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Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè äëÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè ñ ãàìèëüòîíè-
àíîì, çàâèñÿùèì òîëüêî îò èìïóëüñíîé ïåðåìåííîé. Ïîëó÷åíû îöåíêè äëÿ ìè-
íèìàêñíîãî (è/èëè âÿçêîñòíîãî) ðåøåíèÿ ýòîé çàäà÷è â ñëó÷àå êóñî÷íîé ëèíåé-
íîñòè ãàìèëüòîíèàíà èëè êðàåâîé ôóíêöèè. Ïðåäëàãàåìûå îöåíêè äàþò ÿâíûå
ôîðìóëû äëÿ ìèíèìàêñíîãî ðåøåíèÿ, åñëè âõîäÿùèå â íèõ ¾ìèíèìàêñû¿ è ¾ìàê-
ñèìèíû¿ ñîâïàäàþò.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè, ìèíèìàêñíûå ðåøåíèÿ, âÿçêîñò-
íûå ðåøåíèÿ, ôîðìóëû Õîïôà.

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à Êîøè:

∂u(t, x)/∂t + H(∂u(t, x)/∂x) = 0, t ∈ (0, θ), x ∈ Rn, (1)
u(θ, x) = σ(x), x ∈ Rn. (2)

Ïðåäïîëàãàåòñÿ, ÷òî θ � ïîëîæèòåëüíîå ÷èñëî, σ(·) : Rn → R � íåïðå-
ðûâíàÿ ôóíêöèÿ, à ãàìèëüòîíèàí H(·) : Rn → R óäîâëåòâîðÿåò óñëîâèÿì

|H(s1)−H(s2)| 6 L‖s1 − s2‖, ‖s1‖ 6 1, ‖s2‖ 6 1 (3)
H(αs) = αH(s), s ∈ Rn, α > 0. (4)

Èçâåñòíî [1, 2], ÷òî ìèíèìàêñíîå (è/èëè âÿçêîñòíîå [3]) ðåøåíèå ýòîé
çàäà÷è ñóùåñòâóåò è åäèíñòâåííî. Â íåêîòîðûõ ñëó÷àÿõ äëÿ ìèíèìàêñíîãî
ðåøåíèÿ èçâåñòíû ÿâíûå ôîðìóëû. Òàê, íàïðèìåð, åñëè êàêàÿ-òî èç ôóíê-
öèé H(·) è σ(·) âûïóêëà èëè âîãíóòà, ìèíèìàêñíîå ðåøåíèå çàäà÷è (1),
(2) ìîæíî ïðåäñòàâèòü ñ ïîìîùüþ ôîðìóë Õîïôà�Ëàêñà è Ïøåíè÷íîãî�
Ñàãàéäàê [4, 5, 6, 7]. Îäíàêî â îáùåì ñëó÷àå âûïèñàòü ÿâíûå ôîðìóëû äëÿ
ðåøåíèÿ íå óäàåòñÿ.

Â ðàáîòå [8] áûë ïðåäëîæåí êîíå÷íûé àëãîðèòì ïîñòðîåíèÿ òî÷íî-
ãî ìèíèìàêñíîãî ðåøåíèÿ çàäà÷è (1), (2) â ñëó÷àå, êîãäà îáå ôóíêöèè

1Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ (ãðàíò 05�01�00609) è Ïðî-
ãðàììû Ïðåçèäåíòà ÐÔ ¾Âåäóùèå íàó÷íûå øêîëû¿ (ïðîåêò ÍØ�8512.2006.1).



Î ñòðóêòóðå ðåøåíèÿ óðàâíåíèÿ Ãàìèëüòîíà�ßêîáè 145
ÌÀÒÅÌÀÒÈÊÀ 2008. Âûï. 2

H(·) è σ(·) ÿâëÿþòñÿ ïîëîæèòåëüíî îäíîðîäíûìè è êóñî÷íî-ëèíåéíûìè,
à ðàçìåðíîñòü n ôàçîâîãî ïðîñòðàíñòâà ðàâíà äâóì. Ìèíèìàêñíîå ðåøå-
íèå, ïîñòðîåííîå ñ ïîìîùüþ ýòîãî àëãîðèòìà, ÿâëÿåòñÿ êóñî÷íî-ëèíåéíîé
ôóíêöèåé.

Â äàííîé ðàáîòå çàäà÷à (1), (2) èññëåäóåòñÿ â ïðåäïîëîæåíèè êóñî÷íîé
ëèíåéíîñòè õîòÿ áû îäíîé èç ôóíêöèé H(·) è σ(·) áåç îãðàíè÷åíèé íà
ðàçìåðíîñòü ôàçîâîãî ïðîñòðàíñòâà.

Äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü ãàìèëüòîíèàí H(·) óäîâëåòâîðÿåò óñëîâèÿì (3),
(4) è ÿâëÿåòñÿ êóñî÷íî�ëèíåéíûì. Òîãäà äëÿ ìèíèìàêñíîãî ðåøåíèÿ
u(t, x) çàäà÷è (1), (2) ñïðàâåäëèâî íåðàâåíñòâî

max
q∈Q

min
p∈P

σ(x + (θ − t)(p + q)) 6 u(t, x) 6 min
p∈P

max
q∈Q

σ(x + (θ − t)(p + q)), (5)

t ∈ [0, θ], x ∈ Rn,

ãäå ìíîãîãðàííèêè Q è P ñîñòàâëÿþò êâàçèäèôôåðåíöèàë Äåìüÿíîâà
[9] äëÿ ôóíêöèè H(·) â òî÷êå s = 0 è

H(s) = max
q∈Q

〈s, q〉+ min
p∈P

〈s, p〉 . (6)

Òåîðåìà 2. Ïóñòü ãàìèëüòîíèàí H(·) óäîâëåòâîðÿåò óñëîâèÿì (3),
(4), à ôóíêöèÿ σ(·) ÿâëÿåòñÿ ëèïøèöåâîé è ïîëîæèòåëüíî îäíîðîäíîé,
òî åñòü

|σ(x1)− σ(x2)| 6 C‖x1 − x2‖, ‖x1‖ 6 1, ‖x2‖ 6 1, (7)
σ(αx) = ασ(x), x ∈ Rn, α > 0. (8)

Ïóñòü, êðîìå òîãî, ôóíêöèÿ σ(·) ÿâëÿåòñÿ êóñî÷íî-ëèíåéíîé è ìíîãî-
ãðàííèêè A è B ñîñòàâëÿþò åå êâàçèäèôôåðåíöèàë â òî÷êå x = 0 :

σ(x) = max
a∈A

〈a, x〉+ min
b∈B

〈b, x〉 . (9)

Òîãäà äëÿ ìèíèìàêñíîãî ðåøåíèÿ u(t, x) çàäà÷è (1), (2) ñïðàâåäëèâî íåðà-
âåíñòâî

max
a∈A

min
b∈B

ϕ(t, x, a, b) 6 u(t, x) 6 min
b∈B

max
a∈A

ϕ(t, x, a, b), (10)

ãäå t ∈ [0, θ], x ∈ Rn, ϕ(t, x, a, b) = 〈a + b, x〉+ (θ − t)H(a + b).

Îòìåòèì, ÷òî ôóíêöèè, ñòîÿùèå â ëåâûõ (ïðàâûõ) ÷àñòÿõ íåðàâåíñòâ
(5) è (10), ÿâëÿþòñÿ íèæíèìè (âåðõíèìè) ìèíèìàêñíûìè ðåøåíèÿìè â
çàäà÷å (1), (2).

Ñïðàâåäëèâî òàêæå ñëåäóþùåå óòâåðæäåíèå.
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Òåîðåìà 3. Ïóñòü ãàìèëüòîíèàí H(·) è êðàåâàÿ ôóíêöèÿ σ(·) óäî-
âëåòâîðÿþò óñëîâèÿì (3), (4) è (7), (8) ñîîòâåòñòâåííî. Ïóñòü, êðîìå
òîãî, H(·) è σ(·) ÿâëÿþòñÿ êóñî÷íî-ëèíåéíûìè è ñïðàâåäëèâû ïðåäñòàâ-
ëåíèÿ (6) è (9). Òîãäà äëÿ ìèíèìàêñíîãî ðåøåíèÿ u(t, x) çàäà÷è (1), (2)
âûïîëíåíû ñîîòíîøåíèÿ

u−(t, x) 6 u(t, x) 6 u+(t, x), (11)
ãäå

u−(t, x) = max
{

max
q∈Q

min
p∈P

max
a∈A

min
b∈B

ψ(t, x, a, b, p, q),

max
a∈A

min
b∈B

max
q∈Q

min
p∈P

ψ(t, x, a, b, p, q)
}

,

u+(t, x) = min
{

min
p∈P

max
q∈Q

min
b∈B

max
a∈A

ψ(t, x, a, b, p, q),

min
b∈B

max
a∈A

min
p∈P

max
q∈Q

ψ(t, x, a, b, p, q)
}

,

ψ(t, x, a, b, p, q) = 〈a + b, x + (θ − t)(p + q)〉 .

Â ñëó÷àÿõ, êîãäà â êàêîì-ëèáî èç íåðàâåíñòâ (5), (10), (11) ëåâàÿ è ïðà-
âàÿ ÷àñòè ñîâïàäàþò, ìû ïîëó÷àåì ÿâíóþ ôîðìóëó äëÿ ñîîòâåòñòâóþùåãî
ìèíèìàêñíîãî ðåøåíèÿ.
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N.N. Subbotina, L.G. Shagalova
On the structure of the solution of the Hamilton-Jacobi equation with
piecewise linear input data

The Cauchy problem is considered for the Hamilton�Jacobi equation with
Hamiltonian depending on the impulse variable only. Estimations have been obtained
for the minimax (and/or viscosity) solution to this problem in the case of piecewise
linearity of the Hamiltonian or the border function. The proposed estimations provide
explicit formulas for the minimax solution, if ¾minimaxes¿ and ¾maximins¿ contained
in them coincide.
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