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����� !"�#$!� !##%�&�'()!* ���+�##( �,�(-�'()!* ! ��# ( -(��&�.�/ )�'�/ 0(-� ��! 0(�
-�'�1 ����1�&(1 ���'�2� ��&( '�&3 #* ��# �*))�� �#)�')(* ��!"!)( !##%�&�'()!/ ' &())�4
)(��('%�)!! 5 ,�%6.�� $�%!"�# '� #�'��4�))�1  �1)�%�2!"�#$!1 ���+�##�'7 ��! $� ���1 ����
!#1�&*  !�!")�� 0(-�'�� ����1�&� ���'�2� ��&(7 )(��!4��7 -( '��&�'()!� �(#�%('�'7 $�)�
&�)#(+!*  �)$!1 �%�)�$ !- 8!&$�# ! ! �(�( ! &�32!��

� �(,� (17 ��#'*9�))�1 !##%�&�'()!: $!)� !$! 0(-�'�2� ����1�&(7 '�%� 6 &� $�)+( ���1
2�&�' ���.%�2� '�$( ��!4�)*%!#6 ()(%! !"�#$!� 4� �&� '�"!#%�)!/7 $� ���� ,�%! �#)�'()�
)(  ���!! ;!0.!+(5<%�-�'(5�(2)��( !%! !1 4�&!0!$(+!! =>5�?�

�!)� !"�#$(* 03)$+!* �(#���&�%�)!* 4�8� ,� 6 ����&�%�)( $($ ��.�)!� 3�(')�)!*
@�$$��(5�%()$(A � $� � )�#! �%6)�� !-4�)�)!� �(-4��( -(��&�.( ' ��-3%6 ( � ��!#��&!)��
)!* 4�%�$3% 4(%� &%* 4($��#$��!"�#$�2� -(��&�.(B�

∂f

∂t
+ div

−→
S = I, A>B

2&� f C $!)� !"�#$(* 03)$+!* �(#���&�%�)!*7
−→
S C '�$ �� �%� )�# ! �� �$( ' ���# �()�

# '� �(-4���'7 I C !# �")!$7 ����&�%*:9!/  ��4�&!)(4!"�#$3: '���* )�# 6 �,�(-�'()!*
-(��&�.�/7 *'%*� #* 03)$+!�/ �(&!3#( ! '��4�)!�

�($ $($ -(��&�.7 �� #3 !7 *'%*� #*  ��14��)�47 03)$+!* �(#���&�%�)!* &�%8)( ,� 6
� )�#�)( $ D%�4�) 3 �,E�4( da3 7 ! 3�(')�)!� @�$$��(5�%()$( )38)� -(�!#( 6 &%* 03)$+!!
4πa2f 7 � )�#�))�/ $ D%�4�) 3 da �

∂f

∂t
= − 1

a2

∂

∂a

(
a2 · S

)
+ I(a, t), A�B

2&� S C �%� )�# 6 �� �$( ' ���# �()# '� �(-4���' ����&�%*� #* $($

S = −B
∂f

∂a
+ Af, A�B

A C $�D00!+!�) 7 ����&�%*:9!/ #$���# 6 ��# (7 B C $�D00!+!�) &!003-!! -(��&�.�/
�� �(-4��(4�

A =
DV ′�

a2
(a − ak), AFB

B =
DV ′�Tak

8παa3
, A�B



�!)� !$( �,�(-�'()!* )�'�/ 0(-� >>>

��������	
�� 
�
�� ����� ���� �

2&� D C $�D00!+!�) &!003-!! A����&�%*:9!/ ��&'�& '�9�# '( !- �$�38(:9�2� �(# '��(B7
V ′ C 4�%�$3%*�)�/ �,E�4 '�9�# '(7 c C $�)+�) �(+!* '�9�# '( ' �(# '���7 c0 C $�)+�) �(�
+!* )(#�9�))�2� �(# '��(7 � = c− c0 C $�)+�) �(+!�))�� ����#�9�)!�7 T C  �4���( 3�(7
ak C $�! !"�#$!/ �(&!3#7 #�� '� # '3:9!/ 4!)!4343 �(')�'�#)�/ 03)$+!! �(#���&�%�)!*7
α C $�D00!+!�) ��'��1)�# )�2� )( *8�)!*� G(��&�.! �(&!3#�4 a > ak *'%*: #* 3# �/"!�
'�4!�

� �(,� � =>? ()(%! !"�#$! ��%3"�)� # (+!�)(�)�� ��.�)!� 3�(')�)!* @�$$��(5�%()$( A�B
# 3"� �4 #%�&3:9!1 3���9�)!/�

C "!#%� �,�(-3:9!1#* -(��&�.�/ ��# �*))� A!) �)#!')�# 6 !# �")!$( )� -('!#! � '���
4�)! ! ����#�9�)!*BH

C )3$%�(+!* )� �,�&)*� �(# '�� A-($�) #�1�()�)!* �(# '���))�2� '�9�# '( )� �(##4( �
�!'(� #*B7 ����#�9�)!� �(# '��( ��# �*))�H

C �� �$ "���- $�! !"�#$!/ �(&!3# ��# �*))�/�

� ��&$�! !"�#$�/ �,%(# ! ��.�)!� G�%6&�'!"( ������+!�)(%6)� �(')�'�#)�/ 03)$+!!
f0(a) A�!#� >B�

f0(a) = C exp
(
−R

T

)
, AIB

2&� C C $�D00!+!�) ������+!�)(%6)�# !7 T C  �4���( 3�(7 R C 4!)!4(%6)(* �(,� (7
$� ��3: )��,1�&!4� -( �( ! 6 &%* #�-&()!* -(��&�.( �(&!3#( a �

R = −8παa3

3ak
+ 4παa2, A�B

�&)($� ' �,9�4 #%3"(� �%� )�# 6 �� �$( C 03)$+!* '��4�)!�
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��32�� ��!,%!8�)!�7 &��3#$(:9�� ()(%! !"�#$�� ��.�)!�7 �(##4� ��)� ' �(,� � ;!0.!�
+( ! <%�-�'( =�?� )( # (&!! $�(%�#+�)+!!7 $�2&( # ���)6 ����#�9�)!* �(# '��( 4(%(7 -)("�)!�
&!003-!�))�2� "%�)( ' '��(8�)!! &%* �%� )�# ! �� �$( A�B 4)�2� 4�)6.� ����)�#)�2�7 ! !4
4�8)� ���)�,��"6� �($�� 3���9�)!� ��-'�%*� )(/ ! (#!4� � !"�#$�� ��.�)!� &%* 03)$+!!
�(#���&�%�)!* �� �(-4��(4 A' ��&'!8)�/7 #'*-())�/ # $�! !"�#$!4 �(&!3#�4 #!# �4� � #"� (B
A�!#� �B�

f(u, t) = n(t) · u2 exp[−1/(1 − 2u/3)]
(u + 3)7/3(3/2 − u)11/3

, A�B

2&� n(t)C 3,�'(:9(* 03)$+!* '��4�)!7 u = r/rkr �
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�($ $($ $�! !"�#$!/ �(&!3# )������')� 3'�%!"!'(� #*7 ' )���&'!8)�/ #!# �4� � #"� (
4($#!434 03)$+!! �(#���&�%�)!* #4�9(� #* '&�%6 �#! �(&!3#( #� '��4�)�47 (,#�%: )�� -)(�
"�)!� 34�)6.(� #*7 " � #�� '� # '3� �,�(-�'()!: ' ���+�##� $�(%�#+�)+!! 4(%�2� $�%!"�# '(
-���) ,�%6.�2� �(&!3#(� �($8� ' �(,� � =�? '���'�� ,�%! ��%3"�)� (#!4� � !$! �#)�')�1
1(�($ ��!# !$ ���+�##( $�(%�#+�)+!! C ����#�9�)!*7 $�! !"�#$�2� �(&!3#(7 $�)+�) �(+!!
-���) )�'�/ 0(-�� �#!4� � !"�#$�� ��.�)!� ;!0.!+(5<%�-�'( *'%*� #* 3)!'��#(%6)�4 !
)� -('!#! � )("(%6)�/ 03)$+!! �(#���&�%�)!*�

�&)($� ' ��(%6)�1 ���+�##(1 &!003-!�))�/ ��# -��)( !- �(# '��( 4�8� ���&�%8( 6#*
! )( ��-&)�/ # (&!! 0(-�'�2� ����1�&(� �($!� -(��&�.! ,3&3 �(-4���4 4�)6.� $�! !"�#$��
2� ! ' $�)�")�4 ! �2� �(# '��* #*7 )� ��'%!*: )( #$���# 6 0(-�'�2� ����1�&( ! $�)�")��
�(#���&�%�)!� �� �(-4��(4� ��)$3�!�3:9!� ���+�##� -(��8&�)!*7 ��# ( ! �(# '���)!* '
��(%6)�1 ���+�##(1 #����'�8&(: '#� # (&!! ����1�&(�

< �(-'! !�4 $�4�6: ��)�/  �1)!$! ! '�"!#%! �%6)�2� D$#���!4�) ( )("(%! !) �)#!')�
�(-'!'( 6#* ! "!#%�))�� 4�&�%! ��.�)!* 3�(')�)!* @�$$��(5�%()$(7 ��!#�'(:9�2� ����
+�##� �,�(-�'()!* )�'�/ 0(-�7 # 3"� �4 -($�)( #�1�()�)!* 4(##�� ��!4���4  ($�2� ��.�)!*
*'%*� #* 4�&�%6 �(4�4())(5�(2)��( =I?7 $� ��(* &(� 1���.�� #�2%(#!� # D$#���!4�) �4 =�5�?�

� )�&�# ( $(4 D �/ 4�&�%! (' ��� =�7 �? � )�#* �

C ''�&�)!� !)$3,(+!�))�2� '��4�)! &%* �,�(-�'()!* ( �4(�)�1 $%(# ���'7 !- $� ���1
-( �4 �(-'!'(: #* -��)(� G)("�)!� D �2� '��4�)! ����&�%*� #* ���&��#�%$(4! 4�&�%!7
! "(# � -)("! �%6)� � %!"(� #* � ��%3"�))�2� D$#���!4�) (%6)� =�?H

C '��,9� )� �(##4( �!'(: #* "(# !+� �(&!3#�4 4�)6.� $�! !"�#$�2�7 1� * .!��$� !-�
'�# )�7 " � ��! ����&�%�))�1 3#%�'!*1 03)$+!* �(#���&�%�)!* 4�8� +�%!$�4 %�8( 6
' &�$�! !"�#$�/ �,%(# ! =>?H

C )����('&())� �(-,!�)!� "!#%�'�2� &!(�(-�)( '�-4�8)�1 -)("�)!/ �(&!3#( )( $%(##� ��
�7�� )4 A4�)6.� �(-4���' #(4�2� ( �4(BH

C #�(')�)!� # D$#���!4�) �4 ��$(-(%� '�-4�8)�# 6 ��!4�)�)!* 4�&�%! �(4�4())(5�(2)��(
 �%6$� ' 3-$�4  �4���( 3�)�4 &!(�(-�)�7 $�2&( ���+�##� )3$%�(+!! ! $�(%�#+�)+!! )�
����$��'(: #*� ���4�  �2�7 )��(+!�)(%6)�4 *'%*� #* "!#%�))�� ��.�)!� ' �(-4��)�1
����4�))�1 ! ��&2�)$( 4�&�%! &%* $(8&�2� 4( ��!(%( ' � &�%6)�# !�

�$ 3(%6)�/ *'%*� #* -(&("( ��# ���)!* 4�&�%!7 $� ��(* ,3&� # �&!)�1 ��-!+!/ (&�$'( )�
��!#�'( 6 �(-'! !� 0(-�'�2� ����1�&(7 (  ($8� ��-'�%! !##%�&�'( 6 ����1�&)�� ���+�##�7
#����'�8&(:9!� $(8&3: !- # (&!/7 ! ��%3"! 6 )�  �%6$� $�%!"�# '�))�� 1(�($ ��!# !$!
���+�##(7 )� ! #'*-( 6 ���4�83 �")�� D (�� ��# (� ��%3"�))�� ��-3%6 ( � ��-'�%* $("��
# '�))� �+�)! 6 -('!#!4�# 6 $�)�")�/ # �3$ 3�� 4( ��!(%( � )("(%6)�1 �(�(4� ��' #!# ��
4��

� �� ���� ��� !"��#�

	(##4� �!4 ����#�9�))�/ �(# '��7 ' $� ���4 !&� ���+�## )3$%�(+!!� J3&�4 #"! ( 67 " �
�,E�4 �,�(-3:9!1#* -���) 4(% �� #�(')�)!: # �,E�4�4 #�#3&(7 #%�&�'( �%6)�7 )� $�)$3�!�3�
:9�2� ��# ( )( 2�()!+� �(-&�%( #�#�&)!1 -���)7 ���+�##(4! ����)�#( -(��&�.�/ ���)�,��2(�4�
��! 0��43%!��'$� -(&("!7 &%* ���# � �7 )� ,3&�4 3"! �'( 6 ()!-� ���!:7 ��!)!4(* 0��43
-(��&�.�/ #0��!"�#$�/7 ,3&�4 #"! ( 67 " � +�) �� $�!# (%%!-(+!! '�-)!$(: #%3"(/)� !
�(')�4��)� �� '#�43 �,E�43 # )�$� ���/ !) �)#!')�# 6:�

�#�,�))�# 6: ���&%(2(�4�/ ' D �/ �(,� � 4�&�%! *'%*� #* ��!2!)(%6)�/ '�,�� 03)$+!!
!# �")!$( ' 3�(')�)!! A�B�

�"�'!&)�7 " � 03)$+!* !# �")!$( I(a, t) 7 ����&�%*:9(* #$���# 6 �,�(-�'()!* -(��&�.�/7
-('!#! � ����#�9�)!* �(# '��(7 ! # 34�)6.�)!�4 ����#�9�)!* � 2�)��(+!* -(��&�.�/
34�)6.(� #*� ���4�  �2�7 4!)!434 �(,� � �� �,�(-�'()!: -(��&�.�/ #�� '� # '3� a = 0 7
 � �� ' �#)�')�4 '�-)!$(: -(��&�.! 4(%�1 �(-4���'7 $� ���� �� �4 )("!)(: �(# ! -( #"� 
&!003-!! !- �(# '��( ! �(# '��* 6#*� �%* ���# � � 4�8)� #"! ( 67 " � ,�%6.!)# '� ')�'6
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�,�(-�'('.!1#* -(��&�.�/ !4�: K)3%�'�/L �(-4��7  � �� I(a, t) ������+!�)(%6)( δ 503)$+!!
�!�($(� � &())�/ �(,� � ��!)* ( #%�&3:9(* 4�&�%6 !# �")!$(�

I(a, t) = I0 · exp
(
− Ω2

�(t)2

)
· δ3(a), A>B

2&� ΩC 1(�($ ��)�� ����#�9�)!�7 ��! $� ���4 4�8� ���!#1�&! 6 2�)��(+!* -(��&�.�/7 I0 C
#$���# 6 �,�(-�'()!* -(��&�.�/ K)3%�'�2�L �(&!3#(7 �(�(4� � #!# �4�� ��! �0 � Ω A�0 C
)("(%6)�� $�)+�) �(+!�))�� ����#�9�)!�B $�%!"�# '� -(��&�.�/7 &��(# (:9!1 &� $�! !�
"�#$�2� �(-4��(7 4(%�7 ��-3%6 ( �4 $�)$3��)+!! ���+�##�' )3$%�(+!! ! �(# '���)!* ,3&� 
�(')�'�#)(* 03)$+!* �(#���&�%�)!*� ��! �0 � Ω ���!#1�&! !) �)#!')�� �,�(-�'()!� -(�
��&�.�/7 -)("! �%6)�� "!#%� $� ���1 &��(# (� &� $�! !"�#$�2� �(-4��(7 " � ��!'�&! $
��# 3 )�'�/ 0(-� ! ' &(%6)�/.�4 $ $�(%�#+�)+!!�

�%* "!#%�))�2� ��.�)!* +�%�#��,�(-)� ''�&�)!� ,�-�(-4��)�1 ����4�))�1 A'��4* τ !
�(&!3# r B� G( 4(#. (, �(&!3#( r0 '�,���4 �(&!3# -(��&�.(7 ��'��1)�# )(* D)��2!* $� ���2�

�(')( T � r0 = (T/8πα)1/2 � ��&# ()�'$( ��!'�&�))�1 '��(8�)!/ ' A�B ! ����,�(-�'()!* $
,�-�(-4��)�4 ����4�))�4 ��!'�&* $ 3�(')�)!:

∂f

∂τ
=

1
r2

∂

∂r

(
1
r

∂f

∂r
− f

(
r

rk
− 1

))
+ I0 · exp

(
−Ω2

0x
2(t)

) δ(r)
r2

, A�B

2&� rk = (V ′c0)/(4π�0r
3
0)C $�! !"�#$!/ �(&!3# -(��&�.( A#�� '� # '3� �(')�'�#!: -��)( #

�$�38(:9!4 �(# '���4 ��! $�(%�#+�)+!! =�?7 x(t) = �0/�(t) 7 x(t = 0) = 1 7 Ω0 = Ω/�0 �

($�)�+7 #�1�()�)!� ��%)�2� $�%!"�# '( �(# '���))�2� '�9�# '( '��(8(� #* 3�(')�)!�4

� + q = �0, A�B

2&� q = ρ
∫

4
3πa3f(a)da3 C 4(##( �,�(-�'('.!1#* -���)7 $� ��(* �(')( )3%: ' )("(%6)�/ 4��

4�) '��4�)!�
��! ����1�&� $ ,�-�(-4��)�4 ����4�))�4 3�(')�)!� A�B ��!'�&! $ -($�)3 #�1�()�)!*

4(##� ' '!&�

1 =
1

x(t)
+ χ

∫
r3f(r, t)d3r, AFB

2&� χ = (4ρπr4
0)/(3�0)C �(�(4� � #!# �4�7 ����&�%*:9!/ -('!#!4�# 6 � )("(%6)�2� �����

#�9�)!* !7 #�� '� # '�))�7 #$���# 6 0(-�'�2� ����1�&(�
��,�� 03)$+!! !# �")!$( ' '!&� A>B ��! ����&�%�)!! #�� '� # '3:9!4 �,�(-�4 �(�(4� �

��' #!# �4� ��-'�%*� ��%3"! 6 �(-%!")�� �3 ! �(-'! !* #!# �4� A� �(')�'�#)�/ 03)$+!!
&� $�(%�#+�)+!!B ! !##%�&�'( 6 $($ $'(-!�(')�'�#)�� D (��7  ($ ! '#� ����1�&)�� ���+�##��
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i + Bif
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Ai =
1

dr2(i − 0.5)
+

dr(i − 0.5)
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− 1
2
; AIB

Bi =
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dr2(i + 0.5)
− dr(i + 0.5)
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+

1
2
; A�B
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dr3
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(3i2 + 0.25) +

1
dr2(i + 0.5)

+
1

dr2(i − 0.5)
+

dr

2rkr
; A�B

Fi =
dr3(3i2 + 0.25)

3dτ
fn

i . A�B
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0

(
dr3

24dτ
+

2
dr2

+
dr

4rkr
− 1

2

)
= fn+1

1

(
2

dr2
− dr

4rkr
+

1
2

)
+

dr3

24dτ
fn
0 + I0 exp

(
−Ω2

0x
n
)
. A>�B
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1 =
1

xn+1
+ χ

∑
(i · dr)3 fn+1
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LMI GIHIJFUWjIV \NVIU NP PNJ\FSWNH NP F HIT XMFRI WR [NHRWVIJIV� LMI fFRW[ RSFGIR NP XJN[IRR NP GJNTSM
FJI GFSMIJIV WH F \NVIU FS XMFRI SJFHRWSWNH NP SMI rJRS RNJS� LMI Hd\IJW[FU RNUdSWNH NP SMI oWHISW[ IsdFSWNH
NP tNooIJ%_UFH[o WR JI[IWiIV� hIXIHVIH[I NP SMI RNUdSWNH NH XFJF\ISJIR NP RORSI\ WR WHiIRSWGFSIV� pJIFR
NP FXXUW[FfWUWSO NP FRRd\XSWNHR \FVI fO YIUVNiW[M� uWPRMWSR FHV kUIjNi FJI JIiIFUIV� pURN WS WR RMNTH� SMFS
VIXIHVWHG NH XFJF\ISJIR NP RORSI\ WS WR XNRRWfUI SN JIRIJiI fNSM IsdWUWfJWd\ VWRSJWfdSWNH� FHV FdSN\NVIUUWHG
VWRSJWfdSWNH NP uWPRMWSR%kUIjNi� pS RN\I iFUdIR NP XFJF\ISJIR SMI IsdFSWNH MFR SMI NR[WUUFSNJO RNUdSWNH�
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