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Introduction

Inverse spectral problems play a significant role in the integration of some important evolu-
tionary equations of mathematical physics and have their origins in the work of Gardner, Greene,
Kruskal and Miura [1]. They managed to find a global solution of the Cauchy problem for the
Korteweg—de Vries (KdV) equation by reducing it to the inverse scattering problem for a self-
adjoint Sturm-Liouville operator. This inverse scattering problem was first solved in the work
of L.D. Faddeev [2], then in the works of V. A. Marchenko [3], B. M. Levitan [4], etc. In the
article [5], Lax showed the universality of the inverse scattering method and generalized the KdV
equation, introducing the concept of the higher KdV equation. This theory is described in more
detail in the monographs [3, 4, 6-8].

In modern scientific literature, integrable nonlinear evolution equations with sources attract
much attention. They have important applications (see [9-12]) in plasma physics, hydrodynamics,
solid state physics, etc. For example, the KdV equation, which contains a source, was considered
in [10]. Such equations can describe the interaction of long and short capillary—gravity waves [11].
In addition, integrability of various nonlinear equations with sources was studied in [13-22].

In works [23,24], the geophysical Korteweg—de Vries equation

Up — Wolly + éuux + gumx =0,
was studied. Here wy is Coriolis effect parameter, v is function with respect to x, ¢. In particular,
in [24], soliton solutions of the geophysical Korteweg—de Vries equation were found using the
Hirota bilinear method.

Loaded differential equations in the literature are usually called equations containing in the
coefficients or the right side any functionals of the solution, in particular, the values of the
solution or its derivatives on manifolds of lower dimension. Among the works devoted to loaded
equations, the works [25-31] and others should be noted.
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In this paper, we study the loaded KdV equation with a source of the form:

N5 ;
uy + P(u(xo, ))(um—6uux)+Q(U(x1,t))ux+4m21%(|s0m(93,t)| ) =0, ©.1)

—! A u(@, ) om = An(t)om, m=1, N,

where P(u(zo,t)) and Q(u(z1,t)) are some polynomials in u(xg,t) and u(zq,t) respectively, and
xo, 1 € R. The equation (0.1) is considered under the initial condition

u(,0) = ug(z), zeR,

where the initial function wug(z) has the following properties.

(1) )
| laDluo(o)lds < oo 02)
(2) The operator L(0) := —% + up(z), = € R, is equal to N negative eigenvalues \;(0),

A2(0), ..., An(0).

It is assumed that

|g0m(x,t)|2dx =A,t), m=1 N,

—00

where A,,(t) > 0, m =1, N, are given positive continuous functions.

Suppose that the function u(x,t) has sufficient smoothness and tends to its limits rather
quickly as x — 400, 1. €.,

/OO( +|x\)(|u(azt|+‘w‘>dx<oo j=1,2.3. 0.3)

—00

In this paper, we propose an algorithm for constructing a solution u(zx,t), @, (z,t), v € R,
t>0,m=1, N, of problem (0.1)—(0.3) by the method of the inverse scattering problem for the
Sturm-Liouville operator.

It should be noted that the Kortoweg—de Vries equations with variable coefficients also occur
in applied mechanics. For example, in the works of Lugovtsov [32,33], the system of equations
describing the propagation of one-dimensional nonlinear waves in an inhomogeneous gas—liquid
medium is reduced to a single equation of the form

Uy + a(T)utty + B(T) Uy — () Uy + l% + 0(7’)} u=0.

In particular, for © = 0, £ = 1, 0 = 0 it is shown that, under certain conditions, cylindrical waves
can exist in the form of solitons.

§ 1. Preliminaries

Consider the Sturm-Liouville operator
LO0)y == —y" +up(x)y = k’y, z€R, (1.1)

where the potential uq(z) satisfies the condition (0.2). In this section, information necessary for
further presentation concerning the direct and inverse scattering problems for the equation (1.1)
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will be given. Denote by f(z, k) and g(z, k) the Jost solutions of the equation (1.1) with asymp-
totics _
flz, k) =e*™ +0o(1), z—=00 (Imk=0);

glx, k) =e % £ 0o(1), z— —oco (Imk=0). (12)

Under the condition (0.2), such solutions exist and are uniquely determined by the asymp-
totics (1.2).
Solutions f(z, k), g(x, k) have the representations

f(z, k) = ke +/ K (x,2)e™* dz,
o (1.3)
g(x, k) = e 4 / K™ (x,2)e % dz,

where kernels K (x, z), K~ (z, z) are real functions related to the potential uq(x) as follows:

uo(x) = $2%K (x,2).
For real k, pairs of functions { f(x, k), f(x,—k)} and {g(z, k), g(z, —k)} are pairs of linearly
independent solutions to the equation (1.1), so

f(:L‘, k) = b(k)g(xa k) + a(k)g(x, —k?),
9(@, k) = =b(=k) f(z, k) + a(k) f (z, k).

Functions r* (k) = ba(k ,r (k) = b(k are called reflection coefficients (right and left, re-
spectively). The coefficients a(k), b(k) and r+(k:) have the following properties (see [4, p. 121]).

I. For real k # 0

a(=k) =a(k), b(=k) =b(k), |a(k)]* =1+ [b(k)P", (14)
(k) = 5 WAg(e.h), F(e B}, (k) = 5 W T B), gl —H),
) . (1.5)

where

W{f(:L‘, k)a g(l‘, k)} = f(l‘, k‘)g/(IL‘, k) - f’(l‘, k‘)g(l‘, k)

II. The function a(k) extends analytically to the half-plane Im £ > 0 and there it has a finite
number of zeros k, = ixn, Xn >0, n =1,2,3,..., N, these zeros are simple, and \,, = —Xi are
the eigenvalues of the operator L(0). In addition, following relation holds

g(x,ix;) = B f(z,ix;), j=1,2,...,N. (1.6)

III. For real k # 0 the function (k) is continuous,

PR = (k)R] < 1, r+ug::o(%), k| = oo,

K= rt (k)] =00), [k —o0.
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IV. The function k(a(k) — 1), where a(k) is defined by the formula

N . o
a(k) = H h _Z,X]: exp{—i /Oo In(1 2 |_TJ];(§)‘2) df}, Imk >0,

1s continuous and bounded in Im & > 0 and

(a(k)™' =0(1), [kl =0, Imk=>0,
lim ka(k)(r* (k) +1) =0, Imk=0.

k—0

[e o]

V. The functions R*(z) = 5= [°° r®(k)e*™* dk for each a > —oo satisfy the condition
(1 + |z|)|RE(£x)| € L*(a,00). The set {r*(k), x1,X2,---, XN, B1, Ba, ..., By} is called the
scattering data for the operator L(0). The direct scattering problem is to determine the scattering
data from the potential u(z), and the inverse problem is to reconstruct the potential ug(x) from
the scattering data of equation (1.1).

The kernel Kt (z,y) in representation (1.3) is a solution to the Gelfand-Levitan-Marchenko

integral equation
K eg) + Froty)+ [ KA @aF Gryd=0 (y>x)

where

- 1 [ B;
= Za;fefw + %/ rH(k)e** dk,  of = ———, (1.7)
=1 o0

2=1iX;

and a(z) is the analytic continuation of the function a(k) to the upper half-plane Im & > 0.
Lemma 1. Let the functions y(x, ) and z(x, ) be solutions of the following equations
Ly, ) = My(w, ), La(e,p) = pe(ar, N)

respectively. In this case, the following equalities are true

LWy N, 2w} = (= iyl V=l ).

This lemma is proved by direct verification.
The following theorem is valid (see [4, p. 231]).

Theorem 1. Specifying the scattering data uniquely determines the potential ug(x).

§ 2. Evolution of scattering data

Consider the following equation
ur + P(u(xo, 1)) (Ugge — buu,) = G(x, 1), (2.1)

where

G(l’,t) = _Q( 'Tlu - 42 |90m| (2-2)
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For the equation (2.1), we will look for the Lax pair [5] in the form
—u + (u(z,t) — k*)d =0,
¢ = P(u(xo, t))(—u, + 4ik*)¢ + P(u(xo, 1)) (2u + 4k>) b, + F(a,1). (2.3)

Using the identity ¢+ = ¢4, and taking into account the equalities (2.1)—(2.3), we get

—Fpp + (u(z,t) — K*)F = —G(z,1)¢. (2.4)
Putting ¢(z,t) = g(x, k, t), we look for the solution of the equation (2.4) in the form

F(x,t) = B(x)g(x, k,t) + C(x)g(x, —k,t).

Then to determine B(z) and C(x) we obtain the following system of equations

B'(x)g(z, k,t) + C'(x)g(x, —k,t) = 0,

B'(z)g'(x, k,t) + C'(x)g'(x, —k,t) = G(x,t)g(x, k, 1),

the solution of which has the form

1 X
21k

1
21k

B(z) = — g(s,k,t)g(s, —k,t)G(s,t)ds,

C(z) = /x g*(s, k,t)G(s,t) ds.

Therefore, using the expression (2.2), the equation (2.3) can be rewritten as follows

w = P(u(zo,t))(—ug + 4ik*)g(z, k, t) + P(u(zo, ) (2u + k%% +
+ QW(‘“’ZLQ(‘U’ ,1) /;g(s, k 4)g(s, k, hus(s, t) ds —
_ QW(“’Z?{W /; 9% (s, k, t)uy(s,t) ds + 2.5)
mg

(lom(s,1)]*) ds.

Mz

- ) / 95, k1)

21k ox

=1

3

Passing in the equality (2.5) to the limit x — oo, due to (1.4), (1.5) and the asymptotics of the
Jost solution, we derive

da(k,t) _ Q(u(:pl,t))a(k},t)/ g(s, k,t)g (s k,t)us(s,t)ds +

dt 2ik
b(k >
+ Q(U(Ifléfl{):) ( ,t) /OO gQ(S,k‘,t)us(S,t) ds —
» v (2.6)
_%/m (s, k,t)g _—Iwmst Y ds —

4b(k, 1) Y9
S /_OO sktza—\wmst 2) ds,
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db(—k,t)
— = 8ik” P(u(xo,t))b(—k,t) +

n Q<“<x1’2tz;b<_k’t> /oo (5, k. £)g(5. T, Dua(s,1) ds +
Q(u(x17t>>a(_k7t) OO 2
+ 53k /Oog (s, k,t)us(s,t)ds — 2.7

Ab(—k, t) Yo
‘W/m (5.5, 8)g(, k1) )

—|<pmst %) ds —
da(—k,¢t) al a

Now consider the following lemma:

Lemma 2. The following equalities are true

| tena gk de =0, @8)
oo a -
| o lon(atPte. b gl By do = . 29)

Proof Let’s prove equation (2.8), for this firstly we divide equation (2.8) into two, that is, as
follows

2 _l/wﬁ 2,2
| selent@tiiekode =5 [~ Zllonte 0Pk do+

[e o]

+ 5/ aa ([om(x, t)‘ )g 2(£U,]€,t) dr = %gQ<x,k,t)|g0m<x’t)‘2

1 [~ 1 [~
— 5/ \@m(x,t)PZg(x, k,t)g (x,k,t) dx + 5/ ag\@m(:c,t)\QgQ(x, k,t)dx =
—00 —c0 OF

]‘ > 6 2 2 2 YN AN

=5 | (G Uen@ g @ kt) = ln(z. 029w, k. g, 1)) da =
1 >~ /= =/ 2 / —
=3 (00 Pm + Pm@rn) g™ — 299 Om®m] dx =
1

5 [ @onW{g.0n} + ongWig, ) da

From this we generate the following expression using lemma 1,
1

3 / (92mW{g, om} + omgW{g, @m}) do =

5 | G (W ta.ont) - Wioond + 5= (W Ao onh)Wia, o} do =

[e.e]

1 1

= m/m i —{W{g. en}W{g, om}}da = mW{g,@m}W{g,cpm} = 0.

—00

The equation (2.9) is proved in a similar way. U

Multiplying (2.7) by a(k,t) and subtracting (2.6) multiplied by b(—k,t), according to (1.7),
we get

Qu(r1,1))

drt(k,t) 3 <
— = 8ik’ P(u(xo, t))r (k,t) — 2ika2(k 1) /_Oog (s, k, t)uy(s,t)ds.
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Now we calculate the integral on the right side of the previous equality. To do this, we use
the formula (1.4) and have

/ G (s, k., Dyus(s,£) ds = g2(s, k., Dyu(s, )| —

(e o]

— 2/ (¢" (s, k,t) + K*g(s, k, 1)) g (s, k,t) ds =

—00

—=2 [ gty (s ks =2 [ gl k00 (s, t) ds =

o0 —00

_ /OO (g%(s,k,t)) ds — k? /OO (6%(s, k. 8)) ds —

—00 [e.e]

= —g"(s,k,0)|"_ =K ¢*(s, k1) = K*a®(k,t)e” ™ + 2k?a(k, t)b(—k, 1) +
+ B2 (=K, t)e*™ — k2e7 2 _ k22 (K, t)e 2™ 4 2k2a(k, t)b(—k, t) —
— K0 (—k, t)e** ™ + k2e7 2% = 4k%a(k, t)b(—k, t).
According to this and the equality (2.6), we have
da(k,t)

=0.
dt
Therefore, we deduce that
A1)
=0 2.10
L2, (2.10)
drt (k. t
% = (8ik’P(u(zo, t)) — 2ikQ(u(z1,t))r (k, t). (2.11)
Now we turn to finding the evolution of the normalization numbers B,, n = 1,2,..., N, corre-

sponding to the eigenvalues \,, n = 1,2,3,..., N. To do this, we rewrite the equality (2.5) in
the following form

00U 1) _ (o, 1) (—ua + 4i8)g + Plutan, ) 2ua, ) + 417 22EEL.
+ UL 1 g, o ) —
_/x u(s, B)(g'(s, b, g (s, 8) + g5, b, ) (. b, £)) ds] —

- o DO RO ok putet) — [ 29/, s, 0puls. 0] +

z 3

4g(xz, k,t) [ 0
+%/ g(g,/{:,t)g(s,k:,t)za_(|cpm($,t)|2)d5_

4g(z, k. 1) oo B
_T/w sktngla—wmxt 2) ds =

= P(u(0, 1)) (~ug + 4ik%)g(w, k, ) + P(u(zo,1)) (2u + 4%2)% _

— Q(u(xy, 1)) g (x, k, t) — ikQ(u(xy, t))g(x, k, t) — 2g(x, k, t)/ |om (2, 1) ds.

—00



U. A. Hoitmetov, T. G. Khasanov 163

Using the equality (1.6), setting & = k,,, taking into account the asymptotics of the Jost solution
at x — 400 and equating the coefficients at e X**, find an analogue of the Gardner—-Greene—
Kruskal-Miura equations

dB,(t)
dt

= (8x3 P(u(xo, 1)) + 2xnQ(u(z1,t)) — 24, (t)) Ba(t), n=1,N. (2.12)

Thus, the following theorem has been proved.

Theorem 2. If the functions u(x,t), @, (z,t), m =1, N, x € R, t > 0, are a solution to the prob-
lem (0.1)~(0.3), then the scattering data {r*(k,t), A,(t), Bu(t),n =1, N} of the operator L(t)
with potential u(x,t) satisfy the differential equations (2.10), (2.11) and (2.12).

Remark 1. Consider the kernel of the Gelfand-Levitan-Marchenko integral equation

N
—X T 1 > ik
Ft(z,t) :;aj(t)e X +%/m rt(k, t)e™ dk

with scattering data from Theorem 2. Then the data

[rH(k, 1), xa(®), -, xn (), Bi(t),. .., Bu(t)}

satisfy conditions I-V. Therefore, according to Theorem 1, the potential u(z,t) in the opera-
tor L(t) is uniquely determined.

Remark 2. The relations obtained completely determine the evolution of the scattering data for
the operator L(¢) and thus make it possible to apply the method of the inverse scattering problem
to solve the problem (0.1)—(0.3).

Let a function ug(x) satisfying condition (0.2) be given. Then the solution of problem (0.1)-
(0.3)is found according to the following algorithm.

1. We solve the direct scattering problem with the initial function u(z) and obtain the scat-
tering data {r*(k), Xn, Bn, n =1, N} for the operator L(0).

2. Using the results of Theorem 2, we find the scattering data for ¢ > 0

{r*(k,t), xa(t), Ba(t), n=T,N}.

3. Using the method based on the Gelfand-Levitan-Marchenko integral equation, we solve
the inverse scattering problem, i.e. find u(z, t) from the scattering data for ¢ > 0, obtained
in the previous step. After that, it is easy to find the solution ¢,,(x,t) of the equation
L(t)om(x,t) := =@l (z,t) + u(z, t)pm(z, t) = Npom(x,t), m=1,2,..., N.

Let’s give a couple of examples illustrating the described algorithm.

Example 1. Consider the following problem

up + B()u(0,t) (Ugpe — 6uny) + y(t)u(ln 2, t)u, + 4%|<p1|2 =0
—@i (@, 1) + u(z, t)p1(2,t) = Mt)pa(, 1),

2
u(z,0) = 2 €R,
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where

/ i, O de = Ay(t) = ——

o0 2(t+1)%

VIFT 1 2 41 e\’
)3), ’V(t)=<( )

B(t):_< S s/irl (F12 | ave
It is easy to find the scattering data for the operator L(0):
MN0)= -1, 7r"(k,0)=0, B(0)=1.

By Theorem 2, we have

At) =M0)=—1, 7k, t)=0, By(t) =V,
where . . .

u(t) = 8 /0 B(ryu(0,7) dr + 2 /0 S (F)u(in2, 7) dr — 2 /0 A (8) dt.
Substituting these data into the formula (1.7), we find the kernel
F(z,t) = 2e~HH®)

of the integral equation of Gelfand-Levitan-Marchenko. Further, solving the following integral
equation

K (z,y,t) + 2"V . e= @) 4 9pn(®) . e_y/ Ki(z,s,t)e*ds=0
we get
2eM(t) o= (z+y)
1 fen®e2e

From this we find the solution of the Cauchy problem

K+(l‘,y,t) -

2 1

e ey Y T e e

Example 2. Consider the following problem

0
wp + B(E)u(0,1) (taze — buty) + 5y (H)u(ln 2, hu, + d==(p1]* + |ia]) = 0,
_90;/('7;7t) + U(l’,t)(pj(l’,t) = )\(t)(pj(x7t)7 j = 17 27

6
U(SU,O):—E, .TER,

where

B(t) = (ch 18t + 3 ch 14¢)?
=72 —24c¢h32t — 96 ch4t’
(e7¥ +e732)(ch(In8 — 18t) + 3 ch(In2 — 14¢))?
72+ 24 ch(In(6 — 32t)) + 96 ch(In4 — 4¢) ~’
1 1
Ailt) = 53

9pdt’ 2(t) = 9032t

V() = —
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In this case, the scattering data of the operator L(0) have the following form:

MO0) =1, A(0)=—4, rt(k,0)=0, af(0)=6, aF(0)=12.

By Theorem 2, we have

M) =1, Xt)=-4 rT(kt)=0, of(t)= 66”1(t), af (t) = 12@“2(”,

_8/ B(r)u(0,7) dr+2/0tfy(r)u(ln2,7)dr—Q/Ot(Al(r)+A2(7))d7-,
—64/ B(r)u(0,7) d7+4/0t (r )u(an,T)dT—éL/t(Al(T)+A2(7‘))d7'.

0

Now, we find a two-soliton solution to the problem (2.11)—(2.12):

10.

11.

3 + ch(4x — 32t) + 4 ch(2x — 4¢)

t) =—12
u(z,t) (ch(3x — 18t) + 3 ch(z — 14t))?

e T — 32t75:1:

p1(z,t) =

1 +3e32t 4z +3e4t 2x _|_e36t 6z’
—2x At—4x
+e
pa(x,1) =

1 +3€32t 4z +3e4t 2x —|—€36t 6x °
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HurerpupoBanue ypaBHeHusi Kopreera—ge ®@pu3a ¢ Harpy:keHHbIMH YJIEHAMHU U CAMOCOIJIACOBAH-

HbIM HCTOYHHMKOM B KJiacce ObICTPOyObIBaIOIIMX (PyHKIMIA

Knrouesvie crnosa: HarpyxkenHoe ypasHenue Koprerera—ne ®pusa, pemenus Mocra, oOpaTHas 3amada pac-
cestHUs1, MHTerpajibHoe ypaBHeHue [enpdanna—JleBurana—MapueHKo, IBOMIOLHS TaHHBIX PACCESHUSL.

YIK 517.956
DOI: 10.35634/vm230111

B nannoii pabote pemaercs 3agaua Komm mis ypasaeHust KopreBera—ne ®@pusa ¢ HarpyXKeHHBIMH 4iie-
HaMH W CaMOCOIVIACOBAaHHBIM HMCTOYHHKOM B Kiacce ObICTpoyObIBaromux (yHKmmid. [ pemenus 3Toi
3aJa4d UCIOJNIB3YEeTCsl METO 00paTHOH 3amauu paccesHus. [lomydyeHa 3BOMIOIMS JaHHBIX pacCesiHUs caMo-
compspkeHHOTO omepatopa Lltypma—JInyBuiunsa, ko3¢ GHUIIEHT KOTOPOTO SBISETCS pPelieHHEeM YpaBHEHUS
Kopresera—ne ®@pusza ¢ Harpy>KEHHbIMHM UYJI€HAMH M CaMOCOIVIACOBAaHHBIM MCTOYHHMKOM. [IpuBeneHsl mpu-
MEpBI, UILUIIOCTPUPYIOLIUE TPUMEHEHHE TIOTYYEHHBIX PE3YJIBTATOB.
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