kaup–Boussinesq system describing wave propagation in shallow water was first derived

by Boussinesq [1]. In [2], D. J. Kaup proved that this system is completely integrable. The next

important step was taken in [3], in which complex finite-gap multiphase solutions of this system

were obtained, expressed in terms of the Riemann theta functions, multisoliton solutions were

found, and the asymptotic behavior of these solutions was investigated. In papers [4, 5], real

finite-zone regular solutions of the Kaup–Boussinesq system are studied. In general, it is difficult

to study the exact dynamical behavior for nonlinear evolution problems. Therefore, different

techniques have been used to construct its solutions, such as inverse scattering method [6–9],

Hirota bilinear method [10], Lie group analysis method [11], trial equation method [12], first

integral method [13], bifurcation method [14], etc.

Soliton equations with self-consistent sources were proposed by V. K. Melnikov [15]. In

such models, the sources may change some properties of the physical system, for example,

the velocities of the solitons. These equations have essential applications in plasma physics,

hydrodynamics, solid state physics, etc. For instance, the Korteweg–de Vries equation, which

has an integral type self-consistent source, was studied in [16]. Via this kind of equation, the

interaction of long and short capillary-gravity waves can be defined [17]. Another major soliton

equations with self-consistent source are the nonlinear Schrödinger equations with self-consistent

sources which identify the nonlinear relation of an ion acoustic wave in the two-component

homogeneous plasma with the electrostatic high frequency wave [18]. Various methods have been

applied to formulate their solutions, such as inverse scattering [19–29], Darboux transformation

[30–34] or Hirota bilinear methods [35–39]. In papers [40, 41], the Kaup–Boussinesq system

and its hierarchy with a self-consistent source were studied in the class of periodic functions and

real periodic infinite-zone solutions of the these system are obtained expressed in the form of

uniformly converging functional series.

In the present paper, we study the integration of the Kaup–Boussinesq system with a self-

consistent source via the inverse scattering method in the class of rapidly decreasing functions.
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The time evolution of the scattering data for the Sturm–Liouville equation with an energy-

dependent potential associated with the solution of the Kaup–Boussinesq system with a self-

consistent source is determined. Using the solution of the inverse scattering problem with respect

to the time-dependent scattering data we construct the solution of the Kaup–Boussinesq system

with a self-consistent source. We show that the Kaup–Boussinesq system with a self-consistent

source is also an important theoretical model as it is a completely integrable system. The inverse

scattering problem for the Sturm–Liouville equation with an energy-dependent potential in the

class of “rapidly decreasing” functions was solved in the works [42–49].

§ 1. Formulation of the problem

We consider the Kaup–Boussinesq system with a self-consistent source



























vt = uxxx − 4vux − 2uvx + 2
N
∑

m=1

[

−uxφ
2
m + (km − 2u)

∂

∂x
φ2
m

]

,

ut = −6uux − vx +
N
∑

m=1

∂

∂x
φ2
m, x ∈ R, t > 0,

(φm)xx + [k2
m − v − 2kmu]φm = 0, m = 1, 2, . . . , N,

(1.1)

under the initial condition

v(x, t)|t=0
= v0(x), u(x, t)|t=0

= u0(x), x ∈ R, (1.2)

and the normalizing conditions

∫ ∞

−∞

(2km − 2u)φ2

m dx = Am(t), m = 1, 2, . . . , N, (1.3)

where φm = φm(x, t) is an eigenfunction corresponding to the eigenvalue km = km(t), Im km < 0
of the Sturm–Liouville equation with an energy-dependent potential

T (t, k)y ≡ −yxx + v(x, t)y + 2ku(x, t)y = k2y, x ∈ R. (1.4)

Moreover, Am(t) are given arbitrary continuous functions for all m ∈ {1, 2, . . . , N} and the

functions v0(x), u0(x) satisfy the following conditions:

(i) where v0(x), u′
0(x) are continuously differentiable complex valued functions on R and

u0(x) → 0 when |x| → ∞, moreover, the inequalities hold

∫ ∞

−∞

x2 [|v0(x)|+ |u′
0(x)|] dx < ∞,

∫ ∞

−∞

|x| [|v′0(x)|+ |u′′
0(x)|] dx < ∞, (1.5)

(ii) the operator generated by the differential expression

T (0, k) := −
d2

dx2
+ v0(x) + 2ku0(x)

has only simple eigenvalues.

The main aim of this work is to derive representations for the solutions

{v(x, t), u(x, t), φ1(x, t), φ2(x, t), . . . , φN(x, t)}

of the problem (1.1)–(1.5) with the use of the inverse scattering method for the operator T (t, k).
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§ 2. The basic facts from scattering problem

In this section we give basic information about the scattering theory for the Sturm–Liouville

equation with an energy-dependent potential [6, 42–44]. For convenience, we momentarily omit

the dependence of the functions v(x, t) and u(x, t) on variable t.

Consider the differential equation with an energy-dependent potential V (x, k) = v(x) +
+ 2ku(x):

y′′ + (k2 − V )y = 0, x ∈ R, (2.1)

where v(x), u′(x) are continuously differentiable complex valued functions on R and u(x) → 0
as |x| → ∞, moreover, the inequalities hold:

∫ ∞

−∞

x2 [|v(x)|+ |u′(x)|] dx < ∞,

∫ ∞

−∞

|x| [|v′(x)|+ |u′′(x)|] dx < ∞. (2.2)

Under condition (2.2), equation (2.1) for all k ∈ C has Jost solutions {f1(x, k), g1(x, k)} and

{f2(x, k), g2(x, k)} which satisfy the conditions

[f1(x, k), g1(x, k)] ∼
[

e−ikx, eikx
]

, x → ∞, (2.3)

[f2(x, k), g2(x, k)] ∼
[

eikx, e−ikx
]

, x → −∞. (2.4)

Obviously, for each x ∈ (−∞,∞) the functions f1(x, k), f2(x, k) (g1(x, k), g2(x, k)) are regular

in the half-plane Im k < 0 (Im k > 0). For real k 6= 0, the pairs {f1(x, k), g1(x, k)} and

{f2(x, k), g2(x, k)} form two fundamental systems of solutions to equation (2.1). The following

relations hold:

f2 = c11f1 + c12g1, g2 = d12f1 + d11g1, (2.5)

f1 = c22f2 + c21g2, g1 = d21f2 + d22g2, (2.6)

where the functions cij and dij are independent of x and the following equality is fulfilled

c12 = c21 = (2ik)−1W [f1, f2], c11 = −d22 = (2ik)−1W [f2, g1], (2.7)

d12 = d21 = (2ik)−1W [g2, g1], d11 = −c22 = (2ik)−1W [f1, g2]. (2.8)

Moreover, c11(k) (k ∈ R
∗) and c21(k) (Im k ≤ 0, k 6= 0) are continuous while c21(k) (Im k < 0)

is analytic. In (2.5), W [f, g] is a Wronskian of functions f and g.

To keep all the interesting analytic properties in Im k < 0 we can take the point of view

that (1.1) is a pair of equations (1.1)± having potentials V ±(x, k) = V (x,±k). This corresponds

to [34]. Now all the above equations can be understood to have superscripts “±” and the Jost

solutions are related by g±j (x, k) = f∓
j (x,−k), j = 1, 2.

We now make a further somewhat technical “bound state” assumption: c±21(k) 6= 0 (k ∈ R
∗);

[c±21(k)]
−1 = O(1), |k| → 0, k ∈ R, and the zeros of c±21(k) (Im k < 0) are simple.

One can now prove that c±21(k) (Im k < 0) each have a finite number of zeros N±, located at

the points k = k±
n , n = 1, 2, . . . , N±, and the following equality holds:

f±
1 (x, k

±
n ) = B±

n f
±
2 (x, k

±
n ), (2.9)

here the quantities B±
n are independent of x. The corresponding functions f±

1 (x, k
±
n ) are the only

L2(R) solutions of (1.1)± for Im k < 0 and are the “bound states”. It is clear that

φn(x) = D+

n f
+

2 (x, k
+

n ), n = 1, 2, . . . , N+, (2.10)
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where the quantities D+
n are independent of x. It follows from (2.10) that kn = k+

n , N+ = N .

The set of the quantities
{

R±(k) =
c±11(−k)

c∓21(−k)
, k ∈ R

∗, k±
n , C

±
n , n = 1, 2, . . . , N±

}

is called the left and right scattering data of equation (2.1), where

C±
n =

[

c±11
(

k±
n

)]−1

[

i
d

dk
c±21 (k)

]

k=k±n

.

Now we show how to construct v and u from scattering data of equation (2.1).

Using the methods of [42] we find F±(x) = exp

(

∓
i

2

∫ ∞

x

u(y) dy

)

, i. e.,

u(x) = ∓2i(lnF±(x))x (2.11)

and

v(x) = h±(x)(F±(x))−1, (2.12)

where

h±(x) =
(

F±(x)
)

xx
− 2

(

A±(x, x)
)

x
+ 2A±(x, x)

(

lnF±(x)
)

x
. (2.13)

The function (F+(x), F−(x), A+(x, y), A−(x, y)) (x ∈ R, y ≥ x) is a solution of the following

system:

h+(x)F+(x) = h−(x)F+(x), F+(x)F−(x) = 1, (2.14)

A±(x, y) = F∓(x)r±(x+ y) +

∫ ∞

x

r± (y + s)A∓ (x, s) ds, (2.15)

r± (x) =
∑

n

(

C∓
n

)−1
e−ik∓n x −

1

2π

∫ ∞

−∞

eikxR±(k) dk. (2.16)

In order to have a unique solution for the system (2.14)–(2.16), we add the following condi-

tion. For any x ∈ R,

a±(y) =

∫ ∞

x

r±(y + s)a∓(s) ds =⇒
(

a+(y), a−(y)
)

= (0, 0) (y ≥ x). (2.17)

To solve the system (2.14)–(2.16) we then proceed as follows. For fixed F+(x) and F−(x)
equations (2.15) have a unique solution because of (2.17) and it can be expressed as

A±(x, y) = F∓(x)α±(x, y) + F±(x)β∓(x, y), y ≥ x, x ∈ R, (2.18)

with α± and β∓ well determined. Inserting this representation into (2.15) we obtain the following

equation for z(x) where F±(x) = exp (∓iz(x)):

zx = 2iα+(x, x)eiz − 2iα−(x, x)e−iz − 2iβ+(x, x) + 2iβ−(x, x), z(∞) = 0. (2.19)

Equation (2.19) has a unique bounded solution which can be obtained by a method of successive

approximations. From z(x) we obtain F±(x) and then A±(x, y) from (2.18).

It is easy to see that the following statement is true.

Lemma 1. If y(x, λ) and z(x, µ) are solutions of equations T (λ)y = λ2y and T (µ)z = µ2z. Then

the identity

(λ+ µ− 2u)yz =
(yz′ − y′z)′

λ− µ
(2.20)

holds.

The Lemma 1 is proved by direct verification.
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§ 3. Evolution of the scattering data

In this section we derive time evolution of the scattering data which allows us to provide the

algorithm for solution of the problem (1.1)–(1.3).

We set

U =

(

v

u

)

, G =

(

G1

G2

)

, G1 = 2
N
∑

m=1

[

−uxφ
2

m + (km − 2u)
∂

∂x
φ2

m

]

, G2 =
N
∑

m=1

∂

∂x
φ2

m, (3.1)

L∗ =

(

0 − ∂2

∂x2 + 4v − 2vx
∫∞

x
dτ

1 4u− 2ux

∫∞

x
dτ

)

. (3.2)

Then the first two equations in (1.1) can be rewritten as follows

Ut + L∗Ux = G. (3.3)

Now we introduce the “scalar product” notation

〈V (x),W (x)〉 =

∫ ∞

−∞

[V1(x)W1(x) + V2(x)W2(x)] dx (3.4)

for V (x) = (V1(x), V2(x))
T
, and the vector functions

Φ±
1 (x, k) =

(

f±
1 (x, k)f

±
2 (x, k), ±2kf±

1 (x, k)f
±
2 (x, k)

)T
, (3.5)

Φ±
2 (x, k) =

(

g±1 (x, k)f
±
2 (x, k), ±2kg±1 (x, k)f

±
2 (x, k)

)T
. (3.6)

Notice that the components are products of Jost solutions.

Lemma 2. The following equalities hold

−2ik
d

dt
c±21(t, k) =

〈

Ut(x, t),Φ
±
1 (x, t, k)

〉

, Im k ≤ 0, k 6= 0, (3.7)

−2ik
d

dt
c±11(t, k) =

〈

Ut(x, t),Φ
±
2 (x, t, k)

〉

, k ∈ R
∗. (3.8)

P r o o f. Let y± = y±(x, t, k) and z± = z±(x, t, k) are two elements of the set

{

f±
1 (x, t, k), f

±
2 (x, t, k), g

±
1 (x, t, k), g

±
2 (x, t, k)

}

.

For x ∈ R, we have following equations with V ± = v(x, t)± 2ku(x, t):

y±xx + (k2 − V ±)y± = 0, (3.9)

z±xx + (k2 − V ±)z± = 0. (3.10)

Multiplying (3.9) by z±t and (3.10) by y±t and then adding yields an equation

y±xxz
±
t + z±xxy

±
t + (k2 − V ±)(y±z±)t = 0. (3.11)

Differentiate (3.9) (resp. ((3.10)) with respect to t and multiply the result by z± (resp. y±),

then adding the two results yields

y±xxtz
± + z±xxty

± + (k2 − V ±)(y±z±)t − 2V ±
t y±z± = 0. (3.12)
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Subtracting (3.12) from (3.11) gives

∂

∂x

[

W (z±t , y
±) +W (y±t , z

±)
]

= −2V ±
t y±z±. (3.13)

Integrating (3.13) in x from −∞ to ∞ we obtain

W (z±t , y
±)
∣

∣

∞

−∞
+ W (y±t , z

±)
∣

∣

∞

−∞
= −2

∫ ∞

−∞

V ±
t y±z± dx. (3.14)

Now to obtain (3.7) and (3.8) we use the asymptotics (2.3), (2.4) and their time derivatives

to calculate the L. H. S. of (3.14) (with y± = f±
1 (x, t, k), z

± = f±
2 (x, t, k), (Im k ≤ 0, k 6= 0), or

y± = g±1 (x, t, k), z
± = f±

2 (x, t, k), (k ∈ R
∗)). Then using notations (3.5) and (3.6) we get (3.7)

and (3.8). �

Lemma 3. For all t the following equalities hold

0 =
〈

Ux (x, t),Φ
±
1 (x, t, k)

〉

, Im k ≤ 0, k 6= 0, (3.15)

−4k2c±11(t, k) =
〈

Ux(x, t),Φ
±
2 (x, t, k)

〉

, for k ∈ R
∗ and for k = k±

n . (3.16)

P r o o f. Add equations (3.9) and (3.10), after having multiply them by z±x and y±x respec-

tively, to successively obtain

(y±x z
±
x + k2y±z±)x = (V ±y±z±)x − V ±

x y±z±, (3.17)

(y±x z
±
x + k2y±z±)

∣

∣

∞

−∞
= −

∫ ∞

−∞

V ±
x y±z± dx. (3.18)

In (3.18), if we take y± = f±
1 (x, t, k), z

± = f±
2 (x, t, k) (Im k ≤ 0, k 6= 0), or y± = g±1 (x, t, k),

z± = f±
2 (x, t, k) (k ∈ R

∗, k = k±
n ) then using (2.3), (2.4), (2.5), (2.6) and notations (3.5), (3.6)

we get (3.15) and (3.16). �

Lemma 4. L, the “adjoint” of L∗ defined in (3.2), for fixed t, has the properties

〈

Ux(x, t), LΦ
±
1 (x, t, k)

〉

= ±2k
〈

Ux(x, t),Φ
±
1 (x, t, k)

〉

, Im k ≤ 0, k 6= 0, (3.19)
〈

Ux(x, t), LΦ
±
2 (x, t, k)

〉

= ±2k
〈

Ux(x, t),Φ
±
2 (x, t, k)

〉

, Im k ≤ 0, k 6= 0. (3.20)

P r o o f. Add equations (3.9) and (3.10), after multiplying them by z± and y± respectively,

to get

(

y±z±
)

xx
− 2y±x z

±
x + 2

[

k2 − V ±
]

y±z± = 0. (3.21)

Now integrate both (3.17) and (3.21) from −∞ to x and then adding yields the equation

(

−
1

4

∂2

∂x2
+ V ± −

1

2

∫ x

−∞

V ±
x dx

)

y±z± = k2y±z± + n(k),

where n(k) = − 1

2
(y±x z

±
x + k2y±z±)

∣

∣

x=−∞
. After introducing these results into the scalar product

and taking y± = f±
1 (x, t, k), z

± = f±
2 (x, t, k) or y± = g±1 (x, t, k), z

± = f±
2 (x, t, k) we obtain

(3.19) and (3.20). �

The main result of the paper is included in the theorem below.
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Theorem 1. If the functions v = v(x, t), u = u(x, t) and φm = φm(x, t) are solutions of the

problem (1.1)–(1.4), then the scattering data of the operator

T (t,±k)y ≡ −yxx + v(x, t)y ± 2ku(x, t)y = k2y, x ∈ R,

depend on t as follows

dR±(t, k)

dt
= ∓4ik2R±(t, k), k ∈ R, (3.22)

dk±
n (t)

dt
= 0, n = 1, 2, . . . , N±, (3.23)

dC+
n (t)

dt
= −

[

4i(k+

n )
2 + 2ik+

nAn(t)
]

C+

n (t), n = 1, 2, . . . , N+, (3.24)

dC−
n (t)

dt
= 4i(k−

n )
2C−

n (t), n = 1, 2, . . . , N−. (3.25)

P r o o f. From Lemmas 1, 2, 3 and notations (3.1), it follows easily that

d

dt
c±21(t, k) = −(2ik)−1

〈

Ut + L∗Ux,Φ
±
1

〉

, (3.26)

d

dt
c±11(t, k)∓ 4ik2c±11(t, k) = −(2ik)−1

〈

Ut + L∗Ux,Φ
±
2

〉

. (3.27)

If U(x, t) satisfies (3.3), then (3.26) and (3.27) will take the following form

d

dt
c±21(t, k) = −(2ik)−1

〈

G,Φ±
1

〉

, (3.28)

d

dt
c±11(t, k)∓ 4ik2c±11(t, k) = −(2ik)−1

〈

G,Φ±
2

〉

. (3.29)

Now, we calculate R. H. S. of (3.28). According to (3.1), R.H.S. of (3.28) can be rewritten as

follows

〈

G,Φ±
1

〉

=

∫ ∞

−∞

(G1f
±
1 f

±
2 ± 2kG2f

±
1 f

±
2 ) dx =

=
N
∑

m=1

(

−2

∫ ∞

−∞

uxφ
2

mf
±
1 f

±
2 dx+ 2

∫ ∞

−∞

(±k + km − 2u)f±
1 f

±
2

∂

∂x
φ2

m dx

)

=
N
∑

m=1

I±m,

(3.30)

where

I±m = −2

∫ ∞

−∞

uxφ
2

mf
±
1 f

±
2 dx+ 2

∫ ∞

−∞

(±k + km − 2u)f±
1 f

±
2

∂

∂x
φ2

m dx.

We will calculate I+m.

I+m = −2

∫ ∞

−∞

uxφ
2

mf
+

1 f
+

2 dx+

∫ ∞

−∞

(k + km − 2u)f+

1 f
+

2

∂

∂x
φ2

m dx+

+

∫ ∞

−∞

(k + km − 2u)f+

1 f
+

2

∂

∂x
φ2

m dx =

= −

∫ ∞

−∞

(k + km − 2u)φ2

m(f
+

1 f
+

2 )
′ dx+

∫ ∞

−∞

(k + km − 2u)f+

1 f
+

2

∂

∂x
φ2

m dx =

=

∫ ∞

−∞

(k + km − 2u)f+

1 φm · (f+

2 φ
′
m − (f+

2 )
′φm) dx+

+

∫ ∞

−∞

(k + km − 2u)f+

2 φm(f
+

1 φ
′
m − (f+

1 )
′φm) dx.

(3.31)
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In (3.31), using equality (2.20) we get

I+m =
1

k − km

∫ ∞

−∞

[

dW{f+

1 , φm}

dx
W{f+

2 , φm}+
dW{f+

2 , φm}

dx
W{f+

1 , φm}

]

dx =

=
1

k − km

[

W{f+

1 , φm}W{f+

2 , φm}
]∣

∣

∞

−∞
= 0.

(3.32)

Similarly, we obtain

I−m =
1

km + k

∫ ∞

−∞

[

dW{f−
1 , φm}

dx
W{f−

2 , φm}+
dW{f−

2 , φm}

dx
W{f−

1 , φm}

]

dx =

=
1

km + k

[

W{f−
1 , φm}W{f−

2 , φm}
]
∣

∣

∞

−∞
= 0.

(3.33)

Putting (3.32) and (3.33) into (3.30), and taking into account (3.28) we obtain

d

dt
c±21(t, k) = 0, Im k ≤ 0, k 6= 0. (3.34)

It follows that the zeros k±
n = k±

n (t) of c±21(t, k) are also independent of time, which implies (3.23).

Same as the above calculations, it is easy to see that

d

dt
c±11(t, k) = ±4ik2c±11(t, k). (3.35)

From (3.34), (3.35) and view of R±(t, k), we obtain (3.22).

Next, we deduce time dependents of C±
n (t). For this purpose, we calculate R. H. S. of (3.29)

for k = k±
n :

− (2ik±
n )

−1
〈

G,Φ±
2 (x, t, k

±
n )

〉

=

= −(2ik±
n )

−1

N
∑

m=1

(

−2

∫ ∞

−∞

uxφ
2

mg
±
1 f

±
2 dx+ 2

∫ ∞

−∞

(±k±
n + km − 2u)g±1 f

±
2

∂

∂x
φ2

m dx

)

=

= −(2ik±
n )

−1

N
∑

m=1

J±
m, (3.36)

where

J±
m = −2

∫ ∞

−∞

uxφ
2

mg
±
1 f

±
2 dx+ 2

∫ ∞

−∞

(±k±
n + km − 2u)g±1 f

±
2

∂

∂x
φ2

m dx.

We will calculate J+
m. Let m 6= n.

J+

m = −2

∫ ∞

−∞

uxφ
2

mg
+

1 f
+

2 dx+ 2

∫ ∞

−∞

(k+

n + km − 2u)g+1 f
+

2

∂

∂x
φ2

m dx =

=
1

k+
n − km

∫ ∞

−∞

[

dW{g+1 , φm}

dx
W{f+

2 , φm}+
dW{f+

2 , φm}

dx
W{g+1 , φm}

]

dx =

=
1

k+
n − km

[

W{g+1 , φm}W{f+

2 , φm}
]∣

∣

∞

−∞
= 0. (3.37)
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The same way, we obtain

J−
m =

1

k−
n + km

∫ ∞

−∞

[

dW{g−1 , φm}

dx
W{f−

2 , φm}+
dW{f−

2 , φm}

dx
W{g−1 , φm}

]

dx =

=
1

k−
n + km

[

W{g−1 , φm}W{f−
2 , φm}

]∣

∣

∞

−∞
= 0. (3.38)

Let now m = n.

J+

n = −2

∫ ∞

−∞

uxφ
2

ng
+

1 f
+

2 dx+ 2

∫ ∞

−∞

(2kn − 2u)g+1 f
+

2

∂

∂x
φ2

n dx =

= −2

∫ ∞

−∞

uxφ
2

ng
+

1 f
+

2 dx+

∫ ∞

−∞

(2kn − 2u)g+1 f
+

2

∂

∂x
φ2

n dx−

−

∫ ∞

−∞

(−2ux)g
+

1 f
+

2 φ
2

n dx−

∫ ∞

−∞

(2kn − 2u)(g+1 f
+

2 )
′φ2

n dx =

=

∫ ∞

−∞

(2kn − 2u)g+1 f
+

2

∂

∂x
φ2

n dx−

∫ ∞

−∞

(2kn − 2u)(g+1 f
+

2 )
′φ2

n dx =

=

∫ ∞

−∞

(2kn − 2u)φnf
+

2 W{g+1 , φn} dx+

∫ ∞

−∞

(2kn − 2u)φng
+

1 W{f+

2 , φn} dx.

Using (2.9) and (2.10) we deduce

J+

n =

∫ ∞

−∞

(2kn − 2u)φ2

nW{g+1 , f
+

2 } dx = W{g+1 , f
+

2 }

∫ ∞

−∞

(2kn − 2u)φ2

n dx. (3.39)

Substituting (1.3) and (2.7) into (3.39) we obtain

J+

n = 2iknc
+

11(t, kn)An(t). (3.40)

Now, we will calculate J−
n .

J−
n = −2

∫ ∞

−∞

uxφ
2

ng
−
1 f

−
2 dx+ 2

∫ ∞

−∞

(−k−
n + kn − 2u)g−1 f

−
2

∂

∂x
φ2

n dx =

= −2

∫ ∞

−∞

uxφ
2

ng
−
1 f

−
2 dx+

∫ ∞

−∞

(−k−
n + kn − 2u)g−1 f

−
2

∂

∂x
φ2

n dx+

+

∫ ∞

−∞

(−k−
n + kn − 2u)g−1 f

−
2

∂

∂x
φ2

n dx =

=

∫ ∞

−∞

(k−
n + kn − 2u)g−1 f

−
2

∂

∂x
φ2

n dx−

∫ ∞

−∞

(−k−
n + kn − 2u)φ2

n(g
−
1 f

−
2 )

′ dx =

=

∫ ∞

−∞

(−k−
n + kn − 2u)g−1 φn · (f

−
2 φ

′
n − (f−

2 )
′φn) dx+

+

∫ ∞

−∞

(−k−
n + kn − 2u)f−

2 φn(g
−
1 φ

′
n − (g−1 )

′φn) dx =

=
1

kn + k−
n

∫ ∞

−∞

[

dW{g−1 , φn}

dx
W{f−

2 , φn}+
dW{f−

2 , φn}

dx
W{g−1 , φn}

]

dx =

=
1

kn + k−
n

[

W{g−1 , φn}W{f−
2 , φn}

]∣

∣

∞

−∞
= 0.

(3.41)
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Substituting (3.37), (3.38), (3.40) and (3.41) into (3.36) we get

−(2ikn)
−1

〈

G,Φ+

2 (x, t, kn)
〉

= 2iknc
+

11(t, kn)An(t), (3.42)

(2ik−
n )

−1
〈

G,Φ−
2 (x, t, k

−
n )

〉

= 0. (3.43)

Putting (3.42) and (3.43) into (3.29) we obtain

d

dt
c+11(t, kn)− 4i(kn)

2c+11(t, kn) = 2iknc
+

11(t, kn)An(t), n = 1, 2, . . . , N, (3.44)

d

dt
c−11(t, k

−
n ) + 4i(k−

n )
2c−11(t, k

−
n ) = 0, n = 1, 2, . . . , N− (3.45)

From (3.44), (3.45) and view of C±
n (t) we conclude (3.24) and (3.25). The theorem is proved. �

§ 4. Conclusion

The obtained results completely define the time evolution of the spectral data, which allows

us to solve the problem (1.1)–(1.4) by using the following algorithm. Let us given v0(x) and

u0(x).

1. With the given v0(x) and u0(x), we find scattering data

{

R±(k), k ∈ R
∗, k±

n , C
±
n , n = 1, 2, . . . , N±

}

for T (0,±k).

2. According to the results of theorem 1, we obtain the time evolution of the scattering data

{

R±(t, k), k ∈ R
∗, k±

n (t), C
±
n (t), n = 1, 2, . . . , N±

}

for T (t,±k).

3. With the obtained scattering data, we uniquely define the function r± (x, t) from the equality

(2.16).

4. Substituting r±(x, t) into the Gelfand–Levitan and Marchenko integral equation (2.15) and

solving the system (2.14), (2.15) taking into account (2.18), (2.19) we define F+(x, t),
F−(x, t), A+(x, y, t), A−(x, y, t) then the potentials v(x, t) and u(x, t) can be obtain via

the formulas (2.11) and (2.12).

5. Solving the equation (1.4), we will construct the eigenfunctions

φm = φm(x, t), m = 1, 2, . . . , N.
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УДК 517.957

DOI: 10.35634/vm220201

В данной работе рассматривается система Каупа–Буссинеска с самосогласованным источником. По-

казано, что система Каупа–Буссинеска с самосогласованным источником может быть проинтегриро-

вана методом обратной задачи рассеяния. Для решения рассматриваемой задачи используются пря-

мая и обратная задачи рассеяния уравнения Штурма–Лиувилля с потенциалом, зависящим от энер-

гии. Определена временная эволюция данных рассеяния для уравнения Штурма–Лиувилля с энер-

гозависимыми потенциалами, связанными с решением системы Каупа–Буссинеска с самосогласо-

ванным источником. Полученные равенства полностью определяют данные рассеяния при любом t,

что позволяет применить метод обратной задачи рассеяния для решения задачи Коши для системы

Каупа–Буссинеска с самосогласованным источником.
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