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Ïðåäëîæåí ìåòîä ñâåäåíèÿ íåàâòîíîìíûõ ðàçíîñòíûõ óðàâíåíèé ê ôóíêöèî-
íàëüíî-äèôôåðåíöèàëüíûì, íà îñíîâå êîòîðîãî ïîëó÷åíû íîâûå ïðèçíàêè óñòîé-
÷èâîñòè ðàçíîñòíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: íåàâòîíîìíûå ðàçíîñòíûå óðàâíåíèÿ, óñòîé÷èâîñòü.

Ðàññìîòðèì ðàçíîñòíîå óðàâíåíèå

x(n + 1)− x(n) = −a(n)x(n− h(n)), n ∈ N0. (1)

Íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ
àðãóìåíòà x ïîëàãàåòñÿ ðàâíûì íóëþ, à x(0) = 1.

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè íåïðåðûâíîãî àðãóìåíòà p è r ïî
ïðàâèëó p(t) = a([t]), r(t) = h([t]) + t − [t], ãäå [t] îçíà÷àåò öåëóþ ÷àñòü
÷èñëà t ∈ R+. Ðàññìîòðèì ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîå óðàâíåíèå
ñ ñîñðåäîòî÷åííûì çàïàçäûâàíèåì

y′(t) = −p(t)y(t− r(t)), t ∈ R+, (2)

â êîòîðîì ïðè îòðèöàòåëüíûõ çíà÷åíèÿõ àðãóìåíòà òàêæå ïîëàãàåì y ðàâ-
íûì íóëþ, à y(0) = 1. Ëåãêî äîêàçàòü, ÷òî ìåæäó ðåøåíèÿìè óðàâíåíèé
(1) è (2) ñóùåñòâóåò ïðîñòàÿ çàâèñèìîñòü: x(n) = y(n) ïðè ëþáûõ n ∈ N0.
Òåïåðü äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèÿ óðàâíåíèÿ (1) ìîæíî èñ-
ïîëüçîâàòü ëþáûå èçâåñòíûå ïðèçíàêè óñòîé÷èâîñòè äëÿ óðàâíåíèÿ (2)
(ñì., íàïðèìåð, [1, ãë. 3]).

Òåîðåìà 1. Ïóñòü
∞∑

n=0
|a(n)| < ∞. Òîãäà ëþáîå ðåøåíèå óðàâíåíèÿ (1)

èìååò íà áåñêîíå÷íîñòè êîíå÷íûé ïðåäåë.

Òåîðåìà 2. Ïóñòü a(n) > 0,
∞∑

n=0
a(n) = ∞ è lim

n→∞
n∑

n−h(n)

a(i) < 3/2.

Òîãäà óðàâíåíèå (1) àñèìïòîòè÷åñêè óñòîé÷èâî.
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Òåîðåìà 3. Ïóñòü a(n) > 0 è sup
n∈N0

n∑
i=n−h(n)

a(i) 6 3/2. Òîãäà óðàâíå-

íèå (1) ðàâíîìåðíî óñòîé÷èâî.
Ïîñòðîåíû ïðèìåðû, äåìîíñòðèðóþùèå ñóùåñòâåííîñòü óñëîâèé òåî-

ðåì 2 è 3. Îêàçàëîñü, ÷òî â òåîðåìå 2 íåëüçÿ çàìåíèòü ñòðîãîå íåðàâåí-
ñòâî íåñòðîãèì, â òåîðåìå 3 íåëüçÿ óâåëè÷èòü 3/2 íà ëþáóþ, ñêîëü óãîäíî
ìàëóþ âåëè÷èíó è áîëåå òîãî, â òåîðåìå 3 íåëüçÿ äàæå çàìåíèòü òî÷íóþ
âåðõíþþ ãðàíü âåðõíèì ïðåäåëîì.

Ïîñòîÿííóþ 3/2 óäàåòñÿ óâåëè÷èòü äî π/2, åñëè ïðåäïîëîæèòü, ÷òî
ïîñëåäîâàòåëüíîñòü

n∑
i=n−h(n)

a(i) èìååò ïðåäåë íà áåñêîíå÷íîñòè.

Òåîðåìà 4. Ïóñòü a(n) > 0, lim
n→∞ a(n) = 0,

∞∑
n=0

a(n) = ∞ è

lim
n→∞

n∑
n−h(n)

a(i) < π/2. Òîãäà óðàâíåíèå (1) àñèìïòîòè÷åñêè óñòîé÷èâî.

Ïîñòîÿííàÿ π/2 â òåîðåìå 4 òàêæå ÿâëÿåòñÿ òî÷íîé.
Êàê ïîêàçàíî â ðàáîòå [2], òåîðåìû 1�3 ëåãêî îáîáùàþòñÿ íà ðàçíîñò-

íûå óðàâíåíèÿ ñ ëþáûì êîëè÷åñòâîì ñëàãàåìûõ.
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V.V. Malygina, A.Yu.Kulikov
Some conditions for stability of di�erence equations

The method for reduction of nonautonomous di�erence equations to the functional
di�erential ones is suggested. Some new conditions for stability of di�erence equations
are obtained.
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