
ÂÅÑÒÍÈÊ ÓÄÌÓÐÒÑÊÎÃÎ ÓÍÈÂÅÐÑÈÒÅÒÀ

ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 2

ÓÄÊ 517.928.1+517.929.8

c© Ä.Â. Õëîïèí

ÑÕÎÄÈÌÎÑÒÜ ËÎÌÀÍÛÕ ÝÉËÅÐÀ
Â ÓÑËÎÂÈßÕ ÊÀÐÀÒÅÎÄÎÐÈ 1

Â óñëîâèÿõ Êàðàòåîäîðè èññëåäóåòñÿ ñõîäèìîñòü ëîìàíûõ Ýéëåðà ê ðåøåíèÿì
ñèñòåìû. Ìíîæåñòâî âñåâîçìîæíûõ ðàçáèåíèé îñíàùàåòñÿ ïñåâäîìåòðèêîé. Ïî-
êàçàíî, ÷òî ñõîäèìîñòü ðàçáèåíèé ê ðàññìàòðèâàåìîìó ïðîìåæóòêó ãàðàíòèðóåò
ñõîäèìîñòü ëîìàíûõ Ýéëåðà ê ïó÷êó ðåøåíèé ñèñòåìû.

Êëþ÷åâûå ñëîâà: ëîìàíûå Ýéëåðà, ñõîäèìîñòü ê ïó÷êó ðåøåíèé, ôóíêöèè Êàðà-
òåîäîðè, ñèñòåìû ñ èçìåðèìîé ïî âðåìåíè ïðàâîé ÷àñòüþ.

Èçâåñòíî, ÷òî â ñèñòåìàõ ñ íåïðåðûâíîé ïðàâîé ÷àñòüþ ëîìàíàÿ Ýé-
ëåðà ëåæèò ñêîëü óãîäíî áëèçêî ê ðåøåíèþ ñèñòåìû ïðè äîñòàòî÷íî ìà-
ëîì äèàìåòðå ðàçáèåíèÿ [1]. Äëÿ èçìåðèìîé ïðàâîé ÷àñòè ìàëûé äèàìåòð
ðàçáèåíèÿ íå ãàðàíòèðóåò ñõîäèìîñòü äàæå ïðè îäíîì ðàçðûâå ôóíêöèè
ïðàâîé ÷àñòè âäîëü âñÿêîé òðàåêòîðèè. Âñåâîçìîæíûå ïðåäåëû âñå áîëåå
ìåëêèõ ëîìàíûõ Ýéëåðà èññëåäîâàëèñü â ðàáîòå [2].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ ñèñòåìà

ẋ = f(t, x), x(t0) = x0 (1)

â m -ìåðíîì ôàçîâîì ïðîñòðàíñòâå Rm íà êîíå÷íîì ïðîìåæóòêå I0
4
=

[t0, T ] (t0 < T ) . Íà ñèñòåìó íàêëàäûâàþòñÿ óñëîâèÿ Êàðàòåîäîðè è óñëî-
âèå ïðîäîëæèìîñòè âñåõ ðåøåíèé íà âåñü îòðåçîê I0.

Ïóñòü D � ñåìåéñòâî âñåõ çàìêíóòûõ ïîäìíîæåñòâ ìíîæåñòâà I0 , ñî-
äåðæàùèõ òî÷êè t0, T. Êàæäîìó ìíîæåñòâó ïåðåêëþ÷åíèé ∆ ∈ D ïîñòà-
âèì â ñîîòâåòñòâèå ôóíêöèþ τ∗∆(t) = max {τ | τ ∈ ∆, τ 6 t}.

Äëÿ âñåõ m′ ∈ N, äëÿ âñÿêèõ ôóíêöèè Êàðàòåîäîðè F ∈ B(I0 ×
Rm′

,Rm′
) è êîìïàêòà Ψ ⊂ C(I0,Rm′

) îïðåäåëèì íà D ïñåâäîìåòðèêó
%F
Ψ : D ×D 7→ [0,+∞] ïî ïðàâèëó:
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1Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíòû 06-01-
00414, 07-01-96088) è Ôîíäà ñîäåéñòâèÿ îòå÷åñòâåííîé íàóêå.
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Êàê ïîêàçàíî â ðàáîòå [3], íàéäåòñÿ ïîñëåäîâàòåëüíîñòü êîíå÷íûõ ðàçáè-
åíèé, ñõîäÿùàÿñÿ (ïî ïñåâäîìåòðèêå) ê I0.

Ïîä ëîìàíîé Ýéëåðà äëÿ âñÿêîãî ∆ ∈ D áóäåì ïîíèìàòü âñÿêîå ðåøå-
íèå óðàâíåíèÿ

ξ(ϑ) = x0 +
∫

[t0,ϑ)
f
(
τ∗∆(t), ξ

(
τ∗∆(t)

))
dt. (2)

×åðåç Ξ∆ îáîçíà÷èì ìíîæåñòâî âñåõ ðåøåíèé (2) èç Cm(I0), â ÷àñòíîñòè,
ΞI0 � âñåâîçìîæíûå ðåøåíèÿ (1) .
Òåîðåìà 1. Äëÿ çàäà÷è (1) âñåãäà ìîæíî óêàçàòü òàêèå êîìïàêò

Ψ ⊂ Cm+2(I0) è ôóíêöèþ Êàðàòåîäîðè F ∈ B(I0 × Rm+2,Rm+2), ÷òî
äëÿ ëþáîãî ε ∈ (0,∞) ñóùåñòâóåò òàêîå d ∈ (0,∞), ÷òî äëÿ âñÿêîãî
∆ ∈ D, %F

Ψ(∆, I0) < d ìíîæåñòâî Ξ∆ íåïóñòî è äëÿ âñÿêîé ëîìàíîé
Ýéëåðà ξ ∈ Ξ∆ íàéäåòñÿ ðåøåíèå x ∈ ΞI0 ñî ñâîéñòâîì ||x−ξ||Cm(I0) < ε.

Îòìåòèì, ÷òî â ñëó÷àå îãðàíè÷åííîé ïðàâîé ÷àñòè âìåñòî ôóíêöèè F
ìîæíî âçÿòü ïðàâóþ ÷àñòü ñèñòåìû � ôóíêöèþ f.
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D.V. Khlopin
The convergence of Euler's broken lines

We consider the convergence of Euler's broken lines to trajectories of the system under
Carath�eodory's conditions. We introduce a pseudometric on the set of closed subsets
of the time segment, taking into account the system. We prove that the convergence of
partitions guarantees the convergence of Euler's broken lines to the funnel of solutions
of the system.
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