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Î �ÀÑÑÅßÍÈÈ È ÊÂÀÇÈÓ�ÎÂÍßÕ Â ÌÎÄÅËÈ SSH

Òîïîëîãè÷åñêèé èçîëÿòîð � îñîáûé òèï ìàòåðèàëà, êîòîðûé âíóòðè (¾â îáúåìå¿) ïðåäñòàâëÿåò ñî-

áîé èçîëÿòîð, à íà ïîâåðõíîñòè ïðîâîäèò ýëåêòðè÷åñêèé òîê. Ïðîñòåéøèì òîïîëîãè÷åñêèì èçîëÿòîðîì

ÿâëÿåòñÿ êîíå÷íàÿ öåïî÷êà àòîìîâ â ïîëèàöåòèëåíå. Òåìàòèêà òîïîëîãè÷åñêèõ èçîëÿòîðîâ â ðàìêàõ

�èçèêè òâåðäîãî òåëà î÷åíü àêòóàëüíà â ïîñëåäíåå âðåìÿ. Áîëüøîé èíòåðåñ â �èçè÷åñêîé ëèòåðàòóðå

ê òîïîëîãè÷åñêèì èçîëÿòîðàì (à òàêæå ïîõîæèì íà íèõ â ñìûñëå òîïîëîãèè ñâåðõïðîâîäÿùèì ñèñòå-

ìàì) â çíà÷èòåëüíîé ñòåïåíè âûçâàí íàëè÷èåì ñâÿçè, ¾ñîîòâåòñòâèåì¿ ìåæäó ¾îáúåìîì¿ è ¾ãðàíèöåé¿.

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ äèñêðåòíàÿ ìîäåëü SSH (Su�S
hrie�er�Heeger) äëÿ ïîëèàöåòèëåíà,

îïèñûâàþùàÿ ýëåêòðîí â îäíîìåðíîé öåïî÷êå àòîìîâ ñ äâóìÿ ÷åðåäóþùèìèñÿ àìïëèòóäàìè ïåðåõîäà

íà ñîñåäíèé àòîì. Íàéäåíû ðåçîëüâåíòà è ñïåêòð ðàññìàòðèâàåìîãî îïåðàòîðà. Èññëåäîâàíû êâàçè-

óðîâíè (ñîáñòâåííûå çíà÷åíèÿ è ðåçîíàíñû) â ñëó÷àå ìàëîãî ïîòåíöèàëà. Êðîìå òîãî, íàéäåíî ðåøåíèå

óðàâíåíèÿ Ëèïïìàíà�Øâèíãåðà è ïîëó÷åíû àñèìïòîòè÷åñêèå �îðìóëû äëÿ âåðîÿòíîñòåé ïðîõîæäåíèÿ

è îòðàæåíèÿ â ñëó÷àå ìàëîãî âîçìóùåíèÿ.

Êëþ÷åâûå ñëîâà: ðåçîëüâåíòà, ñïåêòð, ñîáñòâåííîå çíà÷åíèå, ðåçîíàíñ, óðàâíåíèå Ëèïïìàíà�Øâèíãåðà,

âåðîÿòíîñòü ïðîõîæäåíèÿ.

DOI: 10.20537/vm170209

Ââåäåíèå

Â ïîñëåäíåå äåñÿòèëåòèå â �èçè÷åñêîé ëèòåðàòóðå àêòèâíî èçó÷àþòñÿ òîïîëîãè÷åñêèå èçî-

ëÿòîðû (ñì. [1�5℄). Òîïîëîãè÷åñêèé èçîëÿòîð (ÒÈ) � îñîáûé òèï ìàòåðèàëà, êîòîðûé âíóòðè

(¾â îáúåìå¿) ïðåäñòàâëÿåò ñîáîé èçîëÿòîð, à íà ïîâåðõíîñòè ïðîâîäèò ýëåêòðè÷åñêèé òîê. ÒÈ

îáëàäàþò èíòåðåñíûìè �èçè÷åñêèìè ñâîéñòâàìè è ìîãóò íàéòè ïðèìåíåíèå â ðàçíîîáðàçíûõ

óñòðîéñòâàõ ìèêðîýëåêòðîíèêè. Ýòà òåìàòèêà èíòåðåñíà íå òîëüêî ñ �èçè÷åñêîé, íî è ñ ìàòå-

ìàòè÷åñêîé òî÷êè çðåíèÿ, îäíàêî íåäîñòàòî÷íî èçó÷åíà ìàòåìàòèêàìè.

Ïðîñòåéøèì ÒÈ ÿâëÿåòñÿ êîíå÷íàÿ öåïî÷êà àòîìîâ â ïîëèàöåòèëåíå. Îäíîìåðíàÿ ìî-

äåëü SSH (Su�S
hrie�er�Heeger) äëÿ ïîëèàöåòèëåíà áûëà ðàññìîòðåíà â [3℄ è îïèñûâàåò ýëåê-

òðîí â êîíå÷íîé öåïî÷êå ñ äâóìÿ ÷åðåäóþùèìèñÿ àìïëèòóäàìè ïåðåõîäà íà ñîñåäíèé àòîì.

�àññìàòðèâàåìàÿ öåïî÷êà ñîñòîèò èç N ÿ÷ååê, à êàæäàÿ ÿ÷åéêà, â ñâîþ î÷åðåäü, èç äâóõ óç-

ëîâ, êîòîðûå ïðèíàäëåæàò ðàçíûì ïîäðåøåòêàì. Â äàííîì îäíîìåðíîì ñëó÷àå ðîëü ¾îáúåìà¿

èãðàåò öåïî÷êà áåç äâóõ ãðàíè÷íûõ àòîìîâ, à àíàëîãîì ïîâåðõíîñòè ÿâëÿåòñÿ ãðàíèöà öåïî÷êè,

ò. å. ýòè äâà àòîìà. Áîëüøîé èíòåðåñ â �èçè÷åñêîé ëèòåðàòóðå ê ÒÈ (à òàêæå ïîõîæèì íà íèõ

â ñìûñëå òîïîëîãèè ñâåðõïðîâîäÿùèì ñèñòåìàì) â áîëüøîé ñòåïåíè âûçâàí íàëè÷èåì ñâÿçè,

¾ñîîòâåòñòâèåì¿ ìåæäó ¾îáúåìîì¿ è ¾ãðàíèöåé¿. Ýòî îçíà÷àåò ñëåäóþùåå. Â ¾îáúåìå¿, êîòî-

ðûé ìîäåëèðóåòñÿ áåñêîíå÷íûì êðèñòàëëîì (â äàííîì ñëó÷àå � áåñêîíå÷íîé öåïî÷êîé), ÒÈ

íàäåëÿþòñÿ òðèâèàëüíîé èëè íåòðèâèàëüíîé òîïîëîãèåé â çàâèñèìîñòè îò ïàðàìåòðîâ ìîäåëè

(â ðàññìàòðèâàåìîì ñëó÷àå ãðàíèöà ìåæäó òàêèìè �àçàìè îïèñûâàåòñÿ ðàâåíñòâîì u = v,

ñì. [3℄). Ïðè ýòîì íåíóëåâîå ÷èñëî ×åðíà (â îäíîìåðíîì ñëó÷àå � ¾winding number¿, ò. å. ñòå-

ïåíü íåêîòîðîãî îòîáðàæåíèÿ) ÒÈ ñâÿçàíî ñ íàëè÷èåì ¾ãðàíè÷íûõ ñîñòîÿíèé¿, ò. å. ñîáñòâåí-

íûõ çíà÷åíèé (âî ìíîãèõ ñëó÷àÿõ � ñ íàëè÷èåì íóëåâîãî ñîáñòâåííîãî çíà÷åíèÿ), âîëíîâûå

�óíêöèè êîòîðûõ ëîêàëèçîâàíû âáëèçè ãðàíèöû â êîíå÷íîì êðèñòàëëå (èëè öåïî÷êå).

Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ äèñêðåòíàÿ ìîäåëü SSH â ñëó÷àå áåñêîíå÷íîé (â îòëè÷èå

îò [3℄) îäíîìåðíîé öåïî÷êè àòîìîâ. Â ñòàòüå òîïîëîãè÷åñêèå âîïðîñû íåïîñðåäñòâåííî íå ðàñ-

ñìàòðèâàþòñÿ, îäíàêî ïðîâåäåííîå â íåé èññëåäîâàíèå ñîáñòâåííûõ çíà÷åíèé è ðåçîíàíñîâ,

http://dx.doi.org/10.20537/vm170209
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êàê è ñóùåñòâåííî ñâÿçàííîé ñ íèìè âåðîÿòíîñòè ïðîõîæäåíèÿ, ìîæåò óòî÷íèòü ñîîòâåòñòâèå

¾îáúåì�ãðàíèöà¿ äëÿ ìîäåëè SSH (ðîëü ãðàíèöû â ñòàòüå èãðàåò ïîòåíöèàëüíûé áàðüåð).

�àññìîòðèì ãàìèëüòîíèàí H0, äåéñòâóþùèé â ïðîñòðàíñòâå l2(Z)× l2(Z):

H0

(
ψ1(n)
ψ2(n)

)
=

(
wψ2(n− 1) + vψ2(n)
vψ1(n) + wψ1(n+ 1)

)
.

Çíà÷åíèÿ v è w îçíà÷àþò àìïëèòóäû ïåðåõîäà ýëåêòðîíà íà ñîñåäíèé àòîì. Ñ÷èòàåì, ÷òî

v > w > 0. Îïåðàòîð H0 èìååò �èçè÷åñêèé ñìûñë îïåðàòîðà êèíåòè÷åñêîé ýíåðãèè ýëåêòðîíà,

îïèñûâàåìîãî �óíêöèåé ψ(n) =

(
ψ1(n)
ψ2(n)

)
∈ l2(Z)× l2(Z).

� 1. Ñïåêòð è ðåçîëüâåíòà

Òåîðåìà 1. �åçîëüâåíòà R0(λ) = (H0−λ)−1
îïåðàòîðà H0 äåéñòâóåò ñëåäóþùèì îáðàçîì:

(R0(λ)ϕ)1(n) =
1

2wvi sin k

∑

n′∈Z

(
λϕ1(n

′) + vϕ2(n
′)
)
eik|n−n′| +

1

2vi sin k

∑

n′∈Z

ϕ2(n
′)eik|n−1−n′|,

(R0(λ)ϕ)2(n) =
1

2wvi sin k

∑

n′∈Z

(
λϕ2(n

′) + vϕ1(n
′)
)
eik|n−n′| +

1

2vi sin k

∑

n′∈Z

ϕ1(n
′)eik|n+1−n′|,

ãäå

2 cos k =
λ2 − v2 − w2

wv
, sin k = −

√
1− cos2 k < 0. (1)

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå (H0 − λ)ψ = ϕ îòíîñèòåëüíî ψ äëÿ íàõîæäåíèÿ ðå-

çîëüâåíòû R0(λ) çàïèøåì â âèäå

wψ2(n− 1) + vψ2(n)− λψ1(n) = ϕ1(n),

vψ1(n) + wψ1(n+ 1)− λψ2(n) = ϕ2(n).
(2)

Ïîñëå ïðåîáðàçîâàíèÿ Ôóðüå F : l2(Z) → L2(−π, π), äåéñòâóþùåãî ñëåäóþùèì îáðàçîì:

Fψ(n) = ψ̂(p) =
1√
2π

∑

n∈Z

e−ipnψ(n),

(2) ïðèìåò âèä (
−λ we−ip + v

weip + v −λ

)(
ψ̂1

ψ̂2

)
=

(
ϕ̂1

ϕ̂2

)
. (3)

Âûïèøåì îïðåäåëèòåëü ñèñòåìû (3):

∆ = λ2 − (w2 + v2 + vweip + vwe−ip) = λ2 − (w2 + v2 + 2vw cos p).

Íàõîäèì (ñ ïîìîùüþ �îðìóë Êðàìåðà)

ψ̂1 =
λϕ̂1 + (we−ip + v)ϕ̂2

wv(2 cos p− ζ)
, ψ̂2 =

λϕ̂2 + (weip + v)ϕ̂1

wv(2 cos p− ζ)
,

ãäå

ζ =
λ2 − v2 − w2

wv
.

Ñïðàâåäëèâî ðàâåíñòâî (ñì. [6℄)

ψ(n) =
1√
2π

∫ π

−π

einpψ̂(p)dp =
1√
2π

∫ π

−π

einpϕ̂(p)

2 cos p− ζ
dp =

1

2i sin k

∑

n′∈Z

eik|n−n′|ϕ(n′), (4)
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ãäå ζ = 2cos k, sin k = −
√
1− cos2 k < 0.

Ñ ïîìîùüþ (4) íàéäåì ðåçîëüâåíòó â êîîðäèíàòíîì ïðåäñòàâëåíèè

ψ1(n) =
1√
2π

∫ π

−π

(
λϕ̂1 + (we−ip + v)ϕ̂2

)
einp

wv(2 cos p− ζ)
dp =

=
1√
2π

∫ π

−π

einp (λϕ̂1 + vϕ̂2)

wv(2 cos p− ζ)
dp+

1√
2π

∫ π

−π

eip(n−1)ϕ̂2

v(2 cos p− ζ)
dp =

=
1

2wvi sin k

∑

n′∈Z

(
λϕ1(n

′) + vϕ2(n
′)
)
eik|n−n′| +

1

2vi sin k

∑

n′∈Z

ϕ2(n
′)eik|n−1−n′|,

ψ2(n) =
1

2wvi sin k

∑

n′∈Z

(
λϕ2(n

′) + vϕ1(n
′)
)
eik|n−n′| +

1

2vi sin k

∑

n′∈Z

ϕ1(n
′)eik|n+1−n′|.

�

Çàìå÷àíèå 1. Èç (3) î÷åâèäíî, ÷òî H0 � ñàìîñîïðÿæåííûé îïåðàòîð è ñïåêòð H0 âåùå-

ñòâåííûé. �åçîëüâåíòà R0(λ) íå ñóùåñòâóåò, åñëè ∆ = 0, ò. å. åñëè λ = ±
√
w2 + v2 + 2vw cos k.

Îòñþäà ñëåäóåò, ÷òî ñïåêòð H0 ñîñòîèò èç äâóõ ïðîìåæóòêîâ:

σ(H0) = [−v − w,w − v] ∪ [v − w, v + w].

� 2. Êâàçèóðîâíè

�àññìîòðèì îïåðàòîð ñ ýêñïîíåíöèàëüíî óáûâàþùèì ïîòåíöèàëîì Hε = H0 + εV , ãäå V =

=

(
V1g(n) 0

0 V2g(n)

)
, |g(n)| 6 Ce−α|n|

, V1, V2 ∈ R, ε > 0, α > 0. Îïåðàòîðû Hε è V èìåþò

�èçè÷åñêèé ñìûñë ñîîòâåòñòâåííî îïåðàòîðîâ ïîëíîé è ïîòåíöèàëüíîé ýíåðãèè ýëåêòðîíà.

Óðàâíåíèå íà ñîáñòâåííûå çíà÷åíèÿ (H0 + εV )ψ = λψ èëè ψ = −εR0(λ)V ψ, ãäå λ 6∈ σ(H0),
îïåðàòîðà Hε ïåðåïèøåì ñ ó÷åòîì âèäà ðåçîëüâåíòû îïåðàòîðà H0 (ñì. òåîðåìó 1):

ψ1(n) = − ε

2wvi sin k

∑

n′∈Z

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)eik|n−n′| −

− ε

2vi sin k

∑

n′∈Z

V2g(n
′)ψ2(n

′)eik|n−1−n′|,

ψ2(n) = − ε

2wvi sin k

∑

n′∈Z

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)eik|n−n′| − (5)

− ε

2vi sin k

∑

n′∈Z

V1g(n
′)ψ1(n

′)eik|n+1−n′|.

Îáîçíà÷èì ϕi(n) =
√

|g(n)|ψi(n), i = 1, 2. Òîãäà

ϕ1(n) = − ε
√

|g(n)|
2wvi sin k

∑

n′∈Z

√
g(n′)

(
λV1ϕ1(n

′) + vV2ϕ2(n
′)
)
eik|n−n′| −

− ε
√

|g(n)|
2vi sin k

∑

n′∈Z

√
g(n′)V2ϕ2(n

′)eik|n−1−n′|,

ϕ2(n) = − ε
√

|g(n)|
2wvi sin k

∑

n′∈Z

√
g(n′)

(
λV2ϕ2(n

′) + vV1ϕ1(n
′)
)
eik|n−n′| −

− ε
√

|g(n)|
2vi sin k

∑

n′∈Z

√
g(n′)V1ϕ1(n

′)eik|n+1−n′|. (6)

Îïðåäåëåíèå 1. Çíà÷åíèå λ íàçîâåì ðåçîíàíñîì îïåðàòîðà Hε, åñëè ðåøåíèþ ϕ ∈ l2(Z)×
×l2(Z) óðàâíåíèÿ (6) ñîîòâåòñòâóåò ðåøåíèå (5) ψ 6∈ l2(Z)× l2(Z).
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Îïðåäåëåíèå 2. Êâàçèóðîâíåì îïåðàòîðà áóäåì íàçûâàòü ðåçîíàíñ èëè ñîáñòâåííîå çíà-

÷åíèå.

Ïåðåïèøåì (6) â âèäå

ϕ1(n) = −ε(v + w)
√

|g(n)|
2wvik

∑

n′∈Z

√
g(n′)

(
±V1ϕ1(n

′) + V2ϕ2(n
′)
)
+ ε(K11(k)ϕ1 +K12(k)ϕ2)(n),

ϕ2(n) = −ε(v + w)
√

|g(n)|
2wvik

∑

n′∈Z

√
g(n′)

(
±V2ϕ2(n

′) + V1ϕ1(n
′)
)
+ ε(K21(k)ϕ1 +K22(k)ϕ2)(n),

ãäå Ksl, s, l = 1, 2, àíàëèòè÷åñêè çàâèñÿò îò k, çíàê ¾±¿ ñîîòâåòñòâóåò çíàêó ïåðåìåííîé λ.

Ýêñïîíåíöèàëüíîå óáûâàíèå

√
|g(n)| îïðåäåëÿåò ïðèíàäëåæíîñòü �óíêöèé ϕi(n), i = 1, 2 ïðî-

ñòðàíñòâó l2(Z).

Ïîëîæèì K =

(
K11 K12

K21 K22

)
, ξ =

(
ξ1
ξ2

)
, ξ = (1− εK)(ϕ1, ϕ2). Òîãäà

ξ1(n) = −ε(v + w)
√

|g(n)|
2wvik

(
±V1

(
((1− εK)−1ξ)1,

√
g
)
+ V2

(
((1− εK)−1ξ)2,

√
g
))
,

ξ2(n) = −ε(v + w)
√

|g(n)|
2wvik

(
V1
(
((1 − εK)−1ξ)1,

√
g
)
± V2

(
((1− εK)−1ξ)2,

√
g
))

(7)

è

ξ1(n) = −ε(v + w)
√

|g(n)|
2wvik

C1(k), ξ2(n) = −ε(v +w)
√

|g(n)|
2wvik

C2(k). (8)

Ïîäñòàâèì (8) â (7), ïîëó÷èì ÷èñëîâóþ (ïðè �èêñèðîâàííîì k) ñèñòåìó

C1(k) = −ε(v + w)

2wvik

(
±V1

(
((1− εK)−1

√
|g|)1,

√
g
)
C1(k) + V2

(
((1− εK)−1

√
|g|)2,

√
g
)
C2(k)

)
,

C2(k) = −ε(v + w)

2wvik

(
V1

(
((1− εK)−1

√
|g|)1,

√
g
)
C1(k)± V2

(
((1 − εK)−1

√
|g|)2,

√
g
)
C2(k)

)
.

Ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷èâøåéñÿ ñèñòåìû ýêâèâàëåíòíî ðàâåíñòâó

∣∣∣∣
2wvik ± ε(g + α(k, ε))(v + w)V1 ε(g + α(k, ε))(v + w)V2

ε(g + α(k, ε))(v +w)V1 2vwik ± ε(g + α(k, ε))(v + w)V2

∣∣∣∣ = 0, (9)

ãäå g =
∑
n∈Z

g(n) è �óíêöèÿ α(k, ε) îãðàíè÷åíà ðàâíîìåðíî ïî k èç îêðåñòíîñòè íóëÿ, ò. å.

|α(k, ε)| < Cε.

Ïåðåïèøåì (9) â âèäå

(2vwik ± ε(g + α(k, ε))(v + w)V1)×
× (2vwik ± ε(g + α(k, ε))(v + w)V2) = V1V2 (ε(g + α(k, ε))(v + w))2 ,

2vwik ± (v + w)ε(g + α(k, ε))(V1 + V2) = 0.

Ñîãëàñíî òåîðåìå �óøå, óðàâíåíèå (9) äëÿ âñåõ äîñòàòî÷íî ìàëûõ ε èìååò åäèíñòâåííîå ðåøå-

íèå k, äëÿ êîòîðîãî, î÷åâèäíî, ñïðàâåäëèâî ðàâåíñòâî

k = ∓(v + w)g

2wvi
(V1 + V2)ε+O(ε2). (10)

Â ñèëó (1) è (10) â îêðåñòíîñòè íóëÿ ñïðàâåäëèâî ñëåäóþùåå ïðåäñòàâëåíèå:

λ = λ(k) = λ(0) + λ′(0)k +
λ′′(0)

2
k2 +O(ε3) = ±(v + w)± v + w

8wv
(V1 + V2)

2g2ε2 +O(ε3).

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.
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Òåîðåìà 2. Â íåêîòîðîé îêðåñòíîñòè òî÷êè λ = v + w (λ = −(v + w)) äëÿ äîñòàòî÷íî

ìàëûõ ε > 0 ñóùåñòâóåò åäèíñòâåííîå ñîáñòâåííîå çíà÷åíèå λ+ (åäèíñòâåííûé ðåçîíàíñ λ−)

îïåðàòîðà Hε, àíàëèòè÷åñêè çàâèñÿùåå îò ε, äëÿ êîòîðîãî ñïðàâåäëèâà �îðìóëà

λ± = ±(v + w)± v + w

8wv
(V1 + V2)

2g2ε2 +O(ε3).

� 3. Óðàâíåíèå Ëèïïìàíà�Øâèíãåðà

Íàéäåì ðåøåíèå ψ0 óðàâíåíèÿ H0ψ0 = λψ0, îòâå÷àþùåå ðàññåèâàþùåìó ñîñòîÿíèþ.

Èùåì ψ0 â âèäå

ψ0(n) =

(
Aeikn

Beikn

)
, A,B = const.

Ïîäñòàâëÿÿ ψ0, èìååì {
cwBe−ik + vB − λA = 0,

vA+ wAeik − λB = 0,

èëè (
−λ we−ik + v

weik + v −λ

)(
A

B

)
= 0.

Ïîëó÷åííàÿ ñèñòåìà èìååò íåíóëåâîå ðåøåíèå, åñëè åå îïðåäåëèòåëü ðàâåí íóëþ, ò. å. λ =

= ±
√
w2 + v2 + 2vw cos k è B =

λ

we−ik + v
A. Ñëåäîâàòåëüíî,

ψ0(n) =




Aeikn

λA

we−ik + v
eikn


.

Óñëîâèå íîðìèðîâêè äëÿ ψ0

A2 +
λ2A2

|we−ik + v|2 = 1

âûïîëíåíî, åñëè A =

√
2

2
. Èòàê,

ψ0(n) =

√
2

2




eikn

λeikn

we−ik + v


.

Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî ε äîñòàòî÷íî ìàëî è k = Dε, D 6= 0. Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ Ëèïïìàíà�Øâèíãåðà äëÿ îïåðàòîðà Hε, èìåþùåå âèä

ψ1(n) =

√
2

2
∓

√
2g(w + v)(V1 + V2)

4wviD ± 2g(w + v)(V1 + V2)
+O(ε), ψ2(n) = −

√
2g(w + v)(V1 + V2)

4wviD ± 2g(w + v)(V1 + V2)
+O(ε),

ãäå g =
∑
n∈Z

g(n), çíàê ¾±¿ ñîîòâåòñòâóåò çíàêó ïåðåìåííîé λ = ±(w + v).

Ä î ê à ç à ò å ë ü ñ ò â î. Óðàâíåíèå Ëèïïìàíà�Øâèíãåðà äëÿ îïåðàòîðà Hε èìååò âèä

ψ1(n) =

√
2

2
eikn − ε

2wvi sin k

∑

n′∈Z

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)eik|n−n′| −

− ε

2vi sin k

∑

n′∈Z

V2g(n
′)ψ2(n

′)eik|n−1−n′|,

ψ2(n) =

√
2

2

λeikn

we−ik + v
− ε

2wvi sin k

∑

n′∈Z

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)eik|n−n′| −

− ε

2vi sin k

∑

n′∈Z

V1g(n
′)ψ1(n

′)eik|n+1−n′|. (11)
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Ââåäåì îáîçíà÷åíèå ϕi(n) =
√

|g(n)|ψi(n), i = 1, 2. Â óñëîâèÿõ òåîðåìû è â ñèëó (1) (çíàê ¾±¿
äàëåå ñîîòâåòñòâóåò çíàêó ïåðåìåííîé λ) ïåðåïèøåì (11) ñëåäóþùèì îáðàçîì:

ϕ1(n) =

√
2

2

√
|g(n)| −

√
|g(n)|

2wviD

∑

n′∈Z

(
±(w + v)V1ϕ1(n

′) + vV2ϕ2(n
′)
)√

g(n′) −

−
√

|g(n)|
2viD

∑

n′∈Z

V2
√
g(n′)ϕ2(n

′) + ε(L11(ε)ϕ1 + L12(ε)ϕ2)(n),

ϕ2(n) = ±
√
2

2

√
|g(n)| −

√
|g(n)|

2wviD

∑

n′∈Z

(
±(w + v)V2ϕ2(n

′) + vV1ϕ1(n
′)
)√

g(n′) −

−
√

|g(n)|
2viD

∑

n′∈Z

V1
√
g(n′)ϕ1(n

′) + ε(L21(ε)ϕ1 + L22(ε)ϕ2)(n),

ãäå Lsk, s, k = 1, 2, àíàëèòè÷åñêè çàâèñÿò îò ε.

Ïîëîæèì L =

(
L11 L12

L21 L22

)
, ξ =

(
ξ1
ξ2

)
, ξ = (1− εL)(ϕ1, ϕ2). Òîãäà

ξ1(n) =

√
2

2

√
|g(n)| − (v + w)

√
|g(n)|

2wviD

(
±V1

(
((1− εL)−1ξ)1,

√
g
)
+ V2

(
((1− εL)−1ξ)2,

√
g
))
,

ξ2(n) = ±
√
2

2

√
|g(n)| − (v + w)

√
|g(n)|

2wviD

(
V1
(
((1− εL)−1ξ)1,

√
g
)
± V2

(
((1− εL)−1ξ)2,

√
g
))
,

(12)

è

ξ1(n) =

√
2

2

√
|g(n)| − (v + w)

√
|g(n)|

2wviD
C1(ε), ξ2(n) = ±

√
2

2

√
|g(n)| − (v + w)

√
|g(n)|

2wviD
C2(ε). (13)

Ïîäñòàâèì (13) â (12), ïîëó÷èì ñèñòåìó

C1(ε) = ±V1
(√

2

2
− (v + w)

2wviD
C1(ε)

)(
((1 − εL)−1

√
|g|)1,

√
g
)
+

+ V2

(
±
√
2

2
− (v + w)

2wviD
C2(ε)

)(
((1 − εL)−1

√
|g|)2,

√
g
)
,

C2(ε) = V1

(√
2

2
− (v + w)

2wviD
C1(ε)

)(
((1− εL)−1

√
|g|)1,

√
g
)
±

± V2

(
±
√
2

2
− (v + w)

2wviD
C2(ε)

)(
((1 − εL)−1

√
|g|)2,

√
g
)
,

èëè

(
2wviD ± (g +O(ε))(v +w)V1 (g +O(ε))(v + w)V2

(g +O(ε))(v + w)V1 2vwiD ± (g +O(ε))(v + w)V2

)(
C1

C2

)
=

=

√
2

2
(V1 + V2)(g +O(ε))

(
±1
1

)
. (14)

Ñèñòåìà (14) èìååò åäèíñòâåííîå ðåøåíèå:

C1 =
∆1

∆
+O(ε), C2 =

∆2

∆
+O(ε),

ãäå

∆1 = ∓
√
2wviDg(w + v)(V1 + V2), ∆2 = −

√
2wviDg(w + v)(V1 + V2) = ±∆1,

∆ = −4w2v2D2 ± 2wviDg(w + v)(V1 + V2).
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Çàìåòèì, ÷òî ∆ 6= 0, ò. ê. v è w ïîëîæèòåëüíûå ÷èñëà (ñì. ââåäåíèå), çíà÷åíèÿ V1, V2, D, g �

âåùåñòâåííûå, D 6= 0, òîãäà õîòÿ áû äåéñòâèòåëüíàÿ ÷àñòü ∆ íå ðàâíà íóëþ. �

Çàìåòèì, ÷òî óñëîâèå k = O(ε) îçíà÷àåò ìàëîñòü êàê ïîòåíöèàëà, òàê è ñêîðîñòåé ÷àñòèö.

� 4. �àññåÿíèå

Â îêðåñòíîñòè òî÷êè λ0 èç íåïðåðûâíîãî ñïåêòðà îïåðàòîðà H0 ïåðåïèøåì óðàâíåíèå

Ëèïïìàíà�Øâèíãåðà (11) äëÿ îïåðàòîðà Hε â âèäå

ψ1(n) =

√
2

2
eikn − ε

2wvi sin k

∑

n′∈Z

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)eik(n−n′) −

− ε

2wvi sin k

∑

n′>n

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)

(
e−ik(n−n′) − eik(n−n′)

)
−

− ε

2vi sin k

∑

n′∈Z

V2g(n
′)ψ2(n

′)eik(n−1−n′) −

− ε

2vi sin k

∑

n′>n−1

V2g(n
′)ψ2(n

′)
(
e−ik(n−1−n′) − eik(n−1−n′)

)
,

ψ2(n) =

√
2

2

λeikn

we−ik + v
− ε

2wvi sin k

∑

n′∈Z

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)eik(n−n′) −

− ε

2wvi sin k

∑

n′>n

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)

(
e−ik(n−n′) − eik(n−n′)

)
−

− ε

2vi sin k

∑

n′∈Z

V1g(n
′)ψ1(n

′)eik(n+1−n′) −

− ε

2vi sin k

∑

n′>n+1

V1g(n
′)ψ1(n

′)
(
e−ik(n+1−n′) − eik(n+1−n′)

)
,

èëè

ψ1(n) =

√
2

2
eikn − ε

2wvi sin k

∑

n′∈Z

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)e−ik(n−n′) −

− ε

2wvi sin k

∑

n′<n

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)

(
eik(n−n′) − e−ik(n−n′)

)
−

− ε

2vi sin k

∑

n′∈Z

V2g(n
′)ψ2(n

′)e−ik(n−1−n′) −

− ε

2vi sin k

∑

n′<n−1

V2g(n
′)ψ2(n

′)
(
eik(n−1−n′) − e−ik(n−1−n′)

)
,

ψ2(n) =

√
2

2

λeikn

we−ik + v
− ε

2wvi sin k

∑

n′∈Z

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)e−ik(n−n′) −

− ε

2wvi sin k

∑

n′<n

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)

(
eik(n−n′) − e−ik(n−n′)

)
−

− ε

2vi sin k

∑

n′∈Z

V1g(n
′)ψ1(n

′)e−ik(n+1−n′) −

− ε

2vi sin k

∑

n′<n+1

V1g(n
′)ψ1(n

′)
(
eik(n+1−n′) − e−ik(n+1−n′)

)
.
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Îòñþäà

ψ1(n, k) =

√
2

2
eikn +A±

1 (k)e
±ikn + η±1 (n, k),

ψ2(n, k) =

√
2

2

λeikn

we−ik + v
+A±

2 (k)e
±ikn + η±2 (n, k)

(çíàêè ¾+¿ è ¾−¿ îòâå÷àþò n > 0 è n 6 0 ñîîòâåòñòâåííî), ãäå

A±
1 (k) = − ε

2wvi sin k

∑

n′∈Z

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)e∓ikn′ −

− ε

2vi sin k

∑

n′∈Z

V2g(n
′)ψ2(n

′)e∓ik(n′+1),

A±
2 (k) = − ε

2wvi sin k

∑

n′∈Z

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)e∓ikn′ −

− ε

2vi sin k

∑

n′∈Z

V1g(n
′)ψ1(n

′)e∓ik(n′−1),

η+1 (n, k) = − ε

2wvi sin k

∑

n′>n

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)

(
e−ik(n−n′) − eik(n−n′)

)
−

− ε

2vi sin k

∑

n′>n−1

V2g(n
′)ψ2(n

′)
(
e−ik(n−1−n′) − eik(n−1−n′)

)
,

η−1 (n, k) = − ε

2wvi sin k

∑

n′<n

(
λV1ψ1(n

′) + vV2ψ2(n
′)
)
g(n′)

(
eik(n−n′) − e−ik(n−n′)

)
−

− ε

2vi sin k

∑

n′<n−1

V2g(n
′)ψ2(n

′)
(
eik(n−1−n′) − e−ik(n−1−n′)

)
,

η+2 (n, k) = − ε

2wvi sin k

∑

n′>n

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)

(
e−ik(n−n′) − eik(n−n′)

)
−

− ε

2vi sin k

∑

n′>n+1

V1g(n
′)ψ1(n

′)
(
e−ik(n+1−n′) − eik(n+1−n′)

)
,

η−2 (n, k) = − ε

2wvi sin k

∑

n′<n

(
λV2ψ2(n

′) + vV1ψ1(n
′)
)
g(n′)

(
eik(n−n′) − e−ik(n−n′)

)
−

− ε

2vi sin k

∑

n′<n+1

V1g(n
′)ψ1(n

′)
(
eik(n+1−n′) − e−ik(n+1−n′)

)
.

Ëåãêî âèäåòü, ÷òî �óíêöèÿ

η(n, k) =

(
η1(n, k)
η2(n, k)

)
,

ãäå

η1(n, k) =

{
η+1 (n, k), n > 0,
η−1 (n, k), n 6 0,

η2(n, k) =

{
η+2 (n, k), n > 0,
η−2 (n, k), n 6 0,

ÿâëÿåòñÿ àíàëèòè÷åñêîé l2(Z)×l2(Z)-çíà÷íîé �óíêöèåé â îêðåñòíîñòè òî÷êè λ0 (äîêàçàòåëüñòâî
àíàëîãè÷íîãî óòâåðæäåíèÿ ñì. â [7℄).

Îïðåäåëèì P+ =

∣∣∣∣∣

√
2

2
+A+

1

∣∣∣∣∣

2

+

∣∣∣∣∣

√
2

2

λ

we−ik + v
+A+

2

∣∣∣∣∣

2

� âåðîÿòíîñòü ïðîõîæäåíèÿ, P− =

=
∣∣A−

1

∣∣2 +
∣∣A−

2

∣∣2
� âåðîÿòíîñòü îòðàæåíèÿ.
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Òåîðåìà 4. Â óñëîâèÿõ òåîðåìû 3 ñïðàâåäëèâû ðàâåíñòâà

P+ =

∣∣∣∣
2wviD

2wviD ± (w + v)(V1 + V1)g

∣∣∣∣
2

+O(ε), P− =

∣∣∣∣
(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g

∣∣∣∣
2

+O(ε).

Ä î ê à ç à ò å ë ü ñ ò â î. Èñïîëüçóÿ ðåçóëüòàòû òåîðåìû 3, èìååì

A+
1 = − g

2wviD

(√
2

2
+ C

)
(±V1(w + v)± vV2)∓

gV2

2viD

(√
2

2
+ C

)
+O(ε) =

= ∓(w + v)g

2wviD

(√
2

2
+ C

)
(V1 + V2) +O(ε) = ∓

√
2

2

(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g
+O(ε),

A+
2 = − g

2wviD

(√
2

2
+ C

)
(V2(w + v) + vV1)−

gV1

2viD

(√
2

2
+ C

)
+O(ε) =

= − w + v

2wviD

(√
2

2
+ C

)
g(V1 + V2) +O(ε) = −

√
2

2

(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g
+O(ε),

ãäå C = ∓
√
2g(w + v)(V1 + V2)

4wviD ± 2g(w + v)(V1 + V2)
. Î÷åâèäíî, ÷òî ñ òî÷íîñòüþ äî O(ε) ñïðàâåäëèâû ðàâåí-

ñòâà A+
1 = A−

1 , A
+
2 = A−

2 è

P+ =

∣∣∣∣∣

√
2

2
∓

√
2

2

(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g

∣∣∣∣∣

2

+

∣∣∣∣∣±
√
2

2
−

√
2

2

(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g

∣∣∣∣∣

2

=

=

∣∣∣∣
2wviD

2wviD ± (w + v)(V1 + V1)g

∣∣∣∣
2

,

P− =

∣∣∣∣
(w + v)(V1 + V2)g

2wviD ± (w + v)(V1 + V2)g

∣∣∣∣
2

.

�

Çàìåòèì, ÷òî ïðè V1 = −V2 è g = 0 îòðàæåíèå îòñóòñòâóåò.
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Topologi
al insulator is a spe
ial type of material that represents an insulator in the interior (�in bulk�)

and 
ondu
ts ele
tri
ity on the surfa
e. The simplest topologi
al insulator is a �nite 
hain of atoms in

polya
etylene. In the last de
ade topologi
al insulators are a
tively studied in the physi
s literature. A

great interest to topologi
al insulators (and also to topologi
ally similar super
ondu
ting systems) is due

to the presen
e of a link between �volume� and �boundary�. In this arti
le, we have studied the dis
rete

model SSH (Su�S
hrie�er�Heeger) for polya
etylene. This model des
ribes an ele
tron in a one-dimensional


hain of atoms with two alternating amplitudes of the transition to a neighboring atom. We have found the

spe
trum and resolution of this operator. The quasilevels (eigenvalues and resonan
es) in the 
ase of a small

potential have been investigated. In addition, we obtained a solution of the Lippmann�S
hwinger equation

and asymptoti
 formulas for the probability of transmission and re�e
tion in 
ase of small perturbation.
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