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YNCJIEHHBIE METO/JbI PEHHIEHNA YPABHEHU A
TEIIJIOIIPOBOJHOCTHA C 3AITA3/IBIBAHUEM

Jlis ypaBHEHHUS TETJIONPOBOAHOCTH € (P (DEKTOM 3ama3IbIBAaHUS KOHCTPYUPYIOTCS
YHUCIeHHBIE METOJILI PellleHnsl. PacCMOTPEHBI METO MPSAMBIX U HEABHAS CETOYHAS CXe-
Ma ¢ KyCOYHO-TIOCTOAHHO# mHTepnossanueii. [Ipusenena TeopeMa O CXOIUMOCTH IO-
CJIeHEr0 MeTo/1a.

Karwuesve caosa: YpaBHEHUA B YaCTHBIX NPOU3BOJAHBIX, 3ala3JbIBaHUEC, YNCJICHHDbIC
METOAbI, METOI IMPAMBIX, HEABHAA CXEMa.

Bgrenenne

B mocjiegHee BpeMd 3HAYUTEAbHBIN nuHTepeC y I/ICCJ’[e/:[OBaTeJTeﬁ BBI3BIBAKOT
YPaBHEHUS B YACTHBIX ITPOU3BOHBIX C 3dderkTamu 3ana3pbIBaHuil 110 BPEMEH-
HO¥ cocrapisiomeil. MaTeMarndyeckne acIeKTh TaKUX 00LEKTOB U3YYa/IuCh, B
gacTHOCTH, B MoHOorpadun [1|. Topasmo Menbine paspaboTaHbl dUCIEHHbBIE aJl-
POPUTMBI DEIIeHusl JJisi OJ00HBIX 33124, MOXKHO OTMETUTH JIUIb padory [2],
r7e C MO3UIMHU TPHUCYITEr0 aBTOPY MOAX0a K YUCJTEHHOMY PEITeHUI0 327134 C
3aMa3/IbIBAHNEM KaK K HEIMPEPBIBHOMY METO/Y CTPOUTCA U UCCAEAYETCA AHAIOT
HEIBHOTO METOIa TPAIIeIUi.

B manmnoit paGoTe OIUCHIBAIOTCS AJITOPUTMBL METOIA IPSIMLIX, KOTOPLIE CBO-
I4TCd K perienuio hyHKInoHaIbHO-audGepennuanbabix ypasaennit (OJ1Y)
6ombIoit pazmeproctn. s cucrem @IV unciaeHHBIe METOLBI XOPOIIIO Paspa-
foTaHbl, B 9aCTHOCTH, C IIO3UIMHU 110X0/1a [3|, 0CHOBAHHOM Ha HMJlee pa3/ieseHus
KOHEUHOMEPHOH 1 GECKOHEUHOMEPHOI (Pa30BLIX COCTABJISIONINX U HIee IPUMe-
HEHUs HHTEPIIOJIAINN C 33 JaHHLIMEI CBOACTBAMI TUCKPETHON IPEeIBICTOPHN MO-
gesn. OQHAKO MpH OUCKPETH3AINH II0 ABYM IIEPEMEHHBIM BO3HUKAIOT XKECTKIE
3ajaun [4], KoTophle MPM WCIIOIL30BAHUK SIBHBIX METO/I0B JIAI0T OlDaHWYeHNe
HA BPEMEHHOH IMAar, 9acTUIHO MpobeMa MpeooaeBaeTCa MPUMEHEHNEM CITe-
OHUaJbHBIX METO0B. B pabore ¢ mo3uiuu CETOIHbIX METOI0B KOHCTPYUPYETCs
HesdBHAsl CXEMa C IPOCTEHIINM BHIOM HHTEPIIOISINE JUCKPETHON IPEeALICTO-
PHH MOJEIH — KYCOTHO-IIOCTOSIHHON HHTEPIIOJISIIA 1 UCCIEAyeTCs eé MOPSII0K
CXOJIMMOCT.

§ 1. IlocraHoBKa 33/1a49U U OCHOBHbBIE MPE/IITOIOXKEHUS

PaccymoTprm ypaBHeHUE TEITONPOBOSHOCTH BUIA

ou 0%
Frie a 922 + flx, t,u(z, t), u(z, -)), (1.1)
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snech ¢ € [0, X] — npocrpancreennas u t € [0,7] — BpeMeHHAs HE3ABUCHMBIE
nepemennnie; u(x,t) — uckomaga pynxms; u(x, ) = {u(x,t+s), —7 < s < 0}
— QYHKIUS-TTPEIBICTOPHS UCKOMOM (PYHKIIMKM K MOMEHTY t; T — BeJWYHNHA
3alla3dbIBaHMA.

[TycTh 3aJaHbI HAYATBHBIC YCIOBHST

u(z,t) = p(z,t), ze€0,X], t €[-7,0] (1.2)
¥ IDAHWYHBIE YCTOBHS
uw(0,t) = go(t), w(X,t) = g1(t), t € [0,T]. (1.3)

Bagaua (1.1)—(1.3) mpencrasaser coboii MpoCTEinTy0 KPaeByro 3agady
JJIs YPaBHEHUS TEIJIOIPOBOIHOCTH ¢ 3P deKkToM 3amnaz3apiBanusg 00IIero Buia.
Byzmem mpeamosaraTh, 9To BpYHKIUU ©, §o, g1 U PYHKIUOHAT [ TAKOBBI,
9TO 3TA 3a7aYa MMEeT eIUWHCTBEHHOoe pemrenue u(x,t), NOHMMaeMoOe B KJac-
cuaecKoM cMbIcae. OTMETHM, YTO BOIPOCH! CYyIIECTBOBAHAS U €UHCTBEHHOCTH
10106HBIX 3375249 paccMaTpuBanch B [1].

O6oznaunm uwepes @ = Q[—7,0) muoxectBo dynrmit u(s), Kycodno
HEMPEPLIBHLIX Ha [—7,0) ¢ KOHEYHBLIM YHCIOM TOYEK DA3pbIBa TIEPBOTO PO-
I1a, B TOYKAX paspblBa HEIPEPLIBHLIX cIpasa. OupemeauM HOpMy pyHKIUI Ha
Q coorromenuem |u(-)|lq = supse_r oy [u(s)]. Homommmrensro Gynem mpes-
nosararb, 9o dyakuuonan f(x,t,u,v(-)) onpenenen ma [0, X|x[0,T]x Rx Q
U JIAIIIALNEB 10 ABYM HOCTIEIHUM apryMeHTaM, TO €CTh HaillIerca TaKas KOH-
cranra L, aro g seex x € [0,X], t € [0,T], u! € R, w? € R, v!(-) € Q,
v%(+) € Q BHmoIHAETCH

[z tout, 0t () = fla,tu?, v* ()] < Lju! — [+ [[o' (1) = 0°()llQ)-
§ 2. AsuropurMbl METO/IAa IPAMbBIX

Pazobbem 0Tpe30K M3MeHeHus POCTPAHCTBEeHHON mepemennoit [0, X| ma
gacru ¢ marom h = X/N, Beeast toukn x; = th, i=0,...,N.

[pubmmxernsa dyskmmit u(x;,t) Gyaem obo3Hauars depes u'(t) , mpembic-
Topun 9TuX BYHKIMI K MoMeHTy ¢ oboznadnm ui(-) = {u'(t+s), —7 < s < 0}.
Byzem obosrauars Takxke [fi(t, ul(t), ui(-)) = f(xi, t, u(t), ul(-)).

Ncnonp3yst GhopMy Ty ammpoOKCHMAIIAU TI0 TPeM y3JaM Ha CEePeIuHy IS
BTOPO# mpou3BojHOM 10  upu ¢ = 1,..., N — 1, nojgyuaem cucremy pyHK-
MUOHAJIBHO- T dEepeHITnATBHBIX YPaBHEHU ]

az . . , . .
3 (U (E) = 2u' () + () + Ut (1), ui () (2.1)

ul(t) = o

C beHK]_[I/IOHaJIbeIMI/I Ha4YaJIbHBIMU YCJIOBUAMU

u'(t) = ' (t) = @i, t), te€[—,0]. (2.2)
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Bazgada (2.1)-(2.2) npeacrasnsier coboit 3agaty Kommu nasa cucremsr GO/LY,
YUCJIEHHBIE METOIbI PEIeHUsT KOTOPOii (OCHOBaHHBIE HA JIUCKPETU3AIMH 10 Bpe-
MeHU) XOPOIIO pa3paboTaHbl, CM., HaIpuMep, padory [3].

Kak mokazanm TecToBble MPUMEPDI, BO3HUKAKOIIAS TTPOGIEMA JKECTKOCTH
[PU OPUMEHEHWUH SIBHBIX METOMOB, MPUBOJUT K OIPAHUYEHUIO Ha mar A Iuc-
KPETU3AINY 110 BPEMEHH, & CJUIIKOM MEJKU IIar 0 BpeMeHU BeJeT K HAKOI-
JIEHUIO BBIYUC/IUTE/bHOM MOrPENTHOCTH, BO3SHUKAET HEYCTONYUBOCTL METOMIA.
Droro MoxkHO m3bexkarh, pemaga 3amady (2.1)-(2.2) cnenmanbHBIME METOIA-
MU, PEHA3HATEHHBIMY JIJTsl PEIIEHNsT XKECTKUX CUCTEM, HAIPUMED, METOI0M
Po3eHOpOKa, OTHOCSIIUMMCS K 9UC/LY NOJIYSBHBIX, MJIM YUCTO HESBHbIMU. Pac-
CMOTDHUM B KayecTBe IpuMepa MOIUMUKAIIIO TPOCTEHITIEro HESBHOTO MeTOIa
Ditnepa ¢ KyCOUHO-MOCTOSTHHON MHTEPIOJILANNEN TPEJILICTOPUN, 9TO COOTBET-
CTBYeT HesIBHOI CeTOUHOI cxeme i YrcIeHHoro pernennst 3agaqn (1.1)—(1.3).

8§ 3. HegaBuas cerounasi cxema

Pazobrem 0Tpe30K M3MeHeHust MPOCTPaHCTBEeHHON mepemennoit [0, X| ma
gacru ¢ marom h = X/N, Beena toukm x; = th, ¢ = 0,...,N, u paso-
ObeM OTPE30K m3MeHeHus Bpemennoil nepemennoit [0,7] wa wacru ¢ marom
A =T/M, BBens touku t; = jA, j=0,...,M. Bygem cunurars, 910 Besn-
guna 7/A = K — nenoe guciio.

Mpubamkenns: dbynkunit u(z;,t;) B yznax 6yjgem obosnauars uepes u’.
IIpu Bcaxkom PukcupoBannom ¢ = 0,..., N BBegeM IUCKPETHYIO TPEABIC-
Topuio K Momenty tj, j = 0,...,M : ué = {uFj - K < k < j}
OrnepaTopoM MHTEPIIOJISANNHT JTUCKPETHOMN TPEIBICTOPUN HA30BEM 0TOOparKeHne
I:ul —'() € Q.

B nanpHeiinem 6yaeT UCIOIb30BATHCA TOJIBKO TPOCTENINi Criocob nHTep-
MOJTAIUN — KYCOIHO-TTOCTOAHHAST WHTEPTIOATIAA:

Vi (t; 4 s) = Ut b <ty + s <ty
Hesisroit cxeMoii ¢ KyCOYHO-ITOCTOSAHHON WHTEPIIOIAINEN HA30BEM CHCTEMY

Wit _ i Ll LI gyl gL
=a

A I
+ fl@itj,ud v (), i=1,...,N =1, j=0,...,M—1, (3.1)

_l’_

C Ha9aJIbHBIMHA YCJIOBHUAMU

u? = o(x;,0), i=0,...,N, (3.2)
vi(t) = o(xi,t), t <0, i=0,...,N

" TPAHUYIHBIMU YCJIOBUAMN

UOJ = gO(t])a UN’j = gl(t])v .7 = 07 s 7M' (34)
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Cucrema (3.1) mpu Kazkg10M (DUKCHPOBAHHOM j TIPEACTABIsET CO0O# JIH-
HEIHYI0 TPex IHaroHaJIbHyI0 cucreMy orHocuTeabHo u'/tl ¢ nmaromanbaeiM
npeobIaTanueM, KOTopad MOXKeT ObITh 9PEKTUBHO PeIrena MeTO0M TPOTOH-
KH.

O6o3HaunM uepes £/ BelMYMHY TOTPEITHOCTH METOA

e = u(wi,tj) —u, i=0,...,N, j=0,..., M.

Bynem roBopuTh, 9T0 METO, CXOIUTCS, €CITH e > 0upu h—0u A—0
gnascex 1 =0,...,Nu j5=0,..., M. Bygem roBopuTb, 9TO METOJ CXOINTCS
¢ mopaakom hP + A9, ecnm maiiierca Taxas KoucTanTa C', 9TO BBINOIHSCTCS
le| < C(hP + A9) nnaseex i =0,...,Nu j=0,..., M.

Teopema 1. Memod (3.1)-(3.4) cxodumes ¢ nopadxom h?> + A .
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V. G. Pimenov
Numerical methods of solution for heat equation with delay

Numerical methods of solution are designed for the equation of heat conductivity
with effect of delay. The method of straight lines and the implicit scheme with piece-
constant interpolation are considered. The theorem of convergence of the last method
is presented.
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