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�#�!#�0 ) % � !2 �!#+�4+0%2 '1�0�2 $%!04%0!� #�G 4%#'3 4#%#!� +& � !'�6 '.1�(" 4&/
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#+� �!�+�)&7% 08&$%� � � 8&$%+#$%�3 �#��%& )$( J!&$> ��%2K A  $% $%' ++#3 + )&% !�&�2+#3
& #%+#$�% �2+# '�" � ++#6 $�$% )� 4#)�27%�+1&3 A '$ ) �.' $%+07 #� !&-�7 4#)�#.�-���

�0$%2 �) 7%$( #�G 4%� a 3 b � c 3 ' 4#%#!� 3 +&�!�) !3 '4�&"�'& %$( %#% $)�$�3 8%# a 3
b A #� !&-�� σ �!��&'� +�(  "�+�-�3 ��� O$� "#'&+�( .&P σz = z + 1 3 & #�G 4% c !&' + ��
��( 4#)�#.�-�� a $ b +& &!10) +% c �#�08& )

(a ◦ b) c ≡ (σ ◦ σ) 3
= σ(σ 3)
= σ(4)
= 5.
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32  �	���� �� K ac (b c) � a (b c) � ��G 4% � !'#6 �. ' %' 6 K ac ' 4&8 $%' $&)#1#
� '#1# $#" !5�% #�G 4%/4&+- �(%#! K 3 !&$�#�&1&7>�6 + #�*#"�)#6 "�( #$0> $%'� +�( '.&/
�)#" 6$%'�( �&!#6 &!10) +%#' a � c 3 & '��#�+ +� K /! "04-�� 1 + !�!0 % ! .0�2%&% N� H%#
#%!&5 +# +& !�$� �D $�!&'&�
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$##%' %$%'07> 1# $&)#1# � '#1# #�G 4%& b 3 %&4 8%# % � !2 �! "$%#�% '��#�+(%2 &����-�!#'&/
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a &����-�!0 %$( 4 bc � H%# �0" % ' %#8+#$%� a (b c) 3 ��� ' #��8+# �!�) +( )#6 �+,�4$+#6
,#!) .&��$� 4#)�#.�-�� (a ◦ b) c �

� ) $&)�) �#4&.&+#3 8%# S (K S)K ('�( %$( '�!%0&�2+�) �! "$%&'� +� ) #� !&-�� 4#)/
�#.�-��F �# �!#�.'#�2+�) #�G 4%&) a 3 b � c 3 +# '.(%�) �) ++# ' %&4#6 �#$� "#'&% �2+#$%�3
#�G 4% S (K S)K $%!#�% &����4&-�7 #�G 4%& a 4 ! .0�2%&%0 &����4&-�� #�G 4%& b 4 c 3 &
E%# �  $%2 #�> �.' $%+�6 � #�> �!�+(%�6 $)�$� 4#)�#.�-�� ,0+4-�6 a � b "�( �!#�.'#�2/
+#1# &!10) +%& c '%#!#6 ,0+4-��� � "&++#) $�08& ! .0�2%&% S /! "0-�!#'&+�( "�( � !'#6
' %'� A E%# &����-�!#'&+� K a 4 c 3 & "�( '%#!#6 ' %'� /A b c �

0�% 42 #�	��	������ ���������	� ��� ���!�� B 5  �����"&(�%�  ��$���' a (b c) � � /
� !2 +05+# E%0 $)�$�#'07 4#+$%!04-�7 .&,�4$�!#'&%2 ' '�" "�&1!&))�3 E� ) +%� 4#%#!#6
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"+� ;� @�+% . 4#)��+&%#!& 4#)�#.�-�� B = S (K S)K

$#4!&> +�( $$��4� +& E%#% '�!%0&�2+�6 #�G 4% S (K S)K �#�#5�%2 B ≡ S (K S)K 3 8%#
�#�+#$%27 .&' !=& % �!#- $$ ! "04-�� � �!�'#"�% 4 "�&1!&)) +& !�$� �V�

�#!#%4# ! .7)�!0 ) '�8�$��% �2+�6 �!#- $$ ' +&�!&'� +�� ! "04-�� "�( #�G 4%& B 3
8%# $##%' %$%'0 % '��#�+ +�7 &+&��.&  1# �#% +-�&�2+#6 '+0%! ++ 6 $%!04%0!��

�+&��. '�8�$��% �2+#1# �#' " +�( 4#)��+&%#!& S (K S)K "& % $� "07>�6 ! .0�2%&%F

S (K S)K ab c = K S a (K a) b c

= S (K a) b c

= K ac (b c)
= a (b c)

H%# '�8�$� +� ' +&�!&'� +�� 	��$�!�� �# =&1&) #%!&5 +# +& !�$0+4&* �N3 �D � �V�
�#�24# 8%# �!#" �&++&( ! "04-�( �#!#5"& % '#�!#$3 & #%40"& ���# .&!&+  �.' $%+#3 8%#

#�G 4%/4#)�#.�-�( B �)  % $'# '�!%0&�2+# �! "$%&'� +� S (K S)K ' )�! '.&�)#" 6/
$%'�( #�G 4%#'3 �#!#5" ++#) #�G 4%&)�/4#)��+&%#!&)� S � K M ��( %#1#3 8%#�� $+(%2 �#/
"#�+� '#.!&5 +�(3 �#�!#�0 )3 +&8�+&( $ 	��$�'���� 4#)�#.�!#'&+�( #�G 4%#' a � b 3 .&��/
$�'& )#1# �#$! "$%'#) (a ◦ b)c ≡ a(b c) 3 $1 + !�!#'&%2 #�G 4%/4#)�#.�%#! B � H%# ' %#8+#$%�
#.+&8& %3 8%# B '.&�)#" 6$%'0 % $ �#$� "#'&% �2+#$%27 #�G 4%#' a, b � c 3 ! "0-�!0($2 ' �*
4#)�#.�-�7 a(b c) �

�! "$%#�% ! =&%2 .&"&80 $�+% .& #�G 4%& $ .&!&+  .&"&++#6 *&!&4% !�$%�4#6 '.&�)#/
" 6$%'�(3 & E%# %! �0 % '��#�+ +�( + ! "04-��3 & ��� ������ @�)'#��.&-�( E%#1# �!#- $$&
�#.'#�( % 4!&%4# .&��$&%2 '$7 - �#840 E4$�&+$�63 ' "0>07 4 5 �& )#)0 ! .0�2%&%0�
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@�+% . 4#)��+&%#!& B 3 �) 7> 1# *&!&4% !�$%�40 4#)�#.�-��3 '��#�+( %$( $� "07>�)
#�!&.#)F

a(b c) = K ac (b c)
= S (K a) b c

= K S a (K a) b c

= S (K S)K ab c

≡ B a b c.

H%# '�8�$� +� ' +&�!&'� +�� ��� ������ X&� 1&( +&� ! "3 #%) %�)3 8%# "�( E%#1# "#/
$%&%#8+# �0" % �!#8�%&%2 %#�24# 8%# �!�' " ++� !�$0+4� ' #�!&%+#) �#!("4 F #% !�$� �V
4 !�$� �D3 & #% + 1# A 4 !�$� �N3 & 4&5"�6 �. !�$0+4#' ' #%" �2+#$%� A ' +&�!&'� +�� $�!&'&
+&� '#� ��( %#1#3 8%#�� �!#$� "�%2 #$0> $%'� +� - �#84� E4$�&+$�63 +&8+ ) $ !�$� �V3 +&
4#%#!#) �!�' " +& "�&1!&))& "�( #�G 4%& B 3 ,�4$�!07>&(  1# $'#6$%'&�
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� b 3 .&��$&++�) ' '�" a (b c) "�( �!#�.'#�2+#1# &!10) +%& c � H%# �$*#"+&( 4#+,�10!&-�(
#�G 4%#'3 & - � '&(3 4#%#!07 �! "�#�&1& %$( "#$%�1+0%2 ' ! .0�2%&% '��#�+ +�( E4$�&+$��3
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