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ÐßÄÎÂ
Ðàññìàòðèâàåòñÿ ïðèáëèæåííîå ðåøåíèå ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ íà îñíîâå ðàçëîæåíèÿ ðåøåíèÿ â ðÿä Òåéëîðà. Îáñóæäàþòñÿ óñëî-
âèÿ, ãàðàíòèðóþùèå íåîáõîäèìóþ ãëàäêîñòü ðåøåíèÿ.

Êëþ÷åâûå ñëîâà: ñèñòåìû ñ ïîñëåäåéñòâèåì, ôîðìóëà Òåéëîðà, ëàéí-íåïðåðûâ-
íîñòü, ëàéí-äèôôåðåíöèðóåìîñòü ôóíêöèîíàëîâ.

Ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ ôóíêöè-
îíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ẋ = f(t, x, xt(·)) (1)
ñ íà÷àëüíûìè óñëîâèÿìè

x(t0) = x0, xt0+s(s) = y0(s), −τ < s < 0. (2)
Çäåñü x(t) ∈ Rn � êîíå÷íîìåðíàÿ ñîñòàâëÿþùàÿ ðåøåíèÿ, τ = const > 0,
xt(·) = {x(t + s),−τ 6 s 6 0} � ôóíêöèÿ-ïðåäûñòîðèÿ ðåøåíèÿ.

Ïîñòðîåíèå ïðèáëèæåííîãî àíàëèòè÷åñêîãî ðåøåíèÿ îñíîâûâàåòñÿ íà
ðàçëîæåíèè ðåøåíèÿ ôóíêöèîíàëüíî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïî
ôîðìóëå Òåéëîðà è âû÷èñëåíèè êîýôôèöèåíòîâ ñ èñïîëüçîâàíèåì èíâà-
ðèàíòíûõ è êîèíâàðèàíòíûõ ïðîèçâîäíûõ. Äëÿ êîíñòðóêòèâíîãî âû÷èñ-
ëåíèÿ êîýôôèöèåíòîâ (ñì. [1] ) ðÿäà Òåéëîðà èñïîëüçóåòñÿ òåõíèêà è êîí-
ñòðóêöèè i-ãëàäêîãî àíàëèçà (ñì. [2] ).

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ãëàäêîñòü ðåøåíèé ôóíêöèîíàëüíî-
äèôôåðåíöèàëüíûõ óðàâíåíèé (1) â çàâèñèìîñòè îò ãëàäêîñòè ïðàâîé ÷à-
ñòè ñèñòåìû � îòîáðàæåíèÿ

f [t, x(t), x(t + ·)] : R×Rn ×Q(−τ, 0] → Rn. (3)
Î ï ð å ä å ë å í è å 1. à) Îòîáðàæåíèå (3) íàçûâàåòñÿ ëèíåéíî-íåïðå-

ðûâíûì (line-continuous), åñëè îíî íåïðåðûâíî âäîëü ëþáîé íåïðåðûâíîé
(êðèâîé) ψ(·) : [α − τ, β] → Rn, òî åñòü ôóíêöèÿ f(t, ψ(t), ψ(t + ·)) :
[α − τ, β] → Rn íåïðåðûâíà íà [α, β]; á) îòîáðàæåíèå (3) íàçûâàåòñÿ
ëèíåéíî-äèôôåðåíöèðóåìûì (line-di�erentiable), åñëè îíî äèôôåðåíöèðó-
åìî âäîëü ëþáîé äèôôåðåíöèðóåìîé êðèâîé ψ(·), òî åñòü åñëè ôóíêöèÿ
ψ(·) äèôôåðåíöèðóåìàÿ, òî ôóíêöèÿ f(t, ψ(t), ψ(t + ·)) òàêæå äèôôåðåí-
öèðóåìà íà [α, β].
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Î ï ð å ä å ë å í è å 2. à) Åñëè îòîáðàæåíèå (3) èìååò â êàæäîé òî÷êå
ìíîæåñòâà Ω ⊆ Rn×Q(−τ, 0] èíâàðèàíòíóþ ïðîèçâîäíóþ ∂yf, òî ñîîòâåò-
ñòâóþùåå îòîáðàæåíèå ∂yf : Ω → R íàçûâàåòñÿ èíâàðèàíòíîé ïðîèçâîä-
íîé îòîáðàæåíèÿ f íà Ω; á) ÷àñòíûå ïðîèçâîäíûå îòîáðàæåíèÿ f [t, x, y(·)]
ïî êîíå÷íîìåðíûì ïåðåìåííûì t è x íàçûâàþòñÿ êîíå÷íîìåðíûìè ïðîèç-
âîäíûìè.

Òåîðåìà 1. Åñëè îòîáðàæåíèå (3) èìååò íà ìíîæåñòâå Ω ⊆ Rn ×
Q(−τ, 0] ëèíåéíî-íåïðåðûâíûå êîíå÷íîìåðíûå è èíâàðèàíòíûå ïðîèçâîä-
íûå äî p-ãî ïîðÿäêà, òî âñÿêîå ïðîõîäÿùåå â ýòîì ìíîæåñòâå ðåøåíèå
x(t) óðàâíåíèÿ (1) èìååò íåïðåðûâíûå ïðîèçâîäíûå ïî t (p+1)-ãî ïîðÿäêà.

Òåîðåìà 2. Åñëè îòîáðàæåíèå (3) èìååò íà ìíîæåñòâå Ω ⊆ Rn ×
Q(−τ, 0] ëèíåéíî-íåïðåðûâíûå êîíå÷íîìåðíûå è èíâàðèàíòíûå ïðîèçâîä-
íûå äî p-ãî ïîðÿäêà, òîãäà äëÿ ëþáîãî ðåøåíèÿ x(·) : [α − τ, β] → Rn

óðàâíåíèÿ (1) è ëþáîãî t ⊆ (α, β) ñïðàâåäëèâî ðàçëîæåíèå x(t) = x(t∗) +
p∑

k=1

x
(k−1)
∗
k! (t− t∗)k + o((t− t∗)p), ãäå x

(k−1)
∗ � k-ÿ ïîëíàÿ ïðîèçâîäíàÿ îòîá-

ðàæåíèÿ f â ñèëó ñèñòåìû (1), âû÷èñëåííàÿ â òî÷êå (t∗, x(t∗), x(t∗ + ·)).
* * *
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N.G. Kolmogortseva, A.V. Pulyugin
Modelling of functional-di�erential equations using rows

An approximate solution is considered of the functional-di�erential equation based
on Teylor-series expansion. The conditions are discussed which provide necessary
smoothness of solution.
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