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Ïîëó÷åíî ðåêóððåíòíîå âûðàæåíèå äëÿ ìàòðèöû êîýôôèöèåíòîâ íåïðàâèëüíîé
ïðåäåëüíî-ïåðèîäè÷åñêîé ñèñòåìû.

Êëþ÷åâûå ñëîâà: ëèíåéíàÿ äèôôåðåíöèàëüíàÿ ñèñòåìà, ïî÷òè ïåðèîäè÷íîñòü,
ïðàâèëüíîñòü.

Îäíèì èç âàæíåéøèõ âîïðîñîâ â òåîðèè ëèíåéíûõ ñèñòåì ñ ïî÷òè ïå-
ðèîäè÷åñêèìè êîýôôèöèåíòàìè ñëåäóåò ñ÷èòàòü êëàññè÷åñêóþ ïðîáëåìó
Í.Ï. Åðóãèíà: âñå ëè ëèíåéíûå äèôôåðåíöèàëüíûå ñèñòåìû ñ ïî÷òè ïå-
ðèîäè÷åñêîé ìàòðèöåé êîýôôèöèåíòîâ ÿâëÿþòñÿ ïðàâèëüíûìè ïî Ëÿïó-
íîâó? Ýòà ïðîáëåìà ïîëíîñòüþ ðåøåíà Â.Ì. Ìèëëèîíùèêîâûì â [1]: îí
äîêàçàë ñóùåñòâîâàíèå íåïðàâèëüíûõ ñèñòåì ñ ïðåäåëüíî-ïåðèîäè÷åñêîé
ìàòðèöåé êîýôôèöèåíòîâ ëþáîãî êëàññà ãëàäêîñòè. À.Â. Ëèïíèöêèé â ðà-
áîòå [2], èñïîëüçóÿ ìåòîä ïîâîðîòîâ Â.Ì. Ìèëëèîíùèêîâà, íà îñíîâå èäåé
ðàáîòû [1] îñóùåñòâèë êîíñòðóêòèâíîå ïîñòðîåíèå íåïðàâèëüíîé ñèñòåìû
ñ äâóìåðíîé ïðåäåëüíî-ïåðèîäè÷åñêîé ìàòðèöåé êîýôôèöèåíòîâ ëþáîé
ñòåïåíè ãëàäêîñòè. Íî â ðàáîòå À.Â. Ëèïíèöêîãî ýëåìåíòû ïðåäåëüíî-
ïåðèîäè÷åñêîé ìàòðèöû êîýôôèöèåíòîâ ñèñòåìû A(t) íå ïîñòðîåíû ÿâíî,
à âûðàæåíû ÷åðåç óãëîâîå ïîâåäåíèå íåêîòîðîãî ðåøåíèÿ ýòîé ñèñòåìû.
Â íàñòîÿùåé ðàáîòå ïðèâåäåíî ðåêóððåíòíîå âûðàæåíèå äëÿ ìàòðèöû êî-
ýôôèöèåíòîâ íåïðàâèëüíîé ïðåäåëüíî-ïåðèîäè÷åñêîé ñèñòåìû.

Çàôèêñèðóåì ñåìåéñòâî ôóíêöèé [1,2]

{ξ(·, T, u) : T > 1, u ∈ R}

òàêèõ, ÷òî ξ(·, T, u) : R→ R ïðåäñòàâëÿåò ñîáîé T -ïåðèîäè÷åñêóþ ôóíê-
öèþ, ïðèíàäëåæàùóþ êëàññó C∞(R,R), óäîâëåòâîðÿþùóþ óñëîâèÿì

∫ T

0
ξ(t) dt = 1,
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è ðàâíóþ íóëþ âñþäó, êðîìå îòðåçêîâ [u + kT, u + 1 + kT ], k ∈ Z.
Ïîñëåäîâàòåëüíîñòè {sk} , {pk} îïðåäåëèì ðàâåíñòâàìè sk = 2k+1,

pk =
k∏

j=0
sj = 2(k+1)(k+2)/2, k = 0, 1, . . . , à ïîñëåäîâàòåëüíîñòü {θk} �

ñîîòíîøåíèÿìè θ0 = 0, θk =
k−1∑
j=0

pj , k = 1, 2, . . . . ×åðåç U(ϕ), ϕ ∈ R

îáîçíà÷èì ìàòðèöó ïîâîðîòà â R2 íà óãîë ϕ â ïîëîæèòåëüíîì íàïðàâ-
ëåíèè. Ïóñòü {ak}∞k=0 � íåêîòîðàÿ ïîñëåäîâàòåëüíîñòü íåîòðèöàòåëüíûõ
âåùåñòâåííûõ ÷èñåë.

Îïðåäåëèì äâóìåðíûå pk -ïåðèîäè÷åñêèå ìàòðèöû Ak(t) ôîðìóëàìè
A0(t) = ξ(t, 2, 1) diag(−1, 1) + ξ(t, 2, 0)a0J,

Ak(t) = ξ(t, pk, θk)akJ, k > 1,

ãäå J
.= U(−π/2).

Ðàññìîòðèì ñèñòåìó

ẋ = A(t)x, x ∈ R2, t ∈ R, (1)

ãäå

A(t) =
∞∑

k=0

Ak(t). (2)

Ñèñòåìû òàêîãî âèäà èñïîëüçîâàëèñü Â.Ì. Ìèëëèîíùèêîâûì [1] è
À.Â. Ëèïíèöêèì [2] äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ è ïîñòðîåíèÿ
íåïðàâèëüíûõ ïî÷òè ïåðèîäè÷åñêèõ ëèíåéíûõ ñèñòåì.

Ëåììà 1. Äëÿ ìàòðèöû Êîøè X(t, τ) ñèñòåìû (1), (2) ñïðàâåäëèâû
ðàâåíñòâà

X(θk, θk−1) = Xsk−1(θk−1, θk−2) U(−ak−1), k > 1.

Ïóñòü µ(y) � ïîëÿðíûé óãîë âåêòîðà y 6= 0 ∈ R2. Ââåäåì îáîçíà÷åíèÿ:

ω(X(t, τ), φ) .= µ(X(t, τ)y),

ãäå X(t, τ) � ìàòðèöà Êîøè ñèñòåìû (1),(2) è φ = µ(y) ; ϕ(t) .= µ(x(t)),
ãäå x(·) � íåêîòîðîå ðåøåíèå ñèñòåìû (1),(2). Òîãäà [2]

ω(X(θ1, θ0), φ) = arctg (e2 tg (φ− a0)),

ïîýòîìó

ϕ(θ1) = µ(X(θ1, θ0)x(θ0)) = arctg(e2 tg(ϕ(θ0)− a0)). (3)

Äëÿ çíà÷åíèé ϕ(θk) ïðè k > 1 èç ëåììû 1 ïîëó÷àåì ñëåäóþùåå óòâåð-
æäåíèå.
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Ëåììà 2. Ïóñòü x(·) � ïðîèçâîëüíîå íåòðèâèàëüíîå ðåøåíèå ñèñòå-
ìû (1), (2); ϕ(t) = µ(x(t)) � ïîëÿðíûé óãîë âåêòîðà x(t). Òîãäà èìåþò
ìåñòî ðàâåíñòâà

ϕ(θk) = ψk
sk

, k = 2, 3, . . . , (4)

ãäå âåëè÷èíû ψk
j , j = 0, 1, . . . , sk, çàäàþòñÿ ðåêóððåíòíî ñîòíîøåíèÿìè

ψk
0 = ϕ(θk−1)− ak−1,

ψk
j = ω (X(θk−1, θk−2), ψk

j−1), j = 1, . . . , sk.
(5)

Òåîðåìà 1. Ïóñòü ïîñëåäîâàòåëüíîñòü {ak}∞k=0 ïîñòðîåíà ñîãëàñíî
óñëîâèÿì

a0 ∈ (0, 2 arctg e− π/2),

ak = 2|ϕ(θk)− ϕ(θk−1)|, k ∈ N,

ãäå ϕ(θ0) = π/4+a0/2, ϕ(θ1) çàäàíî ðàâåíñòâîì (3), à ϕ(θk) ïðè k > 2 �
ñîîòíîøåíèÿìè (4), (5). Òîãäà A(·) ∈ C∞(

R,Mn(R)
)
, à ñèñòåìà (1), (2) �

íåïðàâèëüíàÿ è ïî÷òè ïåðèîäè÷åñêàÿ.
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T.V. Seriogina
Construction of the irregular limit periodic system of linear di�erential
equations

The recursion relation has been obtained for the coe�cient matrix of the irregular
limit periodic system.
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