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S a b c = a c (b c),
K a b = a.
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a (b (c)) ≡ a (b c) = B a b c.
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a (b c) = K ac (b c),
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K ac (b c) = S (K a) b c.

�&(� '%0& / �*+*9 7� �=Z % Z=� -  $,*$-$,.#$ � &,*+-%�!

S (K a) b c = K S a (K a) b c, K S a (K a) b c = S (K S)K ab c.
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�2=-%-$*!( �  $& >*&%# � 3$ < 0(-$& </ ���������� ,�0%-�%$*�"& < -%-$*!* ,*7*$ -*2�
�(� � &)*�$=-%-$*!(/ -� - 2&(� � + 17($" -*!*<-$,( ,%+$.(�"&�9 ,�0%-�%$*�"&�9 -%-$*!
- +(5&�!% ,�+(5%$*�"&�!% , 5! 1& -$�!%� � &*0& /  2� ,%+$.(�"& < %&7%,%7& < -%-$*!�
! '.$ ,5(%! 7*<-$, ,($" � 5(� &(! (���%�($%,&�9 ,�0%-�*&%< % - �+ %5, �"&�!%  2(!%/
0$ �+%7(*$ *< -, <-$, ��
$������
���

2�1� �(*-��%#(3�%4 %3�8*�#�'%

� ��$�% -$+ %$" ,%+$.(�"&�* -%-$*!� �+*7�+%&%!(�%-" % 7 3$ ' / , $ ! 0%-�* 7�� (&(=
�%5( !($*!($%0*-�%9 � &�$%<� �+%!*+ ! ! 1*$ -�.1%$" � !2%&($ +&(� (+%4!*$%�( % -%-$*=
!( &.!*+(� , ��c*+0(� �*<-$,%$*�"& / ,  2=-%-$*!(9 B 2.7" $ � !2%&($ +&(� � '%�( %�%
λ =%-0%-�*&%* B -+*7% �*+,%0&�9 -.8& -$*< ��� 0%-*�� 6$ 5(!*0($*�"&(�  - 2*&& -$"  2=
-%-$*! -+(5. �+%,�*�(*$ ,&%!(&%*/ � -� �"�. , !($*!($%�* %!*&& 0%-�  $& -%$-� � �*+,%0=
&�! 4.&7(!*&$(�"&�! � &�$%�!/ ( %5 (+%4!*$%�%/ � -.$%/ -$+ %$-� ,-� !($*!($%�(� 
7(� -"
.-$(& ,%$" �+ %5, 7&�*  2�=� !2%&($ +�/ � $ +�* ,*7.$ -*2� �(� )%4+� B )*��* 0%-�(/ &.=
!*+(��� 6$ ,%+$.(�"&�*  2?*�$�/ %�%/ �(� %9 *8* &(5�,(#$ , 4 +!(�%5!(9/ � !2%&($ +&�*
�+*7-$(,�*&%� &.!*+(� ,� 	(5+(2 $(&� % -*!*<-$,( ,%+$.(�"&�9  2?*�$ ,/ �+*7-$(,��#8%9
(+%4!*$%0*-�%*  �*+($ +� &(7 &.!*+(�(!% �-!� (&(�%5 �+ 2�*!($%�% % 2%2�� , @E�A�� �--�*=
7 ,(&%* �+*7-$(,��� -" % �+*7-$(,��*$-� , &(-$ �8** ,+*!� &(-$ �"� �+%,�*�($*�"&�!/ 0$ 
2�� � -$+ *& �+ %5, 7&�<  2=� !2%&($ + +*�.+-%% % 7�� ,%+$.(�"& < -%-$*!� +*�.+-%,&�9
,�0%-�*&%< �+ ,*+*&( -�+(,*7�%, -$" $* +*!� J���%&%  $ !/ 0$ ,-��(� 0(-$%0& +*�.+=
-%,&(� 4.&�)%� ! 1*$ 2�$" �, -�(2 ! -!�-�*� �+*7-$(,�*&(  2 !=� !2%&($ + !�

�%+$.(�"&(� -%-$*!(  2 ,/ �+*7-$(,��#8(� +*�.+-%,&�* ,�0%-�*&%� -(!( � -*2* ! 1*$
+(--!($+%,($"-� �(� � &)*�$.(�"&(�  -& ,( �+ )*-- +( -�%-� ,�

2�2� �()�'% �. '%9.�%��0

J+*7% %-9 7&�9 -.8& -$*<  2=-%-$*!� &*$ &* $ �"� 0%-*�/ & ��� &% �+*7-$(,�*&%�  2
%-$%&* %�% �1%/ &% .-� ,&�9 � &-$+.�)%< %�% %&�9 � '%0*-�%9 -,�5 �� �+.'%!% -� ,(!%/  2=
-%-$*!( ! 1*$  �(5($"-� �+%' 7& < % 7�� � -$+ *&%� ,%+$.(�"&�9 -%-$*!/ �+*7-$(,��#8%9
� '%�.� � (���%�($%,& < ,�0%-�%$*�"& < -%-$*!* *-$" $ �"�  2� % %9 �+%� 1*&%�/ � 5, =
��#8%* .�(� ,�,($"  7&%  2� ,!*-$* - 7+.'%!% ,  1%7(&%%/ � '7( 2.7*$ � + 17*& &.1&�<
,�0%-�%$*�"&�< � &$*�-$ %  &% �+ �,�$ -, % ,�0%-�%$*�"&�* -, <-$,(� � 3$ 5&(0%$/ 0$ 
� '%0*-�%* +(--.17*&%� ! 1& -,*-$% � �+�! !. ,�0%-�*&%#�

6$ -+(5. 2�� �+ ,*+*& 7�� � '%�% ,�-�(5�,(&%< �-!� @E�/ -� E��A� %  1%7(*!�* ,�0%-=
�%$*�"&�* -, <-$,( � 7$,*+7%�%-"� d��% .-$(& ,�*&� ,%+$.(�"&�*  2�/ � $ +�*/ -  $,*$=
-$,*&& �,���%-" �+*7-$(,�*&%�!% %-$%&� % �1% , � '%�% ,�-�(5�,(&%</ � $ +�* .7(� -"
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- '�(- ,($" - �+*7-$(,�*&%�!% 7�� .-� ,& < � &-$+.�)%%/  $+%)(&%� % � &?#&�)%%� �-* 3$%
�+*7-$(,�*&%�  2�(7(�%  $& -%$*�"& � '%�% ,�-�(5�,(&%< $ 0& $(�%! 1* � ,*7*&%*!/ �(�
% : 2�0&�*; -.8& -$%/ � $ +�*  &% �+*7-$(,���%� 6$ ,& ," 5(-$(,%� 5(7.!($"-�  �+%+ 7*
%-$%&� % �1%/ ( $(�1* ,�-�(5�,(&%< % +(--.17*&%< , $*+!%&(9 ,�-�(5�,(&%<� �*<-$,%$*�"=
& /  2=-%-$*!� � 70%&�#$-� 5(� &(! (���%�($%,&�9 ,�0%-�*&%</ � $ +�* &( �*+,�< ,5'��7
&* %!*#$ &%0*'  28*' -  2�0& � '%� < %�% (+%4!*$%� <� �!*-$* - $*!/ � !2%&%+.�  2�
 �+*7*�*&&�!  2+(5 !/ .7(*$-� � �.0%$" $(�%* .�(� ,�,(&%�  2 ,/ - ,!*-$& * � ,*7*&%* � =
$ +�9 .7 ,�*$, +�*$ 5(� &(! � '%�% %�% (+%4!*$%�%�

�-�% ,5�$" � !2%&($ + K - 9(+(�$*+%-$%� < K xy = x % � !2%&($ + (KI) - 9(+(�$*+%=
-$%� < K I x y = y / $  &% �,��#$-� � 79 7�8%!% �+*7-$(,�*&%�!% 7�� %-$%&� : �RTQS� %
�1% ; �e`fUS� -  $,*$-$,*&& , -�*7.#8*! -!�-�*�

����		���	 � �	�!�	�" � #����	 � � ��$�	�"

J(!%  2?*�$� : % ; +(--!($+%,(#$-� �(� !*$(�*+*!*&&�*/ $ *-$" %9 ! 1& 5(!*8($"
� 79 7�8%!% 5(!�&.$�!% ,�+(1*&%�!%/ � &,*+$%+.*!�!% -  $,*$-$,*&& � : % ;�

�-�% b B $*+!/ �+%&%!(#8%< 5&(0*&%* RTQS %�% e`fUS/ $ .-� ,& * ,�+(1*&%*

Ve b RaSW m SfUS n

%!**$ $ $ -!�-�/ 0$ 

Ve %&'( RaSW m SfUS n → m
Ve )*+"( RaSW m SfUS n → n

� 3$ ! -�.0(* 7��  2 5&(0*&%�  $& >*&%� +*7.�)%% %-� �"5 ,(& -%!, � C→ D�
��� �&�� � '+.1*&%* .-� ,& < � &-$+.�)%% , λ =%-0%-�*&%* %�% � !2%&($ +&.# � '%�./

� � 1%!

g^h/

'7* B / M / N B -  $,*$-$,*&& �+*7-$(,�*&%� b / m / n �
�(�%!  2+(5 !/

T M N → M,

F M N → N,

( *-�% , -� �"5 ,($"-� � &-$+.�)%*< .� +�7 0*&& < �(+�

[x, y] ≡ λr.r x y ≡ D xy,

$ �+*7�7.8%* ,�+(1*&%� �*+*�%-�,(#$-� �(�

[M,N ]T ≡ (D M N)T → M,

[M,N ]F ≡ (D M N)F → N,

2�<� �()�/� '��  �49'�

�+% � -$+ *&%� .-� ,&�9 � &-$+.�)%< , �+ '+(!!%+ ,(&%%/ �(� %5,*-$& / +(5+*>(*$-�
�+%!*&*&%* � '%0*-�%9 -,�5 �/ -+*7% � $ +�9  -$(& ,%!-� &( =>:/ � $ +.# 2.7*!  2 5&(=
0($" 0*+*5 ¬ / % ?=@/ � $ +.#  2 5&(0%! 0*+*5 i� � � 1%! �  �+*7*�*&%#K

¬ ≡ λb.λx.λy.b y x,

& ≡ λb.λv.λx.λy.b (v x y) y.


*� -+*7-$,*&&�!% ,�0%-�*&%�!%/ � �"5.�-" �+(,%�(!% λ =%-0%-�*&%�/ ! 1& .2*7%$"-�/
0$ �+*7-$(,�*&%� $(2�%) %-$%&& -$% 7�� 3$%9 -,�5 � � ++*�$&�K

¬F → T,

¬T → F,
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%
&FF → F,

&FT → F,

&TF → F,&TT → T.

� 1& 5(!*$%$"/ 0$ i 7(*$ :� + $� 5(!�&.$ *; ,�0%-�*&%* , $ ! -!�-�*/ 0$ 

&F a → F,

7(1* *-�%  2?*�$ a &* %!**$ & +!(�"& < 4 +!��

� <� 	%#!3%$+�.� /� $%

�$!*$%!/ 0$ �+% � -$+ *&%% λ =%-0%-�*&%� -+*7% %-9 7&�9  2?*�$ , 0%-�( %X%�% (+%4=
!*$%0*-�%*  �*+()%% &* 2��% %-� �"5 ,(&� , ,-*� 6$  5&(0(*$/ 0$ -+*7% 5(!�&.$�9 $*+! ,
λ =%-0%-�*&%� ! 1& � ��$($"-�  $�-�($" $(�%* %5 &%9/ � $ +�* �,��#$-� � 79 7�8%!% �+*7=
-$(,�*&%�!% &($.+(�"&�9 0%-*��
<��� 	!*�3%$. �  � #�*� λ 5'(���3 ��

���  2+(5 , &($.+(�"&�9 0%-*� ,�2*+*! 5(!�&.$�* $*+!�/ &(5�,(*!�* ���������� ,���
��K

Z0 ≡ λf.λx.x ≡ λf.λx.f0x,

Z1 ≡ λf.λx.fx ≡ λf.λx.f1x,

Z2 ≡ λf.λx.f(fx) ≡ λf.λx.f2x,

. . . . . .

Zi ≡ λf.λx.f(f . . . (fx) . . .) ≡ λf.λx.f ix,

. . . . . .

��� $ ' / 0$ 2� &.!*+(�� Zi  2+(5 ,(�% &($.+(�"&�< +�7/ $+*2.*$-� 7 2(,%$"  �*+()%#
C-�*7 ,(&%� 5(D/ %�% ����������� �������/  2 5&(0(*!.# 0*+*5 σ K

σ ≡ λn.λf.λx.f(n f x).

�*<-$,%$*�"& /

σZ0 → λf.λx.f(Z0fx) → λf.λx.fx ≡ Z1,

σZ1 → λf.λx.f(Z1fx) → λf.λx.f(fx) ≡ Z2,

. . . . . . . . .

σZi → λf.λx.f(Zifx) → λf.λx.f(f ix) ≡ Zi+1,

. . . . . . . . .

$ *-$" σZi = Zi+1 / % 4.&�)%� σ &( &.!*+(�(9 c*+0(  �+*7*��*$ 4.&�)%# �+%2(,�*&%�
*7%&%)��

<�1� 	!*�3%$. �  � #�*� '(*-��%#(3(�

�+%-$.�%! �  �+*7*�*&%# �+*7-$(,�*&%� 0%-�( -+*7-$,(!% � !2%&($ + ,� ��� �#2�9 $*+=
! , X / Y 2.7*! %-� �"5 ,($" - �+(8*&%*

XnY ≡

⎧⎪⎨
⎪⎩

X(X(. . . (X︸ ︷︷ ︸
n

Y ) . . .)) 7�� n > 0;

X0Y ≡ Y 7�� n = 0.

�&3���$���� � �&.!*+(���� �(17 !. &($.+(�"& !. 0%-�. n � -$(,%! , -  $,*$-$,%*
$*+!

Zn ≡ (S B)n(K I).

6$% $*+!� &(5 ,*! �����������
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�3�*�3 �� �(�%!  2+(5 !/

Z0 = K I,

Z1 = S B (K I),
Z2 = S B ((S B)(K I)),

. . .

Zn = S B((SB)n−1(K I)),
. . .

�!*#$-� % 7+.'%* � -�*7 ,($*�"& -$%/ � $ +�* ! 1& %-� �"5 ,($" ,!*-$ Zn / & �+%&�$ *
 �+*7*�*&%* %!**$ $ $*9&%0*-� * �+*%!.8*-$, / 0$ 

ZnF X → FnX

7�� �#2�9 F % X �-+(,&%$* - &.!*+(�(!% c*+0( @E�/ -� �jA��

<�2� �� # �!$4

��� +(2 $� - � -�*7 ,($*�"& -$"# &.1& ,,*-$% +(-� 5&(#8.# 4.&�)%#/ %�% �+*7%�($
!"-(&. �+ ,*+�% &.!*+(�( &( -, <-$, 2�$" &.�*!K

isZero ≡ λn.λx.λy.n(λz.y)x.

�*<-$,%$*�"& /

isZeroZ0 → λx.λy.Z0(λz.y)x
→ λx.λy.x ≡ T,

isZeroZi+1 → λx.λy.Zi+1(λz.y)x
= λx.λyσZi(λz.y)x
→ λx.λy.(λz.y)(Zi(λz.y)x)
→ λx.λy.y ≡ F.

<�<� �( #3(���� %3�8*�#�'�

� �"5.�-" 3$%!% �+*7-$(,�*&%�!% % 7 2(,%, � &%! �������� ����������� ���
� Y / 7*<=
-$,%$*�"& ! 1& ,�+(5%$" �+ %5, �"&.# ,�0%-�%!.# &( &($.+(�"&�9 0%-�(9 4.&�)%#�
�$� 1%! 3$ 7�� � -�*7.#8*' +(--! $+*&%�/ ( ,!*-$ 3$ ' ,,*7*! �+*7-$(,�*&%� 7�� (+%4=
!*$%0*-�%9  �*+($ + , 
������� ⊕ % ��������� ⊗ K

⊕ ≡ λm.λn.λf.λx.mf(n f x),
⊗ ≡ λm.λn.λf.m(n f).

�3�*�3 1� 	(--! $+%! ,�� �&*&%* -� 1*&%� 7,.9 &.!*+(� , Z2 % Z3 K

⊕Z2Z3 → λf.λx.Z2f(Z3f x) → λf.λx.Z2f(f3x)

→ λf.λx.f2(f3x)

→ λf.λx.f2(f(f(fx)))
≡ λf.λx.f(f(f(f(fx))))

≡ λf.λx.f5x

≡ Z5,

0$ - ,�(7(*$ - %&$.%$%,&  1%7(*!�! +*5.�"$($ !�
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�3�*�3 2� 	(--! $+%! ,�� �&*&%* .!& 1*&%� 7,.9 &.!*+(� , Z2 % Z3 K

⊗Z2Z3 → λf.Z2(Z3f)

→ λf.λx.(Z3f)2x
→ λf.λx.Z3f(Z3fx)

≡ λf.λx.Z3f(f3x)

≡ λf.λx.f3(f3x)

≡ λf.λx.f3(f(f(fx)))
≡ λf.λx.f(f(f(f(f(fx)))))

≡ λf.λx.f6x

≡ Z6,

0$ - ,�(7(*$ - %&$.%$%,&  1%7(*!�! +*5.�"$($ !�

� �+ -� 344*�$%,& -$% +*(�%5()%% 3$ < (+%4!*$%�% &.17(*$-� , 7 � �&%$*�"& ! %5.=
0*&%%� �+ !* $ ' / �(�  �(5�,(*$-�/ +�7 �+*7-$(,�*&%< 7�� +(--! $+*&&�9 -.8& -$*< %!**$
-�.0(<&�* -, <-$,(/ � $ +�* &* 7(#$ 5(� & !*+& -$%� � 0(-$& -$%/

Z0 ≡ F.

�+.' < �+%!*+ 7(*$-� ,(+%(&$ ! �+*7-$(,�*&%� 7�� 4.&�)%% �+%2(,�*&%� *7%&%)�K

σ′ ≡ λn.λf.λx.nf(fx),

0$ �+%, 7%$ 7�� σ % σ′ � +(5�%0&�! +*5.�"$($(!/ � '7( 3$% 4.&�)%% �+%!*&�#$-� �  2?=
*�$(!/ &* �,��#8%!-� &.!*+(�(!%�

�$!*$%!/ 0$ , 3$ ! ,(+%(&$* �+ '+(!!%+ ,(&%� , λ =%-0%-�*&%% $+*2.*$-� & +!(�"& =
� +�7� ,(� +*7.�)%�� � 0(-$& -$%/ 7�� .-� ,&�9 ,�+(1*&%< $+*2.*$-�/ 0$ 2� T a b +*7.)%=
+ ,(� -" � a / 7(1* *-�% b &* %!**$ & +!(�"& < 4 +!�� �+ !* $ ' / �(�  �(5(� -"/ ,�+(=
1*&%* &.1& +*7.)%+ ,($" � & +!(�"& < 4 +!*/ & &*  2�5($*�"& � �(& &%0*-� !. ,%7./
0$ 2� .-$(& ,%$" +*5.�"$%+.#8%< &.!*+(� %�% %-$%&& * 5&(0*&%* �-!� �+%,*7*&&�* �+%!*=
+� -� 1*&%� % .!& 1*&%��� d �** $ ' / &.!*+(� Z1 %!**$ 7,* & +!(�"&�* 4 +!�K λf.λx.fx
% λf.f / � $ +�* -,�5(&�  $& >*&%*! η =+*7.�)%%K

λf.λx.fx ≡ λf.(λx.fx) →η λf.f,

� -� �"�. λx.fx →η f �

�(�%!  2+(5 !/ ,�0%-�*&%� - &.!*+(�(!% c*+0(  -& ,(&� &( βη =+*7.�)%%/ $ *-$" &(
,�+(1*&%�9/ � $ +�* &* - 7*+1($ &% β =/ &% η =+*7*�- ,�

� A� �(*&(9�7�(��.�  #3!'#!3. (-(�

� !� 5%)%%  2 , % , 5&%�(#8%* �+% 3$ ! -$+.�$.+� ,�5�,(#$ � ,�>*&&�< %&$*+*- ,
 7& < -�*)%(�"& < -%-$*!*  2 ,� � 3$ < -%-$*!* 7�� �+ %5, �"& '  2( A $+*2.*$-� ,�� �=
&*&%*! +(,*&-$,(

A = A ◦ A,

� $ + * 9(+(�$*+%5.*$ A �(� �����/ ( 7��  2 , f,A,B B +(,*&-$,(

f = B ◦ f ◦ A,

� $ + * 9(+(�$*+%5.*$ f �(� �����������/ 4.&�)% &(�"&.# -.8& -$"�
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�(�** � $+*2.*$-� +(5,%$" 7 -$($ 0& -�*)%(�"& * �+*7-$(,�*&%*� [.&�)%# h %5 A , T
5(�%-�,(*! � -+*7-$, ! h : A → B � 	(--! $+%! 4.&�)%% :$+(&5(�)%<; g / g′ % 4.&�)%%
:�� &%+ ,(&%�; f / f ′ / 7�� � $ +�9

g : T → T ′, g′ : T ′ → T ′′

%

f : A → B, f ′ : B → C.

�9 2.7*! +(--!($+%,($" - ,!*-$& - 4.&�)%�!% h : A → T / h : B → T ′ % h′′ : C → T ′′ �
� ,*7*&%* 3$%9  $ 2+(1*&%< �+*7-$(,�*& &( +%-� ��

�� � 2� �+%!*+ g / g′ =$+(&5(�$%+ ,(&& </ f / f ′ =�� &%+ ,(&& < -$+.�$.+�  2 ,

�- 2*&& -$" 3$ < � !� 5%)% && < -$+.�$.+� ! 1& � �-&%$" -�*7.#8%!  2+(5 !� �.-$"
B 9(+(�$*+%5.*$ :&(-$ �8**;/ $ '7( A B 3$ , 5! 1& * :2.7.8**;/ ( C B :�+ >� *;� :	(5=
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iVOF nBnQK KQ~QCSF SVQ KQFE[SF LPSBOIQT OI mLKDOIM LES SVQ nKL�QCSF ������������� �R_aAl_%� �&�������'��
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MKBISQT PZ SVQ o]Ao5 ^U BI SVQ QBK[Z FSBMQF nKLMKBNNOIM mBF B DOIT LU BKS mVQI B nKLMKBNNQK mKLSQ SVQ
nKLMKBN ULK FL[WOIM SVQ TQ�IOSQ SBFD BIT FEnn[OQT OS NLKQ LK [QFF TQSBO[QT TLCENQISBSOLI� SVQI ILmBTBZF
B nLmQKUE[ FLUSmBKQ OITEFSKZ OF CKQBSQT mOSV FEnn[QNQISBKZ FLUSmBKQ QIMOIQQKOIM5 iVQ nKQFQIS TBZF OI SVQ
KQFQBKCV OI nKLMKBNNOIM LK OI BI BKQB LU CLNnESQK FCOQICQ� BF B KE[Q� SVLFQ nKL�QCSF VBWQ PQOIM FEnnLKSQT
mVOCV PKOIM OI B UQm ONnKLWQNQIS OI FL[ESOLI LU B[KQBTZ mQ[[ DILmI nKLP[QN5 _F B KQFE[S� SVQ BCSEB[[Z
ONnLKSBIS BIT UEITBNQISB[ KQFQBKCV� mVOCV [QBTF SL OIWQFSOMBSOLI LU SVQ ILWQ[ CLICQnSF LU CLNnESBSOLIF� OF
[QUS LES LU B FCLnQ BIT OIFE�COQIS BSSQISOLI OF nBOT SL SVQ DILm[QTMQ BCCENE[BSOLI OI BI BKQB LU nKLMKBNNOIM5
^I SVOF nBnQK SVQ NBOI BSSQISOLI OF nBOT SL SVQ CLNnESBSOLIF mOSV LP�QCSF� SVQ nBKOSZ BIT KL[Q LU mVOCV OI
SVOF TLNBOI OF MKLmOIM NLKQ BIT NLKQ� KQFE[SOIM OI B TLNOIBIS SKQIT5
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