VESTNIK UDMURTSKOGO UNIVERSITETA. MATEMATIKA. MEKHANIKA. KOMP UTERNYE NAUKI
MATHEMATICS 2021. Vol. 31. Issue 2. Pp. 285-295.

MSC2020: 34L25, 35Q41, 37K10, 35R30, 34M46

© G. U. Urazboev, A. K. Babadjanova, D. R. Saparbaeva

INTEGRATION OF THE HARRY DYM EQUATION WITH AN INTEGRAL TYPE
SOURCE
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Introduction

The Harry Dym equation was firstly introduced by Harry Dym and Martin Kruskal as an evo-
lution equation solvable by a spectral problem based on the string equation [1], and rediscovered
in a more general form in the papers [2,3].

The Harry Dym equation is a completely integrable equation [4, 5], which can be solved
by inverse scattering transformation [6-8]. A parametric representation for a one-cusp soliton
solution of Harry Dym equation was found in the paper [9], while the double-pole solution of the
initial value problem for the Harry Dym equation was obtained by using the inverse scattering
transform (IST) method [10].

In the work [11] the extended Harry Dym hierarchy which contains the Harry Dym hierarchy
with self-consistent sources and the constrained Harry Dym hierarchy were constructed.

In this paper we have integrated the Harry Dym equation with the integral type source by the
inverse scattering technique [12].

We consider the following system of equations

o, 1) = 2(ﬁ) —2 [ gl )€ de -

1+q e 0.1)

gz, t). / §(,€) de
L¢(x7 5) = (]5”(37, 5) =+ €2Q<x7 t)(b(l’, f) = —£2¢(Jf, 5)7 (02)
q(z,0) = qo(z), (0.3)

where ¢(x, ) satisfies the following asymptotics
Oz, &) = s(£)e " +t(L)e ", z — +oo. (0.4)

Here s(£) and () are given real continuous functions satisfying the Lipschitz condition and
$(§) +£2(=¢) = 0.
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The initial condition has the following properties

[ (@l + i -

[e.e]

2. The operator L(0) has no spectral singularities and has exactly N eigenvalues.

Our aim is to find the solution {¢(z,t), #(x, &)} assuming the existence in the sence of the
following description: ¢(x,t) is sufficiently smooth and sufficiently rapidly tend to zero as |z| —
00!

q(z,t) — 0. (0.6)

If we set

B = 2)\?

2 0 1
\/1+q(x,t)3_$_ (\/l—kq(x,t))j’

then the first equation in the system can be rewritten in the following form
L,=[B,L]+G, (0.7)
6= -2 [ (14 ala.)(@(0.0) de ~ Naulant) [ Plo€)de. 0.8)

o0

We will derive the time evolution equations with which we will be able to find the solution
of the considering problem (0.1)—(0.6) via the inverse scattering transform method.

§ 1. Scattering problem
We consider the following eigenvalue problem [7]:
LX = X"+ Nq(2) X = —\*X. (1.1)

Lemma 1. Let X (z,\) and Y (x,p) be solutions of the equation (1.1) corresponding to the
parameters \ and i, respectively. Then the following expression is hold

AW (X (z,A), Y (x, 1))
dx
where W(X(:E7 /\)7 Y(:E7 ,LL)) = X(J}, /\)Y’(l’, M) - Xl(xv )‘)Y(‘Ta :u)

= (14 q(@))(1” = N) X (2, ), Y (z, ),

We introduce the Jost solutions of (1.1) by

gz, \) = e 2 — —oc0,

flz,\) = ™ 2 — oo,

and for real \ parameters the pairs {g(z,\), g(x,—\)} and {f(z,\), f(x,—\)} are pairs of
linearly independent solutions of (1.1). Therefore, following relation is hold

g(SL’, )‘) = a()\)f(x, _/\) + b(A)f(xa )‘)7 (12)

where,

(1.3)
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W(f(x7 _/\)7 g(l’, )‘))

b(\) =
() 20\ ’
a(AN)a(=A) = b(A\)b(=X) = 1. (1.4)
As |z| — oo, the following analytic properties of a(\) and the Jost solutions for large || are
valid:
, 1
—iAT _ 1 -
ae + 0 A
. 1
Fla e = (0 (5),
, 1
Fla e M=) = (14 9) 7/ 40 (X)
where

xT

8+:/ o_1dx, 82/ o1dr, o.1=1—+/1+4¢q.

Therefore, a(\) has a finite number of zeros in the upper half plane C*, \, = ix, (xn» > 0),
n = 1,2,..., N, which are assumed simple, where —x?, n = 1, N, are the eigenvalues of L.
According to the representation (1.3)

gz, \p) = crf(x, Np), k=1,2,... N.

The following integral representation is valid for the Jost function f(x, \)
f(z,\) = eeter) 4 ei’\”/ K(z,5)e™ ds,

where the kernel K is assumed to satisfy
SILI?OK(:C, s)=0
and have relation with ¢(x) in this form

L+q(z) =[1 = K(z,2)] "

For x <y, K(x,y) kernel satisfies the following Gelfand-Levitan-Marchenko equation:
K(l’,y)—F(x—i—y)—/ K(x,s)F’(s—i—y)ds:O'

Here F'(z) is defined by

ei)\k(z+2£+(x)) 1 00 iA(z+2e4(x))

Definition 1. The set of {R(\), ¢k, \x, & = 1, N} is called the scattering data associated to
the equation (1.1).
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§ 2. Evolution of the scattering data

Let ¢, = ¥(z, \,) be the normalized eigenfunctions of the operator L corresponding to the
eigenvalues A2, n =1, N,

Laby, = Y+ Xeq(z, 1), = — A2ty

We differentiate this equation by ¢ and do scalar multiplication by ,,. Considering the self-
adjointness of L operator and using the equalities (0.7) and (0.8) we have

A [0 0@ + s} d] ae

If we do some calculations and using Lemma 1 on the right-hand side integral of the above
equality, we get

/Oo Um (1 + Q) odntn) dw + /002(1 + Q) WL, 1) dx} dé —

= W2p(,8), Ynlz, M)}T[T
— [ (4 ey + THARE O AR e,
—00 /\n o g —o0
dr, _
a
This means that the eigenvalues of the operator L. do not depend on t.
Let Fy = Fy(z,t, \) be a solution of the following equation
LFy = FJ + Nq(x,t)Fy = —\*F (2.1)
and let /™ satisfies the following equation
oF™

Then, it is easy to show that for Im A > 0 the following function
Hy(\) = Fy — BF, — v/oo o(x, &) F* dE
satisfies the following equation
L)~ M) =2 [ ot de

— 00

where R
H = (&= N)F* +W{¢, Fp}.

and dot means the derivative respecting to ¢.
Lemma 2. Let f(x,\) and g(x, \) be the Jost solutions of the equation (2.1), then the following
functions

F(\) = / 1+ @é gl ) da,

PO = / (1t Q0,6 fw, \) da
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satisfy the equation (2.2), in result for Im A > 0

Hy (\) = 4w, \) — B(a, A) - /¢F* ) d,

(2.3)
HEO) = fla3) = Bfa3) =3 [ 0Py s
satisfy the equation (2.1). For real A parameters the following expressions hold:

Hy ) = 9. ) = Byt 3) — N, | ot PAEELE D g

A AL (24)
— S50 W {6(x, ), g(a, N} = =0l ~NW{e(e, —A), gla, N},

HEO) = Fa3) = Bfe.0) = K. | ot HAGELEA g

(2.5)

T\ TAL

= 5 @ AWH{e(x, A), flz, M} = —=6(z, —A)W{g(w, =A), f(z, A)}.
Proof.
LHy = LFO — LBF, — L)\2/_:¢F* d¢ = (LFO)t — LiFy— LBF, — L/\2/_Z(bF* d&
= —\Fy— BLF,+ LBF, — GFy — LBF, — L)\? / h OF* d¢
= —\2Fy + BN*Fy — GFy — L)\? / h PF* d¢
= —-\H, —)\2/_ )\2(1—|—q)¢F*d§ GF0+)\2/ f (14 q)pF™ dE
2 saraeric- [0 raosta- [t gosric- [ aiFa
LHo = ~N(1+ o+ X [ [(€ = X)(1+ Q6P +(L+ )W (6. Fa)] dé - GF;
=i Z(l +@ R~ [ Z%¢2F0 .

As H — 0Oand ‘9H = (&2 =N Fyo(1+q) + (N2 = £2)dFy(1+q) = 0, we have expression (2.3).

|x|—o00

If we use the followmg equalities

Fre = A9, 89(2. )}

€2 — )2 ’
) Wio(z,§)f(x,A)}
and the Sokhotski-Plemelj formulas for A € R in (2.3), we find (2.4) and (2.5). ([l

According to (0.4), we can write the following equality

O, A) = s(A)f (2, =A) + (A f (2, A).
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By virtue of (1.2) and (1.4), we have
gb([t, )‘) = p(/\)g(l', _/\) + T()\)g(l’, )‘)7

where
r(A) = s(A)a(=A) = t(A)b(=A),
p(A) = t(A)a(A) — b(A)s(N).

Now, we will find the asymptotes of Hy(\) for A € R, as © — Foo. When x — —o0, we have

— -3 _—idx 2 * ¢W{¢7 g} 1 1
— Nv.p. — d
Hy — 4iX°e Av.p N ) E- A i £
TIN TIN

= 5 9@ AWs(z, A), 9(2, A)} = —-d(z, —A)WH{g(z, =A), g(z, M)}

As
Wie(z, ), g(z, A)} = —=2iAp(N),
W{90<x> _)‘)7 g( )} = _22)‘T< )‘)
we find
Hy — 4iX3e™ 4 i)\Qv.p./oop(f)r(f) L_% — 6‘1‘%} dée

= Na[p(\)r(A) + p(=A)r(=X)]e.
In accordance with the uniqueness of the Jost solutions, we can write

1 1

Hy () = 100 + X0 |06 | 25~ g5 oot

E=X £+
= Na[pN)r(N) + p(=N)r(=N)]g(z, A).
Similarly for x — +o00, we have
b e e [CeW{e f} 1
Hy — —4iX’e Av.p. ) E- A i
TN TiN?

= o YW, F} = = (=AWHS(=A), f(V)}-

Considering that,

}dé

—0o0

WH{o(A), F(N)} = 2iAt(N),
WH{o(=A), F(N} = 2ids(=A),

we obtain
Hy — —4iX3e™™ + i)\zv.p./_oos(f)t(f) L_% - &%] dée™
+ N2 [s(NE(N) + s(=A)t(=N)]e".
Hence,
HE ) = 40 (0.3) = 0. [ s(u(© {# - #} dEf (. ))
0 ’ R E—XN £+ ’

+ A2T[s(EA) + s(=AEH=N]f (2, ).

(2.6)
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Analogously, we find

Hi(—A) = 4N f(z, —\) + m%.p./:s(g)t(g) L_% - “%} dé f(x, —N) 29
= N7ls(MHA) + s(=NH(=N)]f (2, = A).
Lemma 3. For real \ parameter it is hold
R(\) = 8iXN*R(N) + 2iXv.p. / Zs(g)t(g) [5_% - H%} dER(N) @9)

+ 2227 [s(M)E(A) + s(=Nt(=N)]R(N).
P ro o f. For real A parameter we introduce the following function
H = H; —a(M\)HF(=)\) — b\ HF (). (2.10)
Substituting the asymptotes (2.6), (2.7) and (2.8) into the expression (2.10), we find
Hy — a(A)H{ (=A) = b Hy (V) = f(x, \){8iA°b(A)

F . [ OO |25 - gy 4= AR + pl-Ar(-A)

>/

VDO / S(€)e) [—A—L} d = XmbNONO) + -V (N}

In other hand,
Hy — a(NH{ (=A) = b HF(A) = f(z, =M {a(h) = Mad(=N)[p*(A) +r*(=))]
= Nma(A)[pA)r(A) + p(=A)r(=A)] = X*7b(N)[s*(A) + £*(=N)]
+ X2 ra(N)[s(NEN) + s(=NE(=N)]} 4+ +F (2, ) {b(\)—
=2 ma(=A)[p*(A) + r*(=A)] = N7b(A) [p(\)r(A) + p(=A)r(=A)]
— N2 7b(N) [s(A)E(A) 4+ s(=A)t(=A)] + A 7ra(N)[s*(N) + t2(=N)]}.
Comparing last two equalities, we get
a(A) = N2 rb(=N)[p*(A) + r2(=A)] + A2 mb(A)[s*(A) + t2(= )]

Fixaor (e | - ]
O B e
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Lemma 4. ¢ (t) function satisfy the following differential equation
ér(t) = SiXiex(t). (2.11)
P r o o f. We introduce the following function
h(Ar) = h™ (M) — ce(t)hT (Ag).
We define the functions as A~ () and A ()

B (M) = 32 \) — By(a, ) — / T GF (@, 6,0 de,

B Ow) = F(@ ) — BF(, M) — / O (.6, M) d,

and

F () = — / " (14 @b, Oglw, Ay) da

—00

FOw) = [+ 009 () da
From the asymptotes for the expression (362.3) we have
h™ () = 4iXig(z, \p),
Rt (L) = —4i)3 f(z, M),
As g(x, A\;) = e f(x, \x), we get
h(Ar) = Sidicr(t) f(x, M), (2.12)
In other hand,

B = () F he) + en(B)X? / "o, 6) / (14 Q)b ) flw, M) d de.

As we know that

| a+osegreaie= [ W'W;”;_”;?’ ) gy~ 0,

we obtain
h= cx(t) (2, ). (2.13)
Comparing (2.12) and (2.13), we have

C(t) f(w, M) = 8iNjex () f(, Ar).
Thus, we find the relation (2.11). ([l

Theorem 1. Let {q(x,t),p(x,&)} be a solution of the problem (0.1)—~(0.6), then the scattering
data associated to the equation (1.1) fulfill the following relations

SO |25 - g3y | 26RO

F2NT[s(OEN) + s(—NEH=NIR(N), A ER,

R(\) = 8iXN3R(\) + 2iA%v.p. /

—00

N2
dt

ér(t) = Sidicy(t).

:O,
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Remark 1. The obtained results completely specify the time evolution of the scattering data,
which allows us to find the solution of the considered problem (0.1)—(0.6) via the inverse scatter-
ing method.
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