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ÓÑÒÎÉ×ÈÂÎÑÒÜ È ÂÛÏÓÊËÎÑÒÜ:
ÎÒ ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÄÎ ÐÀÇÍÎÑÒÍÛÕ ÓÐÀÂÍÅÍÈÉ

Ïîêàçàíî, ÷òî âûïóêëîñòü ïîñëåäîâàòåëüíîñòè êîýôôèöèåíòîâ ñïîñîáñòâóåò óñ-
òîé÷èâîñòè ðàçíîñòíûõ óðàâíåíèé è äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäû-
âàíèÿìè.

Êëþ÷åâûå ñëîâà: âûïóêëîñòü, ðàçíîñòíîå óðàâíåíèå, óñòîé÷èâîñòü.

Èçâåñòåí ñëåäóþùèé ðåçóëüòàò [1, theorem 1.2.20].

Òåîðåìà 1. Åñëè a(τ) äâàæäû äèôôåðåíöèðóåìà, ìîíîòîííî óáûâàåò,
âûïóêëà íà [0;∞), èíòåãðàë

∞∫
0

a(τ) dτ ñõîäèòñÿ è a(τ) 6≡ 0, òî íóëåâîå
ðåøåíèå èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ

dx

dt
+

∫ ∞

0
a(τ)x(t− τ) dτ = 0, t > 0 (1)

àñèìïòîòè÷åñêè óñòîé÷èâî.

Ïîëîæèì ∆am = am+1−am, ∆2am = am−2am+1+am+2. Ïîñëåäîâàòåëü-
íîñòü (am)k

m=1 íàçîâåì âûïóêëîé, åñëè ∆2am > 0 ïðè 1 6 m 6 k − 2 è
ak−1 > 2ak > 0.

Òåîðåìà 2. Åñëè ∆2a0 > 0, ∆2am > 0 ïðè 1 6 m 6 k − 2 è
ak−1 > 2ak > 0, òî óðàâíåíèå

dx

dt
+

a0

2
x(t) +

k∑

m=1

amx(t−mτ) = 0, t > 0 (2)

àñèìïòîòè÷åñêè óñòîé÷èâî ïðè ëþáîì τ > 0.

Òåîðåìà 2 óëó÷øàåò ðåçóëüòàò ðàáîòû [2], â êîòîðîé ïðè òåõ æå óñëîâè-

ÿõ óòâåðæäàëàñü óñòîé÷èâîñòü óðàâíåíèÿ dx
dt +a0x(t)+

k∑
m=1

amx(t−mτ) = 0.
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Òåîðåìà 3. Ïóñòü ∆2am > 0 ïðè 1 6 m 6 k − 2 è ak−1 > 2ak > 0.
Òîãäà: 1) óðàâíåíèå

xn +
k∑

m=1

amxn−m = 0, n = 1, 2, . . . (3)

àñèìïòîòè÷åñêè óñòîé÷èâî, åñëè è òîëüêî åñëè 1 +
k∑

m=1
(−1)mam > 0.

2) åñëè 1 +
k∑

m=1
(−1)mam < 0, òî óðàâíåíèå (2) íåóñòîé÷èâî.

Ç à ì å ÷ à í è å 1. Â óñëîâèÿõ òåîðåìû 3 äëÿ àñèìïòîòè÷åñêîé óñòîé-
÷èâîñòè íåîáõîäèìî, ÷òîáû a1 < 2. Â íåäàâíèõ ðàáîòàõ [3, 4] äàíû äî-
ñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè, ðàáîòàþùèå ïðè áîëåå ñòåñíèòåëüíîì
îãðàíè÷åíèè

k∑
m=1

am < 2.

Ç à ì å ÷ à í è å 2. Ïî ïðèçíàêó Ýíåñòð¼ìà�Êàêåéè óðàâíåíèå (3) óñ-
òîé÷èâî, åñëè 1 > a1 > a2 > . . . > ak > 0. Òåîðåìà 3 îñëàáëÿåò íåðà-
âåíñòâî a1 6 1 äî a1 < 2, çàòî òðåáóåò äîïîëíèòåëüíî âûïóêëîñòü ïîñëå-
äîâàòåëüíîñòè (am).
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V.M. Gilyazev, M.M. Kipnis
Stability and convexity: from integro�di�erential to di�erence equations

It is shown that the convexity of the sequence of coe�cients with some conditions
makes for the stability of di�erence equations and di�erential equations with delay.
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