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DIFFERENCE DERIVATIVE FOR AN INTEGRO-DIFFERENTIAL NONLINEAR
VOLTERRA EQUATION

In this article, we propose a new numerical approximation method to deal with the unique solution of the
nonlinear integro-differential Volterra equation. We are interested in a very particular form of this equation,
in which the derivative of the sought solution appears under the integral sign in a nonlinear manner. Our
vision is based on two different approaches: We use the Nystrom method to transform the integral into a
finite sum using a numerical integration formula, then we use the numerical backward difference derivative
method to approach the derivative of our solution. This collocation between two different methods, the
first outcome of the numerical processing of integral equations and the second outcome of the numerical
processing of differential equations, gives a new nonlinear system for approaching the solution of our
equation. We show that the system has a unique solution and that this numerical solution converges
perfectly to our solution. A section is dedicated to numerical tests, in which we show the effectiveness of
our new vision compared to two methods based only on numerical integration.
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Introduction

The Volterra nonlinear integral equations represent a very great interest in physics and mathemat-
ical modeling as history-dependent problems, systems theory, heat conduction and diffusion [1-5]

The analytical and numerical study of its non-differential type has been much studied [1,6,7]
compared to the differential type [8,9]. In this paper, we study a particular case of the integro-dif-
ferential equations type: To find for a given function f € C! (a, b), a unique solution u € C* (a, b)
such that

vt e [a,b], u(t)= / K(t, s, u(s), u/(s)) ds + f(t). ©.1)

The peculiarity and interest of this equation lies in the fact that the derivative of the solution
appears under the integral sign in a nonlinear way. Equations of this type are similar to those
studied in [10, 11], and we can consider this equation as the regular version of the one studied
in [12].

The analytical aspect of this equation has been studied in detail by Guebbai et a/ [10]. Using
the hypotheses

K
(H1) %—t € O([a, b)* x R?),
(H2) dM e R, Vt,s € [a,b], Vz,y € R,
0K
max (|K(t,s,x,y)|, E(t7sa$ay) ) S Ma
(H) || (g3) JA,B,A,BeR,, Vr,y, 7.5 € R, Vt,s € [0,T],
|K(t,$,$,y) - K(t,S,T7y)| < A‘I _fl +B|y _y|7
K K _ _
‘aa_t(tasaq:?y) - aa_t(ta‘S)fay)' S A’:E _f| +B|y _y|7

(H4) B <1,
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and the fact that
Ve [a,b], w(t) = K(tt ult / S (bsuls) () ds + [0, (02)
the authors showed that the equation has a unique solution u € C* (a, b).

In the same paper [10], they use Nystrdm method [1] to build a numerical approximation
method represented in the following nonlinear system:

b—

VN € N, h:Ta, t;=a+jh, 0<j <N,
U = f(a)v (0.3)
Uy = f'(a)+ K(a,a,Uy, Uy), (0.4)
_ , _ 0K - .
Ui = f(ti)+K(tiytianan)+hzwja(tiatjanan)y 1 <i<N, (0.6)

J=0

where, U; approaches u(t;), U; approaches u/(;) and {w }j.V:O are the weights of an appropriate
numerical integration method, supposed to verify:

W >0, VN > 1, max |w,;| <W.
0<j<N
But, to obtain the convergence of this numerical scheme, they needed that A < 1 which is a very
restrictive condition.
Recently, Segni et al/ [11] take up the numerical study of the equation and propose a new

numerical scheme that converges under hypotheses (H) only. They start by changing the variable
u by the variable v = «/, which transforms (0.2) into

Vt € [a,b], v(t) = K(t,t,f(a)Jr/atv(s)ds,v(t))

n /at %[t( (t,s,f( )+ /:v(r) dT,U(S)) ds + f'(t).

Once the Nystrom method is applied, they get the following numerical scheme:

Vo = f/(a)+K(a7a7f() ) (07)
V, = f’(tn)+K<tn,tn,f +thZVZ,V)

" 0K

where, V,, approaches v(t, ) = u/(t,) and they use f(a) + h Z w;V; to approach
=0
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This last method converges perfectly without needing the additional condition A < 1.

In this work, we propose a new numerical scheme completely different from those proposed
in [10] and [11], where we apply the numerical derivative in conjunction with Nystrém method.
By the way, it is known that the numerical derivative is more usual for partial derivative equations
(PDE), but here we give a new vision of numerical derivative to approach the integro-differential
equations. On the other hand, as all researchers’ work is oriented to construct the weakest con-
ditions that ensure the convergence of their methods, our proposed method is also very efficient,
since we need only the hypotheses (H) to confirm its convergence without adding the restrictive
condition A < 1.

§ 1. Numerical approximation method

In this section, we build our numerical technique to approach the solution of equation (0.1)
based on two usual numerical principles, the first is the Nystrom method based on numerical
integration [1,7] and the second is the finite difference method based on numerical derivative [7].
For N € N*, we define the following subdivision:

b—a

h:T, tj:a+jh, OS]SN

The formula of the numerical integration is given by:

W eCb), [ e =TEn=gel)+hd )

which can be called modified trapezoidal method.
And we use the following numerical derivative, called backward difference, to approach the
derivative of our solution

§(ty) =& —h)  &(t) —&(t1)

"(t;) =~ = 1<j<N.
Applying these two numerical principles to equations (0.1) and (0.2), we obtain the new system
Uy = f(a>7 (11)
‘/0 = f,(a) +K(a7a7 UO)‘/O)a (12)

h ! U
Ui = f(ti)+§K(ti>t07U07%>+hZK(tivtjana%>, 1<i<N, (13)
j=1
hoK
‘/i = f/(tl)+K(tzatlqu‘/Z)+§aa_t<tl7t07U07%)

LOK
+ hzaa—t(ti,tj,Uj,vj), 1<i<N, (1.4)
j=1

where, U; approaches u(¢;) and V; approaches u/(t;) for 1 <i < N.

Our interest is to study the system (1.1)—(1.4): We show that it is well defined and converges
to the solution of the equation (0.1). Numerical examples are developed to show its effectiveness
compared to systems (0.3)—(0.6) and (0.7)—(0.8).

1.1. System study

In the next theorem, we proof the existence and uniqueness of the solution of our new discrete
system by using hypotheses (H) only.
Theorem 1. For h sufficiently small and under the hypotheses (H ), the system (1.1)—(1.4) has
a unique solution.
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Proof First, we have Uy = f(a), and by using Banach’s fixed point, it is clear that the
equation (1.2) has a unique solution V}.
We define v, : R —- R, ¢, : R—-Rforl1 <:< N and X € R, by:

i—1
X —Ui- Z Ui —U;-
%(X) = f(f}@)—i-hK (t%tivaTl)—i—h K(tiatj;Uj, 7 - J 1)
j=1

h
+ §K(t17 th U07 Vb)?

i—1

oK 0K
X0 = () 0V X) B U X) 3 5 1)
h oK
+ 55(25172507[]07‘/0)'

We have for all X,Y € R,

X —-U,;_ Y -U,_
[0i(X) = (Y)] < 'hK (tiut’th %) — hK (ti,th; %) ’

< (h(A—F%))‘X—Y’:<hA+B)’X—Y|.

Then, for h sufficiently small, (hA + B) < 1, so v; is a contraction and using Banach’s fixed
point we obtain that (1.3) has a unique solution U,.
In the same way, we get for all X, Y € R,

|0i(X) — (Y| < |K(ti,t:, Ui, X) — K(t, 8, Ui, Y)| +
0K 0K

+h ’E(ti,ti, U, X) — W(zs,;,ti, Ui,Y)‘ < (B+hB)|X -Y].

Also, for h sufficiently small, (B + hE) < 1, so ¢; is a contraction and using Banach’s fixed
point we obtain that (1.4) has a unique solution V;. (]

1.2. Error analysis

Now, we show that the solution obtained from our new numerical system converges to the
exact solution of the equation (0.1). As we have approached u/(t;) twice, by V; and using its
numerical backward difference derivative formula, for this, we define for ¢ > 1,

U= Ui

P =u(t) —U;, €
e, =u(ty) —U;, e -

=/ (t;)) = Vi, &= (t) ei = |et| + €3] + |€F].-

Now, it is said that the method is convergent if

lim max (|ef| + [€7]) = 0,
h—01<i<N

this has been demonstrated in [10, 11]. In this paper, we show that

lim( max ¢;) = 0.
h—0 1<i<N

Which makes our new method more precise and more efficient.
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For technical reasons, we define local consistency errors, for i > 1 and £ € C! (a,b), by:

Siclhytin€) — / K (ty,€(s), €/(s)) ds

- QK(tZ,to,f(to) hZK ti 1y, €(t;), €'(t5)),
St €) = ?@ﬁ&MUMs
h oK

LK
- 2 ot (tl>t07£(t0)>€/(t0)) _h;ﬁ(tiatjaf(t]’)vg(t]’)%

It is clear that our numerical method is consistent with (0.1), i.e.

Ve € C(a,b), lim(max {|6x(h,t;, )], |0k, (h,ti,€)|}) = 0.

h—0 1<i<N

Indeed, it suffices to show that our modified trapezoidal method is convergent. We recall that
the classical trapezoidal formula is given for N > 1 by

VE e C(a,b), T(&h) =S¢ (to) +h25 + uN)
and knowing that

VEe C(ah), lim

s = T(61)| =
we can conclude that for all £ € C'(a,b),

lim
h—0

b
&me%f@wggé

h
s)ds—T(f,h)‘ + lim = {£(0)] =

Theorem 2.

lim( max ¢;) = 0.
h—0 1<i<N

Proof Fori>1, we have:

ti h d —Uj_
el = / K(ti,s,u(s),u’(s))ds—EK(ti,to,Ug,Vb)—hZK(ti,tj,Uj,M>,

j=1

ti ?
= / K(tlv S,U(S), U/(S)) ds — gK(tivt()v UCH Vb) - hz K(tl,t],U(t]), ul(t]))

: U; - Uj-

j=1
h

h
+ §K(ti,t0,u(t0),u’(t0)) — §K(ti,t0, Up, Vo).
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By using the previous definition of local consistency error, the hypotheses (H) and the equalities
u(to) = Uy, u'(tg) = Vi we get for h small enough and ¢ > 1,

] < 0k (bt u)] +hAS [ +hB Y |€Y
=1 j=1

(bt w)] | hA O~ ,
B 1—hA 1—hAj:1’€j‘ hAZ’J‘ hA’E‘ (15)

3

In the same way, we get for h small enough and © > 1,

|0k, (h, ti, u)| n A+ hA ) WA i1

£ oA — |t + el
S e T T (B+hB)Z| |

i—1

hB )
S —— 8 Y 1.6
1—(B+hB);|J| (1.6)
. . ’ Ul — Ui—l .
Now to estimate the quantity |u'(¢;) — — | e begin by:

Ui—Ui_r  f(ti) — f(ticr)  h K(ti,to, Uy, Vo) — K (ti—1, 0, Up, Vo)
0 h 3 h *

) U;=Uj— U UJ
U Uz 1 LK <tiatj>Uj7 h 1) - K < i 1’t]’UJ’ 1>
- - +hz .

K (tit:. U,
* ( h 7

J=1

As the function K (t, s, x,y) is differentiable on the parameter ¢, then for h small enough, we can
use the following approximation:

U—U-~ h oK
h SEACRE ™

— 0K Uj — U
+ hza(tz,th],T).
j=1

On the other hand, we have:

U, —U;
<t17 t07 U07 %) + K (th tlv Ulv Tl)

oK oK o
3 / / |
SR " —(ti, s, u(s),u'(s)) ds — §E(ti,to,U(to),u(to)) _h]z: . (to b ult), 1l (1)
OK U; — Ui
+ hz at t (b, u(t hz (tz,tﬁU],TJ>
X : hoK
+ 5y (tirto ulto), W/ (to)) = 5= (tis o, Uo, Vo)
- h%_[;(ti’ti’u(ti>’ul(ti>) + K (ti, ti, u(ti), ' (t:) — K (ti7tiana %) ;

S, (h, ti,u)] hA L B A
| < Pl 5kl —Z\s% et

IN
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Replacing (1.7) in (1.5), to get for h small enough and © > 1,

’5K(h7ti>u)’ B‘th(hvtivuM h’BA 1
—hA MR a—nd) T\ T =B =4 1—hA Z|5|

h,zBE hB oM B
oo ((1 “B)(1-hA) 1- hA) ; 5]+ 1-B)(1- hA)hQ’ (1.8)

“ (1 - B@féf— hA))l’

and (1.8) in (1.6), to get for h small enough and ¢ > 1,

|5K(h,tz,u)| ( 1 + O./lOégB
1—hA 1—-(B+hB) (1-DB)(1-hA)

( WA +m( WBA _ hA >)ii|€1|
1—-(B+hB) " *\(1-B)(1-hA) 1-hA rt

|€ | aq

€7 < ajan

) |5Kt(ha ti, u>|

1

B . hBB .
2 3
* (1 B+hB)Z |+O‘10‘2<(1 B) (1 — hA) 1—hA)Z|8‘

=1

OélckgMB 2
h 1.9
(1-B)(1—hA) ~’ (1.9)
A+hA
Qg — @ ——.
1 —(B+hB)
Finally, we replace (1.8) in (1.7), to obtain for A small enough and 7 > 1,
|5K(h,tz,u)| 1 OélOégB
< )
5] < —hA 1—B+(1—B)(1—hA) 0 (R Ly )
hA h?BA —
i (1—3“‘”‘”’((1—3)(1—% ))Z‘
hB h’*BB
* <1—B+0‘10‘3 ((1—B)(1—hA) 1—hA)) ;‘
OélOégMB 2 M
h h 1.10
T a-ma—ny Tizs" (1.10)
B A
3 = 1 B

Now according to equations (1.8), (1.9) and (1.10) we obtain:

a1+ g + ajas

< )
g S 1_ hA |5K(h7tz7u>|
1 1 (o1 + g + OélOég)B)
+ + = + d t hath
(1—3 I (B1hD) | (=B (—ha) ) omtul

( hA N hA N h?BA(aq + arag + aqas)
1-B 1—(B+hB) (1— B) (1 — hA)
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i—1

hA(Ozl + oy + O[l(l/g 1 E 2
* - hA Z"S' —(B+hB) Z|f|

h? n h28§<a1 + ajan + 041063) hB(al + a0 + 041053) Zz—i |83{
1-B (1—B)(1— hA) A :

MB(OQ + apag + 061&3) M

2
A-B -1 " T1-p"
Then,
1 (Oél + a1 + &1&3)3
i < h — J h'7 tiu
. vzg] (5 T mm e e s )
(0%} —|— o0 + oo MB(Ckl + o9 + 041043) 2 M
* T—pa ettt T T gt
where
— max < Z 1 Z + hBZ(O!l + 1y + Oélag) A(Oél + 109 + Oé10é3)
7 1-B  1-(B+hD) (1-B) (1 - hA) 1-hA ’
E E i hBE(Oél + o + 061053) B(Oél + g + &1@3))
1-(B+hB)'1-B (1—B)(1—hA) 1—hA '

Applying Theorem 7.1 from [1], we get

e < (1+h))7'5,

where
1 1 (O&l + a1 + Oélag)B
0= — Ok, (h,t;
1II_<1?§1<(1—B+1—(B—|—hB)+ (1— B) (1 — hA) >|Kf(’f’“)|’
o1+ ajan + ajos MB(oy + ajag + ajaz) o M
O (h,t; h
ey e O e s ey
On the other hand, we have:
(b—a)y\"
1 1

and

Then, 36 > 0 such that

VN €N, max (1+hy)" ' <6
1<i<N

which completes the demonstration.



184 Difference derivative for an integro-difterential equation

Table 1: Example 1: Numerical results with o = e

N El E2 E3

200 2.64E-4 3.01E-3 2.97E-3
300 1.76E-4 2.10E-3 1.98E-3
500 1.05E-4 1.05E-3 1.19E-3
1000 5.29E-5 6.05E-4 5.95E-4
1500 3.53E-5 4.21E-4 3.96E-4

§ 2. Numerical result

In this section, to show the effectiveness of our method, we build two numerical examples.
As discretization, we use the trapezoidal method, and we mention that the terms U; and V; are not
calculated exactly, but they are approached using the Banach’s iteration method from our systems
(1.3) and (1.4), with the following stopping condition:

HXne'w - XoldH S 1077

with a number of iterations that don’t exceed 1000. To compare between the methods, we denote
the error using our method (1.1)—(1.4) by:

By = max {|u(t;) — U] + |/ (t;) = Vi|},

and by Es, I3 the errors obtained when we use the methods described in [10, 11] respectively.
Example 1. In the first example, we consider the following equation:

t Se—au2(s)
t) = ——d t >0, tel0,1
) = [ Gl f0, a> 0. tefol)

where

1 (1 1 e
t)=t——— [ — — —e ).
J0) 3+t(2a 2" )

The exact solution is given by u(t) = t. The kernel of this example satisfies (H) with the
parameter:

We notice that when o = e, which ensures A < 1, our method is better than those developed
in [10] and [11]. But, when we set & = 8e which gives A > 1, the method (0.3)—(0.6) diverges,
unlike our new method which is faster than (0.7)—(0.8).

Example 2. In the second example, we consider the following equation:

u(t) = %/0 cos ([t —2s| (t —2s) +€” — au(s) +u'(s))ds + f(t), a>0, te]0, g]
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Table 2: Example 1: Numerical results with o = 8e

N El E2 E3

200 1.07E-4 6.22E+1 3.04E-3
300 7.15E-5 6.34E+1 2.03E-3
500 4.30E-5 6.33E+1 1.22E-3
1000 2.15E-5 6.42E+1 6.04E-4
1500 1.43E-5 6.36E+1 4.06E-4

If we take o« = 1, and

S OICICORAICD)
- () (e () -7 (52)
+ ﬁ sin(t?) + te’ — 4t* — 8t — 8,

we get

u(t) = 4t° + 8t + 8 — te.

We recall that FreC and FreS denote the Fresnel cosine integral function and the Fresnel sine
integral function respectively. The kernel of this example satisfies (H) with the parameter:

But if we take o = 10, and

0 - st (=(5) (2 () ()
OICACHRACD))

1 1 20, 2. 1
i) — cet— [ Zr e Sy =
g S0) — ge (5 25 +125)’
we get
1 2, 2
)= e+ | =t* 4+ =t +—
ult) = ge +(5 % +125)

In this case,

We obtain the same behavior above of the three methods when we vary the parameter A.
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Table 3: Example 2: Numerical results with o = 1

N El E2 E3

200 3.46E-4 7.55E-4 7.95E-4
300 1.53E-4 3.21E-4 3.54E-4
500 1.23E-4 1.09E-4 1.25E-4
1000 4.32E-5 9.62E-5 8.25E-5
1500 2.23E-5 6.15E-5 5.42E-5

Table 4: Example 2: Numerical results with o = 10

N E1 EQ E3

200 5.12E-4 7.63E+1 8.05E-4
300 3.09E-4 7.57E+1 3.33E-4
500  9.36E-5 7.48E+1 1.12E-4
1000 3.52E-5 7.34E+1 8.52E-5
1500 1.98E-5 7.28E+1 5.51E-5

§ 3. Conclusion

In this paper we have built a new numerical method to approach the solution of an integro-
differential nonlinear Volterra equation, based on the numerical backward difference derivative.

In practice the numerical derivative is used just for partial deferential equations (PDE), but
by applying this numerical technique to our integro-differential equation, we have built a simple
and clear approximate system, which is more efficient than those studied in [10] and [11].

As perspectives, according to the simplicity of our method, we will study how to apply this
numerical idea for other types of integro-differential equation, as Fredholm equations [13] or
equations with weakly singular kernel [12], also the integro-differential equation with higher
order [9].
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X I'eboair, C. Jlenuma, C. Cecnu, B. Mepuena
Pa3HocTHasi NPOU3BOAHASA I HHTErpPo-1uddepeHunaILHOr0 HeJInHeiiHOro ypaBHenus BosbsTeppa

Kurouesvie crosa: naterpo-nuddepeHuansHoe ypaBHeHHe Bonbreppa, HenvHEiHOe ypaBHEHHE, HETOo-
JIBMDKHAsI TOYKA, YMCIIEHHAs MTpou3BoAHasi, Meton Huctpéma.

VIK 517.988
DOI: 10.35634/vm200203

B ar10it cTarhe MBI NpeayiaraéM HOBBIA METOJ| YMCJIEHHOM amllpOKCHUMAllUU JJid PEHIeHUS! €AMHCTBEHHO-
TO peleHus HellMHeHoro nHTerpo-auddepernuanpHoro ypaBHenus Bonbreppa. Hac uaTepecyer ocobas
(dhopma 3TOro ypaBHEHHUs, B KOTOPOH MPOU3BOAHAS UCKOMOI'O PEIICHUS MOSBIISICTCS MO 3HAKOM HHTErpa-
Jla HeMMHEeWHBIM oOpa3oM. Haie BujeHHE OCHOBAaHO Ha JIBYX Pa3HBIX MOJXOAAX: MBI UCIOIB3YEM METO]
Huctpéma yist mpeoOpa3oBaHus MHTETpalia B KOHSUHYIO CyMMY, UCTIONB3YsI (DOPMYITY YUCIIEHHOTO UHTETPH-
pOBaHUs, 3aT€M MBI UCIIOJNb3yeM METOJ YHCIIEHHOH 00paTHON pa3HOCTHOM NMPOWM3BOMHON LIS MPHOIHKe-
HUS K TIPOU3BOJHON HAIIEro pelieHus. Takoe COMOCTaBICHUE ABYX Pa3HbIX METO/IOB, IIEPBOTO pe3yabrara
YUCIICHHON 00pabOTKH MHTETpaIbHBIX YPaBHEHUH W BTOPOTO PE3yiIbTara YHCICHHOW oOpaborkm maudde-
PCHIIMANBHBIX yPaBHEHHI, JaeT HOBYIO HEIIMHEHHYIO CHUCTEMY JUIsl MPUONMKCHHS K PEIICHUIO HAIIero
ypaBHeHUsI. MBI OKa3bIBa€M, YTO CHCTEMa MMEET SIUHCTBEHHOE PEIICHUE W YTO 3TO YMCIACHHOE PEIICHUE
WJICaTbHO CXOMUTCS K HallleMy pelIeHuto. Pasnen mocesIieH YuCIieHHBIM TECTaM, B KOTOPHIX MBI MTOKa3bl-
BaeM 3G (EKTUBHOCTh HAIIETO HOBOTO BHJCHUS [0 CPABHEHHUIO C JABYMsI METOJAaMH, OCHOBAHHBIMH TOJIBKO
Ha YHCJICHHOM MHTETPHUPOBAHUU.
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