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1

Äëÿ êîí�ëèêòíî-óïðàâëÿåìîé äèíàìè÷åñêîé ñèñòåìû, îïèñûâàåìîé �óíêöèîíàëüíî-äè��åðåíöèàëü-

íûì óðàâíåíèåì íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà, ðàññìàòðèâàåòñÿ äè��åðåíöèàëüíàÿ èãðà ñ ïî-

êàçàòåëåì êà÷åñòâà, êîòîðûé îöåíèâàåò èñòîðèþ äâèæåíèÿ, ðåàëèçóþùóþñÿ ê òåðìèíàëüíîìó ìîìåíòó

âðåìåíè, à òàêæå âêëþ÷àåò èíòåãðàëüíóþ îöåíêó ðåàëèçàöèé óïðàâëåíèé èãðîêîâ. Èãðà �îðìàëèçó-

åòñÿ â êëàññå ÷èñòûõ ïîçèöèîííûõ ñòðàòåãèé. Íà îñíîâå ïîíÿòèÿ êîèíâàðèàíòíûõ ïðîèçâîäíûõ äëÿ

�óíêöèîíàëà öåíû ýòîé èãðû âûïèñûâàåòñÿ �óíêöèîíàëüíîå óðàâíåíèå �àìèëüòîíà�ßêîáè. Äîêàçû-

âàåòñÿ, âî-ïåðâûõ, ÷òî ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå îïðåäåëåííûì óñëîâèÿì ãëàäêîñòè,

ÿâëÿåòñÿ öåíîé èñõîäíîé äè��åðåíöèàëüíîé èãðû, à âî-âòîðûõ, ÷òî öåíà â òî÷êàõ äè��åðåíöèðóåìî-

ñòè óäîâëåòâîðÿåò âûïèñàííîìó óðàâíåíèþ �àìèëüòîíà�ßêîáè. Òàêèì îáðàçîì, ýòî óðàâíåíèå ìîæíî

òðàêòîâàòü êàê óðàâíåíèå �àìèëüòîíà�ßêîáè�Àéçåêñà�Áåëëìàíà äëÿ ñèñòåì íåéòðàëüíîãî òèïà.

Êëþ÷åâûå ñëîâà: ñèñòåìû íåéòðàëüíîãî òèïà, äè��åðåíöèàëüíûå èãðû, óðàâíåíèå �àìèëüòîíà�ßêîáè.
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Ââåäåíèå

Ñòàòüÿ ïîñâÿùåíà ðàçâèòèþ òåîðèè äè��åðåíöèàëüíûõ èãð [1�6℄ è �óíêöèîíàëüíûõ óðàâ-

íåíèé �àìèëüòîíà�ßêîáè [7�14℄ äëÿ �óíêöèîíàëüíî-äè��åðåíöèàëüíûõ ñèñòåì íåéòðàëüíîãî

òèïà. �àññìàòðèâàåòñÿ àíòàãîíèñòè÷åñêàÿ äè��åðåíöèàëüíàÿ èãðà íà êîíå÷íîì ïðîìåæóòêå

âðåìåíè, â êîòîðîé äâèæåíèå äèíàìè÷åñêîé ñèñòåìû îïèñûâàåòñÿ �óíêöèîíàëüíî-äè��åðåí-

öèàëüíûìè óðàâíåíèÿìè íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà [15℄. Óïðàâëÿþùèå âîçäåé-

ñòâèÿ èãðîêîâ ñòåñíåíû ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè. Ïîêàçàòåëü êà÷åñòâà ïðîöåññà óïðàâ-

ëåíèÿ ñîñòîèò èç äâóõ ñëàãàåìûõ. Ïåðâîå îöåíèâàåò èñòîðèþ äâèæåíèÿ ñèñòåìû, ñëîæèâøó-

þñÿ ê òåðìèíàëüíîìó ìîìåíòó âðåìåíè, âòîðîå ñîäåðæèò èíòåãðàëüíóþ îöåíêó ðåàëèçàöèé

óïðàâëåíèé èãðîêîâ. Èãðà �îðìàëèçóåòñÿ â êëàññå ÷èñòûõ ïîçèöèîííûõ ñòðàòåãèé â ðàìêàõ

ïîäõîäà [2�4℄. Íà îñíîâå ïîíÿòèÿ êîèíâàðèàíòíûõ ïðîèçâîäíûõ [16℄ äëÿ �óíêöèîíàëà öåíû

èãðû âûïèñûâàåòñÿ �óíêöèîíàëüíîå óðàâíåíèå �àìèëüòîíà�ßêîáè. Îñíîâíîå îòëè÷èå ýòîãî

óðàâíåíèÿ îò åãî ÷àñòíîãî ñëó÷àÿ � óðàâíåíèÿ �àìèëüòîíà�ßêîáè ñ êîèíâàðèàíòíûìè ïðîèç-

âîäíûìè äëÿ ñèñòåì ñ çàïàçäûâàíèåì [10,12,13℄ � çàêëþ÷àåòñÿ â ïîÿâëåíèè íîâîãî ñëàãàåìîãî,

êîòîðîå âíîñèò ñóùåñòâåííûå ñëîæíîñòè ïðè àíàëèçå òàêèõ óðàâíåíèé è ïðèâîäèò ê íåîáõîäè-

ìîñòè èõ äîïîëíèòåëüíîãî èçó÷åíèÿ. Äîêàçûâàåòñÿ, ÷òî �óíêöèîíàë, óäîâëåòâîðÿþùèé òàêîìó

�óíêöèîíàëüíîìó óðàâíåíèþ è äîïîëíèòåëüíûì óñëîâèÿì ãëàäêîñòè, ÿâëÿåòñÿ öåíîé èñõîäíîé

äè��åðåíöèàëüíîé èãðû, à ñòðàòåãèè èãðîêîâ, ñòðîÿùèåñÿ íà îñíîâå ìåòîäà ýêñòðåìàëüíîãî

ñäâèãà â íàïðàâëåíèè êîèíâàðèàíòíîãî ãðàäèåíòà ýòîãî �óíêöèîíàëà, ÿâëÿþòñÿ îïòèìàëü-

íûìè. Ïðè èñïîëüçîâàíèè êîíñòðóêöèé õàðàêòåðèñòè÷åñêèõ êîìïëåêñîâ [7, 10℄ ïîêàçûâàåòñÿ,

÷òî öåíà äè��åðåíöèàëüíîé èãðû â òî÷êàõ ãëàäêîñòè óäîâëåòâîðÿåò âûïèñàííîìó óðàâíåíèþ

�àìèëüòîíà�ßêîáè. Òàêèì îáðàçîì, ïî àíàëîãèè ñ [4, 12, 13℄ ýòî óðàâíåíèå ìîæíî òðàêòîâàòü

êàê óðàâíåíèå �àìèëüòîíà�ßêîáè�Àéçåêñà�Áåëëìàíà äëÿ ñèñòåì íåéòðàëüíîãî òèïà.

1

�àáîòà âûïîëíåíà ïðè �èíàíñîâîé ïîääåðæêå ãðàíòà Ïðåçèäåíòà �îññèéñêîé Ôåäåðàöèè äëÿ ãîñóäàðñòâåí-

íîé ïîääåðæêè ìîëîäûõ ðîññèéñêèõ ó÷åíûõ ÌÊ�3047.2017.1.
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� 1. Äè��åðåíöèàëüíàÿ èãðà

�àññìîòðèì äèíàìè÷åñêóþ ñèñòåìó, äâèæåíèå êîòîðîé îïèñûâàåòñÿ �óíêöèîíàëüíî-äè�-

�åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà â �îðìå Äæ. Õåéëà [15℄:

d

dt

(
x[t]− g

(
t, xt[·]

))
= f

(
t, xt[·], u[t], v[t]

)
, t ∈ [t0, ϑ], x[t] ∈ R

n, u[t] ∈ U, v[t] ∈ V. (1.1)

Çäåñü t� ïåðåìåííàÿ âðåìåíè; x[t]� âåêòîð ñîñòîÿíèÿ â ìîìåíò âðåìåíè t; t0 è ϑ��èêñèðîâàí-

íûå íà÷àëüíûé è òåðìèíàëüíûé ìîìåíòû; xt[·] � èñòîðèÿ äâèæåíèÿ (ýëåìåíò çàïàçäûâàíèÿ)

íà îòðåçêå âðåìåíè [t− h, t], òî åñòü xt[ξ] = x[t+ ξ], ξ ∈ [−h, 0], ãäå h = 
onst > 0; u[t] è v[t] �
òåêóùèå óïðàâëÿþùèå âîçäåéñòâèÿ; U ⊂ R

n1
è V ⊂ R

n2
� êîìïàêòû.

Âñþäó íèæå óãëîâûå ñêîáêè 〈·, ·〉 èñïîëüçóåì äëÿ îáîçíà÷åíèÿ ñêàëÿðíîãî ïðîèçâåäåíèÿ

âåêòîðîâ, à äâîéíûå ñêîáêè ‖ · ‖ � äëÿ åâêëèäîâîé íîðìû. ×åðåç C([a, b],Rn) è Lip([a, b],Rn)
îáîçíà÷àåì ñîîòâåòñòâåííî ïðîñòðàíñòâà íåïðåðûâíûõ è ëèïøèöåâûõ �óíêöèé, äåéñòâóþùèõ

èç [a, b] â R
n
. Ñ÷èòàåì, ÷òî ïðîñòðàíñòâî C([a, b],Rn) íàäåëåíî ðàâíîìåðíîé íîðìîé. Äëÿ êðàò-

êîñòè ïðèìåì îáîçíà÷åíèÿ C = C([−h, 0],Rn) è Lip = Lip([−h, 0],Rn). �àâíîìåðíóþ íîðìó

â ïðîñòðàíñòâå C áóäåì îáîçíà÷àòü ÷åðåç ‖ · ‖C .

Ïîëàãàåì, ÷òî äëÿ îòîáðàæåíèÿ g : [t0, ϑ]× C 7→ R
n
âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(g.1) ñóùåñòâóþò òàêèå ÷èñëà λg > 0 è h0 ∈ (0, h), ÷òî èìååò ìåñòî îöåíêà

∥∥g
(
t, w[·]

)
− g

(
t, r[·]

)∥∥ 6 λg max
ξ∈[−h,−h0]

∥∥w[ξ]− r[ξ]
∥∥, t ∈ [t0, ϑ], w[·], r[·] ∈ C;

(g.2) íàéäåòñÿ òàêîå ÷èñëî αg > 0, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

∥∥g
(
t, w[·]

)
− g

(
τ, w[·]

)∥∥ 6 αg

(
1 +

∥∥w[·]
∥∥
C

)∣∣t− τ
∣∣, t, τ ∈ [t0, ϑ], w[·] ∈ C.

Óñëîâèå (g.1) ãîâîðèò, â ÷àñòíîñòè, î òîì, ÷òî çíà÷åíèÿ îòîáðàæåíèÿ g íå çàâèñÿò îò çíà÷å-
íèé �óíêöèè w[·] íà îòðåçêå [−h0, 0]. Òàêîå ïðåäïîëîæåíèå ÿâëÿåòñÿ ÷àñòî èñïîëüçóåìûì ïðè

èññëåäîâàíèè óðàâíåíèé íåéòðàëüíîãî òèïà âèäà (1.1).

Ïîëàãàåì òàêæå, ÷òî îòîáðàæåíèå f : [t0, ϑ] × C × U × V 7→ R
n
óäîâëåòâîðÿåò ñëåäóþùèì

óñëîâèÿì:

(f .1) îòîáðàæåíèå f íåïðåðûâíî;

(f .2) äëÿ ëþáîãî êîìïàêòà D ⊂ C ñóùåñòâóåò òàêîå ÷èñëî λf = λf (D) > 0, ÷òî

∥∥f
(
t, w[·], u, v

)
− f

(
t, r[·], u, v

)∥∥ 6 λf
∥∥w[·]− r[·]

∥∥
C
, t ∈ [t0, ϑ], w[·], r[·] ∈ D, u ∈ U, v ∈ V;

(f .3) ñóùåñòâóåò òàêàÿ êîíñòàíòà αf > 0, ÷òî èìååò ìåñòî îöåíêà

∥∥f
(
t, w[·], u, v

)∥∥ 6 αf

(
1 +

∥∥w[·]
∥∥
C

)
, t ∈ [t0, ϑ], w[·] ∈ C, u ∈ U, v ∈ V.

Ïîçèöèåé ñèñòåìû (1.1) íàçîâåì ïàðó (t, w[·]) ∈ [t0, ϑ] × Lip. Ìíîæåñòâî äîïóñòèìûõ ïîçè-

öèé îáîçíà÷èì ÷åðåç G = [t0, ϑ] × Lip. Ïóñòü (t∗, x∗[·]) ∈ G, t∗ < ϑ è t∗ ∈ (t∗, ϑ]. Äîïóñòèìûìè
ðåàëèçàöèÿìè óïðàâëÿþùèõ âîçäåéñòâèé u[t] è v[t] íà ïðîìåæóòêå [t∗, t

∗) ñ÷èòàåì èçìåðèìûå

�óíêöèè u[·] : [t∗, t
∗) 7→ U è v[·] : [t∗, t

∗) 7→ V. Äåéñòâóÿ, íàïðèìåð, ïî ñõåìå èç [17, ñ. 7℄ (ñì., òàê-

æå [13,15℄), ìîæíî ïîêàçàòü, ÷òî ïðè óñëîâèÿõ (g.1), (g.2) è (f .1)�(f .3) äîïóñòèìûå ðåàëèçàöèè
u[·] è v[·] åäèíñòâåííûì îáðàçîì ïîðîæäàþò èç ïîçèöèè (t∗, x∗[·]) äâèæåíèå x[·] ñèñòåìû (1.1)

íà îòðåçêå [t∗ − h, t∗] � �óíêöèþ èç ïðîñòðàíñòâà Lip([t∗ − h, t∗],Rn), êîòîðàÿ óäîâëåòâîðÿåò

óñëîâèþ xt∗ [·] = x∗[·] è âìåñòå ñ u[t] è v[t] ïî÷òè âñþäó íà [t∗, t
∗] óäîâëåòâîðÿåò óðàâíåíèþ (1.1).
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Ïóñòü (t∗, x∗[·]) ∈ G, u[·] : [t∗, ϑ) 7→ U è v[·] : [t∗, ϑ) 7→ V � äîïóñòèìûå ðåàëèçàöèè è x[·] �
äâèæåíèå ñèñòåìû (1.1) íà îòðåçêå [t∗ − h, ϑ], ïîðîæäåííîå èç ïîçèöèè (t∗, x∗[·]) ðåàëèçàöèÿ-
ìè u[·] è v[·]. �åàëèçàöèåé ïðîöåññà óïðàâëåíèÿ íàçîâåì òðîéêó {x[·], u[·], v[·]}. Êà÷åñòâî ýòîãî

ïðîöåññà îöåíèâàåòñÿ ïîêàçàòåëåì

γ = σ
(
xϑ[·]

)
+

∫ ϑ

t∗

χ
(
ξ, xξ[·], u[ξ], v[ξ]

)
dξ, (1.2)

ãäå îòîáðàæåíèÿ σ : C 7→ R è χ : [t0, ϑ]× C × U× V 7→ R óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

(σ) îòîáðàæåíèå σ íåïðåðûâíî;

(χ.1) îòîáðàæåíèå χ íåïðåðûâíî;

(χ.2) äëÿ ëþáîãî êîìïàêòà D ⊂ C ñóùåñòâóåò òàêîå ÷èñëî λχ = λχ(D) > 0, ÷òî

∣∣χ
(
t, w[·], u, v

)
− χ

(
t, r[·], u, v

)∣∣ 6 λχ
∥∥w[·] − r[·]

∥∥
C
, t ∈ [t0, ϑ], w[·], r[·] ∈ D, u ∈ U, v ∈ V.

Äëÿ ñèñòåìû (1.1) è ïîêàçàòåëÿ êà÷åñòâà (1.2) ðàññìîòðèì àíòàãîíèñòè÷åñêóþ äè��åðåíöè-

àëüíóþ èãðó. Ïåðâûé èãðîê ðàñïîðÿæàåòñÿ âûáîðîì óïðàâëÿþùåãî âîçäåéñòâèÿ u[t], âòîðîé �

v[t]. Ïåðâûé èãðîê íàöåëåí ìèíèìèçèðîâàòü ïîêàçàòåëü (1.2), âòîðîé � ìàêñèìèçèðîâàòü.

Ïðåäïîëàãàåì, ÷òî äëÿ îòîáðàæåíèé f è χ âûïîëíÿåòñÿ óñëîâèå ñåäëîâîé òî÷êè â ìàëåíüêîé
èãðå [4, ñ. 79℄, èëè, â äðóãîé òåðìèíîëîãèè, óñëîâèå Àéçåêñà [1, ñ. 54℄:

(f, χ) äëÿ ëþáûõ t ∈ [t0, ϑ], w[·] ∈ C è s ∈ R
n
èìååò ìåñòî ðàâåíñòâî

min
u∈U

max
v∈V

(
〈f
(
t, w[·], u, v

)
, s〉+ χ

(
t, w[·], u, v

))
= max

v∈V
min
u∈U

(
〈f
(
t, w[·], u, v

)
, s〉+ χ

(
t, w[·], u, v

))
.

Äàëüíåéøàÿ �îðìàëèçàöèÿ ðàññìàòðèâàåìîé äè��åðåíöèàëüíîé èãðû â êëàññå ïîçèöèîí-

íûõ ñòðàòåãèé óïðàâëåíèÿ èãðîêîâ ñëåäóåò ñõåìå èç [4℄ (ñì., òàêæå [5℄ äëÿ ñèñòåì íåéòðàëüíîãî

òèïà). Ïîä ñòðàòåãèåé óïðàâëåíèÿ ïåðâîãî èãðîêà ïîíèìàåì âñÿêîå îòîáðàæåíèå

U = U
(
t, w[·]

)
∈ U,

(
t, w[·]

)
∈ G.

Ïóñòü çà�èêñèðîâàíû ïîçèöèÿ (t∗, x∗[·]) ∈ G, t∗ < ϑ è ðàçáèåíèå îòðåçêà [t∗, ϑ]:

∆δ =
{
τj : 0 < τj+1 − τj 6 δ, j = 1, J − 1, τ1 = t∗, τJ = ϑ

}
. (1.3)

Ïàðà {U,∆δ} îïðåäåëÿåò çàêîí óïðàâëåíèÿ ïåðâîãî èãðîêà, êîòîðûé â öåïè îáðàòíîé ñâÿçè

ïîñëåäîâàòåëüíî ïî øàãàì ðàçáèåíèÿ ∆δ �îðìèðóåò êóñî÷íî-ïîñòîÿííóþ (à ñòàëî áûòü, äîïó-

ñòèìóþ) ðåàëèçàöèþ u[·] ïî ïðàâèëó

u[t] = U(τj , xτj [·]), t ∈ [τj, τj+1), j = 1, J − 1. (1.4)

Èç ïîçèöèè (t∗, x∗[·]) òàêîé çàêîí â ïàðå ñ äîïóñòèìîé ðåàëèçàöèåé v[·] : [t∗, ϑ) 7→ V îäíîçíà÷íî

ïîðîæäàåò ðåàëèçàöèþ ïðîöåññà óïðàâëåíèÿ {x[·], u[·], v[·]}. �åàëèçîâàâøååñÿ ïðè ýòîì çíà÷å-

íèå ïîêàçàòåëÿ êà÷åñòâà (1.2) îáîçíà÷èì ÷åðåç γ(t∗, x∗[·];U,∆δ ; v[·]).
Èñõîäÿ èç ñàìûõ íåáëàãîïðèÿòíûõ, ñ òî÷êè çðåíèÿ ïåðâîãî èãðîêà, îáñòîÿòåëüñòâ, îïðåäå-

ëèì âåëè÷èíó ãàðàíòèðîâàííîãî ðåçóëüòàòà ñòðàòåãèè U :

ρu
(
t∗, x∗[·], U

)
= lim

δ↓0
sup
∆δ

sup
v[·]

γ
(
t∗, x∗[·];U,∆δ ; v[·]

)
,

(
t∗, x∗[·]

)
∈ G, t∗ < ϑ,

ρu
(
ϑ, x∗[·], U

)
= σ

(
x∗[·]

)
,

(
ϑ, x∗[·]

)
∈ G.

(1.5)

Òîãäà îïòèìàëüíûì ãàðàíòèðîâàííûì ðåçóëüòàòîì ïåðâîãî èãðîêà áóäåò âåëè÷èíà

ρ◦u
(
t∗, x∗[·]

)
= inf

U
ρu

(
t∗, x∗[·], U

)
,

(
t∗, x∗[·]

)
∈ G. (1.6)
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Ñòðàòåãèþ U◦
íàçîâåì îïòèìàëüíîé, åñëè ñïðàâåäëèâî ðàâåíñòâî

ρu
(
t∗, x∗[·], U

◦
)
= ρ◦u

(
t∗, x∗[·]

)
,

(
t∗, x∗[·]

)
∈ G.

Àíàëîãè÷íî ñ ïîíÿòíûìè èçìåíåíèÿìè äëÿ âòîðîãî èãðîêà ðàññìàòðèâàåì ñòðàòåãèþ óïðàâ-

ëåíèÿ V = V (t, w[·]) ∈ V, (t, w[·]) ∈ G, çàêîí óïðàâëåíèÿ {V,∆δ}, �îðìèðóþùèé êóñî÷íî-

ïîñòîÿííóþ ðåàëèçàöèþ v[·] ïî ïðàâèëó

v[t] = V (τj , xτj [·]), t ∈ [τj , τj+1), j = 1, J − 1,

âåëè÷èíó ãàðàíòèðîâàííîãî ðåçóëüòàòà ñòðàòåãèè V :

ρv
(
t∗, x∗[·], V

)
= lim

δ↓0
inf
∆δ

inf
u[·]

γ
(
t∗, x∗[·];u[·];V,∆δ

)
,

(
t∗, x∗[·]

)
∈ G, t∗ < ϑ,

ρv
(
ϑ, x∗[·], V

)
= σ

(
x∗[·]

)
,

(
ϑ, x∗[·]

)
∈ G,

(1.7)

è âåëè÷èíó îïòèìàëüíîãî ãàðàíòèðîâàííîãî ðåçóëüòàòà âòîðîãî èãðîêà:

ρ◦v
(
t∗, x∗[·]

)
= sup

V

ρv
(
t∗, x∗[·], V

)
,

(
t∗, x∗[·]

)
∈ G. (1.8)

Ñòðàòåãèÿ óïðàâëåíèÿ âòîðîãî èãðîêà V ◦
áóäåò íàçûâàòüñÿ îïòèìàëüíîé, åñëè

ρv
(
t∗, x∗[·], V

◦
)
= ρ◦v

(
t∗, x∗[·]

)
,

(
t∗, x∗[·]

)
∈ G.

Íåïîñðåäñòâåííî èç ñîîòíîøåíèé (1.6) è (1.8) âûòåêàåò íåðàâåíñòâî

ρ◦v
(
t∗, x∗[·]

)
6 ρ◦u

(
t∗, x∗[·]

)
,

(
t∗, x∗[·]

)
∈ G. (1.9)

Â ñëó÷àå êîãäà ñïðàâåäëèâî ðàâåíñòâî

ρ◦v
(
t∗, x∗[·]

)
= ρ◦u

(
t∗, x∗[·]

)
= ρ◦

(
t∗, x∗[·]

)
,

(
t∗, x∗[·]

)
∈ G, (1.10)

áóäåì ãîâîðèòü, ÷òî äè��åðåíöèàëüíàÿ èãðà (1.1), (1.2) èìååò öåíó, �óíêöèîíàë ρ◦ áóäåì íà-

çûâàòü �óíêöèîíàëîì öåíû, à ïàðó îïòèìàëüíûõ ñòðàòåãèé {U◦, V ◦} � ñåäëîâîé òî÷êîé èãðû.

Ìîæíî ïîêàçàòü (ñì., íàïðèìåð, [2,4℄), ÷òî äëÿ �óíêöèîíàëà öåíû ρ◦ ñïðàâåäëèâû ñëåäóþùèå

ñâîéñòâà:

(ρ.1) �óíêöèîíàë ρ◦ íåïðåðûâåí íà G ïî ìåòðèêå ïðîñòðàíñòâà [t0, ϑ]× C;

(ρ.2) ñïðàâåäëèâî ðàâåíñòâî ρ◦(ϑ,w[·]) = σ(w[·]), w[·] ∈ Lip;

(ρ.3) (u-ñòàáèëüíîñòü) äëÿ ëþáîé íà÷àëüíîé ïîçèöèè (t∗, x∗[·]) ∈ G, t∗ < ϑ, è ëþáûõ ìîìåíòà

t∗ ∈ (t∗, ϑ], ÷èñëà ε > 0 è äîïóñòèìîé ðåàëèçàöèè v[·] : [t∗, t
∗) 7→ V ñóùåñòâóåò òàêàÿ

äîïóñòèìàÿ ðåàëèçàöèÿ u[·] : [t∗, t
∗) 7→ U, ÷òî äëÿ äâèæåíèÿ x[·], ïîðîæäåííîãî èç ïîçèöèè

(t∗, x∗[·]) ðåàëèçàöèÿìè u[·] è v[·], ñïðàâåäëèâî íåðàâåíñòâî

ρ◦
(
t∗, xt∗ [·]

)
+

∫ t∗

t∗

χ
(
ξ, xξ[·], u[ξ], v[ξ]

)
dξ 6 ρ◦

(
t∗, x∗[·]

)
+ ε;

(ρ.4) (v-ñòàáèëüíîñòü) äëÿ ëþáîé íà÷àëüíîé ïîçèöèè (t∗, x∗[·]) ∈ G, t∗ < ϑ, è ëþáûõ ìîìåíòà

t∗ ∈ (t∗, ϑ], ÷èñëà ε > 0 è äîïóñòèìîé ðåàëèçàöèè u[·] : [t∗, t
∗) 7→ U ñóùåñòâóåò òàêàÿ

äîïóñòèìàÿ ðåàëèçàöèÿ v[·] : [t∗, t
∗) 7→ V, ÷òî äëÿ äâèæåíèÿ x[·], ïîðîæäåííîãî èç ïîçèöèè

(t∗, x∗[·]) ðåàëèçàöèÿìè u[·] è v[·], ñïðàâåäëèâî íåðàâåíñòâî

ρ◦
(
t∗, xt∗ [·]

)
+

∫ t∗

t∗

χ
(
ξ, xξ[·], u[ξ], v[ξ]

)
dξ > ρ◦

(
t∗, x∗[·]

)
− ε.

Îòìåòèì, ÷òî âîïðîñ ñóùåñòâîâàíèÿ öåíû è ñåäëîâîé òî÷êè â ïîäîáíûõ äè��åðåíöèàëüíûõ

èãðàõ áûë ðàññìîòðåí, íàïðèìåð, â ðàáîòàõ [5, 6℄.
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� 2. Êîèíâàðèàíòíûå ïðîèçâîäíûå �óíêöèîíàëîâ

Ïóñòü (t, w[·]) ∈ G, t < ϑ. Îáîçíà÷èì

Y
(
t, w[·]

)
=

{
y[·] ∈ Lip

(
[t− h, ϑ],Rn

)
: yt[·] = w[·]

}
.

Ñëåäóÿ [13,16℄ (ñì., òàêæå [10,11℄), áóäåì ãîâîðèòü, ÷òî �óíêöèîíàë ϕ : G 7→ R êîèíâàðèàíòíî-

äè��åðåíöèðóåì (
i-äè��åðåíöèðóåì) â òî÷êå (t, w[·]), åñëè ñóùåñòâóåò òàêèå ÷èñëî ∂tϕ(t, w[·])
è âåêòîð ∇ϕ(t, w[·]) ∈ R

n
, ÷òî äëÿ ëþáîé �óíêöèè y[·] ∈ Y (t, w[·]) èìååò ìåñòî ðàâåíñòâî

ϕ
(
τ, yτ [·]

)
− ϕ

(
t, w[·]

)
= ∂tϕ

(
t, w[·]

)
(τ − t) + 〈yτ [0]− w[0],∇ϕ

(
t, w[·]

)
〉+ o{t,y[·]}(τ − t), τ ∈ [t, ϑ],

ãäå o{t,y[·]}(τ − t) çàâèñèò îò ìîìåíòà t è �óíêöèè y[·] è o{t,y[·]}(τ − t)/(τ − t) → 0 ïðè τ → t+ 0.
×èñëî ∂tϕ(t, w[·]) è âåêòîð ∇ϕ(t, w[·]) áóäåì íàçûâàòü 
i-ïðîèçâîäíûìè �óíêöèîíàëà ϕ â òî÷-

êå (t, w[·]). Èçâåñòíî (ñì., íàïðèìåð, [13, ñ. 34℄), ÷òî çíà÷åíèÿ 
i-ïðîèçâîäíûõ îïðåäåëÿþòñÿ

åäèíñòâåííûì îáðàçîì. Òàêæå, äëÿ óäîáñòâà, âåêòîð ∇ϕ(t, w[·]) áóäåì íàçûâàòü 
i-ãðàäèåíòîì

�óíêöèîíàëà ϕ â òî÷êå (t, w[·]).
Àíàëîãè÷íî áóäåì ãîâîðèòü, ÷òî îòîáðàæåíèå G ∋ (t, w[·]) → ψ = (ψ1, . . . , ψn) ∈ R

n

i-

äè��åðåíöèðóåìî â òî÷êå (t, w[·]) ∈ G, t < ϑ, åñëè â ýòîé òî÷êè 
i-äè��åðåíöèðóåìû �óíêöè-

îíàëû ψi : G 7→ R, i = 1, n. Ïðè ýòîì ïîëàãàåì

∂tψ
(
t, w[·]

)
=

(
∂tψ1

(
t, w[·]

)
, . . . , ∂tψn

(
t, w[·]

))
, ∇ψ

(
t, w[·]

)
=

(
∇ψ1

(
t, w[·]

)
, . . . ,∇ψn

(
t, w[·]

))
.

Ïî îòîáðàæåíèþ g èç (1.1) îïðåäåëèì ìíîæåñòâî

G̃ =
{(
t, w[·]

)
∈ G : g − 
i-äè��åðåíöèðóåìî â

(
t, w[·]

)}
. (2.1)

Ñëåäóþùàÿ ëåììà ãîâîðèò î 
i-äè��åðåíöèàëüíûõ ñâîéñòâàõ îòîáðàæåíèÿ g.

Ëåììà 1. Ïóñòü (t∗, x∗[·]) ∈ G, t∗ < ϑ è x[·] ∈ Y (t∗, x∗[·]). Òîãäà ïðè ïî÷òè âñåõ t ∈ [t∗, ϑ]
ñïðàâåäëèâû ñîîòíîøåíèÿ

(
t, xt[·]

)
∈ G̃, ∂tg

(
t, xt[·]

)
=

d

dt

(
g
(
t, xt[·]

))
, ∇g

(
t, xt[·]

)
= 0. (2.2)

Ä î ê à ç à ò å ë ü ñ ò â î. Â ñèëó âêëþ÷åíèÿ x[·] ∈ Y (t∗, x∗[·]) �óíêöèÿ x[·] ëèïøèöåâà íà

îòðåçêå [t∗ − h, ϑ]. Ïîëüçóÿñü ýòèì è óñëîâèÿìè (g.1), (g.2), ìîæíî ïîêàçàòü, ÷òî �óíêöèÿ

g(t, xt[·]) ëèïøèöåâà ïî t íà îòðåçêå [t∗, ϑ]. Ñëåäîâàòåëüíî, ïðè ïî÷òè âñåõ t ∈ [t∗, ϑ] ó ýòîé �óíê-
öèè ñóùåñòâóåò ïðîèçâîäíàÿ. Äîêàæåì, ÷òî äëÿ âñåõ òàêèõ t ñïðàâåäëèâû ñîîòíîøåíèÿ (2.2).

Ïóñòü y[·] ∈ Y (t∗, x∗[·]). Îïðåäåëèì �óíêöèþ

θ(τ − t) = g
(
τ, yτ [·]

)
− g

(
t, xt[·]

)
−
d

dt

(
g
(
t, xt[·]

))
(τ − t), τ ∈ [t, ϑ].

Èç óñëîâèÿ (g.1) âûòåêàåò ðàâåíñòâî g(τ, yτ [·]) = g(τ, xτ [·]), τ ∈ [t,min{t + h0, ϑ}]. Îòñþäà
âûâîäèì, ÷òî θ(τ−t)/(τ−t) → 0 ïðè τ → t+0. Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî îòîáðàæåíèå g 
i-
äè��åðåíöèðóåìî â òî÷êå (t, xt[·]), è, â ñèëó åäèíñòâåííîñòè 
i-ïðîèçâîäíûõ îíè óäîâëåòâîðÿþò
ðàâåíñòâàì èç (2.2). Ëåììà äîêàçàíà.

� 3. Óðàâíåíèå äëÿ �óíêöèîíàëà öåíû

Â ìîíîãðà�èè [13, ãë. I℄ ðàññìàòðèâàëàñü äè��åðåíöèàëüíàÿ èãðà äëÿ ñèñòåì ñ çàïàçäûâà-

íèåì è íà îñíîâå ïîíÿòèÿ êîèíâàðèàíòíûõ ïðîèçâîäíûõ âûïèñûâàëîñü ñîîòâåòñòâóþùåå �óíê-

öèîíàëüíîå óðàâíåíèå �àìèëüòîíà�ßêîáè. Â íåé, â ÷àñòíîñòè, äîêàçûâàëîñü, ÷òî �óíêöèîíàë,

óäîâëåòâîðÿþùèé òàêîìó óðàâíåíèþ è äîïîëíèòåëüíûì óñëîâèÿì ãëàäêîñòè, ÿâëÿåòñÿ öåíîé

èñõîäíîé äè��åðåíöèàëüíîé èãðû, à ñòðàòåãèè, ñòðîÿùèåñÿ íà îñíîâå ìåòîäà ýêñòðåìàëüíîãî



Îá óðàâíåíèè �àìèëüòîíà�ßêîáè�Àéçåêñà�Áåëëìàíà äëÿ ñèñòåì íåéòðàëüíîãî òèïà 227

ÌÀÒÅÌÀÒÈÊÀ 2017. Ò. 27. Âûï. 2

ñäâèãà â íàïðàâëåíèè 
i-ãðàäèåíòà ýòîãî �óíêöèîíàëà, ÿâëÿþòñÿ îïòèìàëüíûìè. Â ýòîì ïàðà-

ãðà�å äëÿ äè��åðåíöèàëüíîé èãðû (1.1), (1.2) ïîëó÷åí àíàëîãè÷íûé ðåçóëüòàò, ó÷èòûâàþùèé

ñïåöè�èêó ñèñòåì íåéòðàëüíîãî òèïà.

Îïðåäåëèì ãàìèëüòîíèàí

H
(
t, w[·], s

)
= min

u∈U
max
v∈V

(
〈f
(
t, w[·], u, v

)
, s〉+ χ

(
t, w[·], u, v

))
,

(
t, w[·]

)
∈ G, s ∈ R

n. (3.1)

Äëÿ �óíêöèîíàëà ϕ : G 7→ R çàïèøåì óðàâíåíèå �àìèëüòîíà�ßêîáè ñ 
i-ïðîèçâîäíûìè:

∂tϕ
(
t, w[·]

)
+ 〈∂tg

(
t, w[·]

)
,∇ϕ

(
t, w[·]

)
〉+H

(
t, w[·],∇ϕ

(
t, w[·]

))
= 0,

(
t, w[·]

)
∈ G̃, (3.2)

ïðè óñëîâèè íà ïðàâîì êîíöå

ϕ
(
ϑ,w[·]

)
= σ

(
w[·]

)
, w[·] ∈ Lip. (3.3)

�ëàâíîå îòëè÷èå óðàâíåíèÿ (3.2) îò �óíêöèîíàëüíîãî óðàâíåíèÿ �àìèëüòîíà�ßêîáè äëÿ ñè-

ñòåì ñ çàïàçäûâàíèåì çàêëþ÷àåòñÿ â ïîÿâëåíèè ñëàãàåìîãî 〈∂tg(t, w[·]),∇ϕ(t, w[·])〉. Ïîñêîëüêó
ýòî ñëàãàåìîå îïðåäåëåíî òîëüêî íà ìíîæåñòâå G̃ (2.1), óðàâíåíèå (3.2) òàêæå âîçìîæíî ðàñ-

ñìàòðèâàòü òîëüêî íà ýòîì ìíîæåñòâå.

Êàê è â [13℄, äëÿ äîêàçàòåëüñòâà ñâÿçè óðàâíåíèÿ (3.2) ñ öåíîé äè��åðåíöèàëüíîé èã-

ðû (1.1), (1.2) íà �óíêöèîíàë ϕ òðåáóåòñÿ íàëîæèòü äîïîëíèòåëüíûå óñëîâèÿ ãëàäêîñòè. Åñ-

ëè ñëåäîâàòü [13℄, òî îò ϕ íóæíî òðåáîâàòü íåïðåðûâíîñòü íà G, 
i-äè��åðåíöèðóåìîñòü íà

[t0, ϑ) × Lip è íåïðåðûâíîñòü åãî 
i-ïðîèçâîäíûõ ∂tϕ è ∇ϕ íà [t0, ϑ) × Lip. Îäíàêî, êàê áó-

äåò âèäíî â � 6, äàæå â ñàìîì ïðîñòîì ñëó÷àå äëÿ ñèñòåì íåéòðàëüíîãî òèïà òàêèå óñëîâèÿ

íå âûïîëíÿþòñÿ. Ïîýòîìó áóäåì ïðåäïîëàãàòü ñëåäóþùèå áîëåå àäåêâàòíûå äëÿ ñèñòåì íåé-

òðàëüíîãî òèïà óñëîâèÿ:

(ϕ.1) �óíêöèîíàë ϕ íåïðåðûâåí íà G ïî ìåòðèêå ïðîñòðàíñòâà [t0, ϑ]× C;

(ϕ.2) äëÿ ëþáûõ ÷èñåë η ∈ (0, ϑ − t0) è α, λ > 0 íàéäåòñÿ òàêîå ÷èñëî λϕ = λϕ(η, α, λ) > 0, ÷òî
äëÿ ëþáûõ ïàð (t, w[·]), (τ, r[·]) ∈ [t0, ϑ− η]×D(α, λ) áóäåò ñïðàâåäëèâî íåðàâåíñòâî

∣∣ϕ
(
t, w[·]

)
− ϕ

(
τ, r[·]

)∣∣ 6 λϕ

(∣∣t− τ
∣∣+

∥∥w[·] − r[·]
∥∥
C

)
,

ãäå êîìïàêò D(α, λ) ⊂ C èìååò âèä

D(α, λ) =
{
w[·] ∈ Lip:

∥∥w[·]
∥∥
C
6 α,

∥∥w[ξ′]− w[ξ′′]
∥∥ 6 λ

∣∣ξ′ − ξ′′
∣∣, ξ′, ξ′′ ∈ [−h, 0]

}
. (3.4)

(ϕ.3) �óíêöèîíàë ϕ 
i-äè��åðåíöèðóåì â êàæäîé òî÷êå ìíîæåñòâà G̃;

(ϕ.4) ñóùåñòâóþò òàêèå ìîìåíòû t0 < t1 < t2 < . . . tl = ϑ, ÷òî äëÿ ëþáîãî η ∈ (0,∆t), ãäå
∆t = min{ti − ti−1, i = 1, l}, è ëþáûõ α, λ > 0 
i-ãðàäèåíò ∇ϕ ðàâíîìåðíî íåïðåðûâåí íà

ìíîæåñòâå (∪l
i=1[ti−1, ti − η]×D(α, λ)) ∩ G̃ ïî ìåòðèêå ïðîñòðàíñòâà [t0, ϑ]× C.

Äîêàæåì ñëåäóþùóþ âñïîìîãàòåëüíóþ ëåììó:

Ëåììà 2. Ïóñòü �óíêöèîíàë ϕ : G → R óäîâëåòâîðÿåò óñëîâèÿì (ϕ.2), (ϕ.3). Òîãäà äëÿ

íåãî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

(ϕ.5) äëÿ ëþáûõ ïîçèöèè (t∗, x∗[·]) ∈ G, t∗ < ϑ, ÷èñëà η ∈ (0, ϑ− t∗) è �óíêöèè y[·] ∈ Y (t∗, x∗[·])
�óíêöèÿ ϕ(t, yt[·]) ëèïøèöåâà íà [t∗, ϑ− η];

(ϕ.6) äëÿ ëþáûõ η ∈ (0, ϑ − t0) è α, λ > 0 íàéäåòñÿ òàêîå K∇ = K∇(η, α, λ) > 0, ÷òî

∥∥∇ϕ
(
t, w[·]

)∥∥ 6 K∇,
(
t, w[·]

)
∈
(
[t0, ϑ− η]×D

(
α, λ

))
∩ G̃, (3.5)

ãäå êîìïàêò D(α, λ) îïðåäåëåí â (3.4).
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Ä î ê à ç à ò å ë ü ñ ò â î. Âûïîëíåíèå óñëîâèÿ (ϕ.5) âûòåêàåò èç óñëîâèÿ (ϕ.2) è ëèïøèöå-

âîñòè �óíêöèè y[·] ∈ Y (t∗, x∗[·]).

Äîêàæåì âûïîëíåíèå óñëîâèÿ (ϕ.6). Ïóñòü η∗ ∈ (0, η) è α∗ = α + λ(ϑ − η∗ − t0). Â ñîãëà-

ñèè ñ óñëîâèåì (ϕ.2) îïðåäåëèì ÷èñëî λϕ = λϕ(η∗, α∗, λ) è êîìïàêò D∗ = D(α∗, λ). Ïîëîæèì
K∇ = 2λϕ. Äîêàæåì, ÷òî äëÿ òàêîãî K∇ âûïîëíåíî íåðàâåíñòâî (3.5).

Ïóñòü (t, w[·]) ∈ ([t0, ϑ−η]×D(α, λ))∩G̃. Â ñëó÷àå ∇ϕ(t, w[·]) = 0 íåðàâåíñòâî (3.5) î÷åâèäíî
âûïîëíÿåòñÿ. �àññìîòðèì ñëó÷àé ∇ϕ(t, w[·]) 6= 0. Îïðåäåëèì �óíêöèè ỹ[·] è ŷ[·] ïî ïðàâèëó

ỹt[·] = ŷt[·] = w[·], ỹ[τ ] = w[0], ŷ[τ ] = w[0] + λ(τ − t)∇ϕ
(
t, w[·]

)/∥∥∇ϕ
(
t, w[·]

)∥∥, τ ∈ [t, ϑ].

Òîãäà äëÿ ýòèõ �óíêöèé èìååì ỹ[·], ŷ[·] ∈ Y (t, w[·]), è â ñèëó óñëîâèÿ (ϕ.3) âûâîäèì

ϕ
(
τ, ỹτ [·]

)
− ϕ

(
τ, ŷτ [·]

)
=

(
ϕ
(
τ, ỹτ [·]

)
− ϕ

(
t, w[·]

))
−

(
ϕ
(
τ, ŷτ [·]

)
− ϕ

(
t, w[·]

))
=

= −λ
∥∥∇ϕ(t, w[·])

∥∥(τ − t) + o{t,ỹ[·]}(τ − t)− o{t,ŷ[·]}(τ − t), τ ∈ [t, ϑ].

(3.6)

Êðîìå òîãî, ïî ïîñòðîåíèþ êîìïàêòà D∗ äëÿ �óíêöèé ỹ[·] è ŷ[·] ñïðàâåäëèâî âêëþ÷åíèå

ỹτ [·], ŷτ [·] ∈ D(α∗, λ), τ ∈ [t, ϑ − η∗]. Îòêóäà ñ ó÷åòîì óñëîâèÿ (ϕ.2) ïðè τ ∈ [t, ϑ − η∗] ïîëó-
÷àåì

∣∣ϕ
(
τ, ỹτ [·]

)
− ϕ

(
τ, ŷτ [·]

)∣∣ 6 λϕ

(∥∥ỹτ [·]− w[·]
∥∥
C
+

∥∥ŷτ [·]− w[·]
∥∥
C

)
6 2λϕλ(τ − t). (3.7)

Îáúåäèíÿÿ ñîîòíîøåíèÿ (3.6) è (3.7), ïðè ýòîì ïîäåëèâ êàæäîå èç íèõ íà (τ − t) è ïîñëå ÷åãî

óñòðåìëÿÿ τ ê t, ïðèõîäèì ê îöåíêå (3.5). Ëåììà äîêàçàíà. �

Óñëîâèå (ϕ.3) îñëàáëÿåò óñëîâèå 
i-äè��åðåíöèðóåìîñòè �óíêöèîíàëà ϕ íà [t0, ϑ) × Lip
è âûïîëíÿåòñÿ â òèïè÷íûõ ñëó÷àÿõ ñèñòåì íåéòðàëüíîãî òèïà (ñì. � 6). Îäíàêî èç-çà òîãî, ÷òî

òåïåðü 
i-ãðàäèåíò ∇ϕ îïðåäåëåí òîëüêî íà ìíîæåñòâå G̃, ñòðàòåãèÿ ýêñòðåìàëüíîãî ñäâèãà

â íàïðàâëåíèè ýòîãî 
i-ãðàäèåíòà îêàçûâàåòñÿ íåîïðåäåëåíà â òî÷êàõ G \ G̃. Ïîýòîìó òðåáó-

åòñÿ äîîïðåäåëèòü ∇ϕ íà âñå ìíîæåñòâî G ñ ñîõðàíåíèåì íóæíûõ ñâîéñòâ íåïðåðûâíîñòè.

Îïðåäåëèì îòîáðàæåíèå Φ: [t0, ϑ)× Lip 7→ R
n
ïî ñëåäóþùåìó ïðàâèëó:

Φ
(
t, w[·]

)
= ∇ϕ

(
t, w[·]

)
,

(
t, w[·]

)
∈ G̃,

Φ
(
t, w[·]

)
= lim

k→∞
∇ϕ

(
tk, ytk [·]

)
,

(
t, w[·]

)
∈ [t0, ϑ)× Lip \ G̃,

(3.8)

ãäå �óíêöèÿ y[·] ∈Y (t, w[·]), ïðè÷åì y[τ ] = w[0], τ ∈ [t, ϑ], à ïîñëåäîâàòåëüíîñòü tk, k = 1, 2, . . .,
âûáðàíà òàê, ÷òî tk → t+0, ïðè k → ∞, ñïðàâåäëèâî âêëþ÷åíèå (tk, ytk [·]) ∈ G̃, è ïîñëåäîâàòåëü-

íîñòü ∇ϕ(tk, ytk [·]) ñõîäèòñÿ. Ïîëüçóÿñü ëåììîé 1 è óñëîâèåì (ϕ.6), ìîæíî ïîêàçàòü, ÷òî òàêàÿ
ïîñëåäîâàòåëüíîñòü ñóùåñòâóåò. Çàìåòèì òàêæå, ÷òî â ñèëó óñëîâèÿ (ϕ.4) âåëè÷èíà Φ(t, w[·])
íå çàâèñèò îò âûáîðà �óíêöèè y[·] ∈ Y (t, w[·]) è ïîñëåäîâàòåëüíîñòè tk, ëèøü áû tk → t+0, ïðè
k → ∞, âûïîëíÿëîñü âêëþ÷åíèå (tk, ytk [·]) ∈ G̃ è ïîñëåäîâàòåëüíîñòü ∇ϕ(tk, ytk [·]) ñõîäèëàñü.

Èç îïðåäåëåíèÿ âåëè÷èíû Φ âûòåêàåò ñëåäóþùåå

Óòâåðæäåíèå 1. Ïóñòü çàäàíû ÷èñëà η ∈ (0, ϑ−t0), η∗ ∈ (0, η) è α, λ > 0, è ïóñòü âûáðàíà

ïîçèöèÿ (t, w[·]) ∈ [t0, ϑ − η] × D(α, λ). Òîãäà äëÿ ëþáûõ ÷èñåë ε, δ > 0 ñóùåñòâóåò òàêàÿ

ïîçèöèÿ (t̃, w̃[·]) ∈ ([t0, ϑ− η∗]×D(α, λ)) ∩ G̃, ÷òî ñïðàâåäëèâî íåðàâåíñòâî

∣∣t− t̃
∣∣ 6 δ,

∥∥w[·] − w̃[·]
∥∥
C
6 δ,

∥∥Φ
(
t, w[·]

)
−Φ

(
t̃, w̃[·]

)∥∥ 6 ε.

Ëåììà 3. Ïóñòü ÷èñëà ti, i = 1, l, è ∆t âçÿòû èç óñëîâèÿ (ϕ.4). Òîãäà äëÿ ëþáîãî ÷èñ-

ëà η ∈ (0,∆t) è ëþáûõ ÷èñåë α, λ > 0 îòîáðàæåíèå Φ ðàâíîìåðíî íåïðåðûâíî íà êîìïàêòå

∪l
i=1[ti−1, ti − η]×D(α, λ) ïî ìåòðèêå ïðîñòðàíñòâà [t0, ϑ]× C.
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Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ε > 0. Ïîêàæåì ñóùåñòâîâàíèå òàêîãî δ > 0, ÷òî äëÿ âñåõ

(t, w[·]), (τ, r[·]) ∈ ∪l
i=1[ti−1, ti−η]×D(α, λ) ïðè óñëîâèè |t−τ | 6 δ, ‖w[·]−r[·]‖C 6 δ ñïðàâåäëèâî

∥∥Φ
(
t, w[·]

)
− Φ

(
τ, r[·]

)∥∥ 6 ε. (3.9)

Ïóñòü η∗ ∈ (0, η). Â ñèëó óñëîâèÿ (ϕ.4) è îïðåäåëåíèÿ �óíêöèîíàëà Φ íàéäåòñÿ òàêîå ÷èñëî

δ∗ > 0, ÷òî äëÿ âñåõ (t̃, w̃[·]), (τ̃ , r̃[·]) ∈ (∪l
i=1[ti−1, ti−η∗]×D(α, λ))∩ G̃, ïðè âûïîëíåíèè óñëîâèÿ

∣∣t̃− τ̃
∣∣ 6 δ∗,

∥∥w̃[·]− r̃[·]
∥∥
C
6 δ∗, (3.10)

áóäåò ñïðàâåäëèâî íåðàâåíñòâî

∥∥Φ
(
t̃, w̃[·]

)
− Φ

(
τ̃ , r̃[·]

)∥∥ 6 ε/3. (3.11)

Ïîëîæèì δ = δ∗/3. Ïóñòü (t, w[·]), (τ, r[·]) ∈ ∪l
i=1[ti−1, ti − η] × D(α, λ) è âûïîëíåíî óñëî-

âèå |t − τ | 6 δ, ‖w[·] − r[·]‖C 6 δ. Â ñèëó óòâåðæäåíèÿ 1 íàéäóòñÿ òàêèå ïîçèöèè (t̃, w̃[·]),
(τ̃ , r̃[·]) ∈ ([t0, ϑ− η∗]×D(α, λ)) ∩ G̃, ÷òî

∣∣t− t̃
∣∣ 6 δ,

∥∥w[·]− w̃[·]
∥∥
C
6 δ,

∥∥Φ
(
t, w[·]

)
− Φ

(
t̃, w̃[·]

)∥∥ 6 ε/3,
∣∣τ − τ̃

∣∣ 6 δ,
∥∥r[·]− r̃[·]

∥∥
C
6 δ,

∥∥Φ
(
τ, r[·]

)
− Φ

(
τ̃ , r̃[·]

)∥∥ 6 ε/3.

Òîãäà äëÿ ýòèõ ïîçèöèé áóäóò âûïîëíåíû óñëîâèå (3.10) è, ñëåäîâàòåëüíî, íåðàâåíñòâî (3.11),

ïîëüçóÿñü êîòîðûì ïðèõîäèì ê îöåíêå (3.9). Ëåììà äîêàçàíà. �

Òåîðåìà 1. Ïóñòü �óíêöèîíàë ϕ : G → R óäîâëåòâîðÿåò óñëîâèÿì (ϕ.1)�(ϕ.4) (èëè, ó÷è-
òûâàÿ ëåììó 2, óñëîâèÿì (ϕ.1), (ϕ.3)�(ϕ.6)) è ñîîòíîøåíèÿì (3.2), (3.3). Òîãäà �óíêöèî-

íàë ϕ ÿâëÿåòñÿ öåíîé äè��åðåíöèàëüíîé èãðû (1.1), (1.2), òî åñòü ñïðàâåäëèâî ðàâåíñòâî

ϕ(t∗, x∗[·]) = ρ◦(t∗, x∗[·]), (t∗, x∗[·]) ∈ G, à ñòðàòåãèè U◦
è V ◦

, îïðåäåëÿåìûå èç ñîîòíîøåíèé

U◦
(
t, w[·]

)
∈ argmin

u∈U
max
v∈V

(
〈f
(
t, w[·], u, v

)
,Φ

(
t, w[·]

)
〉+ χ

(
t, w[·], u, v

))
,

V ◦
(
t, w[·]

)
∈ argmax

v∈V
min
u∈U

(
〈f
(
t, w[·], u, v

)
,Φ

(
t, w[·]

)
〉+ χ

(
t, w[·], u, v

))
,

(
t, w[·]

)
∈ G, (3.12)

ÿâëÿþòñÿ îïòèìàëüíûìè.

Ä î ê à ç à ò å ë ü ñ ò â î ñëåäóåò ñõåìå èç [4, ñ. 133℄ (ñì. òàêæå [13, ñ. 39℄).

Äëÿ ïîçèöèé (ϑ, x∗[·]) ∈ G óòâåðæäåíèå òåîðåìû ñïðàâåäëèâî â ñèëó óñëîâèé (ρ.2) è (3.3).

�àññìîòðèì ïîçèöèè (t∗, x∗[·]) ∈ G, t∗ < ϑ. Ó÷èòûâàÿ ñîîòíîøåíèÿ (1.6), (1.8) è (1.9), äëÿ

äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîêàçàòü, ÷òî

ρu
(
t∗, x∗[·];U

◦
)
6 ϕ

(
t∗, x∗[·]

)
, ρv

(
t∗, x∗[·];V

◦
)
> ϕ

(
t∗, x∗[·]

)
. (3.13)

Äîêàæåì ïåðâîå èç ýòèõ íåðàâåíñòâ. Ïî îïðåäåëåíèþ (1.5) âåëè÷èíû ãàðàíòèðîâàííîãî ðåçóëü-

òàòà ρu(t∗, x∗[·];U
◦) äëÿ åãî äîêàçàòåëüñòâà äîñòàòî÷íî ïîêàçàòü, ÷òî äëÿ ëþáîãî ÷èñëà ζ > 0

íàéäåòñÿ òàêîå ÷èñëî δ = δ(ζ) > 0, ÷òî, êàêîâû áû íè áûëè ðàçáèåíèå ∆δ (1.3) è äîïóñòèìàÿ ðå-

àëèçàöèÿ v[·] : [t∗, ϑ) 7→ V, äëÿ äâèæåíèÿ x[·] ñèñòåìû (1.1), ïîðîæäåííîãî èç ïîçèöèè (t∗, x∗[·])
çàêîíîì óïðàâëåíèÿ {U◦,∆δ} ïî ïðàâèëó (1.4) è ðåàëèçàöèåé v[·], ñïðàâåäëèâî íåðàâåíñòâî

γ
(
t∗, x∗[·];U

◦,∆δ; v[·]
)
= σ

(
xϑ[·]

)
+

∫ ϑ

t∗

χ
(
ξ, xξ[·], u[ξ], v[ξ]

)
dξ 6 ϕ

(
t∗, x∗[·]

)
+ ζ. (3.14)

Ïóñòü çà�èêñèðîâàíî ζ > 0. Âçÿâ ÷èñëî αf èç óñëîâèÿ (f.3), îïðåäåëèì ìíîæåñòâî

Y∗ =
{
y[·] ∈ Y (t∗, x∗[·]) :

∥∥∥
d

dt

(
y[t]− g

(
t, yt[·]

))∥∥∥ 6 αf

(
1 +

∥∥yt[·]
∥∥
C

)
ïðè ï. â. t ∈ [t∗, ϑ]

}
. (3.15)
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Ìîæíî ïîêàçàòü, ÷òî äëÿ ýòîãî ìíîæåñòâà íàéäóòñÿ òàêèå α, λ > 0, ÷òî ñïðàâåäëèâî âêëþ÷åíèå

yt[·] ∈ D(α, λ), t ∈ [t∗, ϑ], y[·] ∈ Y∗,

ãäå D(α, λ) � êîìïàêò, îïðåäåëåííûé â ñîãëàñèè ñ (3.4). Îòñþäà, ó÷èòûâàÿ óñëîâèÿ (f.1), (χ.1),
ñëåäóåò ñóùåñòâîâàíèå òàêèõ ÷èñåë Kf ,Kχ > 0, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

∥∥f
(
t, yt[·], u, v

)∥∥ 6 Kf ,
∣∣χ
(
t, yt[·], u, v

)∣∣ 6 Kχ, t ∈ [t∗, ϑ], y[·] ∈ Y∗, u ∈ U, v ∈ V. (3.16)

Ïóñòü ÷èñëà ti, i = 1, l, è ∆t âçÿòû èç óñëîâèÿ (ϕ.4), è ïóñòü i∗ = min{i = 1, l : t∗ < ti}. Òîãäà
â ñèëó óñëîâèÿ (ϕ.1) íàéäåòñÿ òàêîå ÷èñëî η ∈ (0,min{ζ/(8Kχl),∆t}), ÷òî

∣∣ϕ
(
t, yt[·]

)
− ϕ

(
τ, yτ [·]

)∣∣ 6 ζ/(4l), t, τ ∈ [ti − η, ti + η] ∩ [t∗, ϑ], i = i∗, l, y[·] ∈ Y∗. (3.17)

Èç óñëîâèÿ (ϕ.6) è îïðåäåëåíèÿ (3.8) îòîáðàæåíèÿ Φ íàéäåòñÿ òàêîå K∇ > 0, ÷òî

∥∥Φ
(
t, yt[·]

)∥∥ 6 K∇, t ∈ [t∗, ϑ− η], y[·] ∈ Y∗. (3.18)

Â ñèëó óñëîâèé (f.1), (χ.1) è ëåììû 3 ñóùåñòâóåò òàêîå δ ∈ (0, η), ÷òî äëÿ âñåõ y[·] ∈ Y∗, i = i∗, l,
t, τ ∈ [ti−1, ti − η]∩ [t∗, ϑ], u ∈ U, v ∈ V ïðè âûïîëíåíèè óñëîâèÿ |t− τ | 6 δ èìåþò ìåñòî îöåíêè

∥∥f
(
t, yt[·], u, v

)
− f

(
τ, yτ [·], u, v

)∥∥ 6 ζ1/K∇,
∥∥χ

(
t, yt[·], u, v

)
− χ

(
τ, yτ [·], u, v

)∥∥ 6 ζ1,

∥∥Φ
(
t, yt[·]

)
− Φ

(
τ, yτ [·]

)∥∥ 6 ζ1/Kf , ζ1 = ζ/(12(ϑ − t∗)).
(3.19)

Äîêàæåì, ÷òî ïðè òàêîì âûáîðå ÷èñëà δ íåðàâåíñòâî (3.14) âûïîëíÿåòñÿ. Ïóñòü âûáðàíî

íåêîòîðîå ðàçáèåíèå ∆δ (1.3) è â ñîãëàñèè ñ (3.12) îïðåäåëåíà ñòðàòåãèÿ U
◦
. Ïóñòü äâèæåíèå x[·]

ïîðîæäåíî èç ïîçèöèè (t∗, x∗[·]) çàêîíîì óïðàâëåíèÿ {U◦,∆δ} è íåêîòîðîé äîïóñòèìîé ðåàëèçà-
öèåé ïîìåõè v[·] : [t∗, ϑ) 7→ V. Òîãäà, ó÷èòûâàÿ óñëîâèå (f.3) è îïðåäåëåíèå (3.15) ìíîæåñòâà Y∗,
áóäåò ñïðàâåäëèâî âêëþ÷åíèå x[·] ∈ Y∗. �àññìîòðèì �óíêöèþ

ω[t] = ϕ
(
t, xt[·]

)
+

∫ t

t∗

χ
(
ξ, xξ[·], u[ξ], v[ξ]

)
dξ, t ∈ [t∗, ϑ],

ãäå ðåàëèçàöèÿ u[·] : [t∗, ϑ) 7→ V îïðåäåëåíà ïî çàêîíó óïðàâëåíèÿ {U◦,∆δ} â ñîãëàñèè ñ (1.4).

Òîãäà â ñèëó ñîîòíîøåíèé (1.2) è (3.3) äëÿ íåå ñïðàâåäëèâû ðàâåíñòâà

ω[t∗] = ϕ
(
t∗, x∗[·]

)
, ω[ϑ] = γ

(
t∗, x∗[·];U

◦,∆δ; v[·]
)
. (3.20)

Â ñèëó âûáîðà ÷èñåë η è δ èç óñëîâèé (3.17) è (3.19) ñîîòâåòñòâåííî äëÿ êàæäîãî i = i∗, l
ñóùåñòâóåò òàêîå ki ∈ N, ÷òî τki ∈ ∆δ è ti 6 τki 6 ti+η. Ïîëîæèì ki∗−1 = 1. Òîãäà, â ÷àñòíîñòè,
τi∗−1 = t∗ è τkl = ϑ. Îòñþäà, ïîëüçóÿñü ñîîòíîøåíèÿìè (3.16), (3.17), âûâîäèì

ω[ϑ] = ω[t∗] +
l∑

i=i∗

(
ω[ti − η]− ω[τki−1

]
)
+

l∑

i=i∗

(
ω[τki ]− ω[ti − η]

)
6

l∑

i=i∗

∫ ti−η

τki−1

dω[ξ]

dξ
dξ + ζ/2.

Òàêèì îáðàçîì, äëÿ äîêàçàòåëüñòâà íåðàâåíñòâà (3.14) íóæíî ïîêàçàòü, ÷òî èìååò ìåñòî îöåíêà

dω[t]/dt 6 6ζ1 ïðè ï. â. t ∈ [τki−1
, ti − η], i = i∗, l, (3.21)

ãäå ÷èñëî ζ1 îïðåäåëåíî â (3.19).

Çà�èêñèðóåì i ∈ i∗, l. Îáîçíà÷èì ÷åðåç Ti ìíîæåñòâî òàêèõ ìîìåíòîâ t ∈ (τki−1
, ti − η),

äëÿ êîòîðûõ ñïðàâåäëèâî âêëþ÷åíèå (t, xt[·]) ∈ G̃ è ñóùåñòâóþò ïðîèçâîäíûå dϕ(t, xt[·])/dt
è dx[t]/dt. Òîãäà èç ëåììû 1 è óñëîâèÿ (ϕ.5) ñëåäóåò, ÷òî ìåðà ìíîæåñòâà [τki−1

, ti − η] \ Ti
ðàâíà íóëþ. Äëÿ ëþáîãî ìîìåíòà t ∈ Ti, ïðèíèìàÿ âî âíèìàíèå óñëîâèå (ϕ.3) è ðàâåíñòâî (3.2),
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â êîòîðîì, ñîãëàñíî ëåììå 1, ìåíÿåì ∂tg(t, xt[·]) íà dg(t, xt[·])/dt è, ñîãëàñíî îïðåäåëåíèþ (3.8)

îòîáðàæåíèÿ Φ, ìåíÿåì ∇ϕ(t, xt[·]) íà Φ(t, xt[·]), èìååì

d

dt

(
ϕ
(
t, xt[·]

))
= lim

τ→t+0

ϕ(τ, xτ [·]) − ϕ(t, xt[·])

τ − t
= ∂tϕ

(
t, xt[·]

)
+ 〈

dx[t]

dt
,∇ϕ

(
t, xt[·]

)
〉 =

= 〈
d

dt

(
x[t]− g

(
t, xt[·]

))
,Φ

(
t, xt[·]

)
〉 −H

(
t, xt[·],Φ

(
t, xt[·]

))
.

Îòñþäà, ó÷èòûâàÿ ðàâåíñòâî (1.1), ïðè ï. â. t ∈ [τki−1
, ti − η] âûâîäèì

dω[t]

dt
=

d

dt

(
ϕ
(
t, xt[·]

))
+ χ

(
t, xt[·], u[t], v[t]

)
= 〈f

(
t, xt[·], u[t], v[t]

)
,Φ

(
t, xt[·]

)
〉+

+ χ
(
t, xt[·], u[t], v[t]

)
−H

(
t, xt[·],Φ

(
t, xt[·]

))
.

(3.22)

Èç îöåíîê (3.16), (3.18), (3.19), ñ ó÷åòîì îïðåäåëåíèÿ (3.1) ãàìèëüòîíèàíà H, ïîëó÷àåì

〈f
(
t, xt[·], u[t], v[t]

)
,Φ

(
t, xt[·]

)
〉+ χ

(
t, xt[·], u[t], v[t]

)
−H

(
t, xt[·],Φ

(
t, xt[·]

))
6 (3.23)

6 〈f
(
τj, xτj [·], u[t], v[t]

)
,Φ

(
τj , xτj [·]

)
〉+ χ

(
τj, xτj [·], u[t], v[t]

)
−H

(
τj, xτj [·],Φ

(
τj, xτj [·]

))
+ 6ζ1,

t ∈ [τj, τj+1] ∩ [τki−1
, ti − η], j = ki−1, ki.

Â ñèëó (3.1) è (3.12) ïðè âñåõ t ∈ [τj , τj+1]∩ [τki−1
, ti− η], j = ki−1, ki, èìåþò ìåñòî ñîîòíîøåíèÿ

f
(
τj, xτj [·], u[t], v[t]

)
, Φ

(
τj , xτj [·]

)
〉+ χ

(
τj , xτj [·], u[t], v[t]

)
6 (3.24)

6 max
v∈V

(
〈f
(
τj , xτj [·], U

◦
(
τj, xτj [·]

)
, v
)
,Φ

(
τj , xτj [·]

)
〉+ χ

(
τj , xτj [·], U

◦
(
τj, xτj [·]

)
, v
))

=

= min
u∈U

max
v∈V

(
〈f
(
τj, xτj [·], u, v

)
,Φ

(
τj, xτj [·]

)
〉+ χ

(
τj, xτj [·], u, v

))
= H

(
τj, xτj [·],Φ

(
τj , xτj [·]

))
.

Îáúåäèíÿÿ ñîîòíîøåíèÿ (3.22)�(3.24), ïîëó÷àåì íåðàâåíñòâî (3.21). Òàêèì îáðàçîì, ïåðâîå

íåðàâåíñòâî â (3.13) äîêàçàíî. Âòîðîå íåðàâåíñòâî äîêàçûâàåòñÿ ñèììåòðè÷íûì îáðàçîì ñ ó÷å-

òîì óñëîâèÿ (f, χ). Òåîðåìà äîêàçàíà. �

Çàìå÷àíèå 1. Â òåîðåìå 1 âìåñòî âûïîëíåíèÿ óñëîâèÿ (ϕ.2) ìîæíî ïîòðåáîâàòü âûïîëíå-

íèå óñëîâèé (ϕ.5), (ϕ.6). Êàê ñëåäóåò èç ëåììû 2, ýòè óñëîâèÿ ÿâëÿþòñÿ áîëåå ñëàáûìè, ÷åì

óñëîâèå (ϕ.2), îäíàêî âî ìíîãèõ ñëó÷àÿõ èõ ïðîâåðêà îêàçûâàåòñÿ äîñòàòî÷íî çàòðóäíèòåëüíîé.

Çàìå÷àíèå 2. Ïî àíàëîãèè ñ òåîðåìîé 3.1 èç [13℄ â òåîðåìå 1 âìåñòî óñëîâèé (ϕ.2)�(ϕ.4)
ìîæíî ïîòðåáîâàòü, ÷òîáû �óíêöèîíàë ϕ áûë 
i-äè��åðåíöèðóåì íà âñåì [t0, ϑ)×Lip è ÷òîáû

åãî 
i-ïðîèçâîäíûå ∂tϕ è∇ϕ áûëè íåïðåðûâíû íà [t0, ϑ)×Lip. Òîãäà áóäóò âûïîëíÿòüñÿ óñëîâèÿ
(ϕ.3)�(ϕ.6) è, ó÷èòûâàÿ çàìå÷àíèå 1, óòâåðæäåíèå òåîðåìû 1 áóäåò òàêæå ñïðàâåäëèâî.

� 4. Ñòàáèëüíîñòü öåíû îòíîñèòåëüíî õàðàêòåðèñòè÷åñêèõ êîìïëåêñîâ

Äëÿ ïîëó÷åíèÿ â íåêîòîðîì ñìûñëå îáðàòíîãî ê òåîðåìå 1 ðåçóëüòàòà, ñëåäóÿ èäåîëîãèè [7,

13℄ (ñì., òàêæå [10,12℄), ââåäåì âñïîìîãàòåëüíûå õàðàêòåðèñòè÷åñêèå êîìïëåêñû è äîêàæåì, ÷òî

öåíà äè��åðåíöèàëüíîé èãðû (1.1), (1.2) ÿâëÿåòñÿ ñòàáèëüíîé îòíîñèòåëüíî ýòèõ êîìïëåêñîâ.

Îïðåäåëèì ìíîãîçíà÷íûå îòîáðàæåíèÿ

E
â

(
t, w[·], v

)
= co

{(
f
(
t, w[·], u, v

)
, χ

(
t, w[·], u, v

))
∈ R

n × R : u ∈ U
}
,

E
í

(
t, w[·], u

)
= co

{(
f
(
t, w[·], u, v

)
, χ

(
t, w[·], u, v

))
∈ R

n × R : v ∈ V
}
,

t ∈ [t0, ϑ], w[·] ∈ C, u ∈ U, v ∈ V.

(4.1)

Ìîæíî ïîêàçàòü, ÷òî äëÿ íèõ áóäóò âûïîëíÿòüñÿ ñëåäóþùèå ñâîéñòâà:

(E.1) äëÿ ëþáûõ t ∈ [t0, ϑ], w[·] ∈ C, u ∈ U è v ∈ V ìíîæåñòâà E
â

(
t, w[·], v

)
è E

í

(
t, w[·], v

)

ÿâëÿþòñÿ íåïóñòûìè âûïóêëûìè êîìïàêòàìè;
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(E.2) ïðè �èêñèðîâàííûõ u ∈ U è v ∈ V îòîáðàæåíèÿ E
â

(
t, w[·], v

)
è E

í

(
t, w[·], v

)
ïîëóíåïðå-

ðûâíû ñâåðõó ïî (t, w[·]);

(E.3) äëÿ ÷èñëà αf > 0 èç óñëîâèÿ (f.2) èìååò ìåñòî îöåíêà

sup
{
‖f‖ : (f, χ) ∈ E

â

(
t, w[·], v

)
∪ E

í

(
t, w[·], u

)}
6 αf

(
1 +

∥∥w[·]
∥∥
C

)
,

t ∈ [t0, ϑ], w[·] ∈ C, u ∈ U, v ∈ V;

(E.4) äëÿ âñåõ t ∈ [t0, ϑ], w[·] ∈ C è s ∈ R
n
ñïðàâåäëèâû ðàâåíñòâà

sup
v∈V

min
(f,χ)∈E

â

(t,w[·],v)

(
〈s, f〉+ χ

)
= H

(
t, w[·], s

)
= inf

u∈U
max

(f,χ)∈E
í

(t,w[·],u)

(
〈s, f〉+ χ

)
.

Îáîçíà÷èì

g
(
t, w[·]

)
=

(
g
(
t, w[·]

)
, 0
)
∈ R

n × R, (t, w[·]) ∈ G.

Ïóñòü çàäàíû (t∗, x∗[·]) ∈ G è v ∈ V. �àññìîòðèì �óíêöèîíàëüíî-äè��åðåíöèàëüíîå âêëþ÷å-

íèå íåéòðàëüíîãî òèïà

d

dt

((
x[t], z[t]

)
− g

(
t, xt[·]

))
∈ E

â

(
t, xt[·], v

)
, t ∈ [t∗, ϑ], (4.2)

ïðè óñëîâèè

xt∗ [·] = x∗[·], zt∗ [·] = 0. (4.3)

Âêëþ÷åíèå (4.2) áóäåì íàçûâàòü âåðõíèì õàðàêòåðèñòè÷åñêèì êîìïëåêñîì, à õàðàêòåðèñòèêà-

ìè � ïàðû �óíêöèé (x[·], z[·]) ∈ Lip([t∗ − h, ϑ],Rn × R), êîòîðûå óäîâëåòâîðÿþò óñëîâèþ (4.3)

è ïî÷òè âñþäó âêëþ÷åíèþ (4.2). Îáîçíà÷èì ÷åðåç CH
â

(t∗, x∗[·], v) ìíîæåñòâî âñåõ òàêèõ õàðàê-
òåðèñòèê (x[·], z[·]). Ïðèíèìàÿ âî âíèìàíèå óñëîâèÿ (g.1), (g.2), (E.1)�(E.3), ìîæíî ïîêàçàòü,

÷òî ìíîæåñòâî CH
â

(t∗, x∗[·], v) ÿâëÿåòñÿ íåïóñòûì êîìïàêòîì â C([t∗ − h, ϑ],Rn × R).

Ëåììà 4. Äëÿ �óíêöèîíàëà öåíû ρ◦ äè��åðåíöèàëüíîé èãðû (1.1), (1.2) ñïðàâåäëèâî ñëå-

äóþùåå óòâåðæäåíèå. Äëÿ ëþáîé ïîçèöèè (t∗, x∗[·]
)
∈ G è ëþáîãî âåêòîðà v ∈ V ñóùåñòâóåò

òàêàÿ õàðàêòåðèñòèêà (x[·], z[·]) ∈ CH
â

(t∗, x∗[·], v), ÷òî ñïðàâåäëèâî íåðàâåíñòâî

ρ◦
(
t, xt[·]

)
+ z[t] 6 ρ◦

(
t∗, x∗[·]

)
, t ∈ [t∗, ϑ]. (4.4)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü âûáðàíî k ∈ N, k > 2. Îáîçíà÷èì δk = (ϑ − t∗)/k è τj =
t∗+jδk, j = 0, k. Ïîëüçóÿñü íà êàæäîì îòðåçêå [τj , τj+1], j = 0, k − 1 ñâîéñòâîì (ρ.3), îïðåäåëèì
òàêóþ ðåàëèçàöèþ u(k)[·] : [t∗, ϑ) 7→ U, ÷òî äëÿ äâèæåíèÿ x(k)[·] : [t∗ − h, ϑ] 7→ R

n
, ïîðîæäåííîãî

èç ïîçèöèè (t∗, x∗[·]) ðåàëèçàöèÿìè u
(k)[·] è v[·] : [t∗, ϑ) 7→ {v}, áóäóò ñïðàâåäëèâû íåðàâåíñòâà

ρ◦
(
τk, x

(k)
τk [·]

)
+ z(k)[τk] 6 ρ◦

(
τk−1, x

(k)
τk−1

[·]
)
+ z(k)[τk−1] + 1/k2 6

6 ρ◦
(
τk−2, x

(k)
τk−2

[·]
)
+ z(k)[τk−2] + 2/k2 6 . . . 6 ρ◦

(
t∗, x∗[·]

)
+ 1/k,

ãäå �óíêöèÿ z(k)[·] : [t∗ − h, t∗] 7→ R îïðåäåëÿåòñÿ ïî ïðàâèëó

z(k)[t] = 0, t ∈ [t∗ − h, t∗], z(k)[t] =

∫ t

t∗

χ
(
ξ, x

(k)
ξ [·], u(k)[ξ], v

)
dξ, t ∈ [t∗, ϑ].

Òîãäà, ó÷èòûâàÿ îïðåäåëåíèå (4.1) îòîáðàæåíèÿ E
â

, ñïðàâåäëèâî âêëþ÷åíèå (x(k)[·], z(k)[·]) ∈
∈ CH

â

(t∗, x∗[·], v). Â ñèëó êîìïàêòíîñòè ìíîæåñòâà ðåøåíèé CH
â

(t∗, x∗[·], v) ó ïîñëåäîâàòåëü-

íîñòè õàðàêòåðèñòèê (x(k)[·], z(k)[·]) ñóùåñòâóåò ñõîäÿùàÿñÿ ïîäïîñëåäîâàòåëüíîñòü, êîòîðóþ
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áóäåì îáîçíà÷àòü òàê æå, à ïðåäåë åå îáîçíà÷èì ÷åðåç (x[·], z[·]) ∈ CH
â

(t∗, x∗[·], v). Äëÿ äîêàçà-

òåëüñòâà ëåììû îñòàëîñü ïîêàçàòü âûïîëíåíèå íåðàâåíñòâà (4.4) äëÿ õàðàêòåðèñòèêè (x[·], z[·]).
Ïóñòü ε > 0. Â ñèëó êîìïàêòíîñòè ìíîæåñòâà õàðàêòåðèñòèê CH

â

(t∗, x∗[·], v) è ñâîéñòâà (ρ.1)
�óíêöèîíàëà ρ◦ ñóùåñòâóåò òàêîå ÷èñëî ν = ν(ε) > 0, ÷òî äëÿ âñåõ ìîìåíòîâ t, τ ∈ [t∗, ϑ] è âñåõ
õàðàêòåðèñòèê (x[·], z[·]) ∈ CH

â

(t∗, x∗[·], v), òàêèõ, ÷òî

∣∣t− τ
∣∣ 6 ν,

∥∥x[ξ]− x[ξ]
∥∥ 6 ν,

∣∣z[ξ]− z[ξ]
∣∣ 6 ν, ξ ∈ [t∗ − h, ϑ],

áóäåò ñïðàâåäëèâî íåðàâåíñòâî

∣∣ρ◦
(
t, xt[·]

)
− ρ◦

(
τ, xτ [·]

)∣∣ 6 ε/4,
∣∣z[t]− z[τ ]

∣∣ 6 ε/4.

Ó÷èòûâàÿ òîò �àêò, ÷òî õàðàêòåðèñòèêà (x[·], z[·]) ÿâëÿåòñÿ ïðåäåëîì ïîñëåäîâàòåëüíîñòè

(x(k)[·], z(k)[·]), k = 1, 2, . . ., íàéäåòñÿ òàêîå k∗ = k∗(ν(ε)) > 0, ÷òî äëÿ âñåõ k > k∗ èìååì

∥∥x[ξ]− x(k)[ξ]
∥∥ 6 ν,

∥∥z[ξ]− z(k)[ξ]
∥∥ 6 ν, ξ ∈ [t∗ − h, ϑ].

Òîãäà äëÿ âñåõ íàòóðàëüíûõ k, òàêèõ, ÷òî k > k∗, δk 6 ν, k > 2/ε, è j = 0, k − 1 âûâîäèì

ρ◦
(
t, xt[·]

)
+ z[t] 6

∣∣ρ◦
(
t, xt[·]

)
− ρ◦

(
τj, x

(k)
τj [·]

)∣∣+
∣∣z[t]− z(k)[τj]

∣∣+ ρ◦
(
τj, x

(k)
τj [·]

)
+ z(k)[τi] 6

6 ε/2 + ρ◦
(
τj , x

(k)
τj [·]

)
+ z(k)[τj] 6 ε/2 + ρ◦

(
t∗, x∗[·]

)
+ j/k2 6 ρ◦

(
t∗, x∗[·]

)
+ ε, t ∈ [τj, τj+1].

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî íåðàâåíñòâî ρ◦(t, xt[·]) + z[t] 6 ρ◦(t∗, x∗[·]) + ε, t ∈ [t∗, ϑ], ñïðà-
âåäëèâî äëÿ ëþáîãî ε > 0, à çíà÷èò, è äëÿ ε = 0. Ëåììà äîêàçàíà. �

Ïóñòü çàäàíû (t∗, x∗[·]) ∈ G è u ∈ U. �àññìîòðèì �óíêöèîíàëüíî-äè��åðåíöèàëüíîå âêëþ-

÷åíèå íåéòðàëüíîãî òèïà

d

dt

((
x[t], z[t]

)
− g

(
t, xt[·]

))
∈ E

í

(
t, xt[·], u

)
, t ∈ [t∗, ϑ], (4.5)

ïðè óñëîâèè

xt∗ [·] = x∗[·], zt∗ [·] = 0. (4.6)

Âêëþ÷åíèå (4.5) áóäåì íàçûâàòü íèæíèì õàðàêòåðèñòè÷åñêèì êîìïëåêñîì, ïîíèìàåì ïîä õà-

ðàêòåðèñòèêàìè � ïàðû �óíêöèé (x[·], z[·]) ∈ Lip([t∗ − h, ϑ],Rn × R), êîòîðûå óäîâëåòâîðÿþò
óñëîâèþ (4.6) è ïî÷òè âñþäó âêëþ÷åíèþ (4.5). Îáîçíà÷èì ÷åðåç CH

í

(t∗, x∗[·], v) ìíîæåñòâî âñåõ
òàêèõ õàðàêòåðèñòèê (x[·], z[·]). Ïî àíàëîãèè ñ ëåììîé 4 ìîæíî ïîêàçàòü, ÷òî ñïðàâåäëèâà

Ëåììà 5. Äëÿ �óíêöèîíàëà öåíû ρ◦ äè��åðåíöèàëüíîé èãðû (1.1), (1.2) ñïðàâåäëèâî ñëå-

äóþùåå óòâåðæäåíèå. Äëÿ ëþáîé ïîçèöèè (t∗, x∗[·]
)
∈ G è ëþáîãî âåêòîðà u ∈ U ñóùåñòâóåò

òàêàÿ õàðàêòåðèñòèêà (x[·], z[·]) ∈ CH
í

(t∗, x∗[·], u), ÷òî ñïðàâåäëèâî íåðàâåíñòâî

ρ◦
(
t, xt[·]

)
+ z[t] > ρ◦

(
t∗, x∗[·]

)
, t ∈ [t∗, ϑ].

� 5. Äè��åðåíöèàëüíûå ñâîéñòâà �óíêöèîíàëà öåíû

Òåîðåìà 2. Ïóñòü �óíêöèîíàë öåíû ρ◦ äè��åðåíöèàëüíîé èãðû (1.1), (1.2) 
i-äè��åðåí-

öèðóåì â òî÷êå (t∗, x∗[·]) ∈ G̃. Òîãäà îí óäîâëåòâîðÿåò óðàâíåíèþ (3.2) â ýòîé òî÷êå.

Ä î ê à ç à ò å ë ü ñ ò â î ñëåäóåò ñõåìå èç ðàáîòû [7, ñ. 18℄.

Ïóñòü ε > 0. Ïî óñëîâèþ (E.4), íàéäåòñÿ òàêîé âåêòîð v ∈ V, ÷òî

min
(f,χ)∈E

â

(t∗,x∗[·],v)

(
〈f,∇ρ◦

(
t∗, x∗[·]

)
〉+ χ

)
> H

(
t∗, x∗[·],∇ρ

◦
(
t∗, x∗[·]

))
− ε/2. (5.1)
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Ïî ëåììå 4, íàéäåòñÿ òàêàÿ õàðàêòåðèñòèêà (x[·], z[·]) ∈ CH
â

(t∗, x∗[·], v), ÷òî ñïðàâåäëèâî íåðà-
âåíñòâî (4.4). Îòñþäà, ó÷èòûâàÿ 
i-äè��åðåíöèðóåìîñòü �óíêöèîíàëà ρ◦ â òî÷êå (t∗, x∗[·]),
èìååì

0 > ρ◦
(
t, xt[·]

)
− ρ◦

(
t∗, x∗[·]

)
+ z[t] =

= ∂tρ
◦
(
t∗, x∗[·]

)
(t− t∗) + 〈x[t]− x[t∗], ∇ρ

◦
(
t∗, x∗[·]

)
〉+ z[t] + o

(1)
{t∗,x[·]}

(t− t∗), t ∈ [t∗, ϑ],
(5.2)

ãäå �óíêöèÿ o
(1)
{t∗,x[·]}

(t− t∗)/(t− t∗) → 0 ïðè t → t∗ + 0. Ïîñêîëüêó (x[·], z[·]) ∈ CH
â

(t∗, x∗[·], v),

òî ñóùåñòâóþò òàêèå èçìåðèìûå �óíêöèè f̃ [·] : [t∗, ϑ] 7→ R
n
è χ̃[·] : [t∗, ϑ] 7→ R

n
, ÷òî

x[t] = g
(
t, xt[·]

)
+ x[t∗]− g

(
t∗, x∗[·]

)
+

∫ t

t∗

f̃ [ξ]dξ, z[t] =

∫ t

t∗

χ̃[ξ]dξ, t ∈ [t∗, ϑ],

(
f̃ [ξ], χ̃[ξ]

)
∈ E

â

(
ξ, xξ[·], v

)
, ξ ∈ [t∗, ϑ].

(5.3)

Ïîñêîëüêó (t∗, x∗[·]) ∈ G̃, ñóùåñòâóåò òàêîå ÷èñëî ∂tg(t∗, x∗[·]), ÷òî èìååò ìåñòî ðàâåíñòâî

g
(
t, xt[·]

)
− g

(
t∗, x∗[·]

)
= ∂tg(t∗, x∗)(t− t∗) + o

(2)
{t∗,x[·]}

(t− t∗), t ∈ [t∗, ϑ], (5.4)

ãäå �óíêöèÿ o
(2)
{t∗,x[·]}

(t− t∗)/(t− t∗) → 0 ïðè t→ t∗ + 0. Îáîçíà÷èì

θ
(
t− t∗

)
= o

(1)
{t∗,x[·]}

(
t− t∗

)
+ 〈o

(2)
{t∗,x[·]}

(
t− t∗

)
,∇ρ◦

(
t∗, x∗[·]

)
〉.

Òîãäà, ðàçäåëèâ ñîîòíîøåíèå (5.2) íà (t− t∗) è ïîëüçóÿñü ðàâåíñòâàìè (5.3), (5.4), ïîëó÷àåì

0 > ∂tρ
◦
(
t∗, x∗[·]

)
+ 〈∂g

(
t∗, x∗[·]

)
,∇ρ◦

(
t∗, x∗[·]

)
〉+

+ 〈
1

t− t∗

∫ t

t∗

f̃ [ξ]dξ,∇ρ◦
(
t∗, x∗[·]

)
〉+

1

t− t∗

∫ t

t∗

χ̃[ξ]dξ +
θ(t− t∗)

t− t∗
, t ∈ (t∗, ϑ].

(5.5)

Èç óñëîâèÿ (E.2), âêëþ÷åíèÿ x[·] ∈ Lip([t∗ − h, ϑ],Rn) è âêëþ÷åíèÿ èç (5.3) ñëåäóåò ñóùå-

ñòâîâàíèå òàêîãî ν = ν(ε) > 0, ÷òî

(
f̃ [ξ], χ̃[ξ]

)
∈
[
E
â

(
t∗, x∗[·], v

)]ε1 , ξ ∈ [t∗, t∗ + ν], ε1 = ε/
(
4
(∥∥∇ρ◦

(
t∗, x∗[·]

)∥∥+ 1
))
.

Îòñþäà, ïîëüçóÿñü ëåììîé 12 ðàáîòû [17℄ è ó÷èòûâàÿ óñëîâèå (E.1), âûâîäèì, ÷òî äëÿ êàæäîãî
t ∈ [t∗, t∗ + ν] ñóùåñòâóåò òàêàÿ ïàðà (f∗[t], χ∗[t]) ∈ E

â

(t∗, x∗[·], v), ÷òî ñïðàâåäëèâû íåðàâåíñòâà

∥∥∥∥
1

t− t∗

∫ t

t∗

f̃ [ξ]dξ − f∗[t]

∥∥∥∥ 6 ε1,

∣∣∣∣
1

t− t∗

∫ t

t∗

χ̃[ξ]dξ − χ∗[t]

∣∣∣∣ 6 ε1.

Ïîëüçóÿñü ýòèìè íåðàâåíñòâàìè è îöåíêîé (5.1), èç íåðàâåíñòâà (5.5) ïðè t ∈ [t∗, t∗+ν] ïîëó÷àåì

ε >
ε

2
+ ∂tρ

◦
(
t∗, x∗[·]

)
+ 〈∂g

(
t∗, x∗[·]

)
,∇ρ◦

(
t∗, x∗[·]

)
〉+ 〈f∗[t],∇ρ

◦
(
t∗, x∗[·]

)
〉+ χ∗[t] +

θ(t− t∗)

t− t∗
>

> ∂tρ
◦
(
t∗, x∗[·]

)
+ 〈∂g

(
t∗, x∗[·]

)
,∇ρ◦

(
t∗, x∗[·]

)
〉+H

(
t∗, x∗[·],∇ρ

◦
(
t∗, x∗[·]

))
+
θ(t− t∗)

t− t∗
.

Ïåðåõîäÿ ê ïðåäåëó ïðè t→ t∗+0 è ïðèíèìàÿ âíèìàíèå, ÷òî ýòà îöåíêà âûïîëíåíà äëÿ ëþáîãî
ε > 0, ïîëó÷àåì íåðàâåíñòâî

∂tρ
◦
(
t∗, x∗[·]

)
+ 〈∂tg

(
t∗, x∗[·]

)
,∇ρ◦

(
t∗, x∗[·]

)
〉+H

(
t∗, x∗[·],∇ρ

◦
(
t∗, x∗[·]

))
6 0.

Àíàëîãè÷íî äîêàçûâàåòñÿ è íåðàâåíñòâî â äðóãóþ ñòîðîíó. Òàêèì îáðàçîì, òåîðåìà äîêàçàíà.

�
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� 6. Ïðèìåðû

�àññìîòðèì äè��åðåíöèàëüíóþ èãðó âèäà (1.1), (1.2), â êîòîðîé äèíàìè÷åñêàÿ ñèñòåìà

îïèñûâàåòñÿ ëèíåéíûì �óíêöèîíàëüíî-äè��åðåíöèàëüíûì óðàâíåíèåì íåéòðàëüíîãî òèïà

d

dt

(
x[t]− x[t− 1]

)
= u[t]− v[t], t ∈ [0, 3], x[t] ∈ R, u[t], v[t] ∈ [−1, 1], (6.1)

à ïîêàçàòåëü êà÷åñòâà � òåðìèíàëüíûé:

γ1 = σ
(
xϑ=3[·]

)
=

∣∣x[3]
∣∣2. (6.2)

Èçâåñòíî (ñì., íàïðèìåð, [6℄), ÷òî òàêàÿ äè��åðåíöèàëüíàÿ èãðà èìååò öåíó, è, ïîñêîëüêó

êàê ïåðâûé, òàê è âòîðîé èãðîê ìîãóò ñòîëêíóòüñÿ ñ ðåàëèçàöèé óïðàâëÿþùåãî âîçäåéñòâèÿ

îïïîíåíòà, êîïèðóþùóþ èõ ñîáñòâåííóþ ðåàëèçàöèþ (ò. å. ñ ñèòóàöèåé u[t] = v[t]), �óíêöèîíàë
öåíû ýòîé äè��åðåíöèàëüíîé èãðû èìååò âèä

ρ◦1
(
t, w[·]

)
=

∣∣κ
(
t, w[·]

)∣∣2,

κ
(
t, w[·]

)
= w[i− t] + (3− i)w[0] − (3− i)w[−1],

(
t, w[·]

)
∈ [i, i + 1]× Lip, i = 0, 2.

(6.3)

Â ýòîì ïðèìåðå, â ñîãëàñèè ñ (2.1) è (3.1), èìååì

G̃ =
{(
t, w[·]

)
∈ G : ∃d+w[−1]/dt

}
, H

(
t, w[·], s

)
= 0. (6.4)

Çäåñü ñèìâîë d+w[−1]/dt îáîçíà÷àåò ïðàâóþ ïðîèçâîäíóþ �óíêöèè w[·] â òî÷êå ξ = −1. Ìîæíî

ïðîâåðèòü, ÷òî �óíêöèîíàë öåíû ρ◦1 èìååò 
i-ïðîèçâîäíûå

∂tρ
◦
1

(
t, w[·]

)
= −2(3 − i)κ

(
t, w[·]

)
d+w[−1]/dt, ∇ρ◦1

(
t, w[·]

)
= 2(3− i)κ

(
t, w[·]

)
,

(
t, w[·]

)
∈
(
[i, i+ 1)× Lip

)
∩ G̃, i = 0, 2,

óäîâëåòâîðÿåò ñîîòâåòñòâóþùèì ñîîòíîøåíèÿì (3.2), (3.3) è óñëîâèÿì (ϕ.1)�(ϕ.4), ïðè÷åì

â óñëîâèè (ϕ.4) èìååì ti = i, i = 1, 3. Âèäíî, ÷òî �óíêöèîíàë Φ, îïðåäåëåííûé â (3.8), â äàí-

íîì ñëó÷àå èìååò âèä Φ(t, w[·]) = 2(3 − i)κ(t, w[·]). Òàêèì îáðàçîì, ïî òåîðåìå 1, îïòèìàëüíûå

ñòðàòåãèè U◦
è V ◦

ìîãóò áûòü ïîñòðîåíû, íàïðèìåð, ïî �îðìóëå

U◦
(
t, w[·]

)
= −

κ(t, w[·])

‖κ(t, w[·])‖
, V ◦

(
t, w[·]

)
=

κ(t, w[·])

‖κ(t, w[·])‖
,

(
t, w[·]

)
∈ G \G∗,

U◦
(
t, w[·]

)
= V ◦

(
t, w[·]

)
= 0,

(
t, w[·]

)
∈ G∗,

ãäå G∗ = {(t, w[·]) ∈ G : κ(t, w[·]) = 0}.
�àññìîòðèì òåïåðü âòîðóþ äè��åðåíöèàëüíóþ èãðó äëÿ òàêîé æå äèíàìè÷åñêèé ñèñòå-

ìû (6.1), íî ïðè äðóãîì ïîêàçàòåëå êà÷åñòâà: γ2 = σ
(
xϑ=3[·]

)
=

∣∣x[3]
∣∣.Ôóíêöèîíàë öåíû ýòîé

èãðû èìååò âèä ρ◦2
(
t, w[·]

)
=

∣∣κ
(
t, w[·]

)∣∣,ãäå κ
(
t, w[·]

)
îïðåäåëåí â (6.3). Ïóñòü G̃ = G̃0∪ G̃+∪ G̃−,

ãäå

G̃0 =
{(
t, w[·]

)
∈ G̃ : κ

(
t, w[·]

)
= 0

}
, G̃+ =

{(
t, w[·]

)
∈ G̃ : κ

(
t, w[·]

)
> 0

}
,

G̃− =
{(
t, w[·]

)
∈ G̃ : κ

(
t, w[·]

)
< 0

}
.

Çàìåòèì, ÷òî, â îòëè÷èå îò �óíêöèîíàëà ρ◦1, �óíêöèîíàë öåíû ρ◦2 íå ÿâëÿåòñÿ 
i-äè��å-

ðåíöèðóåìûì íà G̃, à èìåííî â òî÷êàõ ìíîæåñòâà G̃0. Ïðè ýòîì â òî÷êàõ ìíîæåñòâ G̃+ è G̃−

äëÿ âñåõ i = 0, 2 ó ýòîãî �óíêöèîíàëà ñóùåñòâóþò 
i-ïðîèçâîäíûå

∂tρ
◦
2

(
t, w[·]

)
= −(3− i)d+w[−1]/dt, ∇ρ◦2

(
t, w[·]

)
= 3− i,

(
t, w[·]

)
∈
(
[i, i + 1)× Lip

)
∩ G̃+,

∂tρ
◦
2

(
t, w[·]

)
= (3− i)d+w[−1]/dt, ∇ρ◦2

(
t, w[·]

)
= −(3− i),

(
t, w[·]

)
∈
(
[i, i+ 1)× Lip

)
∩ G̃−,

è îí óäîâëåòâîðÿåò óðàâíåíèþ (3.2), ÷òî ÿâëÿåòñÿ èëëþñòðàöèåé óòâåðæäåíèÿ òåîðåìû 2.
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up to the terminal time and in
ludes an integral estimation of realizations of players' 
ontrols. The game is

formalized in the 
lass of pure positional strategies. Based on a 
oinvariant derivatives 
on
eption we derive a

Hamilton�Ja
obi fun
tional equation. It is proved, �rstly, that the solution of this equation, satisfying 
ertain


onditions of smoothness, is the value of the initial di�erential game, and se
ondly, that value at points of

di�erentiability satis�es the 
onsidered Hamilton�Ja
obi equation. Thus this equation 
an be interpreted as

the Hamilton�Ja
obi�Isaa
s�Bellman equation for neutral type systems.
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