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Äëÿ ëèíåéíîé óïðàâëÿåìîé ñèñòåìû ñ çàïàçäûâàíèåì â êîîðäèíàòàõ è â óïðàâ-
ëåíèè ïðåäëîæåí ìåòîä ïîñòðîåíèÿ ñòàáèëèçèðóþùåãî óïðàâëåíèÿ.

Êëþ÷åâûå ñëîâà: ëèíåéíûå ñèñòåìû ñ ïîñëåäåéñòâèåì, ñòàáèëèçàöèÿ, óïðàâëåíèå
ñèñòåìàìè ñ ïîñëåäåéñòâèåì.

Ââåäåíèå
Ðàññìîòðèì ñèñòåìó âèäà

ẋ(t) = Ax(t) + Aτx(t− τ) +
∫ 0

−τ
A(s)x(t + s) ds+

Bu(t) + B∆u(t−∆) +
∫ 0

−∆
B(ζ)u(t + ζ) dζ.

(1)

Çäåñü τ è ∆� ïîëîæèòåëüíûå êîíñòàíòû, A,Aτ � ïîñòîÿííûå n × n -
ìàòðèöû, B,B∆ � ïîñòîÿííûå n × r -ìàòðèöû, A(·)� n × n -ìàòðèöà ñ
íåïðåðûâíûìè íà [−τ ; 0] ýëåìåíòàìè, B(·)� n × r -ìàòðèöà ñ íåïðåðûâ-
íûìè íà [−∆; 0] ýëåìåíòàìè, x ∈ Rn � ôàçîâûé âåêòîð (òðàåêòîðèÿ äâè-
æåíèÿ), u ∈ Rr � óïðàâëåíèå.

Äàëåå äëÿ êðàòêîñòè áóäåì èñïîëüçîâàòü îáîçíà÷åíèÿ

y(s) = x(t + s), s ∈ [−τ ; 0); w(s) = u(t + s), s ∈ [−∆, 0).

Óïðàâëåíèå äëÿ ñèñòåìû (1) èùåòñÿ â êëàññå ëèíåéíûõ îòîáðàæåíèé

u[x, y(·), w(·)] = Ex +
∫ 0

−τ
Lτ (s)y(s) ds +

∫ 0

−∆
L∆(ζ)w(ζ) dζ. (2)

Çäåñü E � ïîñòîÿííàÿ r × n -ìàòðèöà, Lτ (·) è L∆(·)� n × n è n × r -
ìàòðèöû ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè, èìåþùèå êóñî÷íî-íåïðåðûâíûå
ïðîèçâîäíûå íà [−τ ; 0] è [−∆; 0] ñîîòâåòñòâåííî.

Òðåáóåòñÿ ñòàáèëèçèðîâàòü ñèñòåìó, òî åñòü íàéòè òàêîå óïðàâëåíèå,
÷òîáû òðèâèàëüíîå ðåøåíèå áûëî àñèìïòîòè÷åñêè óñòîé÷èâûì.

1Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå Ïðîãðàììû Ïðåçèäèóìà ÐÀÍ ¾Ïðîöåññû óïðàâ-
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� 1. Ïîñòðîåíèå óïðàâëåíèÿ

Çàäà÷à ñòàáèëèçàöèè çàìåíÿåòñÿ íà ýêâèâàëåíòíóþ çàäà÷ó îïòèìàëü-
íîãî óïðàâëåíèÿ íà áåñêîíå÷íîì ïðîìåæóòêå. Êâàäðàòè÷íûé ôóíêöèîíàë
êà÷åñòâà âûáèðàåòñÿ èç òåõ ñîîáðàæåíèé, ÷òîáû óïðîñòèòü çàäà÷ó óïðàâ-
ëåíèÿ; êîýôôèöèåíòû åãî íå ÿâëÿþòñÿ çàðàíåå ôèêñèðîâàííûìè, ðàñïî-
ðÿæàÿñü èìè â äàëüíåéøåì óäàåòñÿ ïîñòðîèòü óïðàâëåíèå â ÿâíîì âèäå.

Äëÿ ïîëó÷åííîé âñïîìîãàòåëüíîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ
íàéäåí âèä ôóíêöèîíàëà Áåëëìàíà. Íà îñíîâå ïðèíöèïà äèíàìè÷åñêî-
ãî ïðîãðàììèðîâàíèÿ ñîñòàâëåíû îáîáùåííûå óðàâíåíèÿ Ðèêêàòè (ÎÓÐ);
äëÿ íàõîæäåíèÿ ïðîèçâîäíîé ôóíêöèîíàëà Áåëëìàíà â ñèëó ñèñòåìû èñ-
ïîëüçîâàëàñü òåõíèêà i-ãëàäêîãî àíàëèçà. Ñèñòåìà ÎÓÐ ïðåäñòàâëÿåò ñî-
áîé ñèñòåìó àëãåáðàè÷åñêîãî óðàâíåíèÿ, îáûêíîâåííûõ äèôôåðåíöèàëü-
íûõ, â ÷àñòíûõ ïðîèçâîäíûõ è ñ çàïàçäûâàíèåì. Ìàòðèöû � êîýôôèöè-
åíòû óñèëåíèÿ â óïðàâëåíèè � ÿâëÿþòñÿ ðåøåíèåì ñèñòåìû ÎÓÐ.

Ïîêàçàíî, ÷òî âûáèðàÿ êîýôôèöèåíòû â ôóíêöèîíàëå êà÷åñòâà äîëæ-
íûì îáðàçîì, ìîæíî óïðîñòèòü ñèñòåìó ÎÓÐ è ÿâíî ñâåñòè å¼ ðåøåíèå ê
ðåøåíèþ îäíîãî àëãåáðàè÷åñêîãî óðàâíåíèÿ, êîòîðîå ðåøàåòñÿ ÷èñëåííî.

� 2. Èññëåäîâàíèå ñòàáèëèçèðóþùèõ ñâîéñòâ óïðàâëåíèÿ

Â îòëè÷èå îò îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé óïðàâëå-
íèå, íàéäåííîå òàêèì îáðàçîì, íå îáÿçàòåëüíî ñòàáèëèçèðóåò ñèñòåìó;
íåîáõîäèìî ïðåäëîæèòü äîñòàòî÷íûå óñëîâèÿ ñòàáèëèçèðóåìîñòè.

Ïîêàçàíî, ÷òî åñëè âåñîâîé ôóíêöèîíàë è ôóíêöèîíàë Áåëëìàíà ÿâ-
ëÿþòñÿ ïîëîæèòåëüíî îïðåäåëåííûìè, òî íàéäåííîå óïðàâëåíèå ñòàáèëè-
çèðóåò ñèñòåìó. Ôóíêöèîíàë Áåëëìàíà ðàññìàòðèâàåòñÿ êàê ôóíêöèîíàë
Ëÿïóíîâà�Êðàñîâñêîãî äëÿ äàííîé ñèñòåìû, ïîêàçàíî, ÷òî åãî ïðîèçâîä-
íàÿ â ñèëó ñèñòåìû åñòü ìèíóñ âåñîâîé ôóíêöèîíàë ìèíóñ ïîëîæèòåëüíî
îïðåäåëåííàÿ êâàäðàòè÷íàÿ ôîðìà îòíîñèòåëüíî óïðàâëåíèÿ.
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On the stabilization of systems with delay

The paper presents the algorithm of construction of the control to stabilize a system
with delay both in coordinates and in control.
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