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SPECTRAL PROPERTIES AND NON-HERMITIAN SKIN EFFECT
IN THE HATANO-NELSON MODEL

At present, non-Hermitian topological systems continue to be actively studed. In a rigorous approach, we
study one of the key non-Hermitian systems — the Hatano—Nelson model H. We find the Green function
for this Hamiltonian. Using the Green function, we analytically obtain the eigenvalues and eigenfunctions
of H for finite and semi-infinite chains, as well as for an infinite chain with a local potential. We discuss
the non-Hermitian skin effect for the models mentioned above. We also describe the boundary between
localized and resonant eigenfunctions (for the zero spectral parameter, this is the boundary between non-
Hermitian topological phases).
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Introduction

At present, non-Hermitian topological models continue to be actively investigated in physical
literature [1-5]. Unlike isolated quantum systems, non-Hermitian Hamiltonians provide an effec-
tive physical description of open quantum systems, including atoms and photons systems [6, 7].
In this case, one-dimensional lattice models are most often considered, in particular, the Hatano—
Nelson (HN) model [1,4,5,8].

The characteristic feature of topological systems, such as topological insulators and super-
conductors, described by Hermitian Hamiltonians, is the bulk-boundary correspondence [9, 10].
This means that the number of zero-energy states, localized at the edges of a finite Hermitian
system, is determined by the topological invariant related to the bulk of the system. In the non-
Hermitian case, the bulk-boundary correspondence may be violated, which is associated with the
non-Hermitian skin effect (NHSE) [1,2,4,5]. For the one-dimensional open system this means that
instead of two edge states, as in the Hermitian case, there will be one, but after the transposition
of the Hamiltonian matrix, another state appears at the opposite edge [2-4, 11].

There are interesting mathematical questions in this area of research that have not yet attracted
the attention of mathematicians. In the paper, in the rigorous approach, we investigate the HN
Hamiltonian H. For the first time, we found the analytically expressions for the Green function
of this Hamiltonian for the infinite chain. Using the Green function and the potential that breaks
connections between sites, we analytically obtain the eigenvalues and eigenfunctions of H for
finite and semi-infinite chains (cf. the similar approach [12]). At the singular point, the Green
function does not exist, so we find the eigenfunctions at this point using the matrix approach. We
also discuss the features of the NHSE for the models mentioned above. In addition, we describe
the boundary between localized and resonant eigenfunctions in the parameter space (for the zero
energy this is the boundary between non-Hermitian topological phases).


https://doi.org/10.35634/vm240207

Yu. P. Chuburin, T. S. Tinyukova 287

§ 1. Dyson equation for various HN chains
1.1. Dyson equation

The infinite lattice model HN is determined by the Hamiltonian H which acts on functions
according the formula

(H)(n) = (t =7)(n = 1) + (t+7)d(n+ 1), (1.1)

n = 0,%1,...; where t &+ 7 are the real asymmetric hopping amplitudes (see Fig. 1). In this
section, we suppose that ¢ # ++, i.e., a particle can move in two directions. Further, we assume
that ¢ > 0.

We will look for eigenvalues and eigenfunctions of the Hamiltonian A using the homogeneous
Dyson equation

Vv =—(H— E)"'V, (1.2)
where F is the energy, V' is some local potential (see below). The equation (1.2) comes from
the equation (H + V)i = E1. Let’s write the equation (1.2) using the Green function (A.6) (see
Appendix A) of the Hamiltonian A in the form
1

Y(n) = _2<t_'_,y)eip+ _E X
x 3 (0 — ) 4 e (1= 00 = ) ) (V) ),

/

(1.3)

n

where

1 >0,
e<n>={’ "

0, n<0,
and the functions e+, ¢P- are defined by equalities (A.3), (A.4). In this case, the condition (A.7)
must be satisfied.

1.2. Finite chain

To form the finite HN chain, we use the potential I/ acting on functions according to the
equality

(V)(n) = = ((t=7)1(0)dn,1+ (7)Y (1)dn,0+ (E=7)P(N)dn, 41+ (EHY)O(N+1)d5,n) . (1.4)
This potential destroys links between sites with numbers 0 and 1, and also with numbers N and
N + 1 in the infinite HN chain.

The equation (1. 3) with the potential (1.4) has the form
0(m) = 5o (1= U0 = D (o) +
+(t =YV — N = e N (2 4 9)gp(N + 1)f(n — N)eP+ =N (1.5)
+ (t =) (0)(1 = 0(n — 1)) "" 1 (¢t +4)(1)(1 = O(n)) " +
+ (=N (L= 0(n— N —1))eP "N g (2 4 4)p(N + 1) (1 — 0(n — N))eip*|"_N‘).

t—7 t—7 t—7y t—v
o o o o o
0O t+vy 1 t+v L+ l+v N

Fig. 1. Model HN. Sites of the chain and hopping amplitudes are shown
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By taking n = 0,1, N, N+1 in (1.5), with the help of (A.2) and (A.5), we get the matrix equation,
whose solutions will allow us to find from (1.5) eigenfunctions of the Hamiltonian H + V:

(t+y)e - t+7 (t —7)eP-NHD (¢ 4 y)eiP-N
t—7 (t+y)e® (E=)e? N (t4q)et- Y
| | | X (1.6)
(t=y)e =0t y)emt N ()Pt t 4y
(t=7)ePN (t+y)err (VY t—n (t—y)e P+
T
x (£(0), (1), ¥(N), (N +1)) = 0.
Using (A.2), (A.3), and (A.4), we rewrite (1.6) as
VE =4 =) 0 0 0
t— (t+y)e P (t—=7)eP N (t+y)er- D
| | | X (1.7)
(t=7)ePr @D (4 y)ePe N (t = y)em t+1
0 0 VE? =412 = 2)

0
X ((0), 9(1), $(N), ¥ (N +1))" =0.
Hence ¢(0) = 0, ¢»(N + 1) = 0. The matrix determinant in (1.7) is equal to zero if

(12 — A2) (et P+HP-) _ pilprFP-INYy —

Y

or equivalently (see (A.3) and (A.4)),

2(N+1)

(B4 /B2 —4(t2 — 72))2> _ (w i m) =1, (1.8)

At —~?)

elp++p-)(N+1) _ (

where w = E/(21/t? — 4?). The Zhukovsky function w = $(z+1/2) is inverse to the two-valued
function z = w + vw? — 1. Rewrite (1.8) as

z=wEtVuwr—-—1= 12<Nl+1>.

Therefore, E takes the values

w™m
N+1’

Ep = /=72 (17050 4 1730550 ) = 2/ = 2 cos m=0,1,....N+1 (1.9

Thus, there are N + 2 values of E, for which (1.6) has a nonzero solution. If N is odd, then
for m = (N + 1)/2 we have zero value E = 0. If t* — > > 0, then all values of F are real, and
if 2 — % < 0, then all values of F except £ = 0 (in the case of odd ) are complex.

Note that £ = 4+2./t> —~2 for m = 0, N + 1, but then condition (A.7) is not satisfied.
Therefore, further we consider m = 1,..., N.

Substituting into (A.3) and (A.4) the values of E from (1.9), we find

t_ :l:iﬂm

Yo, v = JEED i (1.10)
t+y t—y

P+ —
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where m = 1,..., N. We choose the normalization, assuming that )(N) = 1. Then, since
¥(0) =¢(N + 1) =0, from (1.7) and (1.10), we get

; (N=1)/2
p(1) = (-1t (tf—Z) , (1.11)
m=1,..., N. Using (1.5), taking into account (1.10), (1.11) and equality
2t 4 7)e?+ — E = £2i\/t2 — 42 sin (7m/(N +1)),
we find eigenfunctions for the considered finite chain, which have the form
el s T N-n
wmow::04;;;;§f¢T<ijz> S m=1,....N (1.12)
For odd N and m = (N + 1)/2, we obtain the eigenfunction for £ = 0
1w o [t
@Z)%(n) = 5(—1) T sin—- (m) . (1.13)

Let us study the thermodynamic limit [5] of the normalized eigenfunction (1.13) corresponding
to £F =0,as N — oo. Since N is odd, we have

[r=

where a = |(t +7)/(t — )|, C = 1/(4(1 — a?)).
Let a < 1, then, by (1.14), [ x1 (n)||* — C as N — oo. Therefore, according to (1.13),

I

= CO(1 —ad"th), (1.14)

[Yna ()]
2
[ 5a |
This means that the normalized function ¢ N1 (n) is equal to zero in the limit N — oo, i.e., the

state disappears.
For a > 1, from (1.13) and (1.14), we get, for arbitrary n > 1,
Cl aan

_ —(n+1)
||'17Z)2N+1 2 TN — Cha , N — oo,
=

—0, N—o00, n=12....

‘ 2

where C; = (a? — 1)(1 — (=1)")/2. Thus, in the limit, we obtain an exponentially decreasing
function. Note that it is not an eigenfunction of the Hamiltonian H in the case of a semi-infinite
chain (see below).

1.3. Semi-infinite chain

To obtain a semi-infinite chain with site numbers n = 1,2,..., we leave only the terms
containing 9, and d,,; in the expression for the potential (1.4). Thus, now the potential breaks
the links between sites with numbers n = 0 and n = 1. Instead of (1.5), we get the following
form of the eigenfunction:

() = 5 (= PO = D ()0

+ (£ = 7)9(0) (1= 0(n = 1)) €717 (¢ 4 ) (1) (1 = () "),

(1.15)
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||

(a)

(b) | = 95 B

Fig. 2. Normalized eigenfunctions for N = 7,m = 1, 3,4 (see (1.12)). (a) Here t = 1,y = 0.5.
The states are localized near the left boundary (see also the next figure). (b) Here ¢t = 1, v = 0.04.
The states are delocalized

Substituting n = 0 and n = 1 into (1.15), we obtain, as above (cf. (1.6)), the matrix equation

(2 e () = () o

The matrix determinant in (1.16) is zero if

| /
e — 4 [LET (1.17)
t—=7

Then, from (1.17), (A.2), and (A.5), we obtain

E=+2\/12 — 2.

This contradicts condition (A.7). Thus, within the framework of the Dyson equation, there are no
states in the semi-infinite chain.



Yu. P. Chuburin, T. S. Tinyukova 291

||
----- FE = %cos%
14 3
(a) EQ—ﬁCOS@
""" - E4:0
i e et Jn
4 5 6 7
----- By = %cos%
__ 14 3m
(b) EQ—gCOS@
..... - E4:
...'-; — — — Jn
1 2 3 4 5 6 7

Fig. 3. Normalized eigenfunctions for N = 7,m = 1, 3,4 (see (1.12)). (a) Here t = 1,y = 0.96.
(b) Here t = 1, v = —0.96. For £ =~ t the states are highly localized near the left or right ends
of the chain, respectively. This indicates the presence of the NHSE

1.4. An infinite chain with an impurity

Consider the Dyson equation (1.2) for the HN Hamiltonian and an infinite chain with the
potential of the form V(n) = vd,o simulating an impurity, where v # 0 is a real number.
According to (1.3), this equation has the form

v

vin) = ity —E
3 (eip””_”/‘ﬁ(n — )+ eIl (1 — g(n — n'))) S ot (n).

(1.18)

From (1.18), we have




292 Spectral properties and non-Hermitian skin effect in the Hatano—Nelson model

and, assuming that ¢(0) # 0 (otherwise ¥(n) = 0),

FVE?2 —4(12 —42) = v. (1.19)

By virtue of (1.19),

E = ++/v2 + 4(t2 — ~2). (1.20)

From (1.20), we find the boundary v = +2/~2 — t? between real and purely imaginary F. We
have £ = 0 on the boundary. Due to the reality of v, the condition 2 > t2 is satisfied. In the
most important case £ = 0, from (A.3) and (A.5), we have

) —t ) t
e — 4, |10 , et = F4/ ia (1.21)
Voy+t vt

and from (1.18), (1.20), and (1.21), we obtain

AN
A + n=0
B 62p+n’ TL}O, B ( ’}/—Ft) ) =
w(n>_{ efip_n’ TL<0, - ( ’Y—t)n (122)
+./— , n<o.
v+t

It follows from (1.22) that, for v > 0, the function ¢)(n) decreases exponentially for n — +oc and
increases exponentially for n — —oo, and, for v < 0, on the contrary, it increases exponentially
for n — 400 and decreases exponentially for n — —oo. Therefore, the function describes a
localized state on one semi-axis and a virtual state on other [13].

§ 2. Finding the states in the matrix approach

The Green function (A.6) has a singular point £ = +2+/t?> — 2. In the previous section, we
did not investigate states at this point, because the Green function used in that section does not
exist in it. The case ¢+ = 0 was also not studied. Let us partially fill this gap by considering the
equation (H — E)y(n) = 0 for finite and semi-infinite chains in the matrix form, which follows
from (1.1):

-FE t+v 0 0 U
t—y —E t+~ 0 ... o
0 t—n —FE t+n~y ... o

o

)

)

) | =o, 2.1)
0 0 t—y -E )

where the matrix can be finite or infinite.

For a chain with IV sites, when ¢ = +, there is a unique eigenfunction ¢)(n) = 0, , corre-
sponding to £/ = 0, localized at the left boundary site. With the same parameters after transposing
the matrix in (2.1), there is also one eigenfunction ¢)(n) = d,, v, localized at the right boundary
site. This means the presence of the NHSE, see [1,2,4, 11]. Note that the function (1.13) after
normalization tends to 6,1 as ¢t —y — 0 and tends to 6, y as ¢t +y — 0.

In the case of the semi-infinite chain, when ¢ = +, there is the following family of solutions
of the equation (2.1): 1(n) = (E/2t)"~1, describing only localized states if |E/2t| < 1. In this
case, £/ = 0 corresponds to the state 1)(n) = d,, 1. After transposing the matrix to (2.1), all states
disappear, so there is no NHSE in the semi-infinite chain.
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§ 3. Discussion of results

Consider the case of a finite chain. Assume that the non-Hermitian parameter y is sufficiently
close to t or —t. Then, thanks to the factor

n

N—n
t+v\ 2
t—7

in (1.12), the eigenfunction will either decrease or increase with some error, depending on the
sign of v (see Fig. 2, a). For a finite chain, if v is replaced by —v (i.e., when transposing the
matrix in (2.1)), then the localization of the state near the boundary changes to the localization at
the opposite boundary. This demonstrates the NHSE [1].

If v is small enough, then this effect is lost due to the sine in the numerator (1.12) (see the
second graph in Fig. 2).The maximum localization of the eigenfunction corresponding to £ = 0
at the single boundary site is achieved in the extreme case v = .

In the case of the infinite chain with the impurity, there is the eigenfunction corresponding
to the zero energy, which decreases exponentially as n — 400 and increases exponentially as
n — —oo, for v > 0, and another eigenfunction that increases exponentially as n — 400 and
decreases exponentially as n — —oo, for v < 0. It is natural to consider regions with the
exponential increase of the wave functions, by analogy with resonant states [13, 14], as regions
in which the states decay. When the Hamiltonian matrix is transposed, the regions of decay and
localization of two wave functions are interchanged, which can be considered as an analogue of
the NHSE.

The functions e+!"~"'| which are part of the Green function (A.6), play a basic role in the
describing the behavior of wave functions as n — +oo. For the main case £ = 0, the decrease
or increase of the wave functions is determined by virtue of (A.3) and (A.4) by the quantities

t+y
r=|—-
T

According to (1.3), only one of the e”’* functions remains in the Dyson equation for arbitrary n. If
the set of n corresponding to one of these functions forms an infinite interval, then the inequality
r < 1 means the exponential decrease in this interval of wave functions, and the inequality > 1
defines an exponential increase, which corresponds to virtual decaying states [13,14]. In this case,
the transition from » < 1 to r» > 1, 1. e., the sign change of the non-Hermitian parameter v, means
the disappearance of the state (cf. the case of the Hermitian Hamiltonian [15]). In particular, for
E =0, the equality » = 1 defines the boundary between non-Hermitian topological phases.

Note that, for real F, the boundary between localized and resonant states has the form v = 0,
and for purely imaginary F, this boundary is described by the equality ¢ = 0. For other values
of E, the boundary is the ellipse of the form

2 2
<R§tE) n <%) ~ 1. 3.1)

(See Appendix A).

§ 4. Conclusions

In the rigorous approach, we studied the HN model for finite and semi-infinite chains, as
well as for an infinite chain with an impurity. With the help of the Green function, we have
analytically found the eigenvalues and eigenfunctions of the HN Hamiltonian for this chains. We
studied the NHSE for various chains. We also have described the boundary between localized
and resonant eigenfunction (for £ = 0 this is the boundary between non-Hermitian topological
phases).
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Appendix A

We assume that ¢ # £v. We find the Green function G(n — n’, ) of the Hamiltonian H for
the infinite chain from the equation

(H—-E)G)(n, E) = 0pp, (A.1)
where 9,, ,, is the Kronecker delta. We put

eip+|n" n 2 O’
G<n7 E) - C{ ez’p_|n\’ n < O,

where C', pL = const . For n > 0, by (1.1) and (A.1), we have the equality

(H — E)Ce™" = (O ((t — v)ei”*(”_l) + (t+ 7)6’7’*("“) — Eei’”") =
= CleP+n ((t — 7)6—”’+ + (t+ 7)6“”+ - E) =0,

from which we get

(t—)e P+ + (t+ )Pt — E = 0. (A.2)
and
, E+ \/E? —4(t? — ~?
oo = BEVE 4B -7 (A3)
2(t+7)
For n < 0, in (A.2), v will be replaced by —v and vice versa, therefore,
, E+ \/E? —4(t? — ~?
gr- - PEVE 4B ) (A4)
2(t =)
For opposite signs in front of the roots in (A.3) and (A.4), according to (1.1), we have
((H = EYG(n, B))|uco = (t = )G(=1, E) + (t + 7)G(1, E) — EC =0,
which contradicts (A.1). For the same signs in (A.3) and (A.4), we obtain
eip+—p-) — t—v (A.5)

t+y
From (1.1), (A.1), and (A.5), we have
(H ~ EYG)(n, E)|uco = C ((t = 7)1 1 (¢ 4 7)eirel — ) =
=C (2(t+7)e? —E) =1.
Hence, due to (A.1) and (A.5),
C = (2(t+7)e" —E) = (2(t —)e- — E) .
Therefore, the Green function of the HN Hamiltonian has the form

1

Gln—n’, E) = 2(t £ y)er+ — E

(eip+\n—n’\9(n . n/) + eipf\n—nq(l — 9(77, — n/))) , (A6)

where e+ are determined from (A.3) and (A.4),

1, n>=0,
Q(n):{o n < 0.
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Since the equation E? = 4(t* — ~?) describes the singular point of the Green function (A.6), the
following condition must be met:

2t )Pt — E = ++/E? — 4(t2 — 72) #£ 0. (A7)

The inequality |eP+| < 1 implies, according to (A.6), the exponential decrease of the Green
function. In the case of |e”’+| > 1, the wave functions increase. Thus, the equation

e+ =, (A-8)

for r = 1, defines the boundary between localized and resonant (decaying) (see [13, 14]) states.
We rewrite the equality (A.8) in terms of the system parameters:

ipy t__,y _
e —1/t+7(wi\/w2 1), (A9)

where w = E/(24/1%2 — ~?). The equation (A.8), due to (A.9), takes the form
e+ = re'? (A.10)

where ¢ is real. Since the (two-valued) function z = w + /t? — 72 is inverse to the Zhukovsky
function w = $(z + 1/z), then, from (A.10), we get

E t - t— 1 .
= _'_ fyfrﬁeup + —fy . _efup’
Vi2—a2 Vit—v Vity r

whence £ = Re ¥ + i Im F, where

ReF = (r(t+7)+ 1(t—7)) cosp, ImFE = (r(t+7) — %(t—v)) sin .

-
Note that the following equality is valid:

<T<t+7>ie£1<t - v>)2 i (r(tw)lin ,,ﬂ(t_ w)g -t

which, for r = 1, describes the boundary between localized and resonant states in the parameter
space (see (3.1) in the main text).
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10. I1. YUyoypun, T. C. Tunwkosa

CunexTpaJibHbIe CBOMCTBA U HEAPMHUTOB cKUH-3¢dexT B Monenn Xarano-Henbcona

Kntouesvie cnosa: monens Xarano-HenbcoHa, COOCTBEHHBIE 3HaUEHMS, COOCTBEHHBIEC ()YHKIINH, HEOPMHUTOB
CKUH-3(]DeKT.

YIK 517.958, 530.145.6, 517.984.55, 517.984.66
DOI: 10.35634/vm240207

B nacrosimiee Bpemsi mpOIOMKAIOT aKTUBHO H3y4YaTbCsi HEIPMHUTOBBI TOMOJOTHYECKHE CHCTEMBI. B maH-
HOH cTaThe B CTPOTOM ITONXONIE M3ydeHA OJHA W3 KIIFOUYEBBIX HEAPMUTOBBIX CHCTEM — MOJIENIb XaTaHO—
Henvcona H. Haiinena ¢ynkuust [puna st atoro ramunbsroHnana. C momouipto ¢yHkimu [puHa ana-
JIUTUIECKU TIOTYUYEHBI COOCTBEHHBIC 3HAUCHUS M COOCTBeHHBIC (DYHKITMU H 111 KOHEYHBIX M MOTyOeCKo-
HEYHBIX IENeH, a TakkKe i1 OSCKOHEYHOM LIENU C JOKAJIbHBIM moTeHImanoM. OO0CyxaaeTcss HeIpMHUTOB
CKUH-3(DEKT I YIIOMSIHYTHIX BbIlIe Mojielieli. Takke onucana rpaHulla MEKIY JOKAIM30BaHHBIME U pe-
30HAHCHBIMH COCTOSIHHSIMH (TIpH HYJIEBON SHEPTHHU — 3TO TPAHHIIA MEXKITY HEIPMHUTOBBIMH TOIOJOTHYIC-
cKkUMH (azamu).

dunancupoBanue. Vccnenosanus UyOypuna 0. I1. mognepxansl Ypansckum otnenenneM PAH mo mpo-
rpamme ¢uHancupoBauus FUUE-2024-0006. UccnemoBanms TuarokoBo# T. C. BEITIOTHEHBI IIPH TMOIICPK-
ke MUHHCTEpCTBa HayKd W BhIcHIero oOpasoBaHusi PP B paMkax rocynapCTBEHHOTO 3a/aHHS, MPOEKT
FEWS-2024-0009.
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